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In quantum error correction, information is encoded in a high-dimensional system to protect it from the
environment. A crucial step is to use natural, two-body operations with an ancilla to extract information
about errors without causing backaction on the encoded information. Essentially, ancilla errors must not
propagate to the encoded system and induce errors beyond those which can be corrected. The current
schemes for achieving this fault tolerance to ancilla errors come at the cost of increased overhead
requirements. An efficient way to extract error syndromes in a fault-tolerant manner is by using a single
ancilla with a strongly biased noise channel. Typically, however, required elementary operations can
become challenging when the noise is extremely biased. We propose to overcome this shortcoming by
using a bosonic-cat ancilla in a parametrically driven nonlinear oscillator. Such a cat qubit experiences only
bit-flip noise, while the phase flips are exponentially suppressed. To highlight the flexibility of this
approach, we illustrate the syndrome extraction process in a variety of codes such as qubit-based toric,
bosonic-cat, and Gottesman-Kitaev-Preskill codes. Our results open a path for realizing hardware-efficient,
fault-tolerant error syndrome extraction.

DOI: 10.1103/PhysRevX.9.041009 Subject Areas: Quantum Physics,
Quantum Information

I. INTRODUCTION

To perform useful large-scale quantum computation,
fragile quantum states must be protected from errors, which
arise due to their inevitable interaction with the environ-
ment. To achieve this protection, strategies for quantum
error correction (QEC) are continuously being developed.
The key idea behind QEC is that natural errors and
interactions generally involve low-weight operators.
Therefore, in order to protect quantum information, it is
stored or encoded in a logical qubit using the nonlocal
degrees of freedom of a high-dimensional system [1]. Here,
high-weight operators imply many-body operators, arising,
for example, in a system of several qubits or operators
involving many energy levels of a single high-dimensional
physical system, arising, for example, in a harmonic
oscillator. The high-weight operators characterizing the
code space of quantum information are called stabilizers
and are designed so that they commute with the logical

qubit operators but anticommute with the errors in the
system [2–6]. In the absence of errors, the system lies in the
þ1 eigenspace of the stabilizer, and after an error occurs it
moves to the −1 eigenspace. Consequently, the location
and type of errors can be determined from the result of
measuring the stabilizers, which are also known as an error
syndrome. Measurement of these high-weight stabilizers
would require engineering highly unnatural, many-body
interactions in the system, which is undesirable for practical
implementation. A more reasonable approach is to synthe-
size stabilizer measurements via naturally available cou-
plings with an ancillary system [7]. However, interaction
with the ancilla exposes the encoded system to more errors.
In fact, if the measurement is not designed correctly, errors
from the ancilla’s noise channel can propagate to the
encoded system and damage it beyond repair. Therefore,
for error correction to be successful, such a catastrophic
backaction must be eliminated.
To illustrate a typical approach for synthesizing stabilizer

measurements, consider a system M (logical qubit) which
encodes quantum information in N subsystems (physical
qubits), and let Ŝ be a stabilizer. A code is defined by
multiple stabilizers, but, for simplicity, we just consider
one. Let M̂i, i ¼ 1; 2;…; N, be a set of low-weight
operators which commute with Ŝ and can be used to
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synthesize Ŝ through coupling with an ancilla. As an
example, the four-qubit operator σ̂z;1σ̂z;2σ̂z;3σ̂z;4 is a stabi-
lizer for surface codes [8], in which case M̂i ¼ σ̂z;i. On the
other hand, the stabilizer for single-mode bosonic-cat codes
is the parity operator P̂ ¼ expðiπâ†âÞ, in which case
M̂ ¼ â†â [9–11]. Here, σ̂z is a Pauli operator, while â
and â† are the photon annihilation and creation operators.
The ancilla is typically a qubit which is coupled to the
encoded system via the interaction Hamiltonian

V̂ ¼ σ̂x
XN
i¼1

giðtÞM̂i; ð1Þ

where σ̂x is the Pauli operator of the ancilla qubit and gi are
controllable interaction strengths. The evolution of the
system is described by the unitary

ÛðtÞ ¼ T exp

�
−i

Z
t

0

V̂ðτÞdτ
�

ð2Þ

¼ cos

�XN
i¼1

Z
t

0

giðτÞM̂idτ

�

þ i sin

�XN
i¼1

Z
t

0

giðτÞM̂idτ

�
σ̂x: ð3Þ

The couplings and duration of evolution are chosen
[12–17] so that the above unitary (up to local rotations)
at time T becomes

ÛðTÞ ¼ 1þ Ŝ
2

þ 1 − Ŝ
2

σ̂x: ð4Þ

From Eq. (4), we see that the ancilla state undergoes a
bit flip at time T conditioned on whether the stabilizer is
þ1 or −1. Thus, measurement of the ancilla yields the
error syndrome. Remarkably, even though the starting
Hamiltonian in Eq. (1) is low weight, its unitary evolution
involves high-weight operators. During the time interval
½0; T�, the ancilla and the encoded system are entangled,
and it is crucial that errors in the ancilla do not propagate as
uncorrectable errors in the encoded data. Achieving this
property, also referred to as fault tolerance, is crucial for the
success of QEC and requires that all possible errors in the
ancilla commute with ÛðtÞ at all times. Note that the ancilla
qubit’s bit-flip error σ̂x satisfies this condition. Therefore, if
a bit flip occurs at any time τ during the interval ½0; T�, then
at time T the state of the system is described by the unitary
ÛðT − τÞσ̂xÛðτÞ ¼ σ̂xÛðTÞ ¼ σ̂xð1 þ ŜÞ=2 þ ð1 − ŜÞ=2.
It is clear that the ancilla’s bit-flip channel only introduces
an error in measurement of the syndrome without causing
any backaction on the encoded system. In this case, the
fidelity of syndrome extraction can be recovered by simply
repeating the protocol multiple times and taking a majority

vote over the measurement outcomes. Importantly, note
that dephasing σ̂z and amplitude damping σ̂− errors in the
ancilla do not commute with ÛðtÞ. In fact, a single σ̂z error
on the ancilla propagates as a high-weight error to the
encoded system.
There are primarily three approaches for fault-tolerant

extraction of error syndromes developed by Shor [7],
Steane [18], and Knill [19]. These methods are based on
using several ancillas prepared in complex quantum states
and several transversal (or bitwise) entangling gates
between the data and ancilla qubits, followed by ancilla
measurements. For example, in Shor’s method, a single
ancilla qubit is replaced with a w-qubit Greenberger-Horne-
Zeilinger state, where w is the weight of the stabilizer.
Steane’s approach requires a whole extra ancillary code
block prepared in the encoded j0iE and j1iE states. Knill’s
method, based on error correction by teleportation, requires
two ancillary code blocks prepared in the encoded Bell
state j0iEj0iE þ j1iEj1iE. Unfortunately, these approaches
lead to a rapidly growing overhead of computationally
expensive entangling gates and ancilla hardware, which
forces a more stringent requirement on error rates and
pushes large-scale fault-tolerant quantum computation
further out of reach. Some error-correcting codes, such
as the surface code, are designed to be tolerant to a certain
number of ancilla errors. However, the error-correcting
threshold significantly degrades in the presence of noisy
ancillas [20]. Alternatively, efforts are being directed
towards optimizing the ancilla hardware for achieving fault
tolerance [21,22]. For example, recently, a technique for
syndrome extraction in bosonic-cat codes based on a three-
level ancilla (or a qutrit) was demonstrated [23]. However,
this technique provides protection against only first-order
errors in the ancilla and is still susceptible to the second-
and higher-order errors. Extending this scheme for higher-
order protection requires additional drives, which may
ultimately open up new sources of errors and backpropa-
gation. An alternate technique for direct, fault-tolerant
syndrome extraction in bosonic-cat codes based on engi-
neering a high-weight stabilizer Hamiltonian has been
proposed [24]. However, the practical realization of this
scheme is challenging and requires new experimental
developments.
In this paper, we propose an efficient method for fault-

tolerant syndrome extraction. The proposed scheme is based
on the observation that, in the example in Eq. (3), if the
ancilla did not have any σ̂z error, then there would be no
backaction on the encoded system. More generally, if the
ancilla exhibits a highly asymmetric error channel, then it
would be possible to design a physical unitary which would
very nearly commute with the ancilla’s error channel and
will, therefore, be nearly transparent to ancilla errors. A
similar approach is suggested for realizing high-fidelity gates
[25] and long-distance entanglement [26]. Keeping in mind
the observation made above, we propose a two-component
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cat state in a pumped Kerr-nonlinear oscillator as an ancilla
for fault-tolerant syndrome extraction. The cat states

jC�β i ¼ N �
β ðjβi � j − βiÞ with N �

β ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� e−2jβj2Þ

q
are degenerate eigenstates of a Kerr-nonlinear oscillator
under two-photon driving [27,28]. Note that these two states
are orthogonal but have different normalization constants.
We work in the basis so that the states along theþZ and −Z
axis of the Bloch sphere, shown in Fig. 1(a), correspond to
the cat states jCþβ i and jC−β i, respectively. In this basis, the
states along the þX and −X axis correspond to the states
ðjCþβ i � jC−β iÞ=

ffiffiffi
2

p
, which to an excellent approximation are

the coherent states j � βi for large β. The remarkable
property of such a pumped cat is that natural couplings
can cause rotations only around the X axis. Intuitively, this
property results from a large energy barrier created by the
pump which prevents phase rotations (that is, rotation from
the coherent states jβi to j − βi and vice versa). The error
channel is dominated by bit-flip errors (which increase
linearly with the size of the cat jβj2 or, equivalently, the
pump strength). But, more importantly, the phase flips and
amplitude damping are exponentially suppressed (ex-
ponential in the size of the cat jβj2 or the pump strength).
As we saw before, the bit flips result in unreliable clas-
sical information from each measurement, while the phase
flips lead to spreading of errors from the ancilla into
the encoded system. Our proposal, therefore, ensures that
the former source of errors is exponentially suppressed at the
cost of only polynomially larger measurement errors. Since
the backaction is exponentially suppressed, the measure-
ments with the ancilla can be repeated a few times, and a
simple majority vote on the classical measurement record
then provides the error syndrome with a low probability
of error. This repetition would be impossible if the back-
action were not suppressed, because, with each measure-
ment, more and more errors will be introduced in the
data system. As a result, this pumped cat ancilla can be

used for backaction-suppressed syndrome measurements
and, therefore, lead to improvements in fault-tolerance
thresholds.
Here, we outline a general procedure to extract an error

syndrome based on conditional rotation of the cat state
around the X axis using only low-weight local interactions.
We discuss the fault tolerance of this technique in detail and
examine specific examples based on three distinct error-
correcting codes, namely, qubit-based toric [4], bosonic-cat
[9,10], and Gottesman-Kitaev-Preskill (GKP) codes [29].
Although these examples belong to the subclass of quan-
tum codes known as stabilizer codes, the ideas for error
syndrome extraction presented here could be extended to
other types of codes as well. Finally, we show how the state
of the cat ancilla can be read out in an efficient manner. We
find that the desired interactions between the encoded
system and cat ancilla can be easily realized using the
inherent nonlinearity of the ancilla itself. That is, no
additional coupling elements are required. Our results
are applicable in different quantum computing architectures
and demonstrate the advantages of exploiting hardware-
specific resources for achieving fault tolerance in QEC.

II. PUMPED-CAT SYNDROME DETECTOR

A. Parametrically pumped nonlinear oscillator

Consider a Kerr-nonlinear oscillator driven by a two-
photon drive with a frequency twice the frequency of the
oscillator. Its Hamiltonian in the rotating wave approxi-
mation is

ĤPCO ¼ −Kâ†2â2 þ Pðâ†2 þ â2Þ: ð5Þ
In the above expression, â and â† are the photon annihi-
lation and creation operators, K is the strength of the
Kerr nonlinearity, and P is the strength of the two-
photon drive. The above Hamiltonian can be rewritten as
ĤPCO¼−Kðâ†2−β2Þðâ2−β2ÞþKβ4, where β ¼ ffiffiffiffiffiffiffiffiffiffi

P=K
p

.

Q Switch
Homodyne
measurement

Syndrome measurement
with interaction:

Reading out the PCC state

PCC

Encoded
system

Readout
cavity

(a) (b)

FIG. 1. (a) Bloch sphere representation of cat states. (b) The figure shows the overview of syndrome detection with a PCO. The first
step is to map the error syndrome on the state of the PCO jCþβ i or jC−β i via a controlled X rotation. The next step is to read out the state of
the cat, which proceeds in two stages. The first stage is to rotate the cats jC�β i to the coherent states ≈j � βi (using the procedure
described in the main text). In the second stage, a single-photon exchange coupling between the PCO and a low-Q readout oscillator is
turned on, a process known as the Q switch. This coupling leads to the displacement of the readout oscillator conditioned on the PCO
state. Lastly, a homodyne measurement of the signal from the low-Q oscillator reveals the state of the PCO, thereby yielding the error
syndrome.
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Clearly, the coherent states j � βi or, equivalently, the cat
states jC�β i are the degenerate eigenstates of this
Hamiltonian with eigenenergy Kβ4 ¼ P2=K [27]. In this
paper, for simplicity, we always take the drive (P) to be
positive real, and, hence, β is also real. The two coherent
states are quasiorthogonal, hβj − βi ¼ expð−2β2Þ, while
the cat states are exactly orthogonal. The cat states jC�β i are
also the �1 eigenstates of the photon-number parity
operator expðiπâ†âÞ. In fact, since the Hamiltonian in
Eq. (5) commutes with photon-number parity, the eigen-
states of ĤPCO are also the eigenstates of parity. As a result,
the eigenspace of ĤPCO, shown in Fig. 2(a), can be divided
into the even- and odd-parity subspaces denoted by the
superscripts�. Henceforth, we refer to this oscillator as the
pumped-cat oscillator (PCO) and denote the cat subspace
with C. Note that, for β ¼ 0, jCþ0 i ¼ jn ¼ 0i and
jC−0 i ¼ jn ¼ 1i, where jn ¼ 0i and jn ¼ 1i are the Fock
states. The cat subspace is separated from the rest of the
Hilbert space C⊥ by an energy gap ωgap ∝ 4Kβ2.
Note that Eq. (5) is written in the rotating frame. In

this frame, the simplified Hamiltonian is described by

quasienergy eigenstates which exhibit negative energies.
The eigenspectrum of the PCO plays an important role in
understanding some results in later sections. Therefore, it is
useful to examine it in some detail here. We begin with a
displacement transformation Dð�βÞ ¼ expð�βâ† ∓ βâÞ
applied to ĤPCO so that Eq. (5) reads [30]

Ĥ0 ¼ Dð�βÞĤPCOD†ð�βÞ
¼ −4Kβ2â†â − Kâ†2â2 ∓ 2Kβðâ†2âþ H:c:Þ: ð6Þ

In writing the above expression, we use β ¼ ffiffiffiffiffiffiffiffiffiffi
P=K

p
so that

the terms with â†, â, â†2, and â2 vanish. The constant term
E ¼ P2=K represents an energy shift and is also dropped.
The vacuum j0i is exactly an eigenstate of Ĥ0 (Ĥ0j0i ¼ 0),
and as a result, in the original frame, the coherent states
Dð�βÞj0i ¼ j � βi or, equivalently, their superpositions
jC�β i are the degenerate eigenstates of ĤPCO. In order to
provide a simple intuitive understanding of the structure of
the low-lying eigenstates, it is convenient to work in the
limit of large β. In this limit, β2 ≫ β1; β0, and, hence,
Eq. (6) is well approximated by Ĥ0 ¼ −4Kβ2â†â, which is

0 1 2 3 4

0

20

40

60

0 5 10 15 20

0

-5

-10

-15

-20

-25

(c) (d)

(a) (b)

Exact eigenstates which 
are exactly degenerate 

FIG. 2. (a) Illustration of the eigenspectrum of the PCO. (b) In the limit of large parametric drive P or, equivalently, large β, the PCO
effectively behaves like two harmonic oscillators displaced by �β. The states confined in the harmonic potentials are the Fock states
jn ¼ 0i, jn ¼ 1i, etc. The tunneling between the two potentials is exponentially suppressed, and, therefore, the eigenspectrum of ĤPCO
reduces to superpositions of pairs of degenerate displaced Fock states ½DðβÞ �Dð−βÞ�jni. There, of course, exist higher excited states
which are not confined in the harmonic oscillator potential and cannot be described in such a simple manner. (c) The energy gap
obtained by exact diagonalization of Eq. (5) (solid blue line) and the approximate gap 4Kβ2 (dashed blue line). As expected, the solid
blue line converges to 2K as β decreases. The approximate expression converges to the exact gap for large β, but it breaks down for small
β where the exact energy gap is 2K. (d) Logarithmic (base e) plot of the energy difference between the first two (red) and second two
(blue) excited states of the Hamiltonian in Eq. (5) as a function of β2.
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the Hamiltonian of a (inverted) harmonic oscillator [30,31].
The first excited state of Ĥ0 is the Fock state jn ¼ 1i with
energy ωgap ¼ 4Kβ2 below vacuum j0i. As a result, the
displaced Fock statesDð�βÞjn ¼ 1i are the two degenerate
excited states in the original undisplaced frame. Note that,
since the eigenstates of ĤPCO are also the eigenstates of the
parity operator, it is more convenient to express the excited
states as the two orthogonal states jψ�

e;1i ¼ N∓
e;1½DðβÞ ∓

Dð−βÞ�jn ¼ 1i which are the even- and odd-parity states,
respectively. Here, N�

e;1 are the normalization constants.
The energy gap between the cat subspace and jψ�

e;1i for
large β is, therefore, ωgap ∼ 4Kβ2.
In essence, in the limit of large β, the PCO behaves like

two harmonic oscillators displaced by �β [see Fig. 2(b)].
The tunneling between the two displaced (approximate)
harmonic oscillators is suppressed exponentially with β.
This suppression is because the tunnel splitting can
be approximated by the overlap hnjD†ð−βÞDðβÞjni ¼
fðβ2Þe−2β2 , where fðβ2Þ is a polynomial function of β2.
As a result, the eigenspectrum of ĤPCO reduces to super-
positions of pairs of degenerate displaced Fock states
½DðβÞ �Dð−βÞ�jni. For a fixed β, this approximation is
less and less good for higher values of n and breaks down
near n ∼ β2. In fact, if β ¼ 0, that is, P ¼ 0, then Eq. (5)
reduces to the Hamiltonian for an undriven nonlinear
oscillator with the Fock states jn ¼ 0i and jn ¼ 1i being
degenerate and the next two excited states jn ¼ 2i and jn ¼
3i being nondegenerate. Here, ωgap becomes equal to the
gap between Fock states jn ¼ 0i or jn ¼ 1i and jn ¼ 2i,
which is equal to 2K. Note that this eigenspectrum is
described in the frame which is rotating at the frequency of
the oscillator ωPCO, which implies that the energy gap in the
laboratory frame is ωPCO − ωgap; that is, external drives or
perturbations at frequency ωPCO − ωgap can cause transi-
tions between jC�β i and excited states. The negative sign
appears because the Kerr nonlinearity is attractive.
In order to numerically confirm the simple picture of the

eigenspectrum presented above, Fig. 2(c) presents the
energy gap as a function of β evaluated by exactly
diagonalizing Eq. (5) (solid blue line). It also shows the
approximate gap 4Kβ2 (dashed blue line). Clearly, the
approximate expression converges to the exact gap for large
β. Figure 2(d) shows the difference in the energies of the
first two (jψ�

e;1i, red) and the second two excited states
(jψ�

e;2i, blue). As expected, the energy difference between
jψþ

e;1i and jψ−
e;1i and that between jψþ

e;2i and jψ−
e;2i decrease

exponentially with β2 for large β.

B. Syndrome detection with the PCO

The PCO interacts with the encoded system M in
such a way that the interaction Hamiltonian in the rotating
frame is

ĤI ¼
X
i

χiðtÞM̂iðâ† þ âÞ: ð7Þ

In order to understand the effect of this coupling on the
PCO, first note that the cat states undergo bit flips under the
action of the photon annihilation operator âjC�β i ¼
βp�1jC∓β i, where p ¼ N þ

β =N
−
β (see the Appendix A).

Recall that N �
β ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� e−2β

2Þ
q

and, for large enough

β, p → 1. While the action of the annihilation operator
transforms a state within C to another state which also lies
in C, the photon creation operator â† can take the PCO out
of C. However, for small couplings χðtÞhM̂ii, these spurious
out-of-subspace excitations are suppressed due to the
energy gap between C and C⊥. In this restricted subspace
C, â†jC�β i ¼ βp∓1jC∓β i (see Appendix A), and Eq. (7) can
very well be approximated as

ĤI ≡ 2β ˆ̃σx
X
i

χ0iðtÞM̂i: ð8Þ

Here, χ0iðtÞ¼χiðtÞðpþp−1Þ=2∼χiðtÞ and ˆ̃σx¼jCþβ ihC−β jþ
jC−β ihCþβ j is the effective Pauli operator in C. This entangling
interaction is identical to Eq. (1) and leads to unitary
evolution equivalent to Eq. (3). Again, the couplings χi and
time are chosen so that the unitary evolution corresponding
to Eq. (8) at time t ¼ T is given by ÛðTÞ ¼ ð1þ ŜÞ=2þ
ð1 − ŜÞ ˆ̃σx=2 (ignoring possible local rotations). As a result,
the ancilla cat state in the PCO undergoes a bit flip
conditioned on the stabilizer being Ŝ ¼ 1 or Ŝ ¼ −1.
The error syndrome can be easily extracted by reading
out the state of the cat at time T. Figure 1(b) provides an
outline of the proposed syndrome extraction scheme, and
we delve into details with specific examples shortly. Note
that, in some cases, it might be physically more convenient
to implement a coupling like

P
χiðtÞðL̂iâ† þ L̂†

i âÞ, where
L̂†
i þ L̂i ¼ M̂i. It is possible to synthesize fault-tolerant

stabilizer measurements with such interactions as well. In
fact, we use such a coupling for syndrome extraction in
GKP code in Sec. IV C.

III. SINGLE-PHOTON LOSS

We now examine the noise channel of the PCO. The
major source of noise in a oscillator is single-photon loss,
which arises from the single-photon exchange coupling
with a bath. From the previous discussion, it is clear that if
the coupling to the bath is smaller than the energy gap
between the C and C⊥ subspaces, then the dynamics of the
PCO is, to a very good approximation, confined to the C
subspace. In this restricted subspace, the effective two-level
master equation becomes (see Appendix B)
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_̂ρ ¼ −i½ĤPCO; ρ̂� þ κCβ
2D½p−1jCþβ ihC−β j þ pjC−β ihCþβ j�ρ̂

ð9Þ

¼ −i½ĤPCO; ρ̂� þ κCβ
2D

�
pþ p−1

2
ˆ̃σx þ

p−1 − p
2

i ˆ̃σy

�
ρ̂;

ð10Þ

where D½Ô�ρ̂ ¼ Ô ρ̂ Ô† − 1
2
Ô†Ô ρ̂− 1

2
ρ̂Ô†Ô. Here, we

assume that there are no thermal excitations in the bath;
that is, the PCO can only lose photons but not gain them
(see Sec. IV and Appendix C). Note that, as long as the
evolution is confined to the C subspace, Eq. (9) [or Eq. (10)]
reduces to the common master equation of an oscillator
coupled to a bath, _̂ρ ¼ −i½ĤPCO; ρ̂� þ κCD½â�ρ̂ (because
â ¼ pβjC−β ihCþβ j þ p−1βjCþβ ihC−β j). Appendix B presents
numerical simulations which confirm the theoretically
derived master equation above. It is evident from Eq. (9)
that the single-photon exchange coupling with the bath
leads primarily to a bit-flip error which is accompanied by
an exponentially small phase-flip error ∝ ðp−1 − pÞ∼
expð−2β2Þ. In other words, Eq. (10) implies that the bath
lifts the twofold degeneracy of the C subspace by an amount
exponentially small in the size β2. Intuitively, this result can
be understood from the fact that the numbers of photons in
the state jC−β i and jCþβ i differ by an exponentially small
amount, hCþβ jâ†âjCþβ i ¼ β2p2 and hC−β jâ†âjC−β i ¼ β2=p2. It
is more likely for a photon to be lost to the environment
from jC−β i than jCþβ i, and this asymmetry lifts the degen-
eracy between the states jC�β i. However, since the differ-
ence in the photon numbers decreases exponentially with β,
the states jC�β i are almost degenerate even for a moderately
sized β [such as β ∼ 2, expð−2β2Þ ¼ 3.3 × 10−4].

The preservation of the degenerate cat subspace makes
the PCO an excellent meter for syndrome detection,
because coupling with the bath commutes with the inter-
action Hamiltonian Eq. (8) and does not cause backaction
on M. Single-photon loss to the bath does induce random
flips between jC�β i, which reduces the accuracy of the
measurement. Nevertheless, since the backaction is expo-
nentially suppressed, the accuracy can be easily recovered
by repeating the measurement a few times and taking a
majority vote. In Appendixes D–F, we examine in detail
other sources of errors such as photon gain, pure dephasing,
and two-photon loss, and the results are summarized in
Table I. Note that single-photon gain and pure dephasing
can cause leakage out of the cat manifold. However, if the
spectral density of these sources of noise is narrower than
the energy gap, then leakage is suppressed. In this case, we
find that, irrespective of the underlying source of noise,
the PCO’s error channel is reduced to bit-flip errors, while
the phase flips are exponentially suppressed. It is also
important to point out that it is possible that spurious
excitations or sudden nonperturbative effects overcome
the energy barrier and cause excitations to the C⊥ sub-
space. Remarkably, we find that the fault tolerance of the
syndrome measurements is still preserved under these
leakage errors. To demonstrate this result, we now examine
the case when the PCO is subject to white thermal noise and
pure dephasing.

IV. SINGLE-PHOTON GAIN WITH
WHITE-NOISE SPECTRUM

In the presence of white thermal noise, the PCO evolves
according to the master equation

_̂ρ ¼ −i½ĤPCO; ρ̂� þ κð1þ nthÞD½â�ρ̂þ κnthD½â†�ρ̂; ð11Þ

TABLE I. In general, interaction with the environment can lead to single-photon loss, single-photon gain, pure dephasing, and two-
photon loss. When the coupling to the environment is smaller than the energy gap ωgap, then excitations out of the cat subspace C are
negligible, and the dynamics of the PCO can be restricted in C. In this effective two-level system, the effect of the noise source can be
described with the Lindbladian D½Ô�ρ̂ ¼ Ô ρ̂ Ô† − ðÔ†Ô ρ̂þρ̂Ô†ÔÞ=2, where Ô is the jump operator which depends on the type of
noise. The Lindbladian is derived using the Born approximation, along with the assumption that the spectral density of the noise is flat
around the PCO frequency ωPCO. The noise spectral density at the gap frequency is assumed to be small. For more discussion on these
approximations, see Appendixes B–D. The jump operators corresponding to single-photon loss, single-photon gain, pure dephasing,

and two-photon loss in a PCO are listed here. Here, p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2β

2
p

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e−2β

2
p

, and, for large β, ðpþ p−1Þ=2 ∼ 1 while
ðp−1 − pÞ=2 ∼ e−2β

2

. Therefore, we find that, as the size of the cat state increases, the only effect of the environment is to cause bit flips
in the cat subspace. As β approaches 0, the cat states jC�β i approach the Fock states jn ¼ 0; 1i, respectively. In this limit, the effect of
noise reduces to the jump operators in a conventional two-level system as listed in the third column here.

Noise type
Jump operator Ô in the restricted

C subspace of the PCO
Jump operators

as β → 0

Single-photon loss (κC ≪ ωgap) βf½ðpþ p−1Þ=2� ˆ̃σx þ i½ðp−1 − pÞ=2� ˆ̃σyg ˆ̃σ−
Single-photon gain (κC ≪ ωgap, narrow spectral density) βf½ðpþ p−1Þ=2� ˆ̃σx − i½ðp−1 − pÞ=2� ˆ̃σyg ˆ̃σþ
Pure dephasing (κϕ;C ≪ ωgap, narrow spectral density) β2f½ðp2 þ p−2Þ=2� ˆ̃I − ½ðp−2 − p2Þ=2� ˆ̃σzg 1

2
ð ˆ̃I − ˆ̃σzÞ

Two-photon loss ˆ̃I ˆ̃I
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where κ is the linewidth of the oscillator and nth is the
number of thermal photons. According to the quantum-
jump approach, the dynamics of the PCO can be described

by evolution under a non-Hermitian Hamiltonian ˆ̃H ¼
ĤPCO − iκð1þ nthÞâ†â=2 − iκnthââ†=2, which is inter-
rupted by stochastic quantum jumps corresponding to
the operators â and â† [32]. When the energy gap ωgap

is larger than κ, the non-Hermitian terms in ˆ̃H only broaden
the linewidths of the eigenstates of the PCO. As we have
seen before, action of â on a state in the cat subspace results
in bit flips but no leakage. Hence, a single-photon loss
event introduces a bit-flip error. More importantly, how-
ever, action of â† on a state in the cat subspace and, hence,
a single-photon-gain event causes leakage to C⊥ in addition
to a bit-flip error.
Recall that, in the limit of large β, the first excited states

jψi�e;1 are approximately the displaced single-photon Fock
states jψ�

e;1i ∼ ½DðβÞ ∓ Dð−βÞ�jn ¼ 1i [Fig. 2(b)]. In this
approximation, â†jC�β i ∼ βjC∓β i þ jψ∓

e;1i, and, therefore, a
single jump â† excites the first excited subspace at rate
∼κnth. Recall that the coupling between the PCO and the
encoded system is proportional to M̂iðâ† þ âÞ and in the cat
subspace ðâ† þ âÞ≡ 2β ˆ̃σx. Remarkably, in the first excited
subspace ðâ† þ âÞ≡ 2β ˆ̃σe;1x , where ˆ̃σe;1x ¼ jψþ

e;1ihψþ
e;1jþ

jψ−
e;1ihψ−

e;1j. Note that the two states jψ�
e;1i are (approx-

imately) degenerate, and, therefore, the coupling term
ðâ† þ âÞ can cause transitions between these two states,
but it cannot further cause transitions out of the subspace.
Consequently, the excited states form another two-level
ancilla with the same coupling to the encoded system. As a
result, the encoded system does not gain any information
about whether the PCO is in C or in C⊥. Equivalently, the
encoded system is transparent to leakage errors in the PCO.
Note that the PCO is excited to jψ�

e;ni after n photon-gain
events. As long as the nth excited subspace is twofold
degenerate, it will behave as a two-level ancilla with the
same coupling to the encoded system (â† þ â≡ 2β ˆ̃σe;nx ).
This approximation is less and less good for highly excited
states or, equivalently, when n is large [see Fig. 2(b)]. It is
beneficial to reduce such excitations by dissipative proc-
esses such as single- or two-photon loss, because photon-
loss events transfer the population from the nth excited
subspace to the (n − 1)th subspace (see Appendixes E and F
for more details).
In summary, the simple analysis presented here suggests

that the backaction due to out-of-subspace excitations in the
PCO depends on the existence of pairs of degenerate
eigenstates in the spectrum of the PCO. Since the difference
in the energies of the pair of eigenstates jψ�

e;ni decreases
exponentially with the size of the cat β, the backaction
should also decrease in the same manner. This intuitive
result is justified with numerical simulations in later
sections.

V. PURE DEPHASING WITH WHITE-NOISE
SPECTRUM

In the presence of white dephasing noise, the PCO
evolves according to the master equation

_̂ρ ¼ −i½ĤPCO; ρ̂� þ κϕD½â†â�ρ̂; ð12Þ

where κϕ is the rate of pure dephasing. Again following the
quantum-jump approach, the dynamics of the PCO is
described by evolution under a non-Hermitian Hamiltonian
ˆ̃H ¼ ĤPCO − iκϕâ†ââ†â=2, which is interrupted by jumps
corresponding to the operator â†â. We assume that ωgap is
larger than κϕ so that the non-Hermitian term only broadens
the linewidths of the eigenstates of the PCO. The jump
operator â†â causes leakage. In the limit of large β,
hψ�

e jâ†âjC�β i ∼ β, so that the rate of leakage is κϕβ
2. We

can now follow the arguments in the previous section to see
that the encoded system remains transparent to excitation in
theC⊥ subspace and backaction due to leakage errors remains
suppressed, which becomes apparent from numerical simu-
lations in later sections.
The analysis in the last two sections can easily be

extended to other sources of noise which cause leakage
out of the cat manifold, such as small corrections to the
Hamiltonian due to inaccurate drive frequencies, higher-
order nonlinearities, etc. The pairwise (approximately)
degenerate subspace of the PCO inherently suppresses
the backaction from the ancilla cat qubit to the encoded
system. We now delve into the details of each stage of the
syndrome extraction protocol. We begin by describing how
the error syndrome of an encoded system is mapped onto
the PCO [blue region in Fig. 1(b)] using specific examples.

VI. SPECIFIC EXAMPLES FOR STABILIZER
MEASUREMENTS

A. Four-qubit stabilizer σ̂z;1σ̂z;2σ̂z;3σ̂z;4 in toric codes

The n-qubit σ̂z stabilizer arises frequently in the toric
code which is a topological quantum error-correcting code
[4]. Because of its significance in two-dimensional toric
codes, here we focus on the direct, eigenspace-preserving
measurement of the Ŝz ¼ σ̂z;1σ̂z;2σ̂z;3σ̂z;4 stabilizer. The
Hilbert space of Ŝz is classified into even E and odd
eigenspaces O. The eightfold degenerate even (odd) sub-
space comprises of states which are þ1 (−1) eigenstates of
Ŝz. We define E (even subspace) and O (odd subspace) to
be the code and error subspace, respectively, so that a
measurement of Ŝz will yield −1 or 1, indicating if there is
or is not an error. Direct measurement of Ŝz requires a five-
body interaction between the code qubits and an ancilla,
which is challenging to realize experimentally. Instead, we
perform a syndrome measurement with two-body inter-
actions by replacing M̂i with σ̂z;i in Eq. (7). The resulting
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interaction Hamiltonian ĤI ¼ χðtÞŜ0zðâþ â†Þ, where Ŝ0z ¼
σ̂z;1 þ σ̂z;2 þ σ̂z;3 þ σ̂z;4, has the form of a longitudinal
qubit-oscillator coupling and has been realized experimen-
tally [33]. For simplicity, we assume that all the interaction
strengths are equal. Although it is possible to make the
interaction strengths equal [23,33], our scheme does not
require them to be equal. As long as the interaction
strengths are known, the duration of interaction with each
qubit can be adjusted to perform the syndrome measure-
ment. An alternate approach is to keep the duration of
interaction fixed but use a pair of bit-flip pulses for each
qubit appropriately separated in time [16].
Following the analysis in Sec. II, the unitary

corresponding to this interaction becomes ÛðtÞ ¼
i sinf2βŜ0z

R
t
0 χðτÞdτg ˆ̃σx þ cosf2βŜ0z

R
t
0 χðτÞdτg. To extract

the syndrome, the PCO is initialized to the state jCþβ i and
the system evolved for a time Tz so that

R Tz
0 χðτÞdτ ¼ π=8β

[if the interaction strengths are unequal, then the duration of
interaction Ti;z must be such that

R Ti;z
0 χiðτÞdτ ¼ π=8β]. At

this time, the unitary reduces to

ÛðTzÞ ¼ eiπŜ
0
z=4

��
1þ Ŝz

2

�
þ
�
1 − Ŝz

2

�
ˆ̃σx

�
: ð13Þ

The first term in the above unitary [exp ðiπŜ0z=4Þ] is just a
local phase rotation of the qubits and can be kept track of in
software while performing subsequent operations on
qubits. Alternatively, a local σ̂z gate can be applied to
the qubit during or after the syndrome measurement to
compensate for these rotations. It is clear that the state of
the PCO after time Tz is jCþβ i or jC−β i if the qubits start in the
code (Ŝz ¼ 1) or error subspace (Ŝz ¼ −1). Note that it is
possible to decrease Tz by just increasing χ0. However, a
large χ0=ωgap can additionally lead to phase diffusion of
the qubits, and we study this effect in more detail in
Appendix H.
We justify our theoretical analysis with an exact numeri-

cal simulation of the master equation (ME) of the PCO and
qubits in the presence of single-photon loss (for simplicity,
we assume the qubits to be lossless and use the common
bosonic ME for the PCO):

_̂ρ ¼ −i½Ĥ; ρ̂� þ κD½â�ρ̂; ð14Þ

H ¼ −Kâ†2â2 þ Pðâ†2 þ â2Þ þ χðtÞŜ0zðâþ â† − 2βÞ:
ð15Þ

Here, κ is the rate of single-photon loss of the PCO. All the
numerical simulations in this work are carried out using
open-source software [34]. The last term in the above
Hamiltonian [−2βχðtÞŜ0z] is added to cancel the determin-
istic single-qubit rotations [i.e., the term exp ðiπŜ0z=4Þ in
Eq. (13)]. We take a time-dependent qubit-oscillator
interaction to simulate a realistic experimental setup where

the coupling is switched on and then turned off. The qubits
are initialized in a maximally entangled state in O, jψoi:

jψoi ¼
1ffiffiffi
8

p
�X

i

σ̂x;i þ
X
i;j;k

σ̂x;iσ̂x;jσ̂x;k

�
j0; 0; 0; 0i; ð16Þ

and the stabilized cat oscillator is initialized to jCþβ i, with
P ¼ 4K (β ¼ 2), χ ¼ ðπ=2Þχ0 sinðπt=TzÞ, χ0 ¼ K=20, and
Tz ¼ π=ð8χ0βÞ. To begin with, the ME is solved with κ ¼ 0
to obtain the reduced density matrix of the PCO (ρ̂PCO)
and qubits (ρ̂q). Figure 3(a) shows the probability for
the PCO and qubits to be in the state jC−β i (red) and jψoi
(blue), respectively. As expected, after time Tz we find
hψojρ̂qjψoi ¼ 0.9999–1 and hC−β jρ̂PCOjC−β i ¼ 0.9999–1.
Next, the effect of single-photon loss is studied by using
κ ¼ K=200ðK=10Þ. We find that at time Tz, while the
probability for the PCO to be in the jC−β i state is reduced to
hC−β jρ̂PCOjC−β i ¼ 0.93ð0.52Þ because of loss-induced bit
flips between jCþβ i and jC−β i, the qubits remain in the state
jψoi, hψojρ̂qjψoi ¼ 0.9999–1. We observe that, although
the fidelity of mapping the syndrome onto the ancilla cat is
reduced to 52% for κ ¼ K=10 (in which case the majority
vote almost fails), the backaction on the qubits remains
suppressed.
The analysis is repeated with the qubits and PCO

initialized to jψei and jCþβ i, respectively. Here,

jψei ¼
1ffiffiffi
8

p
�X

i;j

σ̂x;iσ̂x;j þ Î þ σ̂x;1σ̂x;2σ̂x;3σ̂x;4

�
j0; 0; 0; 0i;

ð17Þ

as shown in Fig. 3(b) for κ ¼ 0hψejρ̂qjψei ∼ 1 and
hCþβ jρ̂PCOjCþβ i ∼ 1 at t ¼ Tz. Because of single-photon loss
κ ¼ K=200ðK=10Þ, the probability to be in the state jCþβ i
decreases to 0.93 (0.52), but the state of the qubits is jψei
with probability 0.9999–1. Consequently, these numerical
results confirm that the qubits are transparent to the errors
in the PCO. The single-photon loss in the PCO reduces the
fidelity of the syndrome extraction, but this reduction can
be recovered by repeating the protocol many times and
taking a majority vote. For example, with κ ¼ K=200,
the fidelity of the controlled X̂ rotation, or, equivalently, the
measurement fidelity, reduces to 93%, but by repeating
the procedure 5 times the probability of correctly mapping
the syndrome to the PCO increases to 99.7%. In order
to highlight the fault tolerance of the measurements using
a PCO, we compare it with the case in which the
measurement is carried out with a conventional two-level
system with the same relaxation rate γ ¼ K=200ðK=10Þ.
We find that, with the conventional qubit, the prob-
ability for the data qubits to remain in the original state
decreases significantly: hψejρ̂qjψei¼0.992ð0.867Þ and
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hψojρ̂qjψoi ¼ 0.990ð0.827Þ. In other words, one would
have to repeat the measurement with the PCO over 100
times before the data qubits get corrupted as much as with
just a single measurement with a conventional two-level
system. This result clearly demonstrates the exponential
suppression of backaction when the measurement is carried
out using the PCO.
Next, we examine the fault tolerance of the measurement

in the presence of white-noise single-photon gain or pure

dephasing. In order to do so, we simulate the following
two master equations for different pump strengths P
(or, equivalently, β): (i) _̂ρ ¼ −i½Ĥ; ρ̂� þ κð1þ nthÞD½â�ρ̂þ
κnthD½â†�ρ̂ and (ii) _̂ρ ¼ −i½Ĥ; ρ̂� þ κϕD½â†â�ρ̂. Here, Ĥ is
given in Eq. (15), nth is the number of thermal photons, κϕ is
the rate of pure dephasing, and P is varied from P ¼ K to
P ¼ 16K so that β changes from β ¼ 1 to β ¼ 4. As before,
χ ¼ ðπ=2Þχ0 sinðπt=TzÞ and χ0 ¼ K=20. For each of the
abovemaster equations, two simulations are carried out: one
in which the qubits are initialized in the even-parity state
jψei and the other in which they are initialized in the odd-
parity state jψoi. Figure 4(a) shows the average probability
of leakage in these two simulations:

εl ¼ 1

2
⟦1 − hCþβ jρ̂PCOjCþβ i − hC−β jρ̂PCOjC−β i⟧e

þ 1

2
⟦1 − hCþβ jρ̂PCOjCþβ i − hC−β jρ̂PCOjC−β i⟧o; ð18Þ

where ⟦⟧o;e represents the simulation with the qubits
initialized to jψo;ei, respectively. The reduced densitymatrix
of the PCO, ρ̂PCO, is evaluated at Tz ¼ π=4χ0βðpþ p−1Þ.
Recall from Secs. IV and V that the rate of leakage due to
photon gain is ∼κnth while that due to dephasing is ∼κϕβ2.
Therefore, the dependence of leakage on β in the presence of
white thermal noise and pure dephasing is expected to
be εl ∼ κnthTz ∝ β−1 and εl ∼ κϕβ

2Tz ∝ β, respectively.
Indeed, this behavior is reflected in the numerically simu-
lated leakage shown in Fig. 4(a). Figure 4(b) presents the
logarithm of the average backaction on the qubits as a
function of β2. The backaction is evaluated as

εb ¼
1

2
⟦1 − hψejρ̂qjψei⟧e þ

1

2
⟦1 − hψojρ̂qjψoi⟧o: ð19Þ

From the discussion in Secs. IV and V, εb [or logðεbÞ]
is expected to decrease exponentially (or linearly) with
β2 for large β. Indeed, the numerical simulations shown in
Fig. 4(b) approximately reproduce the predicted behavior.
Remarkably, on comparison of Figs. 4(a) and 4(b) for pure
dephasing (blue squares), we find that logðεbÞ decreases
(approximately) linearly with β2 even though εl increases
with β. As explained earlier, the suppression in backaction
results from the symmetric, pairwise (approximately)
degenerate excited state spectra. For small β, the states
are not quite degenerate enough, and so the entirety of
ancilla leakage propagates as backaction to the data system.
Therefore, εb increases at first for small β. Eventually, as β
increases further, pairs of excited states become more and
more degenerate, and, despite a large amount of leakage, the
backaction on the data system is suppressed. For the case of
thermal noise (red squares), on the other hand, the εl and,
therefore, εb consistently decrease, and, more importantly,
εb decreases (exponentially) faster than εl. Eventually,when
the state of the cat ancilla is read out, leakagewill lead only to
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       measurement with qubits in the 
odd-parity state

       measurement with qubits in the 
even-parity state

FIG. 3. The figure shows the dynamics of the PCO and qubits
during stabilizer measurement, when κ ¼ 0 (solid lines) and κ ¼
K=200 (dots). Here, κ is the rate of single-photon loss from the
PCO. (a) Probability for the PCO and qubits to be in the state jC−β i
and jψoi when their initial states are jCþβ i and jψoi, respectively.
(b) Probability for the PCO and qubits to be in the state jC−β i and
jψei when their initial states are jCþβ i and jψei, respectively. The
states jψoi and jψei are given in Eqs. (16) and (17). The
parameters are χ ¼ K=20, P ¼ 4K (β ¼ 2), and Tz ¼ π=8χ0β
(p ∼ 1 for β ¼ 2). Clearly, when κ ¼ 0, the state of the PCO at
time Tz reflects the syndrome hŜzi. The probability for the PCO
to correctly indicate the error syndrome is reduced to approx-
imately 93% when κ ¼ K=200 (red dots). More importantly, as
seen from the dotted blue lines, the state of the qubits after Tz is
essentially unaffected when κ ¼ K=200. Specifically, the differ-
ence between the blue dots and solid blue line is < 10−3%.
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measurement errors. In the toric code, in the absence of
backaction, the threshold for measurement errors is esti-
mated to be between approximately 1.1% and 12% [35].
However, in the presence of backpropagation of errors from
the ancilla to data qubits, the threshold is known to
significantly decrease [35]. The stabilizer measurement
scheme with the PCO suppresses this error without sacri-
ficing the measurement fidelity too much and, therefore,
enhances the performance of the code.
To quantify the advantage of the stabilizer measurement

with a PCO over that with a regular qubit, we compare the

measurement infidelity εm and backaction εb when the two
systems are subject to the same amount of thermal and
frequency noise. The backaction is calculated according
to Eq. (19), while the measurement infidelity is εm ¼
⟦1 − hCþβ jρ̂PCOjCþβ i⟧e=2þ ⟦1 − hC−β jρ̂PCOjC−β i⟧o=2, which
takes into account both bit flips of the ancilla cat as well
as leakage. For χ0 ¼ K=10, κ ¼ K=200, nth ¼ 10%, and
κϕ ¼ K=2000, the measurement infidelity and backaction
for our scheme with an ancilla cat of size β ¼ 2.4 in
the PCO are 5.87% and 0.05%, respectively, while, for
the same relaxation rate γ ¼ K=200, nth ¼ 10%, and
γϕ ¼ K=2000, the measurement infidelity and backaction
with the conventional qubit are 1.3% and 0.4%, respec-
tively. The measurement infidelity can be decreased by
repeating the measurement several times and taking a
majority vote. However, repeating the measurement also
leads to an increase in the backaction. If the majority vote is
taken overmmeasurements, then we can define a total error
rate ε introduced in the encoded system as a sum of the
measurement infidelity and backaction:

ε ¼
Xn¼m

n¼ðmþ1Þ=2

�
m
n

�
ð1 − εmÞm−nεnm þmεb: ð20Þ

In the example above for the measurement with the PCO,
m ¼ 5 minimizes total error εPCOoptimal ¼ 0.35%. On the other
hand, for the measurement with a regular qubit, m ¼ 3

minimizes total error εqubitoptimal ¼ 1.25%. In this example, we
find that the total error introduced in the encoded system
during a measurement using a PCO with β ¼ 2.4 is 3.5
times smaller than that during a measurement using a
conventional qubit with the same amount of thermal and
frequency noise. Following the same analysis, we find that,
with β ¼ 3.0, εPCOoptimal ∼ 9εqubitoptimal for m ¼ 7. These examples
highlight the fact that, because the backaction from the cat
ancilla is smaller, the measurement can be repeated a higher
number of times to reduce the overall error. Moreover, as
the size of the cat increases, the backaction is reduced and
the measurement can be repeated a greater number of times.
The exact gain in the overall threshold or error scaling of
the toric code achievable by reducing errors during stabi-
lizer measurements is beyond the scope of this work.
However, it is possible to argue qualitatively that even a
moderately sized stabilized cat ancilla with β2 ∼ 5–10 is
sufficient to see significant gains. Suppose the errors in the
qubits are dominated by total measurement errors. Then,
the code suppresses these as ðε=εthÞðdþ1Þ=2, where d is the
distance and εth is the threshold. A decrease in ε by a factor
of approximately 4–10 with β2 ∼ 5–10 effectively increases
the threshold by the same amount or, conversely, dramati-
cally reduces the logical error rate by approximately
4−ðdþ1Þ=2–10−ðdþ1Þ=2.
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FIG. 4. The figure shows the leakage errors [εl in Eq. (18)] in
the PCO and the corresponding backaction [εb in Eq. (19)] on the
encoded qubits due to white thermal noise (red squares) and pure
dephasing (blue squares). The squares are the results of simulat-
ing the master equation (i) _̂ρ ¼ −i½Ĥ; ρ̂� þ κð1þ nthÞD½â�þ
κnthD½â†� and (ii) _̂ρ ¼ −i½Ĥ; ρ̂� þ κϕD½â†â�. Ĥ is given in
Eq. (15), and the solid lines are merely spline interpolations.
nth ¼ 10%, κ ¼ K=200, κϕ ¼ K=2000, and P is varied between
K and 16K. χ ¼ ðπ=2Þχ0 sinðπt=TzÞ, χ0 ¼ K=20, and Tz ¼
π=4χ0βðpþ p−1Þ. The reduced density matrices ρ̂PCO and ρ̂q
are evaluated at Tz. As expected from the simple analysis in
Secs. IV and V, the backaction on the qubits exponentially
decreases as the size of the cat β in the PCO increases. In
particular, logðεbÞ decreases (approximately) linearly with β2 for
larger β. This decrease agrees with the behavior expected from
Secs. IV and V.
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B. Cat code stabilizer eiπâ
†
s âs

Cat codes are bosonic error-correcting codes where the
information is encoded in superpositions of coherent states
[9,10]. The stabilizer for the cat code is the photon-number
parity operator P̂ ¼ eiπâ

†
s âs and indicates if there are an even

or odd number of photons. Here, âs and â†s are the photon
annihilation and creation operators, respectively, for the
storage or data cat. The twofold degenerate code subspace
is defined by the cat states with even photon numbers: jCþα i
and jCþiαi, which are eigenstates of P̂ with eigenvalue þ1.
The error space is comprised of the states with an odd
number of photons: jC−α i and jC−iαi, which are eigenstates of
P̂ with eigenvalue −1. To avoid confusion, we refer to the
cat states encoding quantum information as the storage cat.
In the current scheme for cat syndrome measurement
[11,17], a storage oscillator which encodes the cat code-
word is coupled dispersively to an ancilla qubit. The
dispersive coupling between the two is used to map the
parity of the cat onto the ancilla. However, a random
relaxation of the ancilla during the measurement induces a
random phase rotation of the cat codeword, making this
scheme non-fault tolerant [11,23]. In our approach, it is
possible to achieve fault-tolerant syndrome detection by
replacing the operator M̂ with the photon-number operator
n̂ ¼ â†s âs in Eq. (7). The interaction Hamiltonian of
the storage oscillator and PCO is then given by ĤI ¼
χðtÞâ†s âsðâþ â†Þ. This interaction, equivalent to a longi-
tudinal interaction between the storage oscillator and the
PCO, can be realized in a tunable manner [33]. The unitary
evolution generated by this interaction is

ÛðtÞ ¼ i sin

�
2βâ†s âs

Z
t

0

χðτÞdτ
�
ˆ̃σx

þ cos

�
2βâ†s âs

Z
t

0

χðτÞdτ
�
: ð21Þ

The syndrome extraction proceeds by initializing the PCO
to jCþβ i and turning on the interaction between the storage

oscillator and PCO for a time Tp so that
R Tp

0 χðτÞdτ ¼
π=4β. At this time, the unitary reduces to

ÛðTpÞ ¼ e−iπâ
†
s âs=2

��
1 − P̂
2

�
ˆ̃σx þ

�
1þ P̂
2

��
: ð22Þ

The first term in the above equation eð−iπâ
†
s âs=2Þ is just a

deterministic rotation of the frame of reference of the
storage cat which can be taken into account in software
prior to further operations. If the storage is in the code
subspace xjCþα i þ yjCþiαi, then the states of the PCO and
storage at time Tp are jCþβ i and xjCþα i þ yjCþiαi, respectively
(up to a deterministic frame rotation of the storage cat). On
the other hand, if the storage cat is in the error subspace

xjC−α i þ yjC−iαi, then the PCO evolves to the state jC−β i at
Tp, while the storage cat remains in the state xjC−α i þ yjC−iαi
(up to a deterministic frame rotation). Therefore, the state
of the cat in the PCO indicates the error syndrome P̂. The
PCO only measures the parity of the storage without
revealing information about the actual photon statistics
as long as χ is small and the dynamics of the PCO can be
restricted to the stabilized cat manifold. For finite χ=Kβ2,
there is a small probability of excitations out of the C
subspace which could cause phase diffusion in the storage
cat. Partial correction is possible by applying a counterdrive
to the PCO to cancel the excitations out of the C subspace
on average Ĥc ¼ −χhâ†s âsiðâþ â†Þ (see Appendix I).
We confirm these theoretical results with numerical

simulations of the master equation of the PCO and storage
oscillator in the presence of single-photon loss (for sim-
plicity, we assume the storage oscillator to be lossless and
use the common bosonic master equation for the PCO):

_̂ρ ¼ −i½Ĥ; ρ̂� þ κD½â�ρ̂; ð23Þ

Ĥ ¼ ĤPCO þ χðtÞðâ†s âs − hâ†s âsiÞðâþ â† − 2βÞ: ð24Þ

The last term in the above Hamiltonian is added to
compensate for the deterministic frame rotation of the
storage cat ðe−iπâ†s âs=2Þ. The storage oscillator is initialized
in an odd-parity state jψoi ¼ jC−α i þ ijC−iαi, and the stabi-
lized cat oscillator is initialized to jCþβ i, with α ¼ 2, P ¼
4K (β ¼ 2), χ ¼ ðπ=2Þχ0 sinðπt=TpÞ, χ0 ¼ K=15, and
Tp ¼ π=ð4χ0βÞ. To begin with, κ ¼ 0 and the density
matrix of the system is numerically estimated, from
which the reduced density matrix of the PCO (ρ̂PCO) and
storage oscillator (ρ̂s) are obtained. Figure 5(a) shows the
probability for the PCO and storage oscillator to be in
the state jC−β i (red) and jψoi (blue), respectively. As
expected, after time Tp, we find hψojρ̂qjψoi ¼ 0.9999
and hC−β jρ̂PCOjC−β i ¼ 0.9999. Next, we study the effect of
single-photon loss by using κ ¼ K=200. We find that,
although at Tp the probability for the PCO to be in the jC−β i
state is reduced hC−β jρ̂PCOjC−β i ¼ 0.90 because of loss-
induced bit flips between jCþβ i and jC−β i, the storage
oscillator remains in the state jψoi, hψojρ̂qjψoi ¼ 0.9999.
We repeat this analysis but with the qubits and PCO

initialized to the even-parity state jψei ¼ jCþα i þ jCþiαi and
jCþβ i, respectively. As shown in Fig. 5(b) for κ ¼ 0,
hψejρ̂sjψei ¼ 0.9999 and hCþβ jρ̂PCOjCþβ i ¼ 0.9999 at Tp.
Because of single-photon loss κ ¼ K=200, the probability
to be in the ancilla state jC−β i decreases to 0.90, but the state
of the qubits is jψei with probability 0.9999. We now
compare the backaction during measurements using the
PCO with the case in which the measurement is carried out
with a conventional two-level system with the same
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relaxation rate γ ¼ K=200. In the latter, the backaction on
the storage oscillator increases by about 2 orders of
magnitude: ð1 − hψejρ̂sjψeiÞ; ð1 − hψojρ̂sjψoiÞ ∼ 0.011.
The fault tolerance of this scheme to white thermal

noise and pure dephasing is evaluated by numerically
simulating the two master equations (i) _̂ρ ¼ −i½Ĥ; ρ̂�þ
κð1þ nthÞD½â� þ κnthD½â†� and (ii) _̂ρ ¼ −i½Ĥ; ρ̂�þ
κϕD½â†â�, for different pump strengths P. Here, Ĥ is given

in Eq. (24), χ ¼ ðπ=2Þχ0 sinðπt=TpÞ, χ0 ¼ K=40, and P is
varied from P ¼ K to P ¼ 16K. For each of the above
equations, we perform two simulations: one in which the
storage cat is initialized in the even-parity state jψei and the
other in which it is initialized in the odd-parity state jψoi
with α ¼ ffiffiffi

2
p

. Figure 6 shows the average probability of
leakage and backaction in these two simulations as defined
in Eqs. (18) and (19), respectively, and evaluated at
Tp ¼ π=2χ0βðpþ p−1Þ. ρ̂q is replaced by the reduced
density matrix of the storage ρ̂s in Eq. (19). As before,
the dependence of leakage on β in the presence of white
thermal noise and pure dephasing is expected to be
L ∼ κnthTp ∝ β−1 and L ∼ κϕβ

2Tp ∝ β, respectively. The
numerically simulated leakage, as shown in Fig. 6(a), does
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cavity in the odd-parity state

              measurement with storage
cavity in the even-parity state

FIG. 5. The figure shows the dynamics of the PCO and the
storage cat during stabilizer measurement when κ ¼ 0 (solid
lines) and κ ¼ K=200 (dots). (a) Probability for the PCO and
storage oscillator to be in the state jC−β i and jψoi when their initial
states are jCþβ i and jψoi, respectively. (b) Probability for the PCO
and the storage oscillator to be in the state jC−β i and jψei when
their initial states are jCþβ i and jψei, respectively. Here, jψoi ¼
jC−α i þ ijC−iαi and jψei ¼ jCþα i þ jCþiαi. The parameters are
χ ¼ K=15, P ¼ 4K (β ¼ 2), κ ¼ 0, and Tp ¼ π=4βχ0. Clearly,
the state of the PCO at time Tp reflects the photon-number parity
of the storage cat. The probability for the PCO to correctly
indicate the error syndrome is reduced to approximately 90%
when κ ¼ K=200 (red dotted lines). However, as seen from the
dotted blue lines, the state of the storage cat after Tp is unaffected
by single-photon loss from the PCO (the difference between the
blue dots and lines is < 10−3%).
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FIG. 6. Leakage errors (εl) in the PCO and the corresponding
backaction (εb) on the storage cat due to white thermal noise (red
squares) and pure dephasing (blue squares). The squares are the
results of simulating the master equation (i) _̂ρ ¼ −i½Ĥ; ρ̂�þ
κð1þ nthÞD½â� þ κnthD½â†� and (ii) _̂ρ ¼ −i½Ĥ; ρ̂� þ κϕD½â†â�.
Ĥ is given in Eq. (24), and the solid lines are spline interpolations.
nth ¼ 10%, κ ¼ K=200, κϕ ¼ K=4000, and P is varied between
K and 16K. χ ¼ ðπ=2Þχ0 sinðπt=TzÞ, χ0 ¼ K=40, and Tp ¼
π=2χ0βðpþ p−1Þ. The reduced density matrices ρ̂PCO and ρ̂s
are evaluated at Tp. The size of the storage cat is α ¼ ffiffiffi

2
p

. As
expected from the simple analysis in Secs. IV and V, the
backaction decreases exponentially as the size of the cat β in
the PCO increases.
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(approximately) reproduce this behavior. Figure 6(b)
presents the logarithm of the average backaction on the
storage as a function of β2. Indeed, we find that the
backaction reduces (approximately) exponentially with
∼β2 for large β.
We repeat the procedure in Sec. VI A to quantify

the advantage of the stabilizer measurement with a PCO
over that with a conventional qubit which is subject to
the same amount of thermal and frequency noise. For
χ0 ¼ K=10, κ ¼ K=200, nth ¼ 10%, and κϕ ¼ K=4000,
the measurement infidelity and backaction for a scheme
with a cat of size β ¼ 2.6 in the PCO are εl ¼ 11.45%
and εb ¼ 0.04%, respectively, while, for the same relax-
ation rate γ ¼ K=200, nth ¼ 10%, and γϕ ¼ K=4000,
the measurement infidelity and backaction for scheme
with a conventional qubit are εl ¼ 4.2% and εb ¼ 0.5%,
respectively. For the measurement with the PCO,
m ¼ 9 minimizes the total error in Eq. (20) with
εPCOoptimal ¼ 0.54%. On the other hand, for the measurement
with the conventional qubit, m ¼ 3 minimizes the total
error εqubitoptimal ¼ 2%. In this example, we find that the
total error introduced in the encoded system during a
measurement using a PCO with β ¼ 2.6 is 3.7 times
smaller than that during a measurement using a conven-
tional qubit with the same amount of thermal and
frequency noise. In recent cat code quantum error
correction experiments, backaction during the stabilizer
measurement (using a qubit ancilla) limited the improve-
ment in the lifetime of the data cat [11,23]. A 3.7-
fold decrease in the total error introduced during the
measurement is sufficient to put the cat code well beyond
the “break-even” point in quantum error correction.
We observe that the approach described here can be

extended to measure the stabilizer of binomial [36] and
pair-cat codes [37]. Moreover, the syndrome extraction
technique can be adapted to perform a bias-preserving
CNOT between two PCOs. Such a bias-preserving CNOT is
unique to the system of stabilized cat qubits and promises
to improve threshold requirements in quantum error-
correcting codes [38].

C. GKP code stabilizers

The GKP code is a bosonic error-correcting code which
is designed to correct random displacement errors in the
phase space [29,39]. The codewords are the simultaneous
þ1 eigenstates of the phase-space displacements Ŝq ¼
exp ð2i ffiffiffi

π
p

q̂Þ ¼ Dði ffiffiffiffiffiffi
2π

p Þ and Ŝp ¼ exp ð−2i ffiffiffi
π

p
p̂Þ ¼

Dð ffiffiffiffiffiffi
2π

p Þ. Here, q̂ and p̂ are the position and momentum
operators, defined as q̂¼ðâ†sþâsÞ=

ffiffiffi
2

p
and p̂¼iðâ†s−âsÞ=ffiffiffi

2
p

, respectively. Also, Dði ffiffiffiffiffiffi
2π

p Þ and Dð ffiffiffiffiffiffi
2π

p Þ are the
displacement operators, where DðαÞ ¼ expðαâ†s − α�âsÞ.
The two ideal GKP codewords are uniform superpositions
of eigenstates of q̂ at even and odd integer multiples of

ffiffiffi
π

p
,

respectively. These states are a sum of an infinite number
of infinitely squeezed states and are unphysical (non-
normalizable) because of their unbounded number of
photons. More realistic codewords can be realized by
replacing the infinitely squeezed state jq̂ ¼ 0i with a
squeezed Gaussian state and replacing the uniform super-
position over these states by an overall envelope function,
such as a Gaussian, a binomial, etc., [29,40]. Recently, the
GKP codewords have been realized in trapped-ion oscillators
[41]. The GKP code provides protection against any low-rate
errors which can be represented as small phase-space dis-
placements of the oscillator given by expð−iuq̂Þ and
expð−ivp̂Þ [39,42]. The displaced GKP states are also the
eigenstates of the stabilizers Ŝq and Ŝp with eigenvalue ei2

ffiffi
π

p
u

and e2i
ffiffi
π

p
v, respectively. A measurement of the stabilizers

yields the eigenvalues and, hence, uniquely determines the
displacement errors u and v. For the unique determination of
displacement errors we require that juj; jvj < ffiffiffi

π
p

=2 or that
the displacement error is smaller than half the translational
distance (

ffiffiffi
π

p
) between the two codewords.

A simple approach to measure the eigenvalues e2i
ffiffi
π

p
u and

e2i
ffiffi
π

p
v of Ŝq and Ŝp is based on an adaptive phase-

estimation protocol (APE) [40,43,44]. This approach is
based on the repetitive application of displacements to the
storage oscillator which are conditioned on the state of the
ancilla [40]. In this section, we present a fault-tolerant
protocol for the APE of the stabilizers for GKP code using a
stabilized cat in a PCO. We do not go into the rigorous
details of APE for GKP codes, which can be found in
Ref. [40]. Instead, we focus on implementing it with the
stabilized cat ancilla. To achieve the controlled displace-
ment required for APE, the storage oscillator is coupled to
the PCO via a tunable single-photon exchange (or a beam-
splitter) interaction, Ĥ¼ĤPCOþ½gðtÞâ†âsþg�ðtÞââ†s � [45].
Such a tunable single-photon exchange coupling can be
easily realized with the three- or four-wave mixing capabil-
ity of the PCO and external drives of appropriate frequen-
cies [46,47]. For small jgj, this Hamiltonian can be
effectively written in the cat subspace as

Ĥ0 ¼ ĤPCO þ β

�
pþ p−1

2

�
½gðtÞâs þ g�ðtÞâ†s � ˆ̃σx

− iβ

�
p − p−1

2

�
½gðtÞâs − g�ðtÞâ†s � ˆ̃σy: ð25Þ

For large-amplitude β, the second term becomes negligibly
small, and evolution under the above Hamiltonian imple-
ments a controlled displacement along the position or
momentum quadrature depending on the phase chosen
for the coupling g. In this limit, when the phase and
amplitude of the coupling gðtÞ are chosen so that g�ðtÞ ¼
gðtÞ ¼ jgðtÞj and β

R T1

0 jgðtÞjdt ¼ ffiffiffiffiffiffiffiffi
π=2

p
, the unitary cor-

responding to the above Hamiltonian reduces to
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Û1ðT1Þ ¼D

�
−i

ffiffiffi
π

2

r ���
ˆ̃σx þ 1

2

�
Dði

ffiffiffiffiffiffi
2π

p
Þþ

�
1− ˆ̃σx
2

��
;

ð26Þ

which is the conditional displacement of the oscillator
required for APE of Ŝq (see Fig. 5 in Ref. [40]).
Similarly, when gðtÞ ¼ ijgðtÞj, g�ðtÞ ¼ −ijgðtÞj, and
β
R T2

0 jgðtÞjdt ¼ ffiffiffiffiffiffiffiffi
π=2

p
,

Û2ðT2Þ ¼ D

�
−

ffiffiffi
π

2

r ���
ˆ̃σx þ 1

2

�
Dð

ffiffiffiffiffiffi
2π

p
Þ þ

�
1 − ˆ̃σx

2

��
:

ð27Þ

This equation implements the required conditional displace-
ments for APE of Ŝp.
The overall protocol for APE is shown in Figs. 7(a)

and 7(b). For estimating Ŝq, the protocol proceeds by the
sequential application of the gates Û1ðT1Þ, followed by a
rotation of the PCO around the X axis by an angle φ, and,
finally, the measurement of the PCO. Similarly, for esti-
mating Ŝp, it proceeds by the sequential application of the
gates Û2ðT2Þ, followed by a rotation of the PCO around
the X axis by an angle ϕ, and, finally, the measurement of
the PCO. The feedback phases ϕ and φ are determined
based on the measurement outcome in the previous round
(Appendix J). As the number of rounds of phase estimation
increases, the accuracy of the estimates for u and v also
increases, and, therefore, the uncertainty in the estimate of
the eigenvalues expð2i ffiffiffi

π
p

uÞ and expð2i ffiffiffi
π

p
vÞ decreases.

The accuracy of the phase estimation protocol is evaluated
using the Holevo phase variance Vq, Vp, which is defined
as Vq;p ¼ s−2q;p − 1 with sq ¼ jhŜqij and sp ¼ jhŜpij [40].

For an ideal GKP state, Vq;p ¼ 0, while, on the other hand,
for large uncertainties in u, v, Vq;p → ∞.
We numerically simulate one round of phase estimation

for Ŝp [that is, gðtÞ ¼ ijgðtÞj], with the storage in an
approximate GKP state j0̃iGKP:

j0̃iGKP ¼ N0

X1
n¼−1

�
2

nþ 1

�
Dð

ffiffiffiffiffiffi
2π

p
nÞŜrj0i: ð28Þ

In the above expression, N0 is the normalization coeffi-
cient, Ŝr ¼ expfrðâ2s − â†2s Þ=2g is the squeezing operator
with r ¼ 1.4, and the overlap function is chosen to be the
binomial coefficients ð 2

nþ1
Þ. The Holevo variance of this

state is V0
q;p ¼ 1.25, 0.48 (because we are starting with the

approximate GKP state j0̃iGKP, the phase variance is not
zero). The master equation used in the simulation is

_̂ρ ¼ −i½Ĥ; ρ̂� þ κD½â�ρ̂; ð29Þ

Ĥ ¼ ĤPCO þ igðâ†s â − âsâ†Þ: ð30Þ

The density matrices of the system are obtained at time
t ¼ T ¼ ffiffiffi

π
p

=ðgβ ffiffiffi
2

p Þ. After this time, the PCO is rotated
around the X axis by ϕ, which is taken to be π=2
(Appendix J). After the projective measurement of the
PCO states, the reduced density matrix for the storage
oscillator is obtained ρ̂s;�, from which the Holevo variance
is evaluated along the q̂ and p̂ quadratures:

V 0
q ¼ pþVqðρ̂s;þÞ þ p−Vqðρ̂s;−Þ; ð31Þ

V 0
p ¼ pþVpðρ̂s;þÞ þ p−Vpðρ̂s;−Þ: ð32Þ

A successful round of phase estimation for Ŝp (or Ŝq)
decreases the variance V 0

p (or V0
q). Figure 8 shows the

percent change in the variances, 100 × ðV 0
q;p − V0

q;pÞ=
V0

q;p, for different sizes of the PCO cat state β for g ¼
0.02K and κ ¼ 0. For comparison, we also simulate one
round of ideal APE using a lossless two-level ancilla and
estimate the resulting variances V 0ideal

q;p (see Appendix L).
The figure also shows the percent change in the variance,
100 × ðV 0ideal

q;p − V0
q;pÞ=V0

q;p (dashed line). Since g is
small, the dynamics of the PCO is confined within C.
For large β, as expected, phase estimation with PCO
becomes increasingly accurate, and the decrease in the
Holevo variance is the same as with the ideal case.
However, for small β, nonidealities due to the last term
in Eq. (25) are introduced, and the magnitude of the
decrease in variance becomes smaller.
Let us now consider the effect of the photon-loss channel

of the PCO. If the PCO undergoes a bit flip during a round
of phase estimation, the measurement outcome and, hence,
the estimate for u and v is incorrect. This situation is
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FIG. 7. (a),(b) show the overall protocol of estimating the
eigenvalues of Ŝp and Ŝq, respectively, with the PCO. It proceeds
by the sequential application of the gates Û2ðT2Þ [or Û1ðT1Þ] and
the measurement of the PCO. In APE, the state of the PCO is
rotated by an angle ϕ or φ around the X axis of the Bloch sphere
before each measurement. The angles ϕ and φ are chosen based
on its previous measurement record.
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equivalent to the introduction of small displacement errors
in the GKP state which can be corrected by the repeated
application of APE. More importantly, such errors do not
increase the uncertainty in the phase variance. This fact can

be confirmed by numerically solving the master equation in
Eq. (30) and evaluating the phase variance of the reduced
density matrix of the storage oscillator at time T, Vm

q;p (see
Appendix K). The variance calculated in this way corre-
sponds to the situation when the measurement results after
the APE are discarded. If the observer (and environment)
does not gain information about the system, the variance
Vm
q;p should not change. Indeed, we find that, as long as β is

moderately large (e.g., β ¼ 2), then even for a large κ
(e.g., κT ¼ 1), Vm

q;p − V0
q;p is negligible (e.g., < 10−5).

This result shows that the interaction between the storage
and PCO does not make the phase variance worse, which is
the hallmark of fault tolerance. Contrast this case with the
case when the phase estimation is carried out with a two-
level system with relaxation noise rate γ in time T ideal

(Appendix L). We find that, for γT ideal ¼ 1, Vm;ideal
p − V0

p is

negligible but Vm;ideal
q − V0

q ¼ þ9.82. The increase in the
variance of the q̂ quadrature signifies that relaxation actually
makes the phase variance (and, hence, theGKP state) worse.
Clearly, unlike the PCO’s error channel, the storage is not
transparent to the relaxation error of the two-level system.

VII. READING OUT THE ANCILLA CAT

Once the error syndrome is mapped to the PCO, its state
jC�β i must be determined. Although the readout of the PCO
must be fast (so as to be able to repeat the protocol many
times), it does not have to be QND; that is, the readout can
introduce phase flips (or other errors) in the cat ancilla, which
is because the PCO-codeword interaction can be turned off
while the PCO is beingprobed so that the ancilla errors donot
propagate to the encoded system. Direct single-shot readout
of cat states jC�β i is possible with another qubit. Such a
high-fidelity (> 99%) readout has been demonstrated in
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FIG. 8. Percent change in the Holevo phase variances V 0
q;pðTÞ

for different sizes of the PCO cat state β and fixed g ¼ 0.02K for
one round of phase estimation of Ŝp. The Kerr nonlinearity of the
PCO is fixed, and the two-photon drive strength is varied as
P ¼ Kβ2 so that the cat states with amplitude β are stabilized.
The solid lines show the change in variance in the p̂ (red) and
q̂ (blue) quadratures. The dashed lines are the corresponding
variances when phase estimation is carried out with an ideal two-
level system. Since Ŝp is being measured, the variance V 0

p

decreases (that is, V 0
p − V0

p < 0), while the variance V 0
q remains

unchanged (that is, V 0
q − V0

q ¼ 0). As expected, for large β, the
solid and dotted lines converge, and the APE protocol with the
PCO becomes ideal.

Rotation of cats to approximate coherent states Q Switch

Conditional
displacement 
of readout
resonator

Two-photon 
drive off

Two-photon 
drive on

FIG. 9. The figure shows an overview of the ancilla cat’s readout cycle. After mapping the error syndrome, the state in the PCO is
either jCþβ i or jC−β i. These are first rotated around the X axis to the states ðjCþβ i � ijC−β iÞ=

ffiffiffi
2

p
, respectively. The two-photon pump is then

turned off, and free evolution under the Kerr nonlinearity rotates ðjCþβ i � ijC−β iÞ=
ffiffiffi
2

p
to ∼j � βi, respectively. Following this rotation, the

two-photon drive is turned on such that the cat subspace C is again stabilized against rotations around the Y axis or Z axis. The next step
is to switch on the single-photon exchange coupling between the PCO and a low-Q readout oscillator. ThisQ-switch operation displaces
the readout oscillator conditioned on if the PCO is in a coherent state jβi or j − βi. Finally, a homodyne detection of the field at the output
of the readout reveals the state of the PCO, thereby extracting the error syndrome.
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superconducting circuits using transmons [11,17]. Here, we
discuss an alternate readout strategy which is outlined in
Fig. 9 and is based on themeasurement of the PCO along the
X axis of the Bloch sphere and does not require additional
nonlinearities in the system.
The states along the X axis are (approximately) coherent

states and can be measured easily using standard homodyne
detection of the field at the output of the PCO. However,
the PCO is a (moderately) high-Q mode, and so a direct
homodyne measure is slow. To overcome this limitation,
we propose to Q switch the PCO via frequency conversion
into a low-Q readout oscillator [45–47]. Because of the Q
switch, the low-Q readout oscillator is displaced condi-
tioned on the state of the PCO along the X axis. Therefore,
a fast homodyne readout of the low-Q oscillator reveals the
state of the PCO and thereby the error syndrome. In the
following, we describe the process of rotation of cats from
jC�β i to j � βi and the conditional displacement of the
readout oscillator.

A. Rotating the PCO cat states to coherent states

To rotate the pumped cat jC�β i, first a single-photon drive
is applied so that its Hamiltonian is Ĥ ¼ Eðâ† þ âÞ−
Kâ†2â2 þ Pðâ†2 þ â2Þ. The single-photon drive rotates
the pumped cat around the X axis in time T ¼ π=8Eβ
from jC�β i to ðjCþβ i � ijC−β iÞ=

ffiffiffi
2

p
(which is a parityless cat),

respectively (see second panel in Fig. 9) [10,27,48]. The
state after time T ¼ π=8Eβ is aligned along the �Y axis of
the Bloch sphere. A rotation around the Z axis would then
align the states along the �X axis, which is, however,
directly in contradiction with the fact that any natural
interaction of the PCO allows only rotations around the X
axis. Therefore, to achieve such an operation, the two-
photon pump is turned off and the states are allowed
to evolve freely under the Kerr-nonlinear Hamiltonian
−Kâ†2â2 − Kâ†â for a time T ¼ π=2K (the last term is
added just for a phase reference). During this evolution, the
state ðjCþβ i � ijC−β iÞ=

ffiffiffi
2

p
rotates to the (near) coherent state

ðjCþβ i ∓ jC−β iÞ=
ffiffiffi
2

p ¼ j ∓ βi (see third panel in Fig. 9)
[10,49,50]. Next, the two-photon pump is reapplied so that
the cat subspace C is again stabilized against phase flips. As
a result, the PCO remains in the coherent states j � βi for a
long time. Note that if there is a single-photon loss during
the rotation around the X axis, then jC�β i can erroneously

rotate to ðjCþβ i ∓ ijC−β iÞ=
ffiffiffi
2

p
, respectively. On the other

hand, while the two-photon drive is turned off, the single-
photon loss can induce phase errors (Appendix M).
However, these errors lead only to a readout error and
can be overcome by a majority vote.

B. Q switching

After the rotation described above, the state of the PCO
lies along theþX or−X axis of the Bloch sphere (i.e., in the

C manifold). The PCO is coupled to an off-resonant low-Q
readout resonator (RR). In the absence of any external
drives, the coupling between the two is negligible because
of their large detuning. A single-photon exchange coupling
(or a beam-splitter coupling) can be turned on by the
application of external drive(s) to compensate for the
frequency difference between the PCO and the RR.
A three- (or four-) wave mixing between the drive(s),
the PCO, and the RR results in a resonant single-photon
exchange between the latter two. Such a controllable
coupling has been implemented experimentally and is
referred to as the Q switch [45–47]. Once the Q switch
is turned on, the single-photon exchange coupling between
the PCO and the readout oscillator in the rotating frame is
given by the Hamiltonian ĤQ ¼ gðâ†âr þ ââ†rÞ. For small
g, this interaction can be rewritten as

ĤQ ¼ gβ

�
pþ p−1

2

�
ðâr þ â†rÞ ˆ̃σx

− igβ

�
p − p−1

2

�
ðâr − â†rÞ ˆ̃σy: ð33Þ

Ignoring the term ∝ ˆ̃σy, which becomes negligibly small
even for moderately large β, the result of the Q switch is to
displace the readout oscillator conditioned on the state
ðjCþα i � jC−α iÞ=

ffiffiffi
2

p
of the PCO:

hâri ¼∓ 2giβ
κr

ð1 − e−κrt=2Þ: ð34Þ

In the above expression, hâri is the amplitude of the RR’s
field, and κr is its linewidth. As a result, a homo-
dyne detection of the readout oscillator measures the
PCO in the X basis and, hence, extracts the error syndrome.
At a steady state, hâri ¼ hârimax ¼ 2igβ=κr and the meas-
urement rate of the homodyne signal from the readout
oscillator is Rideal ¼ 2κrjhârimaxj2 ¼ 8g2β2=κr. At the same
time, for the PCO dynamics to be confined in C, we
require ghârimax ≪ 4Kβ2, which implies ðg2=κrÞ ≪ 2Kβ.
Therefore, the measurement rate is limited by the energy
gap between C and C⊥. Furthermore, as Im½hâri� increases,
the second term in Eq. (33) can cause rotations around the Y
axis of the Bloch sphere, thereby reducing ˆ̃σx and the
homodyne signal. However, the rate of these rotations
gβðp − p−1ÞIm½hâri�=2 is exponentially suppressed com-
pared to the measurement rate even for moderately large β
(see Appendix N for numerical simulations of theQ-switch
operation).

VIII. DISCUSSION

We introduce a protocol to fault-tolerantly measure error
syndromes, which is applicable for a variety of quantum
error-correcting codes such as qubit-based toric codes
and various bosonic codes. The underlying principle of
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achieving fault tolerance is to use a single ancilla with a
strongly asymmetric error channel. Preserving noise bias
while being coupled to the relevant degrees of freedom of
the encoded system is a demanding task. Even elementary
operations, such as readout along the relevant axis, can
become challenging. However, we show that the para-
metrically driven nonlinear oscillator is an excellent device
to resolve the apparent incompatibility between noise bias
and efficient control. A natural question which arises now is
if a qubit with a strongly biased noise channel can be used
as a data qubit in a code instead of an ancilla for syndrome
extraction. Unfortunately, even if the channel on an idle
qubit is biased, implementing a gate operation which does
not commute with the dominant noise leads to a complete
depolarization of the channel [51–53]. In contrast, our
proposal to use these qubits as ancillas relies on imple-
menting just one kind of gate which commutes with the
dominant noise. Using biased noise qubits to encode
quantum information and perform universal operations
requires new tools to be developed and will be a topic
of future work [38].
Another possible realization of a cat qubit with a strongly

biased noise channel is based on engineering two-photon
dissipation in a parametrically pumped oscillator. The cat
states are the steady states of this system, and, just like the
PCO, small couplings with the environment lead only to bit
flips. The two-photon dissipation is realized by coupling the
cat oscillator to another dissipative nonlinear element and
applying drives at appropriate frequencies [10,48,54]. Such
a system has been implemented in superconducting circuits;
however, a strong noise bias has not yet been observed [48].
It may also be realizable in trapped ion systems. For
instance, engineered two-phonon dissipation and drive
can be implemented in a motional mode of an ion interacting
with a laser in a standing wave configuration [55]. To
achieve a strong noise bias, any nonlinearity in the oscillator
and environmental couplings must be much smaller than the
Liouvillian gap, which depends on the strength of the
engineered dissipation. However, in the realization described
above, the cross-Kerr interaction between the dissipative cat
and the nonlinear element is larger than the Liouvillian gap.
In the superconducting implementation [48], heating in the
nonlinear coupling element causes a large backaction on the
dissipative cats which leads to phase flips, thereby making
the noise channel unbiased. However, this limitation is not
fundamental and might be overcome with alternate realiza-
tions. In contrast, the PCO is in itself nonlinear and does not
require an external nonlinear element for its implementation.
Therefore, its cross-Kerr interaction with spurious modes in
the system can be suppressed below the energy gap ωgap,
and the possibility of achieving a strong noise bias in this
system is realistic.
The possible implementation of PCO is especially

promising in superconducting circuits. For example, the
Josephson parametric amplifier, which is a widely used tool

in superconducting circuits, realizes the Hamiltonian in
Eq. (5) [27,56]. The PCO can also be implemented with a
single junction or transmon embedded in a 3D oscillator (in
fact, the PCO is essentially a slightly anharmonic transmon).
The nonlinearity of the junction or transmon gives rise to the
fourth-order Kerr nonlinearity. The two-photon drive can be
realized by four-wave mixing with two microwave drives,
one of which is red detunedωPCO − δ, while the other is blue
detuned from the ωPCO þ δ. Both a Kerr constant of
approximately 1–10 MHz and pump strengths of approx-
imately 20–50 MHz are in range of current experimental
systems. Hence, β ∼ 2–4 is quite realistic. The couplings
required for syndrome extraction can be realized in a
controllable manner via the four-wave mixing capability
of the Kerr nonlinearity. For example, based on current
experiments [33,45], couplings (in Sec. VI) as large as
2MHz could be implemented. It is important to note that the
Josephson junction has a cosine potential and the Kerr term
emerges from expanding the cosine to the fourth order. If β is
not too large, these higher-order terms merely cause a small
amount of leakage, and as we see the backaction remains
exponentially suppressed. However, if β is too large, the
higher-order terms dominate over the Kerr nonlinearity, and
the scheme here breaks down. It is well known that the
maximum number of photons beyond which the fourth-
order approximation breaks down depends on the ratio of the
Josephson energy EJ to charging energy EC, and in experi-
ments it is necessary to design the PCO with large EJ=EC
[57]. Finally, for successfully decoding syndrome measure-
ment errors, for example, bymajority voting, the bit-flip rate
should be low enough. Therefore, for a given β, the lifetime
of the anharmonic superconducting oscillator should be
sufficiently high. Inversely, for a given lifetime, β should not
be so large that the syndrome measurement errors cannot be
corrected.
The remarkable property of the stabilization realized

with the PCO is that it is fully controllable via the two-
photon drive. Once the drive is turned off, the oscillator can
evolve freely under the Kerr nonlinearity and rotate from
cats to coherent states. This rotation allows for subsequent
readout of the PCO (and therefore extraction of the error
syndrome) via Q switching. In summary, our results offer a
realistic, hardware-efficient way for fault-tolerant error
syndrome extraction in QEC.
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APPENDIX A: PHOTON ANNIHILATION AND
CREATION OPERATORS IN THE CAT

SUBSPACE

Since coherent states are eigenstates of the photon
annihilation operator, it is trivial to see that âjC�β i ¼
βp�1jC∓β i, where p ¼ N þ

β =N
−
β . Therefore, in the C sub-

space, âC ¼ pβjC−β ihCþβ j þ p−1βjCþβ ihC−β j. Here, âC is the
projection of â in C. Coherent states are not eigenstates of
the photon creation operator. In fact, â†jβi ¼ βjβi þ
DðβÞj1i and â†j − βi ¼ −βj − βi þDð−βÞj1i, where j1i
is the Fock state with one photon. In writing these
expressions, we are assuming β is real for convenience.
The above equation implies that the action of â† on
coherent states j � βi or cat states jC�β i can cause leakage
out of the code space. However, if the energy gap is large,
this leakage is suppressed. Therefore, the dynamics can be
restricted to C, in which â†C ¼ p−1βjC−β ihCþβ j þ pβjCþβ ihC−β j.
Here, â†C is the projection of â† in C. In other words, if the
PCO is subject to a perturbation Hamiltonian which is
expressed in terms of photon annihilation and creation
operators, then, as long as the Hamiltonian strength is
smaller than the gap, the annihilation and creation operators
can be replaced with their associated projections in the cat
subspace (âC, â

†
C).

APPENDIX B: MASTER EQUATION WITH
SINGLE-PHOTON LOSS

The major source of noise in a oscillator is single-photon
loss, which arises from the single-photon exchange cou-
pling with a bath ĤPCO;b ¼

P
k gkðâb̂†keiðωk−ωPCOÞtþ

â†b̂ke−iðωk−ωPCOÞtÞ. In this equation, b̂k are the bath modes
with frequency ωk, and ωPCO is the frequency of the PCO.
From the previous discussion, it is clear that if the coupling
to the bath is smaller than the energy gap ωgap between the
C, C⊥ subspaces and if there are no thermal excitations in
the bath to compensate for this energy gap, then the
dynamics of the PCO is confined to the C subspace. In
this restricted subspace, the coupling between the PCO and
bath becomes

ĤPCO;b¼β
X
k

gkðp−1jCþβ ihC−β jþpjC−β ihCþβ jÞb̂†keiðωk−ωPCOÞt

þβ
X
k

gkðp−1jC−β ihCþβ jþpjCþβ ihC−β jÞb̂ke−iðωk−ωPCOÞt:

ðB1Þ

The effective two-level master equation corresponding to
the system-bath coupling described above can be derived
as [58]

_̂ρ ¼ −i½ĤPCO; ρ̂� þ κCβ
2D½p−1jCþβ ihC−β j þ pjC−β ihCþβ j�ρ̂

ðB2Þ

¼ −i½ĤPCO; ρ̂� þ κCβ
2D

�
pþ p−1

2
ˆ̃σx þ

p−1 − p
2

i ˆ̃σy

�
ρ̂;

ðB3Þ

where D½Ô�ρ̂ ¼ Ô ρ̂ Ô† − 1
2
Ô†Ô ρ̂− 1

2
ρ̂Ô†Ô. In deriving

this master equation, we assume a flat-spectral density
(Markov approximation) around ωPCO.
We now provide numerical evidence to justify the

analysis above by comparing the dynamics using (i) the
effective two-level master equation derived in Eq. (B2),
(ii) the standard bosonic master equation with _̂ρ ¼
−i½ĤPCO; ρ̂� þ κCD½â�ρ̂, and (iii) the master equation of a
PCO coupled with a finite-linewidth oscillator which
emulates a general non-Markovian bath [59,60]. In case
(iii), we assume that the PCO and the bath oscillator have
the same frequency, so that the Hamiltonian of the system
in the rotating-wave approximation is ĤPCO;bc ¼ ĤPCOþ
gðâ†âbc þ ââ†bcÞ. The linewidth of the bath oscillator is κbc,
and the system evolves according to the master equation
_̂ρ ¼ −i½ĤPCO;bc; ρ̂� þ κbcD½âbc�ρ̂. To emulate the bath, we
limit ourselves to the weak coupling regime g ≪
κbc; 4Kjβj2. In this limit, the master equation for the
PCO, obtained by adiabatically eliminating the bath oscil-
lator, is of the form given in Eq. (B2) with κ0C ¼ 4g2=κbc.
Figure 10 shows numerical estimates for the probability of
a bit-flip hC−β jρ̂PCOjC−β i and phase-flip h−jρ̂PCOj−i error
when the PCO is initialized in the cat state jCþβ i or the
superposition state jþi, respectively [here, j�i ¼ ðjCþβ i�
jC−β iÞ=

ffiffiffi
2

p
, and ρ̂PCO is the reduced density matrix of the

PCO]. The magnitude of κC is the same in (i) and (ii), while
the parameters g ¼ 0.05K and κbc ¼ 2K in (iii) are chosen
so that κ0C ¼ κC.
The three different cases (i), (ii), and (iii) are depicted as

solid lines, dots, and triangles, respectively. The value
of β is increased from β ¼ 1 in Fig. 10(a) to β ¼ ffiffiffi

2
p

in
Fig. 10(b) and β ¼ 2 in Fig. 10(c). As expected, since 4Kβ2

is large, all three cases give the same probability of bit-
and phase-flip errors. The probability of a bit-flip
error increases with β, whereas that of a phase-flip error
decreases with β. For example, the probability of a phase-
flip error at t ¼ 2=κC decreases from 0.018 in Fig. 10(a) to
0.0067 and 5 × 10−7 in Figs. 10(b) and 10(c), respectively.
Therefore, the numerical simulations confirm that the
probability of a phase-flip error decreases exponentially
with β.
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APPENDIX C: MASTER EQUATION WITH
SINGLE-PHOTON GAIN

From the discussion in the previous section, it is clear
that, while thermal photons at ωPCO can cause only
transitions within C, those at frequencies ∼ωPCO − ωgap

can cause excitations out of C. In other words, the two-level
approximation is strictly valid when the thermal noise-
spectral density is colored or non-Markovian such that
thermal photons at ωPCO − ωgap are negligible. In this case,
the effective two-level master equation becomes

_̂ρ ¼ −i½ĤPCO; ρ̂�
þ κCðωPCOÞ½1þ nthðωPCOÞ�β2D½pjCþβ ihC−β j þ p−1jC−β ihCþβ j�ρ̂
þ κCðωPCOÞnthðωPCOÞβ2D½pjC−β ihCþβ j þ p−1jCþβ ihC−β j�ρ̂: ðC1Þ

The above equation is derived under the assumption that
the spectral density of the environment is smooth or flat
around ωPCO but falls off at ωPCO − ωgap. This analysis can
be numerically confirmed by emulating such a bath with a
finite-linewidth oscillator which is coupled to the PCO. To
ensure that the thermal photons in the bath do not excite the
C⊥ subspace of the PCO, the linewidth of the bath oscillator
κbc is chosen to be smaller than ωgap. The dynamics of such
a system is described by the master equation

_̂ρ ¼ −i½ĤPCO;bc; ρ̂� þ κbcð1þ nbcÞD½âbc�ρ̂þ κbcnbcD½âbc�ρ̂;
ðC2Þ

with ĤPCO;bc ¼ ĤPCO þ gðâ†âbc þ ââ†bcÞ. When g ≪ κbc <
∼ωgap, the oscillator emulates a non-Markovian bath. In
otherwords, adiabatic elimination of the bath oscillator gives
Eq. (C1) with κ0CðωPCOÞ ¼ 4g2=κbc. Figure 11 compares the
dynamics given by Eqs. (C1) and (C2) with nthðωPCOÞ ¼ nbc
and κCðωPCOÞ ¼ κ0CðωPCOÞ ¼ 4g2=κbc. The numerical esti-
mates for the probability of a bit-flip hC−β jρ̂PCOjC−β i and
phase-flip h−jρ̂PCOj−i error when the PCO is initialized in
the cat state jCþβ i or the superposition state jþi, respectively,
are shown. The bath oscillator is initialized to a thermal
state with nbc ¼ 0.1. The coupling g ¼ 0.05K and P ¼ K
(β ¼ 1), while κbc ¼ 2 × ð4Kβ2Þ in Fig. 11(a) and κbc ¼
0.5 × ð4Kβ2Þ in Fig. 11(b). As expected, the dynamics
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FIG. 10. Comparison of dissipation predicted by (i) the effective two-level master equation (solid line), (ii) the common bosonic
master equation (dots), and (iii) the master equation of a PCO coupled with a finite-linewidth oscillator to emulate a general non-
Markovian bath (triangles). In all the cases, K is fixed and P is varied so that β ¼ 1, β ¼ ffiffiffi

2
p

, and β ¼ 2 in (a), (b), and (c), respectively.
For the dots, κC ¼ K=100, and for the triangles, g ¼ 0.05K and κbc ¼ 2K. The parameters are chosen such that κ0C ¼ κC. The probability
of a bit-flip error is estimated by initializing the PCO to the state jCþβ i and estimating hC−β jρ̂PCOjC−β i. The probability of a phase-flip error
is estimated by initializing the PCO to the state jþi and estimating h−jρ̂PCOj−i. For clarity, (d), (e), and (f) show the logarithm of the
phase error log½h−jρ̂PCOj−i� corresponding to (a), (b), and (c), respectively.
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described by Eqs. (C1) and (C2) agree well (the solid lines
and triangles overlap) for small κbc [Fig. 11(b)], because the
probability of excitations in the C subspace is small. How-
ever, as κbc increases [Fig. 11(a)], the excitations in C⊥
become significant, and the effective two-level ME in
Eq. (C1) is no longer accurate. Note that the timescale for
stabilizer measurement using the PCO is typically in the
range of T ¼ 1=K–10=K. Therefore, the relevant timescale
for the plots in Figs. 11(a) and 11(b) are κCT ¼ 0.001–0.05.
It is quite possible that spurious thermal excitations exist

at the gap frequency or sudden nonperturbative effects
cause excitations into the C⊥ subspace. These excitations,
although rare, can impede the fault tolerance of syndrome
measurements. However, as we show in the next section,
two-photon loss events bring the system back to C, thereby
autonomously maintaining fault tolerance.

APPENDIX D: MASTER EQUATION
WITH PURE DEPHASING

In addition to the single-photon loss, gain, and two-
photon loss, it is possible that the frequency of the PCO
fluctuates because of couplings with the environment
which could be of the form ĤPCO;b ¼

P
gϕ;kâ†âb̂

†
kb̂k.

In this expression, b̂k are the bath modes. Following the
discussions above, we find that if gϕ;kβ is smaller than ωgap,
then the master equation for this pure dephasing channel
can be derived as

_̂ρ ¼ −i½ĤPCO; ρ̂�

þ κϕ;Cβ
4D

��
p2 þ p−2

2

�
ˆ̃I −

�
p−2 − p2

2

�
ˆ̃σz

�
ρ̂: ðD1Þ

Note that â†âj � βi ¼ β2j � βi � βDð�βÞj1i, so that
the probability to go out of the C subspace is ðgϕ;kβ=ωgapÞ2.
Therefore, for this probability to be small, gϕ;kβ ≪ ωgap.
Moreover, for β → 0, the probability to go out of the cat
subspace C vanishes. This result is expected, because β ¼ 0
corresponds to the case when the cat states reduce to the
Fock states jn ¼ 0i and jn ¼ 1i. In this case, dephasing
does not take the system out of C, because Fock states are
eigenstates of â†â.
We justify the above master equation by comparing the

dynamics using (i) the effective two-level master equation
derived in Eq. (D1) and (ii) the master equation of a PCO
coupled with an oscillator which emulates a general non-
Markovian bath, with the Hamiltonian ĤPCO;bc ¼ ĤPCOþ
gâ†âðâ†bcâbc − hâ†bcâbciÞ. Because of such an interaction,
photon-number fluctuations in the bath oscillator cause
fluctuations in the frequency of the PCO or, in other words,
pure dephasing. To emulate this effect, we evolve the
system according to the master equation

_̂ρ ¼ −i½ĤPCO;bc; ρ̂� þ κbcð1þ nthÞD½âbc�ρ̂þ κbcnthD½â†bc�ρ̂:
ðD2Þ

The fluctuation in the number of photons in the bath
oscillator becomes nth þ n2th. We limit the dynamics to the
weak coupling limit g ≪ κbc (so that the bath oscillator
indeed acts as a reservoir) and g ≪ 4Kjβj2 so that the two-
level approximation is valid. In this limit, we expect the
master equation for the PCO, obtained by adiabatically
eliminating the bath oscillator, to be of the form given in
Eq. (D1) with

κ0ϕ;C ¼ 2g2ðnth þ n2thÞ=κbc: ðD3Þ

Figure 12 shows numerical estimates for the probability of
a phase-flip h−jρ̂PCOj−i error when the PCO is initialized in
the superposition state jþi [here, j�i ¼ ðjCþβ i � jC−β iÞ=

ffiffiffi
2

p
and ρ̂PCO is the reduced density matrix of the PCO]. In (ii),
the parameters chosen are g ¼ 0.0025K, nth ¼ 1, and κbc ¼
0.05K so that κ0C ¼ κC ¼ 0.0005K. The two different cases
(i) and (ii) are depicted as solid lines and triangles,
respectively. The value of β is increased from β ¼ 0 to
β ¼ 1 and β ¼ ffiffiffi

2
p

. As expected, an increase in β expo-
nentially suppresses the phase-flip rate.
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FIG. 11. Comparison of dissipation predicted by (i) the effec-
tive two-level master equation in Eq. (C1) (solid line) and (ii) the
master equation of a PCO coupled with a finite-linewidth
oscillator given by Eq. (C2) with nth ¼ 0.1 (triangles). In both
the cases, P ¼ K so that β ¼ 1 and in (ii) g ¼ 0.05K. The
linewidth κbc of the oscillator is κ ¼ 0.5 × ð4Kβ2Þ in (a) and κ ¼
2.0 × ð4Kβ2Þ in (b). Note that κCðωcÞ ¼ 4g2=κbc, so that
κCðωcÞ ¼ 0.005K in (a) and κCðωcÞ ¼ 0.00125K in (b). The
probability of a bit-flip error is estimated by initializing the PCO
to the state jCþβ i and estimating hC−β jρ̂PCOjC−β i. The probability of
a phase-flip error is estimated by initializing the PCO to the state
jþi and estimating h−jρ̂PCOj−i. For clarity, (c) and (d) show the
logarithm of the phase error log½h−jρ̂PCOj−i� corresponding to (a)
and (b), respectively.
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APPENDIX E: AUTONOMOUS CORRECTION
OF OUT-OF-SUBSPACE EXCITATION WITH

TWO-PHOTON DISSIPATION

This type of noise is present when photons are lost to the
environment in pairs and is invariably introduced when
two-photon driving is applied to the PCO [10,61,62]. The
rate of two-photon loss is typically negligible, but it can
engineered to be large by coupling the oscillator to a lossy
mode and applying external drives at appropriate frequen-
cies [10,48,54]. When the engineered two-photon dissipa-
tion is white (spectral density larger than the energy gap),
then the master equation of the PCO is given by _̂ρ ¼
−i½ĤPCO; ρ̂� þ κ2phD½â2�. Remarkably, the cat states are
also the steady states in this case. Therefore, any state
initialized within the cat subspace is preserved in the
presence of two-photon dissipation. More importantly, as
we show, the two-photon dissipation can bring spurious
excitations in C⊥ back into C while keeping the phase flips
suppressed. This result can also be understood through
quantum-Zeno dynamics [10,24,63–65] induced by the
environment which constantly monitors the PCO with the
two-photon process and projects it onto the C subspace.
The dissipative dynamics can be understood in the quan-

tum-jump approach in which the oscillator undergoes a
deterministic evolution governed by the non-Hermitian
effective Hamiltonian Ĥ ¼ ĤPCO − iκ2phâ†2â2=2 which is
interrupted randomly by two-photon jump events. The cat
states jC�β i are degenerate eigenstates of the non-Hermitian

Hamiltonian ĤjC�β i ¼ EjC�β i, whereE is the complex energy

E ¼ P2=ðK þ iκ2ph=2Þ and β ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P=ðK þ iκ2ph=2Þ

p
.

Moreover, the cat states are also eigenstates of the two-
photon jump operator â2jC�β i ¼ β2jC�β i. Therefore, the cat
states jC�β i remain invariant to two-photon dissipation.
Previously, we have defined the cat qubit with coherent state
amplitude β, which is real. Therefore, as the two-photon
dissipation is turned on, the phase and amplitude of the
parametric drive must be changed nonadiabatically to ϕ ¼
tan−1ðκ2ph=2KÞ and P ¼ β2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ κ22ph=4

q
. This change

ensures that the cat-qubit states before and after the two-
photon dissipation is turned on remain the same.
Now suppose there is an excitation out of C due to, for

example, a photon-gain event. The cat states transform as
â†jC�β i ¼ βjC∓β i þ jψ∓

e;1i. Now suppose a two-photon loss
event occurs after a photon-gain event, in which case the
states transform as â2â†jC�β i ¼ ðâ†â2 þ 2âÞjC�β i ¼
ðβ3 þ 2βÞjC∓β i þ β2jψ�

e;1i. In this case, the fraction of
excitations in C⊥ is 1=ðβ þ 2=β2Þ < 1=β, and we find that
the two-photon loss event has decreased the out-of-
subspace excitations. The two-photon loss channel, there-
fore, is actually desirable, because it autonomously corrects
for out-of-subspace excitations in the PCO (of course, only
as long as the rate of two-photon excitations is smaller than
the gap between C and C⊥). To confirm this correction, we
simulate the dynamics in Eq. (C2) with an additional two-
photon dissipation κ2phD½â2�ρ̂, with g ¼ 0.05K, P ¼ K
(β ¼ 1), κbc ¼ 8K, and nth ¼ 0.1. Figure 13 shows the
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FIG. 12. Comparison of dephasing predicted by (i) the effective
two-level master equation in Eq. (D1) (solid line) and (ii) the
master equation of a PCO coupled with a finite-linewidth
oscillator given by Eq. (D2) with nth ¼ 1 (triangles). In all the
cases, K is fixed while P is varied so that β changes from 0 to 1
and

ffiffiffi
2

p
. The parameters are chosen as g ¼ 0.0025K, nth ¼ 1, and

κbc ¼ 0.05K so that κ0ϕ;C ¼ κϕ;C ¼ 0.0005K. The probability of a
phase-flip error is estimated by initializing the PCO to the state
jþi and estimating h−jρ̂PCOj−i. For example, the probability of
phase-flip errors for β ¼ ffiffiffi

2
p

at t ¼ 1=κϕ;C is 0.0125. In practice,
the stabilizer measurements typically take time T ¼ 1=K–10=K,
and so the relevant timescales are κϕ;CT ¼ 0.0005–0.005 ≪ 1.
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FIG. 13. Probability of excitations out of C subspace, given by
1 − hCþβ jρ̂jCþβ i − hC−β jρ̂jC−β i, obtained by simulating Eq. (C2) with
g ¼ 0.05K, P ¼ K (β ¼ 1), κbc ¼ 8K, nth ¼ 0.1, and an addi-
tional two-photon dissipation (rate κ2ph). The blue lines and blue
dots correspond to when the PCO is initialized in the cat state
jCþβ i with κ2ph ¼ 0 and κ2ph ¼ 0.05K, respectively. The red lines
and red dots correspond to when the PCO is initialized in the
superposition state jþi with κ2ph ¼ 0 and κ2ph ¼ 0.05K, respec-
tively. In practice, the stabilizer measurements typically take time
T ¼ 1=K–10=K, and so timescales such that κCT ¼ 0.005–0.05
are relevant.
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probability of excitations in C⊥ for κ2ph ¼ 0 (solid line) and
κ2ph ¼ 0.05K (dotted line), when the PCO is initialized in
the cat state jCþβ i (blue) or the superposition state jþi (red).
As expected, the out-of-subspace excitations decrease with
an increase in κ2ph. Because of finite κ2ph=ωgap, the two-
photon coupling with the environment can itself cause
excitations out of C. Therefore, the autonomous correction
of out-of-subspace excitation with two-photon dissipation
is not perfect (red and blue dots saturate to approximately
3 × 10−4 in Fig. 13). Note that a single-photon loss after a
single-photon gain event also decreases the excitations in
C⊥, but it also introduces bit flips which, although they can
be overcome by a majority vote, is less desirable.

APPENDIX F: WHITE THERMAL NOISE
AND PURE DEPHASING

In this section, we examine in more detail the dynamics
of the PCO when the noise spectral density of its thermal
and pure-dephasing environments is completely white
(equivalently, very broad compared to the energy gap
ωgap). In particular, the aim is to understand the dynamics
responsible for the backaction described in Secs. IV and V.
The master equations in these two cases are

_̂ρ ¼ −i½ĤPCO; ρ̂� þ κð1þ nthÞD½â� þ κnthD½â†� ðF1Þ
and

_̂ρ ¼ −i½ĤPCO; ρ̂� þ κϕD½â†â�: ðF2Þ
The results in this section are best described in the j�i
eigenbasis of the PCO where j�i ¼ ðjCþβ i � jC−β iÞ=

ffiffiffi
2

p
and

in the large β limit. In this limit, j�i ∼Dð�βÞj0i. As
described using the quantum-jump approach in Secs. IV
and V, the effect of the photon gain and pure dephasing
events is to cause out-of-cat-subspace excitations at rate
∼κnth and ∼κϕβ2, respectively. n jumps due to â† or â†â
cause excitation from j�i to the displaced Fock state
Dð�αÞjni. Recall that if n is not too large (n≲ β2), the
displaced Fock states Dð�βÞjni are also the eigenstates of
the PCOwith pair degeneracy. If the number of jumps is too
large, however, the PCO transitions to highly excited states
which can no longer be described as displaced Fock states
[denoted by darker blue lines in Fig. 2(b)]. Also recall from
Secs. IV and V that excitations to the states Dð�αÞjni
which form a twofold degenerate subspace do not cause
backaction during measurement. The important character-
istic of the states Dð�βÞjni is that their Q function is
localized in the right and left half of the phase space.
QðαÞ ¼ hαjρ̂jαi=π is the phase-space quasiprobability dis-
tribution function. On the other hand, highly excited
PCO states [dark blue lines in Fig. 2(b)] are characteri-
zed with a Q function which is delocalized over the
entire phase space. Therefore, Q> ¼ R

Re½α�>0QðαÞðtÞd2α
or Q< ¼ R

Re½α�<0QðαÞd2α provides a qualitative estimate

of the backaction. Note that a single-photon loss event
transfers the population from the Dð�βÞjni state to
Dð�βÞjn − 1i. Such events are possible during the evolu-
tion under Eq. (F1) (because of the term D½â�). In fact, the
rate at which Dð�βÞjni is deexcited to Dð�βÞjn − 1i due
to single-photon loss is κð1þ nthÞ, while the rate at which
Dð�βÞjni is excited toDð�βÞjnþ 1i due to photon gain is
κnth. As a result, if nth ≪ 1, κð1þ nthÞ ≫ κnth and the
transitions to highly excited states are autonomously sup-
pressed. Such autonomous correction is not possible in
Eq. (F2) because of the absence of dissipative terms like
D½â� or D½â2�.
We now provide the results of numerical simulations to

show the dependence of Q>;< or, equivalently, the back-
action on the size of the PCO cat β. Equation (F1) is
simulated with the PCO state initialized to jþi and j−i. The
density matrix is obtained as a function of time, using
which ⟦Q<⟧jþi and ⟦Q>⟧j−i are estimated. Here, ⟦⟧j�i
indicates the result when the PCO is initialized to the states
jþi and j−i, respectively. Figure 14(a) shows Qerror ¼
ð⟦Q<⟧jþi þ ⟦Q<⟧j−iÞ=2 for κ ¼ K=200, nth ¼ 0.1,
P ¼ 4K, 9K, and 16K (i.e., β ¼ 2, 3, and 4, respectively).
As expected,Qerror and, hence, the backaction increase with
time; however, the rate of increase is exponentially sup-
pressed as β increases.
This calculation is repeated for the pure-dephasing

master equation, Eq. (F2) for κϕ ¼ K=1000. As shown
by Fig. 14(b), Qerror increases with time. For short times
Kt < 20 or κϕt < 0.02, Qerror is suppressed as β increases.
However, at longer times, Qerror, in fact, starts to increase
with β. This increase is because at short times fewer
dephasing events occur and the excitations of the PCO
excitations are confined to the eigenstates which are the
displaced Fock states with Q functions localized in the left
or right half of the phase space. On the other hand, at longer
times, several dephasing events are possible which excite
the PCO to highly excited states with completely delocal-
ized Q functions. However, as we know, photon losses like
single or two-photon loss autonomously reduce the pop-
ulation in these highly excited states. To confirm this
reduction in leakage numerically, we repeat the simulation
by adding single-photon loss κD½â� and two-photon loss
κ2phD½â2� to Eq. (F2). Figures 14(c) and 14(d) show the
resultingQerror with κ ¼ K=100 and κ2ph ¼ K=100, respec-
tively. Indeed, we find that Qerror is suppressed with β even
for longer times. The autonomous correction with two-
photon dissipation is more efficient than single-photon
dissipation, because the rate at which Dð�βÞjni is deex-
cited toDð�βÞjn − 1i due to the former is κ2phβ2 compared
to κ due to the latter.
We note that, for the simulations in Figs. 4 and 6, κϕt is

small. That is, only a few dephasing events occur during the
measurement process, and the excitations in the PCO
remain confined to the pairwise degenerate Dð�βÞjni
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states. In this case, we find from Fig. 14(b) that Qerror is
suppressed with an increase in β (even without additional
dissipation), and, therefore, the backaction shown in Figs. 4
and 6 is also exponentially suppressed.

APPENDIX G: FOUR-QUBIT STABILIZER
σ̂x;1σ̂x;2σ̂x;3σ̂x;4 IN TORIC CODES

The extension of Sec. IVA makes it clear that it is
also possible to measure the four-qubit stabilizer Ŝx ¼
σ̂x;1σ̂x;2σ̂x;3σ̂x;4. The required interaction Hamiltonian
between the qubits and PCO is ĤI ¼ χðσ̂x;1 þ σ̂x;2 þ σ̂x;3þ
σ̂x;4Þðâ† þ âÞ. Such a coupling can be effectively imple-
mented by the typical Jaynes-Cummings (JC) interaction
given by ĤI ¼ χ

P
iðâ†σ̂−;i þ âσ̂þ;iÞ. For χ smaller than the

energy gap ωgap, the PCO remains within C, and the JC
Hamiltonian reduces to ĤI ¼ χβ

P
i½σ̂x;iðpþ p−1Þσ̃x=2þ

σ̂y;iðp − p−1Þσ̃y=2�. For even a moderately large amplitude
of the cat state in PCO (such as β ¼ 2), the last term in the
above equation ð∝ p − p−1Þ becomes exponentially small,
and the desired interaction Hamiltonian for the measure-
ment of Ŝx stabilizer is obtained.

APPENDIX H: PHASE DIFFUSION DURING THE
MEASUREMENT OF THE Ŝz STABILIZER

As discussed in the main text, the qubit-oscillator
coupling ∝ χðtÞðâ† þ âÞ can cause a small virtual excita-
tion of the states in C⊥. As χðtÞ is turned off, these virtual
excitations quickly reduce, and the oscillator returns to the
cat manifold carrying with itself an extra phase. This extra
phase, which depends on χðtÞ, is different for different
qubit states and, therefore, leads to some oscillator-qubit
entanglement and, hence, phase diffusion.
To elaborate, consider the eigenspectrum of the PCO

when the state of the qubits is j1; 1; 1; 1i shown in Fig. 15.
The results in this section are best understood by working
in the j�i eigenbasis of the PCO where j�i ¼ ðjCþβ i�
jC−β iÞ=

ffiffiffi
2

p
. The coupling between the qubits and PCO is

χðtÞðσ̂z;1 þ σ̂z;2 þ σ̂z;3 þ σ̂z;4Þðâ† þ â − 2βÞ. As a result,
when the qubits state is j1; 1; 1; 1i, the PCO experiences
a single-photon drive of strength 4χðtÞðâ† þ âÞ. This drive
tilts the metapotential of the PCO as shown in Fig. 15(a).
We refer to this as the zeroth-order effect. When χðtÞ is
small with respect to the energy gap ωgap, the single-photon
drive lifts the degeneracy between the jþi and j−i states by
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FIG. 14. The figure shows Qerror ¼ ð⟦Q<⟧jþi þ ⟦Q<�⟧j−iÞ=2 for the master equation _̂ρ ¼ −i½ĤPCO; ρ̂� þ L½ρ̂� with
(a) L½ρ̂� ¼ κð1þ nthÞD½â� þ κnthD½â†�, (b) L½ρ̂� ¼ κϕD½â†â�, (c) L½ρ̂� ¼ κϕD½â†â� þ κD½â�, and (d) L½ρ̂� ¼ κϕD½â†â� þ κ2phD½â2�.
In (a), single-photon gain and loss restrict the PCO excitations to the pairwise degenerate displaced Fock states Dð�βÞjni. The Q
function for these states is localized to the right and left half of the phase space, respectively. Therefore, Qerror increases with time;
however, the rate of increase is exponentially suppressed with β. In (b), pure dephasing restricts the PCO excitations to the pairwise
degenerate displaced Fock states Dð�βÞjni only for short times. For longer times, highly excited PCO states with delocalized Q
functions are excited. As a result, at short times, the rate of increase in Qerror is suppressed with β. At longer times, this rate increases
rapidly with β. The addition of extra photon dissipation in (c),(d) decreases the population in the excited states, and, therefore, Qerror
decreases with an increase in β at all times.
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16χðtÞβ. This lifting of degeneracy arises because the
single-photon drive couples the cat states jCþβ i and jC−β i,
which is what is exploited to perform the stabilizer
measurements. To zeroth order, the energies of the states
j�i are Ej�i ¼ Eg � 8χðtÞβ, where Eg is their energy when
χ ¼ 0. Importantly, when ωgap is large, the energy differ-
ence between jþi, j3i and that between j−i, j2i remains the
same. That is, Ejþi − Ej3i ≃ Ej−i − Ej2i ∼ ωgap or, in other
words, the tilting of the metapotential is uniform. Note that
this approximation is valid only when mixing with other
states is negligible and breaks down with an increase in χ.
Recall the results of Appendix B, in which we show that

â† couples the states j þ =−i and j3=2i. Therefore, the first-
order effect of the single-photon drive, illustrated in
Fig. 15(b), is to mix these states, resulting in the time-
dependent dressed states jþ0i ¼ jþi þ ½4χðtÞ=ωgap�j3i and
j−0i ¼ j−i þ ½4χðtÞ=ωgap�j2i, with energies Ej�0i ¼ Eg�
8χðtÞβ þ ½16χðtÞ2=ωgap�. If the coupling strength χðtÞ is
tuned adiabatically, then the state of the PCO follows the
instantaneous eigenstates j�0i. As a result, an initial state
j1; 1; 1; 1i ⊗ jCþβ i evolves after a time Tz ¼ π=ð8χβÞ to
expðiϕ1;1;1;1Þj1; 1; 1; 1i ⊗ jCþβ i, where

ϕ1;1;1;1 ¼
Z

Tz

0

16χðtÞ2
ωgap

dt: ðH1Þ

In other words, after the duration of the stabilizer meas-
urement protocol, Tz, the state acquires an additional phase

ϕ1;1;1;1. Following a similar argument [illustrated by the
eigenspectrum analysis in Figs. 15(c) and 15(d)], we find
that j0; 0; 0; 0i ⊗ jCþβ i evolves after a time Tz ¼ π=ð8χβÞ
to expðiϕ0;0;0;0Þj0; 0; 0; 0i ⊗ jCþβ i, where

ϕ0;0;0;0 ¼
Z

Tz

0

16χðtÞ2
ωgap

dt: ðH2Þ

Note that the phase is proportional to the square of the
coupling in the first-order approximation and, hence,
ϕ0;0;0;0 ¼ ϕ1;1;1;1. Since the coupling between the rest of
the even-parity states j0; 0; 1; 1i, j1; 1; 0; 0i, etc., is zero,
ϕ0;0;1;1 ¼ ϕ1;1;0;0 ¼ � � � ¼ 0. This difference in the phases
corresponding to the states j0; 0; 0; 0i, j1; 1; 1; 1i and other
even-parity states j0; 0; 1; 1i, j1; 1; 0; 0i, etc., leads to phase
diffusion when the qubits are initialized in a superposition
state such as jψei in Eq. (17). That is, the overlap between
the state of the qubits after time Tz and jψei is not one.
However, as long as the coupling is tuned adiabatically and
for small χ=ωgap, this phase diffusion is small. Although to
leading order ϕ1;1;1;1 ¼ ϕ0;0;0;0, such is not the case, as χ
increases because of coupling with other states in the
Hilbert space of the PCO. Similarly, according to our first-
order theoretical analysis, there should be no phase
diffusion when the qubits are initialized in the odd-parity
subspace. This result is because the phase is proportional to
the square of the coupling, which is the same for all the
odd-parity states j1; 0; 0; 0i, j1; 1; 1; 0i, etc., (under the

(a) 0th-order eigenspectrum of PCC when the state of qubits is (c) 0th-order eigenspectrum of PCC when the state of qubits is

(b) 1st-order eigenspectrum of PCC when the state of qubits is (d) 1st-order eigenspectrum of PCC when the state of qubits is

FIG. 15. The figure illustrates the eigenspectrum of the PCO while it is interacting with qubits. The solid line represents the inverted-
double-well structure of the metapotential, while the dotted lines represent the energy levels. Recall that j2i ∼Dð−βÞjn ¼ 1i and
j3i ∼DðβÞjn ¼ 1i. Unlike the noninteracting case [Fig. 2(b)], the qubit-PCO coupling lifts the degeneracy between jþi and j−i. In
other words, the metapotential tilts to the left or right, depending on whether the qubit state is (a) j1; 1; 1; 1i or (c) j0; 0; 0; 0i. This tilt is
the leading-order effect of the interaction, and the energies of the states j�i are ωj�i ¼ ωg � 8χðtÞβ in (a) and ωj�i ¼ ωg ∓ 8χðtÞβ in
(c). Importantly, if the energy gap is large, then the detuning between jþi, j3i and that between j−i, j2i remains the same
[ωjþi − ωj3i ≃ ωj−i − ωj2i ∼ ωgap, in both (a) and (c)]. As shown in Appendix B, the effect of â† is to couple jþi to j3i and j−i to j2i. To
first order, in (b), jþ0i ¼ jþi þ ½4χðtÞ=ωgap�j3i, j−0i ¼ j−i þ ½4χðtÞ=ωgap�j2i, and ωj�0i ¼ ωg � 8χðtÞβ þ ½16χðtÞ2=ωgap�. On the other
hand, in (d), jþ0i ¼ jþi − ½4χðtÞ=ωgap�j3i, j−0i ¼ j−i − ½4χðtÞ=ωgap�j2i, and ωj�0i ¼ ωg ∓ 8χðtÞβ þ ½16χðtÞ2=ωgap�.
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assumption that the χ’s are equal). However, as χ increases,
higher-order effects from other states in the PCO have to be
taken into account, which also leads to phase diffusion in
the odd-parity subspace.
We now compare our simple theoretical prediction with

numerical results. The qubits are initialized in the even-
parity state:

jψei ¼
1ffiffiffi
8

p
�X

i;j

σ̂x;iσ̂x;j þ Î þ σ̂x;1σ̂x;2σ̂x;3σ̂x;4

�
j0; 0; 0; 0i;

ðH3Þ

and the PCO is initialized in the cat state jCþβ i. The

evolution under the HamiltonianH ¼ −Kâ†2â2 þ Pðâ†2 þ
â2Þ þ χðtÞŜ0zðâþ â† − 2βÞ is numerically simulated with
P ¼ 2K, χðtÞ ¼ ðχ0=

ffiffiffi
π

p Þ expð−t2=T2
zÞ, and Tz ¼ π=8χ0β.

Recall that Tz is the duration for which the qubits and PCO
must interact for measuring the stabilizer. The cutoffs
for the Gaussian pulse are taken at �3Tz. Figure 16(a)
shows the probability of phase diffusion given by Ee ¼
1 − hψejρ̂qjψei (solid red line) as a function of χ=Kβ2

(here, χ is the peak interaction strength χ ¼ χ0=
ffiffiffi
π

p
). The

blue dotted line shows the theoretically estimated Ee, using
the formulas for phases derived in Eqs. (H1) and (H2). The
phase diffusion is proportional to the square of the
coupling; that is, Ee ∝ χ2 for small χ.
The analysis is repeated with the qubits initialized in the

odd-parity state:

jψoi ¼
1ffiffiffi
8

p
�X

i

σ̂x;i þ
X
i;j;k

σ̂x;iσ̂x;jσ̂x;k

�
j0; 0; 0; 0i: ðH4Þ

Figure 16(a) shows the probability of phase diffusion given
by Eo ¼ 1 − hψojρ̂qjψoi (solid black line). The first-order
perturbation theory predicts an absence of phase diffusion
in this state. The green dotted line shows the theoretically
estimated Ee ¼ 0 as a reference. We find that the simple
first-order theory agrees well with the numerical results for
small χ. However, as χ increases, the disagreement between
the numerical estimates and theory increases, which is
expected because the small χ approximation breaks down.
The Gaussian pulse shape chosen for the above example

behaves well and ensures the adiabaticity condition that we
have assumed in the theory. However, we can test our
theory against another pulse shape, such as a sine pulse
χðtÞ ¼ 0.5χ0π sinðπt=TzÞ with cutoffs at t ¼ 0 and t ¼ Tz.
In this case, we expect nonadiabatic effects to emerge. We
repeat the above analysis for this pulse with the results
shown in Fig. 16(b). The solid lines are from numerical
simulations, while the dotted ones are from the first-order
theory assuming adiabaticity. In this case, again we see
agreement between the theory and numerical results for
small χ. But the theoretical and numerical results deviate

for larger χ. The numerically obtained solid lines show
some oscillations because of nonadiabatic effects.
Moreover, deviations between the solid and dashed lines
become more prominent for the sine pulse compared to that
with a Gaussian pulse.
In summary, we expect phase diffusion in the qubit states

because of interaction with other states in the Hilbert space
of the PCO. This phase diffusion is proportional to
ðχ=ωgapÞ2 (for small χ) and can be suppressed by increasing
the energy gap ωgap.

APPENDIX I: PHASE DIFFUSION DURING THE
MEASUREMENT OF eiπâ

†
s âs STABILIZER

Following the discussion in the previous section, it is easy
to see that the coupling between the storage oscillator and the
PCO causes a small virtual excitation out of the cat subspace
and leads to dressing of the j�i states. The Fock states
comprising the storage cat jn ¼ 0i; jn ¼ 1i; jn ¼ 2i…
couple to the PCO with different strengths (∝ nχ). If the
coupling between the storage cat and PCO is tuned adia-
batically, then after a time Tp an initial state j2ni ⊗ jCþβ i
evolves to expðiϕ2nÞj2ni ⊗ jCþβ i and the state j2nþ 1i ⊗
jCþβ i evolves to expðiϕ2nþ1Þj2nþ 1i ⊗ jC−β i. Here, the
phase dependent on storage-photon number m is
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FIG. 16. Dependence of phase diffusion in the state of the
qubits as a function of the coupling strength. In (a), the time
dependence of the interaction between the qubits and PCO is
taken as Gaussian χðtÞ ¼ ðχ0=

ffiffiffi
π

p Þ expð−t2=T2
zÞ with cutoffs at

�3Tz. In (b), the time dependence of the interaction between the
qubits and PCO is χðtÞ ¼ 0.5χ0π sinðπt=TzÞ with cutoffs at 0 and
Tz. χ0 is the peak interaction strength so that in (a) χ0 ¼ χ0

ffiffiffi
π

p
and in (b) χ0 ¼ πχ0=2. The parameters are P ¼ 4K (β ¼ 2) and
Tz ¼ π=8χ0β. The phase diffusion is suppressed when the
excitations out of the C subspace are negligible, that is, when
χ=0Kβ2 is small. Both theoretical (dotted lines) and numerical
(solid lines) results are shown. The agreement between the two is
good for small χ0. As χ increases, the first-order perturbation
theory is not sufficient, and the effect of other states in the PCO
must be included. Also in (b), the effect of nonadiabatic terms and
higher-order effects becomes apparent at smaller χ0 compared to
(a). For small χ0, the average phase diffusion decreases quad-
ratically with χ0=Kβ2. For example, the phase diffusion is < 10−4

when χ0=Kβ2 < 0.045.
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ϕm ¼
Z

Tp

0

m2χðtÞ2
ωgap

dt: ðI1Þ

Recall that Tp is the time required to map the stabilizer onto
the PCO. This storage-photon-number-dependent phase
leads to phase diffusion when the storage is in a super-
position of Fock states such as a cat state. Full correction of
phase diffusion requires the complete knowledge of the
photon statistics of the storage, which defeats the purpose of
error correction. However, correction of the mean phase is
possible by applying a counterdrive to the PCO as shown
in Eq. (24).
We again compare the simple theoretical prediction with

numerical results. The evolution under the following
Hamiltonian is numerically simulated:

Ĥ ¼ −Kâ†2â2 þ Pðâ†2 þ â2Þ
þ χðtÞðâ†s âs − hâ†s âsiÞðâþ â† − hâþ â†iÞ; ðI2Þ

and the reduced density matrix of the storage ρ̂s is obtained.
Figure 17 shows the probability of phase diffusion when
the storage is initialized in the even- and odd-parity states,
Eo ¼ 1 − hψojρ̂sjψoi and Ee ¼ 1 − hψejρ̂sjψei. Here,
jψoi ¼ jC−α i þ ijC−iαi and jψei ¼ jCþα i þ jCþiαi. Both theo-
retical (dotted lines) and numerical (solid) lines are shown.
The theoretical results are based on phases estimated in
Eq. (I1). Again, we find good agreement between the

theory and numerical simulations for small χ for both
the Gaussian pulse χðtÞ ¼ ðχ0=

ffiffiffi
π

p Þ expð−t2=T2
pÞ [with

cutoffs at �3Tp, Fig. 17(a)] and the sine pulse χðtÞ ¼
0.5χ0π sinðπt=TpÞ [with cutoffs at 0 and Tp, Fig. 17(b)].
Here, Tp ¼ π=4χ0β. Again, we find that the average
phase diffusion is suppressed for small χ=Kβ2 and the
PCO indeed measures the stabilizer hP̂i without revealing
any information about the underlying photon-number
statistics.

APPENDIX J: ESTIMATING THE FEEDBACK
PHASES FOR PHASE ESTIMATION

To understand how the feedback phases ϕ and φ are
determined for the phase estimation protocol described in
Sec. IV C, suppose that the storage is in the eigenstate of
the stabilizer Ŝq with eigenvalue expð2i ffiffiffi

π
p

uÞ. In this case,
the state of the PCO after the application of the gate Û1ðT1Þ
is ijC−β i sinð

ffiffiffi
π

p
uÞ þ jCþβ i cosð

ffiffiffi
π

p
uÞ. If the PCO is further

rotated around the X axis of the Bloch sphere by an angle
ϕ=2 (by application of a single-photon drive), its state
becomes ijC−β i sinð

ffiffiffi
π

p
uþ ϕÞ þ jCþβ i cosð

ffiffiffi
π

p
uþ ϕÞ. The

probability for the PCO to remain in the jCþβ i state after
a round of phase estimation is PϕðþjuÞ ¼ cos2ð ffiffiffi

π
p

uþ
ϕ=2Þ. Therefore, in order to accurately predict u, the
sensitivity of the probability distribution ∂PϕðþjuÞ=∂ϕ
must be maximized. This maximization is achieved in APE
by choosing the feedback phase ϕ dependent on whether
the PCO evolved to jCþβ i or jC−β i in the previous round of
phase estimation. A similar analysis applies for the APE of
the eigenvalue of Ŝp. In the simulations presented in the
main text, the initial GKP state is approximately the
eigenstate of the stabilizers with eigenvalues u, v ¼ 0.
Furthermore, only one round of phase estimation is carried
out. Therefore, to maximize ∂PϕðþjuÞ=∂ϕ, we choose
ϕ ¼ π=2.

APPENDIX K: HOLEVO PHASE VARIANCE
IN THE PRESENCE OF SINGLE-PHOTON

LOSS IN THE PCO

In this case, the reduced density matrix of the storage ρ̂ms
is obtained at time T ¼ ffiffiffi

π
p

=ðgβ ffiffiffi
2

p Þ by numerically
solving the master equation in Eq. (30) (i.e., without
performing any rotations and measurements of the
PCO). The variance is evaluated as Vm

p;q ¼ s−2p;q − 1, with
sp;q ¼ Tr½Ŝp;qρ̂ms �. Note that the variance evaluated this
way is equivalent to throwing away the measurement result.
Since the measurement results are discarded, no informa-
tion about the storage oscillator is obtained, and the Holevo
phase variance remains the same as that of the initial
state V0

q;p.
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FIG. 17. Dependence of phase diffusion in the state of the
storage cat as a function of the coupling strength. In (a), the time
dependence of the interaction between the storage and PCO is
χðtÞ ¼ ðχ0=

ffiffiffi
π

p Þ expð−t2=T2
pÞ with cutoffs at �3Tp. In (b), the

time dependence of the interaction is χðtÞ ¼ 0.5χ0π sinðπt=TpÞ
with cutoffs at 0 and Tp. χ0 is the peak interaction strength so that
in (a) χ0 ¼ χ0

ffiffiffi
π

p
and in (b) χ0 ¼ πχ0=2. The parameters are P ¼

4K (β ¼ 2) and Tp ¼ π=4χ0β. The phase diffusion is suppressed
when the excitations out of the C subspace are negligible, that is,
when χ=0Kβ2 is small. Both theoretical (dotted lines) and
numerical (solid lines) results are shown. The agreement between
the two is good for small χ0 and when the adiabatic approximation
is valid. Again, we find that for small χ0 the average phase
diffusion decreases quadratically with χ0=Kβ2. For example, in
(a), the phase diffusion is < 10−4 when χ0=Kβ2 < 0.02.
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APPENDIX L: ONE ROUND OF APE
WITH A QUBIT

One round of phase estimation for Ŝp with an ideal two-
level system is simulated using the master equation

_̂ρ ¼ −i½Ĥ; ρ̂� þ γD½σ̂−�ρ̂; Ĥ ¼ igqðâ†s − âsÞσ̂x: ðL1Þ

First, simulations are performed with γ ¼ 0. The density
matrix for the system is obtained at time T ideal ¼ffiffiffi
π

p
=ðgqβÞ. After this time, the qubit is rotated around the

X axis by ϕ ¼ π=2, which is followed by a projective
measurement of the qubit along the Z axis. The reduced
densitymatrix for the storage oscillator ρ̂s;� is obtained, from
which the Holevo variances V 0ideal

q;p are evaluated. Next,
simulations are performed with γ ≠ 0. In this case, the
reduced density matrix of the storage is obtained at time
T ideal (i.e., without performing anymeasurements on the ideal
qubit). In this case, the variance is evaluated as Vm;ideal

p;q ¼
s−2p;q − 1, with sp;q ¼ Tr½Ŝp;qρ̂s�.

APPENDIX M: ERRORS DURING ROTATION
UNDER KERR EVOLUTION

During free evolution under the Kerr term, single-photon
loss can cause three effects: (a) shrinkage of the size of the
coherent states (this effect is not debilitating, because the
states can be reinflated simply by reapplying the pump),
(b) bit flips, and (c) additional phase rotations (due to
noncommutativity of the Kerr rotation and single-photon
loss). Suppose a photon jump event happened at time tj;
then the state of the system is

eiKðT−tjÞâ†2â2þiKðT−tjÞâ†ââeiKtjâ†2â2þiKtjâ†âðjCþβ i � ijC−β iÞ
¼ e2tjKâ

†âeiKTâ†2â2þiKTâ†ââðjCþβ i � ijC−β iÞ
¼ e2tjKâ

†âeiKTâ†2â2ðjCþβ i ∓ ijC−β iÞ
¼ e2tjKâ

†âðjCþβ i ∓ jC−β iÞ
¼ jCþ

βeiθ
i ∓ jC−

βeiθi; θ ¼ 2tjK: ðM1Þ

Unless θ ¼ nπ, the resulting states lie outside the C
subspace. If the single-photon loss takes place in the
beginning of the protocol (i.e., θ ¼ 0), then the readout
merely gives an incorrect measurement result, which can be
recovered while repeating the entire protocol a few times
and taking a majority vote over the outcomes. If θ ¼ π, i.e.,
the photon loss takes place at the end of the protocol, then
we recover the correct state. This result is trivial, because at
the end of the protocol the two states are aligned along the
X axis and are invariant under the single-photon loss
channel. On the other hand, if the photon loss happens
at tj ≠ 0, π=2K, then we end up in a state outside the C [10].
The next step of Q switching and homodyne measurement
reveals if this error happened, in the event of which, the

PCO can be reinitialized. Moreover, the reinitialization step
can also be supplemented with the quantum-Zeno effect of
the two-photon loss channel described in Sec. VII E. In the
presence of the two-photon pump, the two-photon (or
single-photon) loss channel “refocuses” any excitations in
C⊥ to the cat manifold.

APPENDIX N: EVOLUTION DURING
Q-SWITCH OPERATION

Once the Q switch is turned on, the single-photon
exchange coupling between the PCO and the readout
oscillator in the rotating frame is given by the
Hamiltonian ĤQ ¼ gðâ†âr þ ââ†rÞ. For small g, this inter-
action can be rewritten as

ĤQ ¼ gβ

�
pþ p−1

2

�
ðâr þ â†rÞ ˆ̃σx

− igβ
�
p − p−1

2

�
ðâr − â†rÞ ˆ̃σy: ðN1Þ

Ignoring the term ∝ ˆ̃σy, which becomes negligibly small
even for moderately large β, the result of the Q switch is to
displace the readout oscillator conditioned on the state
ðjCþα i � jC−α iÞ=

ffiffiffi
2

p
of the PCO. If the state of the PCO is

ðjCþα i � jC−α iÞ=
ffiffiffi
2

p
, then the field in the readout evolves as

hâri ¼∓ 2giβ
κr

ð1 − e−κrt=2Þ: ðN2Þ

To numerically confirm the above analysis, we simulate the
master equation _̂ρ ¼ −i½Ĥ; ρ̂� þ κrD½âr�ρ, where Ĥ ¼
ĤPCO þ gðâ†âr þ ââ†rÞ. The readout resonator is initialized
in a vacuum, and the state of the PCO is along the þX axis
[jþi ¼ ðjCþβ i þ jC−β iÞ=2] or the −X axis [j−i ¼ ðjCþβ i−
jC−β iÞ=2]. Figures 18(a) and 18(b) show the evolution

of hâri for β ¼ 1;
ffiffiffi
2

p
; 2, P ¼ Kβ2, κr ¼ K=20, and

g ¼ κr=ð2βÞ. The value for g is chosen so that hârimax ¼
2gβ=κr ¼ 1 and Rideal remains the same irrespective of β.
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FIG. 18. Evolution of the I quadrature [iðâ†r − ârÞ=2] of
the field in the readout oscillator when the state of the PCO
is (a) ðjCþβ i − jC−β iÞ=

ffiffiffi
2

p
and (b) ðjCþβ i þ jC−β iÞ=

ffiffiffi
2

p
, for β ¼ 1;ffiffiffi

2
p

; 2. Clearly, the displacement of the readout resonator field is
conditioned on the state of the PCO.
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The timescale for the evolution is taken to be 10=κr. For
β ¼ ffiffiffi

2
p

; 2 the numerically obtained hâri is in excellent
agreement with Eq. (N2). This agreement shows that,
indeed, for large β the affect of the second term in
Eq. (N1) is negligible. For small β, the second term in
Eq. (N1) is not negligible. Therefore, coupling with the
readout resonator rotates the PCO state around the Y axis,
which leads to a decrease in Im½hâri� [Figs. 18(a) and
18(b)].
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