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Abstract

In bandits, arms’ distributions are stationary. This is often violated in practice, where rewards change
over time. In applications as recommendation systems, online advertising, and crowdsourcing, the
changes may be triggered by the pulls, so that the arms’ rewards change as a function of the number of
pulls. In this paper, we consider the specific case of non-parametric rotting bandits, where the expected
reward of an arm may decrease every time it is pulled. We introduce the filtering on expanding
window average (FEWA) algorithm that at each round constructs moving averages of increasing windows
to identify arms that are more likely to return high rewards when pulled once more. We prove
that, without any knowledge on the decreasing behavior of the arms, FEWA achieves similar anytime
problem-dependent, (5(log (KT)), and problem-independent, o (VKT), regret bounds of near-optimal
stochastic algorithms as UCB1 of Auer et al. (2002a). This result substantially improves the prior
result of Levine et al. (2017) which needed knowledge of the horizon and decaying parameters to
achieve problem-independent bound of only O(K'/3T?/3). Finally, we report simulations confirming
the theoretical improvements of FEWA.

1 Introduction

Multi-arm bandits (Thompson, 1933; Cesa-Bianchi and Lugosi, 2006; Bubeck and Cesa-Bianchi, 2012;
Lattimore and Szepesvari, 2019) formalizes the core aspects of the exploration-exploitation dilemma in
online learning, where an agent has to trade off the exploration of the environment to gather information
and the ezploitation of the current knowledge to maximize the reward. In the stochastic setting (Thompson,
1933; Auer et al., 2002a), each arm is characterized by a stationary reward distribution and whenever
an agent pulls an arm, it observes an i.i.d.sample from the corresponding distribution. Despite the
extensive algorithmic and theoretical study of this setting (Cesa-Bianchi and Lugosi, 2006; Bubeck and
Cesa-Bianchi, 2012; Kaufmann et al., 2012; Garivier and Cappé, 2011), the stationarity assumption is
often too restrictive in practice, since the value of the arms may change over time (e.g., change of the
preferences of users). The adversarial setting (Auer et al., 2002b) addresses this limitation by removing
any assumption on how the rewards are generated and learning agents should be able to perform well for
any arbitrary sequence of rewards. While algorithms such as Exp3 (Auer et al., 2002b) are guaranteed to
achieve small regret in this setting, their behavior is conservative as all arms are repeatedly explored in
order to avoid incurring too much regret because of unexpected changes in arms’ values, which corresponds
to unsatisfactory performance in practice, where arms values, while non-stationary, are far from being
adversarial. Garivier and Moulines (2011) proposed a variation of the stochastic setting, where the
distribution of each arm is piecewise stationary. Similarly, Besbes et al. (2014) introduced an adversarial
setting where the total amount of change in arms’ values is bounded. While these settings effectively
capture the characteristics of a wide set of applications, they consider the case where the arms’ value
evolves independently from the decisions of the agent. This setting is often called restless bandits. On
the other hand, in many problems, the value of an arm changes only when it is pulled and we talk about
rested bandits. For instance, the value of a service may deteriorate only when it is actually used. Next,
if a recommender system shows always the same item to the users, they get bored and enjoy less their
experience on the platform. Finally, a student can master a frequently taught topic in an intelligent
tutoring system and extra learning on that topic would be less effective. A particularly interesting case is
represented by the rotting bandits, where the value of an arm decreases every time it is pulled. More
precisely, each reward is non-increasing, since it could remain constant at each pull. Heidari et al. (2016)



studied this problem in the case where the rewards observed by the agent are deterministic (i.e., no noise)
and showed how a greedy policy (i.e., selecting the arm that returned the largest reward the last time it
was pulled) is optimal up to a small constant factor depending on the number of arms K and the largest
per-round decay in the arms’ value L. Bouneffouf and Féraud (2016) considered the stochastic setting
when the dynamics of the rewards is known up to a constant factor. Finally, Levine et al. (2017) defined
both non-parametric and parametric noisy rotting bandits, for which they derive new algorithms with
regret guarantees. In particular, in the non-parametric case, where the decrease in reward is neither
constrained nor known, they introduce the sliding-window average (wSWA) algorithm, which is shown to
achieve a regret to the optimal policy of order 5([( 1/372/3) where T is the number of rounds in the
experiment.

In this paper, we study the non-parametric rotting setting of Levine et al. (2017) and introduce
Filtering on Ezpanding Window Average (FEWA) algorithm, a novel method that at each round constructs
moving average estimates with different windows to identify the arms that are more likely to perform
well if pulled once more. Under the assumption that the reward decay are bounded by L, we show
that FEWA achieves a regret of O(v/KT) without any prior knowledge of L, thus significantly improving
over wSWA and matching the minimax rate of stochastic bandits up to logarithmic factor. This shows
that learning with non-increasing rewards is not more difficult than in the constant case (the stochastic
setting). Furthermore, when rewards are constant we recover standard problem-dependent UCB regret
guarantees (up to constants), while in the rotting bandit scenario with no noise, the regret reduces to the
one derived by Heidari et al. (2016). Finally, numerical simulations confirm our theoretical result and
show the superiority of FEWA over wSWA.

2 Preliminaries

We consider a rotting bandits similar to the ones introduced by Levine et al. (2017). At each round ¢,
an agent chooses an arm i(t) € K = {1,..., K} and it receives a noisy reward r;() ;. Unlike in standard
bandits, the reward associated to each arm i is a o2-sub-Gaussian random variable with an expected
value p;(n), which depends on the number of times n it was pulled before, e.g., 1;(0) is the expectation
at the beginning.! More formally, let H; £ {{z(s)7 ri(s)ys},Vs < t} be the sequence of arms pulled and
reward observed over time until round ¢ (Ho = (), then

iyt = tie) (Niey,e) + €0 with Elge|H,] =0

aA?

and VA ER, E[e*] <e®2,

where N, ; = 22;11 I{i(t) =i} is the number of times arm 4 is pulled before round ¢. In the following, by
r;(n) we also denote the random reward obtained from arm i when it is pulled for the n-th time, e.g.,
Tit),t = Tit) (Nie),.). We finally introduce a non-parametric rotting assumption with bounded decay.

Assumption 1. The reward functions p; are non-increasing with bounded decays —L < p;(n+1)—p,;(n) <
0. For the sake of the analysis, we also assume that the first pull is bounded Vi € [K] u;(0) € [0, L]. We
refer to this set of functions as Ly .

Similarly to Levine et al. (2017), we consider non-increasing functions p;(n) where the value of arms can
only decrease when they are pulled. However, we do not restrict them to stay positive but we bound the
per-round decay by L. On one hand, any function in £y, has the range bounded in [—LT, L]. Therefore,
our setting is included in the setting of Levine et al. (2017) when piymay = L(T +1). However, the regret of
wSWA, defined below in Equation 2, is bounded by O(usla K1/3T2/3) which becomes O(T) in our setting.
Therefore, wSWA is not proved to learn in our setting. On the other hand, any decreasing function with
range in [0, imax] is included in £y, for L e max- Therefore, our analysis applies directly to the setting
of Levine et al. (2017) by simply setting L = ji,ax, Where we get a regret bound of 6(\/@ ) thereby
significantly improving the rate on their result.

The learning problem In general, an agent’s policy 7 returns the arm to pull at round ¢ on the basis
of the whole history of observations, i.e., 7(H;) € K. In the following, we use 7(t) as shorthand notation

LOur definition of p;(n) slightly differs from Levine et al. (2017), where it denotes the expected value of arm i when it is
pulled for the n-th time instead of after n pulls. As a result, in Levine et al. (2017), define p;(n) from n = 1, while with our
notation it actually starts from n = 0.



for m(H;). The performance of a policy  is measured by the (expected) rewards accumulated over time,

T
) 2ttty (Nrgoy.e) -
t=1

Since 7 depends on the (random) history observed over time, J(7',7) is also random. We therefore define
the expected cumulative reward as J(T,7) = E[J(T,m)]. We restate a useful characterization of the
optimal policy given by Heidari et al. (2016).

Proposition 1. If the (exact) mean of each arm is known in_advance for any number of pulls, then the
optimal policy ™™ maximizing the expected cumulative reward J(T, ) is greedy at each round, i.e.,

T (t) = argm?xui(NM). (1)

We denote by J* = J(T,7*) = J(T,7*), the cumulative reward of the optimal policy.

The objective of a learning algorithm is to implement a policy m whose performance is close to 7*’s as
much as possible. We define the (random) regret as

Ry(m) & J* — J(7,T). (2)

Notice that the regret is measured against an optimal allocation over arms rather than a fixed-arm policy
as it is a case in adversarial and stochastic bandits. Therefore, even the adversarial algorithms that one
could think of applying in our setting (e.g., Exp3 of Auer et al., 2002a) are not known to provide any
guarantee for our definition of regret. On the other hand, for constant wi(n) our problem reduces to
standard stochastic bandits. Therefore, our regret definition reduces to the standard stochastic regret.
Therefore, for constant functions, any algorithm with some guarantee for rotting regret immediately
inherits the same guarantee for the standard regret.

Let N} be the (deterministic) number of times that arm ¢ is pulled by the optimal policy 7* up to
time T' (excluded) Similarly, for a given policy , let N7 be the (random) number pulls of arm i. Using
this notation, notice that the cumulative reward can be rewritten as

Z D =iyt (NT) = Z pi(s

t=11ek 1elC s=0

Then, we can conveniently rewrite the regret as

Nip NTr N;p NTr
Ry (w) = Z Z wi(s) — Z wi(s) Z Z wi(s Z Z pi(s (3)
ek \ s=0 s=0 1EUP s= N’fTJrl 1EOP s= N’:T+1

where UP = {i € IC|NZ} > N7} and op = {i € IC|NZ; < N{fT} are the sets of arms that are respectively
under-pulled and over-pulled by m w.r.t. the optimal policy.

Prior regret bounds In order to ease the discussion of the theoretical results we derive in Sect. 4, we
restate prior results for two special cases. We start with the minimax regret lower bound for stochastic
bandits, which corresponds to the case when the expected rewards p;(n) are constant.

Proposition 2. (Auer et al., 2002b, Thm. 5.1) For any learning policy © and any horizon T, there exists
a stochastic stationary problem {pi(n) = p;}; with K sub-Gaussian arms with parameter o such that ©
suffers an expected regret

E[Rr(r)] > 110 mm(\/ﬁ, T).

where the expectation is taken with respect to both the randomization over rewards and the algorithms
internal randomization,

Proposition 2 can also be proved without the randomization device. The constant 1/10 in the lower
bound above can be improved to 1/4 (Cesa-Bianchi and Lugosi, 2006, Theorem 6.11).

Next, Heidari et al. (2016) previously derived lower and upper bounds for the regret in the case of
deterministic rotting bandits (i.e., o = 0).



Proposition 3. (Heidari et al., 2016, Thm. 3) For any learning policy 7, there exists a deterministic
rotting bandits (i.e., o = 0) satisfying Assumption 1 with bounded decay L such that w suffers an expected
regret

B[Ry (r) > £ (K - 1).

Let ° be a greedy (not necessarily an oracle) policy that selects at each round the arm with the largest
upcoming reward arg max;(u;(N; ¢ — 1)). For any deterministic rotting bandits (i.e., o = 0) satisfying
Assumption 1 with bounded decay L, m°° suffers an expected regret

B[Ry ()] < L(K —1).

Propositions 2 and 3 bound the performance of any algorithm on the constant and deterministic classes
of problems with respective parameters ¢ and L. Note that any problem in one of these two classes is
a rotting problem with parameters (o, L). Therefore, the performance of any algorithm on the rotting
problem described above is also bounded by both lower bounds.

3 FEWA: Filtering on Expanding Window Average

Since the expected rewards p; change over time, the main difficulty in the non-parametric rotting bandit
setting introduced in the previous section is that we cannot entirely rely on all the samples observed
until time ¢ to accurately predict which arm is likely to return the highest reward in the future. In
particular, the older the sample, the less representative is of the reward that the agent may observe by
pulling the same arm once again. This suggests that we should construct estimates using the more recent
samples. On the other hand, by discarding older rewards, we also reduce the number of samples used in
the estimates, thus increasing their variance. In Algorithm 1 we introduce a novel algorithm (FEWA or 7f)
that at each round ¢, relies on estimates using windows of increasing length to filter out arms that are
suboptimal with high probability and then pulls the least pulled arm among the remaining arms.

Before we describe FEWA in detail, we first describe the subroutine Filter in Algorithm 2, which
receives as input a set of active arms K, a window h, and a confidence parameter 4, to return an updated
set of arm Kp11. For each arm 4 that has been pulled n times, the algorithm constructs an estimate
[ (n) that averages the h most recent rewards observed from i. The estimator is well defined only for
h < n. Nonetheless, the construction of the set I, and the stopping condition at Line 10 in Algorithm 1
guarantee that ﬁf(Nzt) are always well defined for the arms in Kj. The subroutine Filter then discards
from Ky, all the arms whose mean estimate (built with window h) is lower than the empirically best arm
by more than twice a threshold c¢(h, ;) constructed by standard Hoeffding’s concentration inequality (see
Algorithm 4).

Algorithm 1 FEWA

Input: o, K, dp,
1: pull each arm once, collect reward, and initialize IV; g < 1
2: fort+ K+1,K+2,...do
3: Oy <—50/(Kta)

4:  h < 1 {initialize bandwidth}

5. K1 < K {initialize with all the arms}

6: i(t) < none

7: while i(t) is none do

8: ’Ch+1 — Filter(/C;“ h,, §t)

9: h+<h+1

10: if 3¢ € Ky, such that N;; = h then
11: i(t) <1

12: end if

13:  end while

14:  receive 7;(Nit41) < i)
15: Niye < Nipyp—1 +1

16: Nj7t — Nj7t_1, V] 75 Z(t)
17: end for




Algorithm 2 Filter
Input: Ky, h, &

1: c(h,0,0;) \/(202/h) log (1/4y)
for i € K;, do

[ (Niy) < + E?;l ri(Nit — 7)
end for
fifhax. < maxiexc, Ay (Nizt)
for i € K}, do

A; ﬂglax,t - ﬁ?(Nl,t)

if A; <2¢(h,o,0:) then

add i to Kp41

end if
11: end for
Output: Kp 1

© P NP

—
<

The Filter subroutine is used in FEWA to incrementally refine the set of active arms, starting with a
window of size 1, until the condition at Line 10 is met. As a result, K1 only contains arms that passed
the filter for all windows from 1 up to h. Notice that it is crucial to start filtering arms from a small
window and to keep refining the previous set of active arms, instead of completely recomputing them for
every new window h. In fact, the estimates constructed using a small window use recent rewards, which
are closer to the future value of an arm. As a result, if there is enough evidence that an arm is suboptimal
already at a small window h, then there is no reason to consider it again for larger windows. On the
other hand, a suboptimal arm may pass the filter for small windows as the threshold ¢(h, o, d;) is large for
small h, i.e., when only a few samples are used in constructing 7 (N; ;). Thus, FEWA keeps refining KCj, for
larger and larger windows in the attempt of constructing more and more accurate estimates and discard
more suboptimal arms. This process stops when we reach a window as large as the number of samples
for at least one arm in the active set K, (i.e., Line 10). At this point, increasing h would not bring
any additional evidence that could refine Kj, further” and FEWA finally selects the active arm i(t) whose
number of samples matches the current window, i.e., the least pulled arm in ;. The set of available
rewards and the number of pulls are then updated accordingly.

4 Analysis

We first state the major theoretical result of the paper, the problem-independent bound for FEWA and
then sketch the proof in Section 4.1. Then, in Section 4.2, we give problem-dependent guarantees.

Theorem 1. For any rotting bandit scenario with means {p;(n)}in satisfying Assumption 1 with bounded
decay L and any time horizon T, FEWA run with o = 5, 5o = 1, i.e., with §; = 1/(Kt?), suffers an expected
regret®

E[Rr(rr)] < 130(VKT + K)\/log(KT) + KL.

Theorem 1 shows that FEWA achieves a (5(\/@ ) regret without any knowledge of the size of decay L.
This significantly improves over the regret of wSWA (Levine et al., 2017), which is of order (5([( 1732/ 3)
and needs to know L. The improvement is also due to the fact that FEWA exploits filters using moving
averages with increasing windows to discard arms that are with high probability suboptimal. Since this
process is done at each round, FEWA smoothly tracks changes in the value of each arm, so that if an
arm becomes worse later on, other arms would be recovered and pulled again. On the other hand, wSWA
relies on a fixed exploratory phase where all arms are pulled in a round-robin fashion and the tracking is
performed using averages constructed with a fixed window. Furthermore, while the performance of wSWA
can be optimized by having prior knowledge on the range of the expected rewards (see the tuning of «
in the work of Levine et al. 2017, Theorem 3.1), FEWA does not require any knowledge of L to achieve
the (;)v(\/ﬁ ) regret. Moreover, FEWA in naturally anytime (7" does not need to be known), while the
fixed exploratory phase of wSWA requires 7' to be properly tuned and resorts to a doubling trick to be
anytime. Algorithms (such as FEWA) with direct anytime guarantees show a practical advantage over the
doubling-trick ones, that often give a suboptimal empirical performance.

20k (N, ¢) is not defined for h > N;
3See Corollary 3 and 4 for the high-probability result.



For ¢ = 0, our upper bound reduces to KL, thus matching the prior (upper and lower) bound
of Heidari et al. (2016) for deterministic rotting bandits. Moreover, the additive decomposition of regret
shows that there is mo coupling between the stochastic problem and the rotting problem as the o terms
are summed with the L term while wSWA shows an L'/352/3 factor® in front of the leading term. Finally,
the O(v/ KT logT) matches the worst-case optimal regret bound of the standard stochastic bandits (i.e.,
wi(n)s are constant) up to a logarithmic factor. Whether an algorithm can achieve O(v K T) regret bound
is an open question. On one hand, FEWA uses more confidence bounds than UCB1 to track change for each
arm. Thus, FEWA uses larger bands in order to make all the confidence bounds hold with high probability.
Therefore, we pay an extra exploration cost which may be necessary for handling the possible rotting
behavior of arms. On the other hand, our worst-case analysis shows that some of the difficult problems
that reach the worst-case bound of Theorem 1 are realized with constant functions, which is the standard
stochastic bandits. For standard stochastic bandits, it is known that MOSS-like (Audibert and Bubeck,
2009) strategies are able to get regret guarantees without the log T' factor. To sum up, the necessity of
the extra log T factor for the worst-case regret of rotting bandits remains an open problem.

4.1 Sketch of the proof

In this section, we give a sketch of the proof of the regret bound. We first introduce the expected value of
the estimators used in FEWA. For any n and h < n, we define

h
A (n) & E[Ak(n)] = %Zui(n — ).

Notice that if at round ¢, the number of pulls to arm i is N;, then 7z} (N; ;) = p;(N;, — 1), which is the
expected value of arm ¢ the last time it was pulled. We now use Hoeffding’s concentration inequality and
the favorable events that we consider throughout the analysis.

Proposition 4. For any fized arm i, number of pulls n and window h, we have with probability 1 — 6,

—~ _ 20—2 1

Furthermore, for any round t, for a confidence §; = 6o /(Kt®), let
&2 {¥i ek, vn <t vh <, [@l(n) — Bl ()| <c(h, )

be the event under which all the possible estimates constructed by FEWA at round t are well concentrated
towards their expected value. Then, taking the union bound, P(&) > 1 — Kt25,/2.

Quality of arms in the active set We are now ready to derive a crucial lemma that provides support
to the arm selection process implemented by FEWA through the series of refinements obtained by the
Filter subroutine. Recall that at any round ¢, after pulling arms {NZTtF }; the greedy (oracle) policy
would select an arm characterized by

(7)) < s (047,

We denote by ;7 (7r) £ max;cx pi(NJ§), the expected reward that such oracle policy would obtain
by pulling i}. Notice that the dependence on 7p in the definition of u) (7F) is due to the fact that we
consider what the deterministic oracle policy would do at the state reached by 7p. While FEWA cannot
directly target the performance of the greedy arm, the following lemma shows that the last A pulls of any
arms in the active set returned by the filter are close to the performance of the current best arm up to
four times the confidence band c(h, ;).

Lemma 1. On favorable event &, if an arm i passes through a filter of window h at round t, the average
of its h last pulls cannot deviate significantly from the best available arm iy at that round, i.e.,

T (Nie) > i () — 4e(h, 6).

4Specifically, it is u}ﬂ/SXUQ/S, where pmax is equivalent to L in our setting, though our setting is more general as explained
in the remark following Assumption 1.




Relating FEWA to the optimal policy While Lemma 1 (with proof in the appendix) provides a first
link between the value of the arms returned by the filter and the greedy arm, ¢ is still defined according
to the number of pulls obtained by FEWA up to ¢. On the other hand, the optimal policy could actually
pull a different sequence of arms and at t it could have different number of pulls. In order to bound the
regret, we need to relate the actual performance of the optimal policy to the value of the arms pulled by
FEWA. We let h; ; & ‘fo - ”t* | be the absolute difference in the numbers of pulls between 7r and the

optimal policy. Since D ;.. N/} = > icin N7, =t, we have that Y icop it =
that there are as many overpulls than underpulls over all arms. Let j € UP be an underpulled arm® with
NT <N ”T Then, we have the inequalities

> icue Ni,t which means

Vs € {1, hiddy pp(me) = max s (NT7) = (N + 5). (5)

As a consequence, we derive the first upper bound on the regret from Equation 3 as

N7 hir—1
=2 2 wt-) Z EEEDIDY (1t (o) = (N7 + 1), (6)
iGUPtI:N’:};_;'_]_ 1EOP ¢/ — i€oP h=0

where the inequality is obtained by bounding j;(#') < p(7r) in the first summation® and then using
> icor Pi,r = D ;cup i While the previous expression shows that we can now only focus on over-pulled

arms in OP, it is still difficult to directly control the expected reward ui(Nf; + h), as it may change at
each round (by at most L). Nonetheless, we notice that its cumulative sum can be directly linked to the
average of the expected reward over a suitable window. In fact, for any ¢ € op and h; r > 2, we have

hi,7—2

(hi — D"~ (Nir — 1) = Z i{(NTp +1).
=0

At this point we can control the regret for each i € op in Equation 6 by applying the following corollary
derived from Lemma 1.

Corollary 1. Let i € OP be an arm overpulled by FEWA at round t and h;; = N{F - th* > 1 be the
difference in the number of pulls w.r.t. the optimal policy m* at round t. On favorable event &, we have

pif (mp) — T (Nig) < de(hig, 0,8,). (7)

4.2 Discussion on problem-dependent result and the price of decaying re-
wards

Since our setting generalizes the standard bandit setting, where {y;}, are constant over pulls, a natural
question is whether we pay any price for this generalization. While the result of Levine et al. (2017)
suggested that learning in rotting bandits could be more difficult, in Theorem 1, we proved that FEWA
matches the minimax regret O(v KT') for multi-arm bandits.

However, we may now wonder whether FEWA also matches the result of, e.g., UCB in terms of problem-
dependent regret. As illustrated in the next remark, we show that up to constants, FEWA performs as well
as UCB on any stochastic problem.

Remark 1. If we apply the result of Corollary 1 applied to stochastic bandits, i.e., when u; are constant
and ju, & max; y;, we get that for §; > 1/(KT®),

2002 10g(KT)
hir—1

32a0?1log(KT)

s — Mg S 4C(h‘i,T - laét) = (u — M)g

(8)

or equivalently, hy 7 <1+

Therefore, our algorithm matches the lower bound of Lai and Robbins (1985) up to a constant. Moreover,
in the case of constant functions, our upper bound for FEWA is at most « larger than the one for UCB1 (Auer

5if such arm does not exist, then 7 suffers no regret
6notice that since t’ > N:? + 1 and p; is decreasing, the inequality directly follows from the definition of ,u} (mg)



et al., 2002a).” The main source of suboptimality is the use of a confidence bound filtering instead of an
upper-confidence index policy. Selecting the less pulled arm in the active set is conservative as it requires
uniform exploration until elimination, resulting in factor 4 in the confidence bound guarantee on the
selected arm (versus 2 for UCB) which implies 4 times more overpulls than UCB (see Equation 8). We
conjecture this may not be necessarily needed and it is an open question whether it is possible to derive
either an index policy or a selection rule that is better than pulling the less pulled arm in the active
set. The other source of suboptimality w.r.t. UCB is the use of larger confidence band because (1) the
higher number of estimators computed at each round and (Kt? instead of Kt for UCB) and because (2)
the regret at each round in the worst case grows as Lt, which requires reducing the probability of the
unfavorable event.

As a result of Remark 1, we claim, that surprisingly and contrarily to what the prior work (Levine
et al., 2017) suggests, the rotting bandits are not significantly more difficult than the multi-arm bandits
with constants mean rewards. We show this observation is not only theoretical. In particular, in Section 5,
we show that in our experiments, the empirical regret of FEWA was at most twice as large as UCB1.

Remark 1 also reveals that Corollary 1 is in fact a problem-dependent result. Similarly, as we derived
a problem-dependent bound of FEWA’s regret for constant functions (standard stochastic bandits) we now
show a way to get a similar problem-dependent bound for the general case. In particular, with Corollary 1
we upper-bound the maximum number of overpulls by a problem dependent quantity

2002 log(KT
h;fT £ max{h <1+ ?wvcrAZ()g()}’ where A; ) £ g%i%uj (NFp—1) —ﬁ?(N;t + h). 9)
i,h—1

We then use Corollary 1 again to upper-bound the regret caused by h?‘T overpulls for each arm, leading
to Corollary 2. The complete proof is in Appendix D.

Corollary 2 (problem-dependent guarantee). For &; = 1/(Kt°), the regret is bounded as
Cslog(KT
(f)g<> .

ihip—1

E[Rr(mp)] < Z Cslog(KT) + L) with Cy, & 32a0? and h;fT defined in Equation 9.
iek

4.3 Runtime and memory usage

At each round ¢, FEWA has a worst-case time and memory complexity of a O(t). In fact, it needs to store
and update up to t averages per-arm. Since moving from an average computed on window h to h + 1 can
be done at a cost O(1) the per-round complexity is O(T'). Such complexity may be undesirable.”

The first idea to improve time and memory complexity is to reduce the number of filters used in
the selection. We first notice that the selectivity of the filters scales with 1/ Vh. As a result, when h
increases, the usefulness of the consecutive filters decreases. This remark suggests that we could replace
the window increment (Line 9 of Algorithm 1) by a geometric update with factor 2 for time ¢ in order to
have a constant ratio between two selectivity values. However, this is not enough to reduce the amount of
computation. In fact, we still have to compute (log, T' number of) averages of up T samples and therefore
we still pay O(T) in time and memory. We therefore provide a more efficient version of FEWA, called
EFF-FEWA (Appendix E) which also uses log, T filters (handling the expanding dynamics) but now with
precomputed statistics (handling the sliding dynamics) only being updated when the number of samples
for a particular arm doubles. Specifically, the precomputed statistics are updated with a delay in order
to be representative of exactly h samples with h = 27 for some j. For instance, the (two) statistics of
length 2 are replaced every 2 pulls while statistics of length 4 are replaced every 4 pulls. Therefore each
filter j € {1,...,log, T'} needs to only store two statistics for each arm i € K: the currently used one s/,
and the pending one §£ ;- Therefore, at any time, the j-th filter is fed with §f] for all arms ¢ which are
averages of 277! consecutive samples among the 2/ — 1 last ones. In the worst case, the last 2771 — 1
samples are not covered by filter j but these samples are necessarily covered by all the filters before. This
way, EFF-FEWA recovers the same bound than FEWA up to a constant factor (proof in Appendix E). In
contrast, the small number of filters can now be updated sporadically, thus reducing a per-round time
and space complexity to only O(logT) per arm. A similar yet different idea from the one we propose
here has appeared independently in the context of streaming mining (Bifet and Gavalda, 2007).

7To make the results comparable, we need to replace 262 by 1/2 in the proof of Auer et al. (2002a) to adapt the confidence
bound for a sub-Gaussian noise.

8This observation is worst-case. In fact, in some cases, the number of samples for the suboptimal arms may be much
smaller than O(t) For example, in standard bandits it could be O(logt). This would dramatically reduce the number of
means to compute at each round.
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Figure 1: Comparison of the average regret in the two arms single decrement case. Left: Regret at
the end of the game for a geometric sequence of L. Middle-right: Average regret during the game for
L =0.20 and L =4.24.

5 Numerical simulations

In this section, we report numerical simulations designed to provide insights on the difference between
wSWA and FEWA. We consider rotting bandits with two arms defined as

L
2

. I,
p1(n) =0, ¥Yn<T and ug(n)_{ . ifn <3
2

: T

The rewards are then generated by applying a Gaussian i.i.d.noise N'(0,0 =1). The single point of
non-stationarity in the second arm is designed to satisfy Figure 1 with a bounded decay L. The gap has
been chosen as T'/4 to not advantage FEWA, which pulls each arm T'/2 times when no arm is filtered. In
the two-arms setting defined above, the optimal allocation is N1 o = 3T/4 and Ny = T/4.

Both algorithms have a parameter « to tune. In wSWA, « is a multiplicative constant for the theoretical
optimal window. We try four different values of «, including the recommendation of Levine et al. (2017),
a = 0.2. In FEWA, « tunes the confidence 6; = 1/(¢t) of the threshold c(h, §;). While our analysis suggests
a =5 (or @ = 4 for bounded variables), Hoeffding confidence intervals, union bounds, and filtering
algorithms are too conservative for a typical case. Therefore, we use a more aggressive a 2 0.06. While
Theorem 1 suggests that the performance of FEWA should only mildly depend on the bounded decay L,
Theorem 3.1 of Levine et al. (2017) displays a linear dependence on the largest p;(0), which in this case
is L. Their Theorem 3.1 also states that the linear dependence appears for larger L when « is small.

In Figure 1, we validate the difference between the two algorithms and their dependence on L. The
first plot shows the regret at the T for various values of L and different algorithms. The second and
the third plot shows the regret as a function of the number of rounds for L = 0.2 and L = 4.24, which
correspond to the worst case performance for FEWA and to the L > o regime. All our experiments are
run for 7' = 10000 and we average results over 500 runs.

Before discussing the results, we point out that in the rotting setting, the regret can both increase
and decrease over time. Consider two simple policies: 71, which first pulls arm 1 for N7, times and the
then pulls arm 2 for N3 times, and 72 which reverses the order (first arm 2 and then arm 1). If we take
m as reference, my would have an increasing regret for the first 7'/4 rounds, which would reverse back
to 0 at time T'/2, since mo would select arm 1 getting a reward L/2, while 7y (that had already pulled 1)
transitioned to pulling arm 2 with a reward of 0.

As illustrated in Theorem 3.1 of Levine et al. (2017), wSWA regret scales linearly with L when La < 1.
In Figure 1 (left), we show that this regime depends effectively on «: The smaller the «, the smaller the
averaging window, the more reactive it is to large drops (see Figure 1, right). On the other hand, FEWA
ends up doing a single mistake for large L. Therefore, it recovers the 6(K L) regret with no dependence
on T as Heidari et al. (2016). Indeed, when L is large, Corollary 2 shows that, since in our setting,
Azyher = /2, the leading term is O(K L) for a reasonable horizon.

For small L (Figure 1, middle), wSWA is competitive only when « is sufficiently large. We see that
a = 0.2 (recommended by Levine et al., 2017) is indeed a good choice until L ~ o = 1, even though it
becomes quickly suboptimal after that. For FEWA, L ~ 2,/K/T corresponds to the hardest problems as
suggested by Theorem 1. We conclude that FEWA is more robust than wSWA as it almost always achieves
the best performance across different problems while being agnostic to the value of L. On the other
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Figure 2: Regret of the setting with 10 arms.

hand, wSWA’s performance is very sensitive to the choice of o and the same value of the parameter may
correspond to significantly different performance depending on L. Finally, we notice that EFF-FEWA has a
comparable regret with FEWA when L is large, while for a small value of L, EFF-FEWA suffers the cost of
the delay in its statistics update, which is larger for the last filter.

We also tested our algorithm in a rotting setting with 10 arms: the mean of 1 arm is constant with
value 0 while 9 arms after 1000 pulls abruptly decrease from +A; to —A;. A; is ranging from 0.001 to
10 in a geometric sequence. Figure 2 shows regret for different algorithms. Beside FEWA and the four
instances of wSWA, we add SW-UCB and D-UCB (Garivier and Moulines, 2011) with window and discount
parameters tuned to achieve the best performance. While the two algorithms are known benchmarks for
non-stationary bandits, they are designed for the restless case. Therefore, they keep exploring arms that
have not been pulled for many rounds. This behavior is suboptimal for rested bandits that we have here,
as the arms stay constant when they are not pulled.

We see that after each switch +A; to —A;, FEWA is among the best ones at quickly recovering and
adapting to the new situation. EFF-FEWA has similar performance after big drops as it is not too delayed
on a new sample. However, the effect of delay in updates has a larger impact in situations where we
need many samples to filter an arm. Therefore, we observe a larger regret at the end of the game as
compared to FEWA. wSWA with large o uses windows that are too large and therefore, for very big changes
in the mean reward, suffers high empirical regret at the beginning of this game. On the other hand, wSWA
with small « suffers larger empirical regret at the end of this game where it is blind to small differences
between arms, as the window size too small. We conclude that the windows of a fixed size that wSWA uses,
makes it difficult for wSWA to adapt to different situations. Moreover, when « is too large, wSWA is very
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Figure 3: Comparing UCB1 and FEWA with A = 0.14 and A = 1.
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sensitive to its doubling trick.

We remark that SW-UCB and D-UCB show similar behavior. They are both heavily penalized by
their restless forgetting even though their forgetting parameters 7 and « are optimally tuned for this
experimental setup. Indeed, there is no good choice of parameters as a fast forgetting rate makes the
policies repeatedly pull bad arms (whose mean rewards do not change when they are not pulled in our
rested setup) while a slow forgetting rate makes the policies not being able to adapt to abrupt shifts.

Finally, in Figure 3 we compare the performance of FEWA against UCB1 (Auer et al., 2002a) on
two-arm bandits with different gaps. These experiments confirm the theoretical findings of Theorem 1
and Corollary 2: FEWA has comparable performance with UCB1. In particular, both algorithms have a
logarithmic asymptotic behavior and for o = 0.06, the ratio between the regret of two algorithms is
empirically lower than 2. Notice, the theoretical factor between the two upper bounds is 5 (for a = 5).
This shows the ability of FEWA to be competitive for stochastic bandits.

6 Conclusion and discussion

We introduced FEWA, a novel algorithm for the non-parametric rotting bandits. We proved that FEWA
achieves an O(v KT) regret without any knowledge of the decays by using moving averages with a window
that effectively adapts to the changes in the expected rewards. This result greatly improves the wSWA
algorithm proposed by Levine et al. (2017), that suffered a regret of order O(K'/372/3). Our analysis of
FEWA is quite non-standard and new. FEWA hinges on the adaptive nature of the window size. The most
interesting aspect of the proof technique (which can be of independent interest) is that confidence bounds
are used not only for the action selection but also for the data selection, i.e., to identify the best window
to trade off the bias and the variance in estimating the current value of each arm. Furthermore, we show
that in the case of constant arms, FEWA recovers the performance of UCB, while in the deterministic case
we match the performance of Heidari et al. (2016).
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A Proof of core FEWA guarantees

Lemma 1. On favorable event &, if an arm i passes through a filter of window h at round t, the average
of its h last pulls cannot deviate significantly from the best available arm iy at that round, i.e.,

T (Nie) > i (p) — de(h, 6y).

Proof. Let i be an arm that passed a filter of window h at round ¢. First, we use the confidence bound
for the estimates and we pay the cost of keeping all the arms up to a distance 2¢(h, d;) of ﬁﬁlax_’t,

A (Ni) = 7 (Nig) = e(h,6¢) 2 Fmaxe — 3¢(h, 6) > max i (Nie) — de(h, 6), (10)

i€

where in the last inequality, we used that that for all ¢ € ICp,
ﬁﬁlax t = :U’z (N ) > ﬁ;L(Ni,t) - C(h76t)‘
Second, since the means of arms are decaying, we know that

i () = prig (Nig o) < prig (Nig o = 1) = Ty (Nig 1) < max i (Niy) = g%i(ﬁ}(l\@,t)- (11)

Third, we show that the largest average of the last i’ means of arms in Ky is increasing with A/,

Vh' < Nip—1, max 7l "'(Niy) > max @ (Niy).

lE)Ch/+1 1€,

To show the above property, we remark that thanks to our selection rule, the arm that has the largest
average of means, always passes the filter. Formally, we show that argmax;cx,, 7 (Nit) € Kpogr. Let

T/ !
il . € arg maX;cx,, " (N;.;). Then for such i, we have

~n/ —h' —n’ ~h/
H; inl (Niﬁ],ax,t) 2 iu’l:jlj’dx (Ni?n’ax,t) - C(hl7 575) > Hmax,t — c(h‘l7 6t) > Hmax,t — 2C(h/, 6t)’
where the first and the thlrd inequality are due to confidence bounds on estimates, while the second one
is due to the definition of i"_ .

Since the arms are decaying, the average of the last A’ + 1 mean values for a given arm is always
greater than the average of the last A’ mean values and therefore,

max Uz (Nijt) = N i (Niwr 4) < ﬁ’»lh,ﬁ_l(Nih' ¢) < max Hh +1(Ni,t)a (12)
i€k ax | ‘max) hax © tmax) i€k, 11
because zmax € Kpnr+1. Gathering Equations 10, 11, and 12 leads to the claim of the lemma,

(10) (12) (11)
At (Niy) > 1161%)(” "(Ni¢) —4c(h,6;) > Hel%X/.L H(Nit) —4e(h, 6;) > pif (mp) — 4e(h, 6r).
K3 h K3

O

Corollary 1. Let ¢ € OP be an arm overpulled by FEWA at round t and h;+ = N7TF th* > 1 be the
difference in the number of pulls w.r.t. the optimal policy 7™ at round t. On fcwomble event &, we have

pif (mp) — 7 (Nig) < de(hig, 0,8,). (7)

Proof. If i was pulled at round ¢, then by the condition at Line 10 of Algorithm 1, it means that i passes
through all the filters from h =1 up to N;;. In particular, since 1 < h; ; < N;+, i passed the filter for
h; ¢, and thus we can apply Lemma 1 and conclude

A} (Nie) = pf (mp) — de(hig, 6). (13)

O
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B Proofs of auxiliary results

Lemma 2. Let h7, = |Nl7fT — Nf;\ For any policy m, the regret at round T is no bigger than

<> XT: (€r vz (15 (m) = (N 4+ 1)) + XT: &Lt

1€0P h= t=0

We refer to the the first sum above as to A; and to the second on as to B.

Proof. We consider the regret at round 7. From Equation 3, the decomposition of regret in terms of
overpulls and underpulls gives

Nir
=Y Z Mi(f’)*z > ).

1EUP t/'= 1€E0P t’:N;f;-&-l

In order to separate the analysis for each arm, we upper-bound all the rewards in the first sum by their
maximum g (7) £ max;ex pi(NJr). This upper bound is tight for problem-independent bound because
one cannot hope that the unexplored reward would decay to reduce its regret in the worst case. We also
notice that there are as many terms in the first double sum (number of underpulls) than in the second
one (number of overpulls). This number is equal to ), h7 . Notice that this does not mean that for
each arm 7, the number of overpulls equals to the number of underpulls, which cannot happen anyway
since an arm cannot be simultaneously underpulled and overpulled. Therefore, we keep only the second
double sum,

™
h‘zT

DIPY (uT me) = (N + ). (14)

i€oP t'=

Then, we need to separate overpulls that are done under & and under &. We introduce 7 (n), the round
at which 7 pulls arm 7 for the n-th time. We now make the round at which each overpull occurs explicit,

w
hir—

<> X Z[t“ (Nzr+ ) =] () — e (NEr 4 )

icop t'=0 t=0
h;r,T_l T

<S> Sr (i) =tag] (uhm - Nz + 1)

icop t'=0 t=0

Ax
hZ’,Tfl T

+3 > Y r () =en &) (s - mNzp + 1))

icop t'=0 t=0

B
For the analysis of the pulls done under & we do not need to know at which round it was done. Therefore,

™
hir—

SEDIDY [ﬁtww]( ) = (N7 + ).

i€EOP t'=

For FEWA, it is not easy to directly guarantee the low probability of overpulls (the second sum). Thus, we
upper-bound the regret of each overpull at round ¢ under & by its maximum value Lt. While this is done
to ease FEWA analysis, this is valid for any policy 7. Then, noticing that we can have at most 1 overpull

per round ¢, i.e., Y. . Zzg’:%_l [t7 (NZ”} +1) =t] <1, we get
T h:T

SZ[&]Ltz [t”( g}+t’):t}<§:[§t]u

t=0 i€EOP t'= t=0

14



Therefore, we conclude that

<> Z (€ ovz 4] () - <N”T+t>)+§Tj[gt}Lt.
1€EOP t'= - =0 .

O

Lemma 3. Let h;; = hff = |NZ§—N£;\.F07" policy mp with parameters («, 0y ), Arp defined in Lemma 2
s upper-bounded by

A 2 f[&mm s () = i (N 4+ 1))

i€oP t'=

) (4\/20“72 log  (KT3;, '/*) + 4\/2a02 (7 — 1) tog, (Ko, /™) + L> .

1€0P¢

IN

Proof. First, we define hf}T £ max{h < hirl ft?’F(N,*t+h)}v the last overpull of arm ¢ pulled at round
t; 2 t0F (N + hf’T) < T under &. Now, we upper-bound A, by including all the overpulls of arm i

until the hf o-th overpull, even the ones under &,

= Z [zmw v (B () = sz + 1)) < D0 Z (uT ™) = wa(NZp + ).
1€0oP t/= i€opPe t/'=

where oP¢ = {z € op| th > 1}. We can therefore split the second sum of hf.T term above into two parts.

The first part corresponds to the first h?)T — 1 (possibly zero) terms (overpulling differences) and the

second part to the last (hf)T — 1)-th one. Recalling that at round ¢;, arm i was selected under &, we
apply Corollary 1 to bound the regret caused by previous overpulls of ¢ (possibly none),

Are < 3 ik (re) = s (Nig + WS = 1) +4(h 7 = 1)e(hSp — 1,6, (15)
1€EOP¢

< 3 pifme) — s (Np Sy = 1) +4(BSp — 1)e(hp — 1,67) (16)
1€EOP¢

< Z ot (mp) — i (N;T + hf’T - 1) + 4\/2a02 (th - 1) log . (KT(S()_l/a)a (17)
1€E0P¢

with log () £ max(log(x),0). The second inequality is obtained because d; is decreasing and c(., ., §)
is decreasing as well. The last inequality is the definition of confidence interval in Proposition 4 with
log, (KT*) < alog, (KT) for a > 1. If Nf; =0 and hf’T =1 then

pip (mp) = pa(N7p + 5 o — 1) = p* (wp) — i (0) < L,

since and pT (7p) < L and p;(0) > 0 by the assumptions of our setting. Otherwise, we can decompose

g () — s (NTp + b — 1) = pif () — (N + BS o — 2) + pa(NTp + b — 2) — pa(NTp + b — 1)

A1 A2

For term Aj, since arm ¢ was overpulled at least once by FEWA, it passed at least the first filter. Since this
hf_T—th overpull is done under &, by Lemma 1 we have that

Ay <4e(1,6;,) <de(lL, K'T%) < 4\/2a02 log ;. (KT&gl/“).
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The second difference, Ay = ui(NZ; + hf}T —-2)— uz(Nf; + hf’T — 1) cannot exceed L, since by the
assumptions of our setting, the maximum decay in one round is bounded. Therefore, we further upper-
bound Equation 17 as

Am < Y (4\/2a02 log, (KTs; /") + 4\/2a02 (nr — 1) tog. (KT, + L). (18)

O

Lemma 4. Let {(x) =) n~". Thus, with 6; = 6o/(Kt*) and o > 4, we can use Proposition / and get

n

T T
BB 23 p@) i< 3 2% < 15,03

t=0 t=0 2t 2

C Minimax regret analysis of FEWA

Theorem 1. For any rotting bandit scenario with means {p;(n)}in satisfying Assumption 1 with bounded
decay L and any time horizon T, FEWA run with a = 5, §g = 1, i.e., with §; = 1/(Kt°), suffers an expected
regret’

E[Ry(np)] < 130(VKT + K)\/log(KT) + K L.

Proof. To get the problem-independent upper bound for FEWA, we need to upper-bound the regret by
quantities which do not depend on {u;},. The proof is based on Lemma 2, where we bound the expected
values of terms A, and B from the statement of the lemma. We start by noting that on high-probability
event {7, we have by Lemma 3 and o = 5 that

A< Y (4\/1002 log(KT) + 41/1002(h; — 1) log(KT) + L).
1€0P¢
Since oP¢ C OP and there are at most K — 1 overpulled arms, we can upper-bound the number of terms in
the above sum by K — 1. Next, the total number of overpulls } . h; 7 cannot exceed T'. As square-root
function is concave we can use Jensen’s inequality. Moreover, we can deduce that the worst allocation of
overpulls is the uniform one, i.e., h;p = T/(K — 1),

Arp < (K = 1)(4/100%10g(KT) + L) + 44/1002 1og(KT) > \/(hir — 1)

1€EOP
< (K —1)(4y/10021og(KT) + L) + 4/1002(K — 1)T log(KT). (19)

Now, we consider the expectation of term B from Lemma 2. According to Lemma 4, with = 5 and
do =1,

L((2)  La?
E[B] < o T 19 (20)

Therefore, using Lemma 2 together with Equations 19 and 20, we bound the total expected regret as

E[Rr(mp)] < 4\/1002(K —DT1og(KT) + (K — 1)(44/1002 log(KT) + L) + LTWQ (21)

O

Corollary 3. FEWA run with o > 3 and dp = 25/ (o — 2) achieves with probability 1 — 6,

0

Ry(np) = Arp <4, |200%log . <(§Zé> (K -1+ (K - 1)T> + (K —1)L.

9See Corollary 3 and 4 for the high-probability result.
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Proof. We consider the event (J, <7 & which happens with probability

Kt25t Kt26t C(Oé — 2)50
1— <1- <1- :
> oSl —oslor
t<T t<T
Therefore, by setting 6y = 25/((a — 2), we have that B = 0 with probability 1 — § since {5} =0 for all ¢.
We can then use the same analysis of A;, as in Theorem 1 to get

Ry(np) = Arp <4, |200%log . <§1{/’€> (K -1+ (K - 1)T> + (K —1)L.

0

D Problem-dependent regret analysis of FEWA

Lemma 5. A, defined in Lemma 2 is upper-bounded by a problem-dependent quantity,

32002 log , (KT5; =y
A <3 (22 og. (K15 )+¢wmﬂ%4Kﬂ%”)-uK—nL
i€ AZ-’hﬁrTf1

Proof. We start from the result of Lemma 3,

AW<:E:(MhmﬂmgKTg”%<y+¢Ej—i>)+u(—nL. (22)

1€EO0P¢

We want to bound hf,T with a problem dependent quantity h;fT. We remind the reader that for arm i at

round 7T, the hfyT—th overpull has been on &, pulled at round ¢;. Therefore, Corollary 1 applies and we
have

& *
ﬁ?i,T 1 (N;T + hg)T - 1) > pt(mp) — 4c(hf7T -1, 5“) > pt(mp) — 4c(h§7T -1, 6T)

2002 log (KT&JI/Q)
hip—1

2002 log (KT&JI/Q)
hfp—1

> g () — 4 > pp(m*) —4

)

with pr (%) £ mingex g (NZT — 1) being the lowest mean reward for which a noisy value was ever

obtained by the optimal policy. pp(7*) < pf(mp) implies that the regret is 0. Indeed, in that case the
next possible pull with the largest mean for 7g is strictly larger than the mean of the last pull for 7*.
Thus, there is no underpull at this round for g and Rr(7wr) = 0 according to Equation 3. Therefore, we
can assume pp.(7*) > ok (7p) for the regret bound. Next, we define A, j, £ pug (7*) — il (N}, +h) as the
difference between the lowest mean value of the arm pulled by 7* and the average of the h first overpulls
of arm 4. Thus, we have the following bound for hf,T,

3200% log (KT3; /")
- .

3
hi,T <1+
i,hfnyl

Next, hf)T has to be smaller than the maximum such h, for which the inequality just above is satisfied if

we replace hf’T by h. Therefore,

32a0? log,, (KTéo_l/a)
hip <hlp2maxqh<T|h<1+

i, 2
Ai,hq

(23)
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Since the square-root function is increasing, we can upper-bound Equation 17 by replacing hf’T by its
upper bound h:T to get

Ap < Y <4\/2a02 1og+(KT50‘1/“)(1 + /by — 1) +L>

1€0P¢

— 32002 log, (KTS; /™)
<> \/32010210g+(KT50 Veyl1 4+ \/ X

. R
1EOP¢ Z,hin—l

+L

The quantity OP¢ is depends on the execution. Notice that there are at most K — 1 arms in OP¢ and that
oP C K. Therefore, we have

32a0? log | (KTéo_l/O‘)

A <Y A

-
e ZJH,T_l

+ \/32a02 log (KTéo_l/a) + (K —1)L.

Corollary 2 (problem-dependent guarantee). For &; = 1/(Kt°), the regret is bounded as

E[Rr(me)] <)

(cS log(KT)
e

i pt
z,hi,Tfl

Cslog(KT) + L) with Cy, £ 32a0? and h;fT defined in Equation 9.

Proof. Using Lemmas 2, 4, and 5 we get

E[Rr(mp)] = E[A,.] + E[B] < Z (W + /32002 log(KT)) +(K-1)L+ LTWQ

A
e 1»th_1

2002 log(KT
SZ<3w0g<>+ 32aazlog<KT>+L>'

A
e l’h;ﬁrfl

Corollary 4. FEWA run with a > 3 and §y £ 26/¢(a — 2) achieves with probability 1 — 6,

/o
32a0? log, (M) Ta
Z (20)1/= KT¢(a—2)Y/

1€ i’h:r,Tfl

Proof. We consider the event U;<7§; which happens with probability

Kt2(5t Ktzét C(Oé — 2)(50
1—2 5 gl—z 5 <1-— .

2
t<T t<T

Therefore, by setting 6y 2 26 /¢ (o — 2), we have that with probability 1 — 4, B = 0 since [5] = 0 for all .

We use Lemma 5 to get the claim of the corollary. O

E Efficient algorithm EFF-FEWA

In Algorithm 3, we present EFF-FEWA, an algorithm that stores at most 2K log,(t) of statistics. More
precisely, for j < log,(N/f"), we let §£j and 5, be the current and pending j-th statistic for arm i. We
then present an analysis of EFF-FEWA.
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Algorithm 3 EFF-FEWA
Input: K, dy, @
1: pull each arm once, collect reward, and initialize V; x < 1
2: fort+— K+1,K+2,...do
3 0+ 0o/ (Kt™)
J < 0 {initialize bandwidth}
ICq1 < KC {initialize with all the arms}
i(t) < none
while i(t) is none do
Koj+1 < EFF_Filter(Kyj,J,0:)
j—j+1
10: if 3i € Ky; such that N;; <27 then
11: i(t) <1
12: end if
13:  end while
14: receive 7;(Nit11) < i)t
15:  EFF_Update(i(t),r;(Nis41),t+ 1)
16: end for

© ® NPTk

Algorithm 4 EFF_Filter

Input: Ky;, j, &, 0
c(27,6;) « \/202/% log 6, *

/S\I;ax \J < MaXiek, S
for i € ICh do
A; smaxj §C
if A; < 2¢(27, 5t) then
add i to Kojt1
end if
end for

Output: IC2j+1

i,j

Algorithm 5 EFF_Update
Input: ¢, r, ¢

L Nywye < Niye—1 +1

2: Rﬁocal — R;@Otal + 1 {keep track of total reward}
3: if 3j such that N, ; = 2/ then

4: /S\l)] RtOtal/N ¢t {initialize new statistics}
5. 8,0

6: Nij < 0

7. end if

8: for j < 0...log,(N;.) do

9 My Ny + 1
10: Sl’zl')la.x j % IIlaX ] + r
11:  if Nij = 27 then
12: Smaxj % Smax j/2]
13: ngj <0
14: /s\rlr)lax g 0
15:  end if
16: end for

On one hand, at any time ¢, 5/, is the average of 29=1 consecutive reward samples for arm i within
the last 2/ — 1 sample. These statistics are used in the filtering process as they are representative of
exactly 277! recent sampleb On the other hand, 57 ; stores the pending samples that are not yet taken
into account by s s ;. Therefore, each time we pull arm ¢, we update all the pending averages. When
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the pending statistic is the average of the 277! last samples then we set §1fj st ,; and we reinitialize
57+ 0.
How does that modify Lemma 17 We let ﬁ?/’h” be the average of the samples between the h’-th last

one and the h”-th last one (included) with k" > h'. FEWA was controlling 7;”" for each arm, EFF-FEWA

R B2 . i .
controls 7i;* + with different b, < 29! — 1 for each arm. However, since the means of arms are

non-increasing, we can consider the worst case when the arm with the highest mean available at that
round is estimated on its last samples (the smaller one) and the bad arms are estimated on their oldest
possibles samples (the larger one).

Lemma 6. On the favorable event &, if an arm i passes through a filter of window h at round t, the
average of its h last pulls cannot deviate significantly from the best available arm 7 at that round,

g > i () - de(h, 8y).

Then, we modify Corollary 1 to have the following efficient version of it.

Corollary 5. Let i € OP be an arm overpulled by EFF-FEWA at round t and hTrEF = N7TEF N’T >1 be
the difference in the number of pulls w.r.t. the optimal policy m at round t. On the fcwomble event &, we
have that

B TEF 4\/§ .
pif (mer) = "t (Nig) < V2 - 1C(hi,]£:F75t)'

Proof. If i was pulled at round ¢, then by the condition at Line 10 of Algorithm 3, it means that i passes
through all the filters until at least window 2f such that 2/ < h”EF < 2/+1 Note that for h”EF =1, then
EFF-FEWA has the same guarantee as FEWA since the first filter i is always up to date. Then for h7TEF > 2,

S g

(N 2 () = (24
> pif (mer) — 12 ;;__lcl(2j_l’ D) it (e — de(1, 50% (25)
= i (rer) — de(1, ) _“f; g 2 i ) - 4c<1,6t>ﬁf(1f21) (26)
= 1 ) = (241,60 2 1 o) — 2 (T ), @)

where Equation 24 uses that the average of older means is larger than average of the more recent ones
and then decomposes 2/ — 1 means onto a geometric grid. Then, Equation 25 uses Lemma 6 and make
the dependence of ¢(2771,6§) on j explicit. Next, Equations 26 and 27 use standard algebra to derive a
lower bound and that ¢(h,d) decreases with h. O

Armed with the above, we use the same proof as the one we have for FEWA and derive minimax and
problem-dependent upper bounds for EFF-FEWA using Corollary 5 instead of Corollary 1.

Corollary 6 (minimax guarantee for EFF-FEWA). For any rotting bandit scenario with means {p;(n)}in
satisfying Assumption 1 with bounded decay L and any time horizon T, EFF-FEWA with §; = 1/(Kt5),
a =5, and dg = 1, has its expected regret upper-bounded as

E[Ry(mgr)] < 13(;( f‘[_ VKT +K>,/1og(KT)+KL.

Corollary 7 (problem-dependent guarantee for EFF-FEWA). For 6; = 1/(Kt°), the regret of EFF-FEWA is
upper-bounded as

7TEF <Z

<C53 2\[log(KT
i€

+
1 hi,T71

+/Cslog(KT) + L);

with Cy £ 32a0? and h:T defined in Equation 9.
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