Attribute-value rule learning (C ) (A 1 ) (A 2 ) (A 3 ) (A 4 ) (A 5 Task: induce rules to predict the value of the class attribute (C ) Rules extracted by Algorithm CN2

π CN2 1 : A 5 = Downtown ⇒ C = expensive π CN2 2 : A 2 < 2.50 ∧ A 4 = Toulouse ⇒ C = low-priced π CN2 3 : A 1 > 36.00 ∧ A 3 = D ⇒ C = low-priced
Interpretability of rules and rulesets

The logical structure of a rule can be easily interpreted by users

IF conditions THEN class-label

Rule learning algorithms generate rules according to implicit or explicit principles1 are the generated rules the interpretable ones? would it be possible to have dierent rulesets? why a ruleset would be better than another one from the interpretability point of view?

⇒ We need ways to analyze the interpretability of the outputs of rule learning algorithms

Analyzing the interpretability of rules Analyzing the interpretativeness of ruleset Impact of examples generalization on rule interpretability 

(C ) (A 1 ) (A 2 ) (A 3 ) (A 4 ) (A 5 ) (A 6 )
: A 5 = Downtown ⇒ C = expensive π CN2 2 : A 2 < 2.50 ∧ A 4 = Toulouse ⇒ C = low-priced π CN2 3 : A 1 > 36.00 ∧ A 3 = D ⇒ C = low-priced
Impact of examples generalization on rule interpretability 

(C ) (A 1 ) (A 2 ) (A 3 ) (A 4 ) (A 5 ) (A 6 )
: A 5 = Downtown ⇒ C = expensive π CN2 2 : A 2 < 2.50 ∧ A 4 = Toulouse ⇒ C = low-priced π CN2 3 : A 1 > 36.00 ∧ A 3 = D ⇒ C = low-priced
Toward the notion of admissibility The attribute-value model

A 1 A 2 A 3 A 4 A 5 A 6 A 7 • • • A n item 1 a 1,1 a 1,2 a 1,3 a 1,4 a 1,5 a 1,6 a 1,7 • • • a 1,n item 2 a 2,1 a 2,2 a 2,3 a 2,4 a 2,5 a 2,6 a 2,7 • • • a 2,n item 3 a 3,1 a 3,2 a 3,3 a 3,4 a 3,5 a 3,6 a 3,7 • • • a 3,n item 4 a 4,1 a 4,2 a 4,3 a 4,4 a 4,5 a 4,6 a 4,7 • • • a 4,n item 5
a 5,1 a 5,2 a 5,3 a 5,4 a 5,5 a 5,6 a 5,7 • • • a 5,n item 6 a 6,1 a 6,2 a 6,3 a 6,4 a 6,5 a 6,6 a 6,7 

Subsets of data to generalize

A 1 A 2 A 3 A 4 A 5 A 6 A 7 A 8 A 9 item a 1,1 a 1,2 a 1,3 a 1,
4 a 1,5 a 1,6 a 1,7 a 1,8 a 1,9 item a 2,1 a 2,2 a 2,3 a 2,4 a 2,5 a 2,6 a 2,7 a 2,8 a 2,9 item a 3,1 a 3,2 a 3,3 a 3,4 a 3,5 a 3,6 a 3,7 a 3,8 a 3,9 item a 4,1 a 4,2 a 4,3 a 4,4 a 4,5 a 4,6 a 4,7 a 4,8 a 4,9 item a 5,1 a 5,2 a 5,3 a 5,4 a 5,5 a 5,6 a 5,7 a 5,8 a 5,9 item a 6,1 a 6,2 a 6,3 a 6,4 a 6,5 a 6,6 a 6,7 a 6,8 a 6,9 item a 7,1 a 7,2 a 7,3 a 7,4 a 7,5 a 7,6 a 7,7 a 7,8 a 7,9 item a 8,1 a 8,2 a 8,3 a 8,4 a 8,5 a 8,6 a 8,7 a 8,8 a 8,9 item a 9,1 a 9,2 a 9,3 a 9,4 a 9,5 a 9,6 a 9,7 a 9,8 a 9,9 ⇒ "Square" = selection of rows and columns in the data Rules A rule π expresses constraints (for a generic item x) which lead to conclusion C (x) (class which the item belongs to) 

π : A 1 (x) ∈ v π 1 ∧ • • • ∧ A n (x) ∈ v π n → C (x) ∈ v π 0 ( * ) where v π i ⊆ Rng A i pour i = 1, . . . , n, v π 0 ⊆ Rng C . attributes i = 1, . . . ,
A 0 = 2 ∧ A 4 = Toulouse ⇒ C = low-priced f (C ) (A1) (A2) (A3) (A4) (A5) (A6)
S 0 = {low-priced} S 1 = {32, 40, 70, 75} S 2 = {2, 4} S 0 S 1 S 2
For every attribute A i , S i is the set of values of A i in items of S Each superset of S i is, theoretically speaking, a generalization of S i

Eliciting a rule (f function)

(A 0 ) (A 1 ) (A 2 )
Price Area Rooms 1 low-priced 70 2 2 low-priced 75 4 4 low-priced 32 2 7 low-priced 40 2

S 0 = {low-priced} S 1 = {32, 40, 70, 75} S 2 = {2, 4} S 0 S 1 S 2 f f
For every attribute A i , S i is the set of values of A i in items of S Each superset of S i is, theoretically speaking, a generalization of S i The generalisation process thus consists in selecting one of these supersets:

f choice function that is given as input a collection of supersets of S i and picks one

We are looking for an appropriate • for () i.e.

A 1 (x) ∈ S 1 ∧ • • • ∧ A n (x) ∈ S n → C (x) ∈ S 0 ()
Eliciting a rule (f function)

(A 0 ) (A 1 ) (A 2 )
Price Area Rooms 1 low-priced 70 2 2 low-priced 75 4 4 low-priced 32 2 7 low-priced 40 2

S 0 = {low-priced} S 1 = {32, 40, 70, 75} S 2 = {2, 4} S 0 S 1 S 2 f f
For every attribute A i , S i is the set of values of A i in items of S Each superset of S i is, theoretically speaking, a generalization of S i The generalisation process thus consists in selecting one of these supersets:

f choice function that is given as input a collection of supersets of S i and picks one

We are looking for an appropriate • for () i.e.

A 1 (x) ∈ S 1 ∧ • • • ∧ A n (x) ∈ S n → C (x) ∈ S 0 () Generalization of S i : S i = f ({Y | S i ⊆ Y ⊆ Rng A i })
Weakening closure operators

List of Kuratowski's axioms [Kur14] (closure system): Illustrations of the behaviour of CN2 Expected rules assuming capping or pre-closure for each class: 

∅ = ∅ S ⊆ S ⊆ Rng A i S =
• topmost dataset: • v ∈ [-∞ : 15] ⇒ A 0 = blue • v ∈ [10 : +∞] ⇒ A 0 = green • bottom dataset: • v ∈ [-∞ : 15] ⇒ A 0 = blue • v ∈ [0 : +∞] ⇒ A 0 = green

  a rule A 1 = {75} ⇒ C = low-priced Most generalizing rule A 1 = [32 : 75] ⇒ C = low-priced Would the following rule be better? A 1 = [32 : 40] ∪ [70 : 75] ⇒ C = low-a rule A 1 = {75} ⇒ C = low-priced Most generalizing rule A 1 = [32 : 75] ⇒ C = low-priced Would the following rule be better? A 1 = [32 : 40] ∪ [70 : 75] ⇒ C = low-priced ⇒ this is the question of admissibilitya rule A 1 = {75} ⇒ C = low-priced Most generalizing rule A 1 = [32 : 75] ⇒ C = low-priced Would the following rule be better? A 1 = [32 : 40] ∪ [70 : 75] ⇒ C = low-priced ⇒ this is the question of admissibility! The notion of admissibility has to capture an intuitive notion of generalization . . .

  S S ∪ S = S ∪ S (pre-closure) Actually, we downgrade Kuratowski's axioms as follows S ⊆ S whenever S ⊆ S (closure) S = S whenever S ⊆ S ⊆ S (cumulation) S ∪ S ⊆ S whenever S ⊆ S (capping) Lemma: Kuratowksi ⇒ closure ⇒ cumulation ⇒ capping

Figure :

 : Figure: Distributions of the data for the classes blue and green.

Figure :

 : Figure: Distributions of the data for the classes blue and green.

  m a m,1 a m,2 a m,3 a m,4 a m,5 a m,6 a m,7 • • • a m,n Rows: items x 1 , x 2 , . . . , x m Columns: attributes A 1 , A 2 , . . . , A n ∀i, j a j,i ∈ Rng A iRng A i denotes the set of possible values for attribute A i
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item

  The logical structure of rules makes them easy to read but ... The interpretability of rules learned from examples requires, in particular, to take care of the way examples are generalized Example of numerical attributes, but also symbolic attributes with structures (e.g. orders) Qualifying the interpretable nature of rule learning outputs is challenging What can our approach do for rule interpretability Our work contributes by giving a way to do such analysis A proposal of a general framework for rule learning A topological study of admissible generalisations of examples

principles mainly based on statistical properties!

Notion of admissibility: propositions

Generalization of S i :

What choice function(s) can in practice capture these expected algebraic properties? Notion of admissibility: propositions Generalization of S i :

X is a closure system upon Rng A i .

• is an operation enjoying weaker properties than closure operators; alternatives looked at:

pre-closure operator capping operator

What choice function(s) can in practice capture these expected algebraic properties?

Notion of admissibility: propositions Generalization of S i :

X is a closure system upon Rng A i .

• is an operation enjoying weaker properties than closure operators; alternatives looked at: 

moreover, X is a collection containing all super-intervals of an interval belonging to the collection Class of choice functions satisfying pre-closure Theorem. Given a set Z , let f : 2 2 Z → 2 Z be a function st for every upward closed X ⊆ 2 Z and every

is a pre-closure operator upon Z .

Numerical attributes: principle of single point (u) interpolation

Class of choice functions satisfying capping

Theorem. Given a set Z , let f : 2 2 Z → 2 Z be a function st for every X ⊆ 2 Z such that X ∈ X and for every

is a capping operator upon Z .

Intuition: Z is Rng A i X (and Y, too) is a collection of intervals over Rng A i moreover, X is a collection whose intersection is itself a member of the collection Class of choice functions satisfying capping Theorem. Given a set Z , let f : 2 2 Z → 2 Z be a function st for every X ⊆ 2 Z such that X ∈ X and for every

is a capping operator upon Z . Rules learned by CN2, topmost dataset:

Numerical attributes: principle of pairwise point interpolation

Separating interesting intervals

Rules learned by CN2, bottom dataset: