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SEISMIC SURVEY

FIGURE 1: Ocean Bottom Seismic (OBS) data acquisition
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

BASIC NUMERICAL METHODS

TABLE 1: Generic properties of the most widely used numerical methods™

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems
hp-adaptivity
FDM ® ® o { {
FVM ° ® ® L4 ©
FEM ) ® ° ® )
DGFEM @ ° ® ° ®

* J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007
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DISCONTINUOUS GALERKIN METHODS

PROS AND CONS

Adapted to the complex geometries
High-order accuracy and hp-adaptivity
Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom,

compared to the methods with continuous approximation
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TREFFTZ METHOD

DEFINITION *

Given a region of an Euclidean space of some partitions of that region,
a Trefftz method is any procedure for solving BVP of PDE,

using solutions of that PDE or its adjoint, defined in its subregions.

* |.Herrera. Trefftz method: a general theory. 2000
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TREFFTZ METHOD

METHOD DEVELOPMENT TIME-LINE &
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TREFFTZ METHOD

METHOD DEVELOPMENT TIME-LINE
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TREFFTZ METHOD

>
METHOD DEVELOPMENT TIME-LINE *

2013
2015
2016
2017
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TREFFTZ METHOD

EXPECTED ADVANTAGES AND DRAWBACKS

Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

TREFFTZ METHOD

EXPECTED ADVANTAGES AND DRAWBACKS

Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement

Sparse form of the global space-time matrix
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MATHEMATICAL FORMULATION

ACOUSTIC SYSTEM
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ACOUSTIC SYSTEM

PROBLEM EQUATIONS

21 al + diVVF =f in QF
cppF Ot
é PF%'FVP:O in Qf
ot
VE = VFg, P=Po in QF x {0}
VE = g,? in 00QF x |
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ACOUSTIC SYSTEM

MESHING

Th - mesh on Qf

Fh = UkeeT,0KF - mesh skeleton
Kr € QF (CF,pF = const in KF)

time

ve, p € H'(KF)
wr, q € H'(KE)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

AS

(VFa p)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

AS test
X functions

(VFa P) (wF$ q)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

AS test
X functions f—

(VFa p) (wF$ q)

SPACE-TIME INTEGRATION ON K¢
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

AS X (Vva)

(test functions)

(ve, p) (wF, q)

SPACE-TIME INTEGRATION ON K¢

WCCM 2018 | 13" World Congress on Computational Mechanics
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

AS X (VF7P)

(test functions)

_|_

(vr, p) (wr, q) SURFACE INTEGRATION TERM

(test functions)

SPACE-TIME INTEGRATION ON K¢ ( )
VF, p
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ACOUSTIC SYSTEM

SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM
AS  x (v,p)
(test functions)
A test
functions — +
(vF, P) (wr, q) SURFACE INTEGRATION TERM
SPACE-TIME INTEGRATION ON K¢

(test functions)
(VF7 p)
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM
test .
i In
functions
A test
X functions — +

(ve, p) (wr, q) SURFACE INTEGRATION TERM

SPACE-TIME INTEGRATION ON K¢

(test functions)
(VF7 p)
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

test
X functions — +
(ve, p) (wr, q) SURFACE INTEGRATION TERM
SPACE-TIME INTEGRATION ON K¢

(test functions)
(VF7 p)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

SURFACE INTEGRATION TERM

AS X funtgtsigns _ (test functions)
(VFa p) (w,:, q) (VF7 p)

SPACE-TIME INTEGRATION ON K¢

WCCM 2018 | 13" World Congress on Computational Mechanics
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

SUM OVER ALL K¢ SUM OVER ALL 0KF¢

r 1 r 1

SURFACE INTEGRATION TERM
AS > funtgtsitons L (test functions)

(vFa P) (wFa q) o (VF’ p)

L J

SPACE-TIME INTEGRATION ON K¢
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

—Z/ Ph(
+Z/

OKg CFp

+ divwe) + vy, - (PF* +V )]

BhqG -+ prVER - WE)nk, + (Bhwr + VER9) - nKF]dS = Z B fqdv
Ke Y KF
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION
—Z/ Ph(

1 . X .
+ Z / {( Phq + /’FVFh 'WF)nKr + (PhW'F + Vth) ’ nf(/,} ds = Z / fqdv
Kp 7 OKF ? FPF Kp Y KF

+ divwr) + vy - (PF* + V(I)]
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ACOUSTIC SYSTEM

SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION
72/ +(ll\wp)+v,c
chp ot

1
%: /()KF {( Cp/'

Ow
(/)F
+

Fy Vq)} dv

Phq + pPEVER wF)nKr + (Bhwr + VERQ) - nﬁr} ds Z / fqdv
Kr 7 KF
TREFFTZ SPACE
dw dq
T HY(TH)? : VK =F i vg= =
F(Th) = {(wr.q) € HN(TR) 2 VKe € Th pr -+ Zr ot

+ divwr = 0}
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ACOUSTIC SYSTEM

SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION
SPACE-TIME DISCRETIZATION

,Z/
+Z/

dw
S +vq)}d
OKg c? /’F

C e E +divwe) + vy - (pF
2

Phq + PFVFh wF)nKF + (Bhwr + VERq) - ”fq} ds Z /
TREFFTZ SPACE

Te(Th) = { (wr, ) C H(Th) : VKE € Th, pr

fqdv
Kr 7 KF
(= 1
/q = livwg =
ot o CF/)F at + R O}
SPACE-TIME DISCRETIZATION IN Tr
> G

Bng + PEVFh * wE) Nk, + (Bhwr + VERQ) - ")f(F] ds = Z/ fadv
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

SUM OVER
ALL OKg
1

SURFACE
INTEGRATION
TERM
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ACOUSTIC SYSTEM
TREFFTZ-DG FORMULATION

SUM THROUGH
ALL " TIME-FACES"

1

SUM THROUGH

SURFACE
ALL OKFg INTEGRATION
1 TERM
SURFACE
INTEGRATION e —
TERM
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

SUM THROUGH
ALL " TIME-FACES"

1

SUM THROUGH SURFACE
ALL 0K INTEGRATION
— TERM
SURFACE
INTEGRATION +
TERM

SUM THROUGH
ALL " SPACE-FACES”

SURFACE
INTEGRATION
TERM
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ACOUSTIC SYSTEM

MESH NOTATIONS

"TIME-FACES” " SPACE-FACES"

time
time

space

space

internal _7-',’7’: (x — fixed)

internal .F,?F (t — fixed)
boundary .F,?F (092 x [0, T])

initial  FF (2 x {0})
final  FF(QF x {T})
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

> /a o P+ PEVEL )+ (B + vE19) i ds = 3t

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

FlF (Véh) - ({vF,,} + Blphlx)
h Ph {pn} + alvrylx
2 x x
]_.DF thx' "Ke = gDFX' ke .
h Phii phnk, + a(vep — 8pg) - M,
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

> /a o P+ PEVEL )+ (B + vE19) i ds = 3t

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

Ao = (B

A (@) ()
o) = ()
)= (W)

R = ()
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (Vep, pr) C V(Thn) C TE(Th) s.t. for all (wg, q) C V(Tp) it holds:

A1pce((VEh, Pr)i (wF, q)) = L1p6e(wWF, )
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MATHEMATICAL FORMULATION

ELASTODYNAMIC SYSTEM
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ELASTODYNAMIC SYSTEM

PROBLEM EQUATIONS

oo
A— — =0 i
5r  <(vs) in Qs
2 19}
£ psﬁ —dive =0 in Qs
Vs = Vsg, O = 00 in Qs x {0}
o = 8p, in 0Qg x |
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ELASTODYNAMIC SYSTEM

TREFFTZ-DG FORMULATION

Z/K [(Atfh 1+ psvsy ws)nig — (V5h€ + Fhws) - "ﬁs]ds =0
S

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

Fls (Véh) = ((Vs;,} - 5[Uhlx)
h Fh {on} — vlvsplx
]:DS VSh ")f(s _ VSh "Ks —6(op — EDS)")RS
h aﬁ,n}}s - 8D nKS
O s
h I -
O I
h o -
F0s <V5h> _ (Vso>
h oy -
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ELASTODYNAMIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (vsy, on) CV(Th) C Ts(Tp), s.t. for all Ks € Th, (ws, &) C V(Th) it holds:

A1pcs((Vsp, on); (ws, §)) = L1pes(ws, &)
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MATHEMATICAL FORMULATION

ELASTO-ACOUSTIC SYSTEM
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ELASTO-ACOUSTIC SYSTEM

TRANSMISSION CONDITIONS

Q=(QrUQs) x|

time

{ VF " Mgs = VS " NMgs

ONMps = —PMrgs

space
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

ELASTO-ACOUSTIC SYSTEM

TREFFTZ SPACE

8(.0[: 8q
T = s Y ) Hl 4: Vq =
(Th) {(wF 9,ws,€) C HU(Th)" : pr— - +Va Gpr ot
Ow OA ¢

Bts —divg = =~ e(ws) =0, VK Ks € T,,}

+ divwg =0,

Ps
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ELASTO-ACOUSTIC SYSTEM

TREFFTZ SPACE

Owr 0q .
T E b b b Hl 4 A v = — d = 07
(70) = {(wr quws,€) W) pe 5 + Va = Gl divr
dws . o OAE _
ps e —dive = T3 — elws) = 0, VKr Ks €T}

SPACE-TIME DISCRETIZATION IN T

1 N N .
E / [( 5—Phq + PEVEh - W )Nk, + (Phwr + VERQ) - "f(,:] ds
Kr OKF CFPF

+Z/ [(Acfh:£+psv§h-ws)nks—(v§h£+thws)vnsz]ds=Z/ fadv
e OKs e
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ELASTO-ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Z/a Phq + PFVFh - WF)HKF + (BPhwr + VFRq) - nK;:] ds
F

+Z/8KS (A &+ psvan - ws)nie, — (Ving + Gws) - i [ds = > | fadv
Kg Y RF

NUMERICAL FLUXES THROUGH THE FLUID-SOLID INTERFACE

VER ke vSh * Mkp
FTFs Phik e _ Phmice + (Ve - M, — Vsp -+ ni,)
h Vi - nf(S - Vsp - n’;<s — 5(o'hn);<s — phn);(S)
Fy — P
S S
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SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

ELASTO-ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (Vep, phs Vsp,on) C V(Th): VKE, Ks € T, (wr, q,ws, &) C T(Tp) it holds:

-ATDG((VFm Ph; VS, ah); (LUF, q,ws, 5)) = gTDG(wF7 q,ws, £)
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WELL-POSEDNESS

MESH DEPENDENT L?> NORMS

ACOUSTIC TDG
ELASTODYNAMIC TDG
ELASTO-ACOUSTIC TDG
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WELL-POSEDNESS

MESH DEPENDENT L?> NORMS

* H.Barucq H.Calandra J.Diaz E.Shishenina. Space-time Trefftz-Discontinuous Galerkin
approximation for elasto-acoustics. [RR] 2017
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IMPLEMENTATION OF THE ALGORITHM

MESH AND GLOBAL MATRIX INVERSION
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

Ax
T —
)
=l
0
XL XR
space
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

N

1 2 Ny

Ny

k=({—-1)x Ny +i
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

‘ ‘ t=T
t = 2At
-
< Ne+1[ ««-
ty = At
t= At
1 2 Ny
L =0
]
N
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

Nt
s
f I
N
BB

Ny
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR OPERATOR

rros= [ Lt Lyt )y
oo JFT JFe JF JFP
AL AT,

TDG TDG
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR OPERATOR

rros= [ Lt Lyt )y
oo JFT JFe JF JFP
AL AT,

TDG TDG

GLOBAL SPACE-TIME MATRIX

M = A, Mq + A M,
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR OPERATOR

Ja bt
2 JFJR

Q
‘ATDG

GLOBAL SPACE-TIME MATRIX

M = A, Mq + A M

Mg - block-diagonal

WCCM 2018 | 13" World Congress on Computational Mechanics



SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

IMPLEMENTATION OF THE ALGORITHM

BILINEAR OPERATOR
/ /
FJFP

!
A TDG

GLOBAL SPACE-TIME MATRIX

M = A, Mq + A M
M - sparse
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

—1
ML= A M+ Atl\/ll]
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

M1 = [AXMQ n Atl\/ll] -

[ |+ K(Mgflm,)]_l [AXMQ]_l
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

M1 = [AXMQ n Atl\/ll] -

[ |+ K(Mgflm,)]_l [AXMQ]_l

TAYLOR EXPANSION (IN CONDITION OF SMALL ENOUGH k)

M1 = [ 1 (0] 8]
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

TAYLOR EXPANSION (IN CONDITION OF ENOUGH SMALL x = 2—5)
-1
|25

block-diagonal

WCCM 2018 | 13" World Congress on Computational Mechanics



SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

TAYLOR EXPANSION (IN CONDITION OF ENOUGH SMALL x)
(Mo~ M;)"

block-diagonal x sparse
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IMPLEMENTATION OF THE ALGORITHM

APPROXIMATE INVERSION (x = 1072)
n Ac=10"2 A,=2:1002 A,=5:10"2 A,=10"!
3 1.4166E-05  4.3741E-05 2.8780E-04  2.5772E-03
4 3.1623E-07  1.2656E-06 5.3868E-05  1.2674E-03

5 2.8903E-07 9.1744E-07 4.1029E-05 1.3010E-03

FULL INVERSION (x = 1072)
n Ax=10"2 A,=2-1002 A,=5-1002 A,=10"1

2.2540E-07 8.9583E-07 5.5811E-05 1.3004E-03

WCCM 2018 | 13" World Congress on Computational Mechanics



SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

IMPLEMENTATION OF THE ALGORITHM

APPROXIMATE INVERSION (x = 107?)

3  1.4166E-05

4.3741E-05 2.8780E-04 2.5772E-03
4 3.1623E-07 1.2656E-06 5.3868E-05 1.2674E-03
5 28903E-07  0.1744E-07  4.1020E-05  1.3010E-03
FULL INVERSION (k = 1072)
. 22540E-07  89583E-07  5.5811E-05

1.3004E-03
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NUMERICAL RESULTS

2D + TIME SIMULATIONS
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 9: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.567). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 9: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.633). Dirichlet boundaries

elastodynamics
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 9: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.700). Dirichlet boundaries

elastodynamics
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NUMERICAL RESULTS

2D ACOUSTIC AND ELASTODYNAMIC SYSTEMS

FIGURE 10: 2D Acoustic system. FIGURE 11: 2D Elastodynamic system.
Convergence of velocity vg in function of cell size h Convergence of velocity vs in function of cell size h
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CONCLUSION
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CONCLUSION

Implementation of the method for 2D acoustic, elastic,
elasto-acoustic systems

Numerical validation of prototype Matlab code
Implementation of an algorithm of the approximate inversion

Development of 2D TDG acoustic propagator in the framework
of Elasticus code
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CONCLUSION

ON-GOING WORK AND PERSPECTIVES

Development of 2D TDG elastic propagator in the framework
of Elasticus code; optimization

Exploration of space-time tent pitching meshes

Analysis of performance
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IMPLEMENTATION OF THE ALGORITHM

POLYNOMIAL BASIS (ORDER 3)

p=0, ndof=2

p=1, ndof=4

p=2, ndof=6

p=3, ndof=8
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