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Abstract

Modeling and computing of trivariate parametric volumes is an important research topic in the field of three-dimensional isogeo-
metric analysis. In this paper, we propose two kinds of exact conversion approaches from Bézier tetrahedra to Bézier hexahedra
with the same degree by reparametrization technique. In the first method, a Bézier tetrahedron is converted into a degenerate
Bézier hexahedron, and in the second approach, a non-degenerate Bézier tetrahedron is converted into four non-degenerate Bézier
hexahedra. For the proposed methods, explicit formulas are given to compute the control points of the resulting tensor-product
Bézier hexahedra. Furthermore, in the second method, we prove that tetrahedral spline solids with C*-continuity can be con-
verted into a set of tensor-product Bézier volumes with G¥-continuity. The proposed methods can be used for the volumetric data
exchange problems between different trivariate spline representations in CAD/CAE. Several experimental results are presented
to show the effectiveness of the proposed methods.

1 Introduction

Computer Aided Design and Computer Aided Engineering (CAD/CAE for short) play important roles in advanced manufacturing.
A main challenge in this area is the seamless integration of CAD/CAE techniques, numeric simulation and shape optimization.
Unified mathematical representation of CAD/CAE geometry is one of the ten CAD challenges from the viewpoint of CAD
researchers. Isogeometric analysis (IGA for short) approach originally proposed by Hughes et al. [14] provides a possibility to
overcome the gap between CAD and finite element analysis by using the same NURBS representation for all design and analysis
tasks.

In three-dimensional isogeometric analysis, trivariate spline modeling plays a key role as a geometric foundation for numerical
solving. Trivariate NURBS solids and trivariate T-spline solids have been used as modeling and numerical tools in isogeometric
modeling and solving. However, because of their tensor-product structure, trivariate NURBS and T-spline solids have some
limitations on the construction of analysis-suitable volumetric parameterizations from arbitrary complex geometries. Recently,
some kinds of geometry models consisting of Bézier triangles and Bézier tetrahedra [15, 25, 7, 28], which can represent complicated
geometry with arbitrary topology, are employed in isogeometric analysis to overcome the limitations of trivariate NURBS and
T-splines. On the other hand, since Bézier triangles and Bézier tetrahedra are not the standard forms in CAD/CAE systems,
some data exchange operations have to be performed to make the geometry and field data compatible. Data exchange between
different kinds of curves and surfaces has been studied in some previous works [5, 12, 13]. However, there are few works on the
exact conversion between different kinds of trivariate solid representations.

Motivated by the issue on volumetric data exchange, the exact conversion approach from Bézier tetrahedra to Bézier hexahedra
is investigated in this paper. Our main contributions can be summarized as follows:

e Two kinds of exact conversion approach from Bézier tetrahedra to Bézier hexahedra with the same degree are proposed
based on reparametrization techniques. In the first method, a Bézier tetrahedron is converted into a degenerate Bézier
hexahedron, and in the second approach, a non-degenerate Bézier tetrahedron is converted into four non-degenerate Bézier
hexahedra.

e Explicit formula is given to compute the control points of the resulting tensor-product Bézier hexahedra, and the properties
of the exact conversion approach are also described.

The rest of the paper is structured as follows. Related works are reviewed in Section 2. Preliminary knowledges of tetrahedral
Bézier volume and tensor-product Bézier volumes are given in Section 3. The exact conversion method from a Bézier tetrahedron
to a degenerate Bézier hexahedron is described in 4. Then the exact conversion from a non-degenerate Bézier tetrahedron to
four non-degenerate Bézier hexahedra is studied in Section 5. To demonstrate the effectiveness of the proposed method, the
experimental results are also presented in Section 4 and Section 5. Finally, we conclude this paper and outline future work in
Section 6.

2 Related work

In this section, some related works on conversion between Bézier forms, volumetric modeling and tetrahedral splines in isogeometric
analysis will be reviewed.

Conversion between Bézier forms In CAD systems, data exchange between different CAD formats plays an important
role. A method of converting a triangular B-B surface into a trimmed patch of a tensor-product Bézier surface is proposed in
[3]. Goldman and Filip proposed an explicit formula from a tensor-product Bézier surface of degree m X n into two triangular
B-B surfaces of degree m + n [9]. DeRose et al. [5] proposed a conversion method between different Bézier forms by functional
composition algorithm with blossoming technique[6, 18]. Exact conversions from triangular B-B surfaces to tensor-product Bézier
surfaces with the same degree are investigated in [12, 13].

Volumetric Modeling in IGA  For three-dimensional isogeometric analysis, volumetric modeling from input boundary is a
key issue to construct the parameterization of computational domain [29, 30]. Martin et al. [19] proposed a B-spline volume
fitting method for triangular meshes based on volumetric harmonic functions. M. Aigner et al proposed a variational approach for



constructing NURBS parameterizations of swept volumes [1]. A method is proposed to construct trivariate T-spline parameteri-
zations by tetrahedral meshing and mesh untangling techniques [8]. Xu et al. proposed a constrained optimization approach for
analysis-suitable volume parameterizations [33]. Pettersen and Skytt proposed the spline volume faring method to achieve high-
quality volume parameterization [22]. An efficient approach to construct injective solid T-splines for genus-zero geometries from
a boundary triangulation is proposed in [36]. In [34], A variational harmonic method is proposed to construct analysis-suitable
parameterizations of computational domain . Constructing conformal solid T-splines from boundary T-spline representations
is investigated by using octree structure and boundary offset operation [37]. Wang and Qian proposed an efficient method by
combining divide-and-conquer, constraint aggregation and the hierarchical optimization techniques to construct valid trivariate
B-spline solids from six boundary B-spline surfaces [27]. Analysis-suitable trivariate NURBS representations of composite panels is
constructed with a new curve/surface offset algorithm [21]. Xu et al. proposed a two-stages scheme to construct analysis-suitable
volumetric parameterization by a uniformity-improved boundary reparameterization approach [35]. A volumetric parameteriza-
tion method with PHT-splines from the level-set boundary representation is proposed in [4]. For a set of models with similar
semantic features, B-spline based consistent volumetric parameterization from a given template domain is proposed in [31].

Tetrahedral splines in IGA  Compared with the tensor-product splines, tetrahedral splines can represent complex geometry
with arbitrary topology. Alfeld derived a C! tetrahedral Clough-Tocher spline which yields an interpolant that is piecewise quintic
on each tetrahedron [2]. A C! quadratic trivariate macro-element space defined over arbitrary tetrahedral partitions is studied in
[23]. Hecklin et al. described an algorithm for constructing a Lagrange interpolation pair based on C! cubic splines defined on
tetrahedral partitions|[11]. Speleers [24] proposed a method of constructing a normalized basis for the multivariate quadratic spline
space defined over a generalized Powell-Sabin refinement of a triangulation in R®, s > 1. Lai and Matt proposed an approach
to construct a C! trivariate macro-element based on the Alfeld split of tetrahedra [16]. To overcome the limitations of trivariate
NURBS and T-splines, Engvall and Evans proposed a new IGA framework by using unstructured Bernstein-Bézier discretizations
and trivariate mixed-elements [7]. Given a NURBS represented geometry, Xia and Qian proposed a general framework for
automatic volumetric parameterization with Bézier tetrahedral partition [28]. Furthermore, optimal convergence in C” spaces can
be achieved and complicated geometries can be handled. To achieve volumetric data-exchange between different CAD formats,
in this paper we propose two kinds of exact conversion approaches from Bézier tetrahedra to Bézier hexahedra.

3 Tetrahedral Bézier volume and tensor-product Bézier volume

3.1 Tensor-product Bézier volume

A tensor-product trivariate Bézier volume of degree n X n X n with control points P; ; j is defined by

P(rs,t) =Y > > P ;B (r)B} (s)BE (1) ()

1=0 j=0 k=0

where

Brw) = ()ri (=) By (s) = (’;)sﬂ'u — "B = () -0
with

0<r<1,0<s<1,0<t<l1.

3.2 Tetrahedral Bézier volume

A tetrahedral Bézier volume of degree n with control points T; ; 1 ; is defined by

s

T(u,v,w, h) = Z Ti k1B o1 (ws v, w, h) (2)
itjtktl=n
in which
B!, (u,v,w,h) = < " )uivjwkhl
1,7,k L\ P T i j, ’
and

ut+v+w+h=1,0<u,v,wh <1

Since u + v +w + h = 1, we can rewrite the definition of a tetrahedral Bézier volume as follows

n
T(u,v,w) = Z Tij kBl kn—iejr(Wv,w,1—u—v—w) (3)
i+j+k=0

Similar with the triangular Bézier surface [12, 13|, we introduce some operators for tetrahedral Bézier volume as follows:

e The invariant operator I : I'T; j p = T; ; -

o The shifting operator E; : E1T; j 5 = Tit1,5,k B2 Tk = Tijt1,6, B3 Ty = T jk+1-

. ’gwhe difference operator A; = E; — 1 : A1 Ty 55 = Tig1,56 — Ti g, Do Ti g6 = Tijy1,6 — Tigk D3 Tij 0 = T jkt1, —
i,k

Using the above operators, the Bézier tetrahedron in (3) can be represented by

T(u,v,w) = (I +uA1 +vAz +wA3z)" Tooo (4)



Figure 1:

Parameter transformation 1.

4 Converting a Bézier tetrahedron into a degenerate Bézier hexahedron

In this section, we will present the exact conversion method from a Bézier tetrahedron into a degenerate Bézier hexahedron.

4.1 Conversion method

Theorem 1. A Bézier tetrahedron T(u,v,w,h) of degree n can be converted into a degenerate Bézier hexahedron of degree
n X n x n, in which the control points P; ; 1, of the resulting Bézier hexahedron can be computed as follows

Pk Qi 0,k
P; 1 Qi
=ApAp_1... Ap_ia . , 1=1,...,n, k=0, ) T (5)
Pi,n,k Qi,n—i,k
where
Qi o Ti 5,0
i 4,1 Tija o
. =ApAp-1... An_i—j+1 . , t+i=1,...,n, (6)
Qi jn Tijn—i—j
and Ap—y(m =0,1,--- ,n— 1) is defined as follows
r 1 0 0 0 0 1
1 m
+1 +1 0 0 0
m m
2 m—1
0 _— 0 0
Ay = m+1 m-+1 (7)
m 1
m—+1 m-+1
L 0 1]
(m+2) X (m+1)
Proof. The basis function Bz'rfj,k,l(u’”’w’ h) of T(u,v,w,h) in (3) can be rewritten as follows
.. L 1— n—1i
B? . . (u,v,w,h) = ( ‘n )uzvjwkhl = ( ‘n )u’vjwkhl%
i,3,k, i, 5,k 1 1,7, k,1 (v+w+ h)ITET
. j k l
_ (n)ui(lfu)"_%niz) v J w h
) YN v+w-+h v4+w—+h v4+w+h
v n—1
, i 1—-— 8
- (n)ui(l—u)n_%niz) ; ] “ ' h l v+w+h (8)
i gk, \v+w+h v+w+h v+w+h w+h k+l
] o (v +w+ h? o
. . —1 J n—i—j i s n—i—j—
- Qo) i) () O ) (53
i J v4+w+h v4+w+h k w+h w+h
Motivated from (8), we define the following parameter transformation
v w
r=u, s= b= . 9
vir=u s v+w+h w+h ©)

which converts the tetrahedral domain {(u, v, w)|0 < u,v,w,u+ v+ w < 1} into the hexahedral domain {(r,s,t)[0 <r < 1,0 <
$<1,0<t <1} as shown in Figure 1.
Substituting (9) into (8), we have

Bl 1 (u,0,w,h) = B;(T)B;*i(s)Bg—i—j(t)
Hence, from (3), we have

n n—in—i—j

T(u7v7w7 h) = Z Z Z Ti,j,k),nfifj*kB?(T)B;Lii(s)B]?_i_j(t)

i=03j=0 k=0

(10)
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(a) Original Bézier tetrahedron (b) Control lattice of Bézier tetrahedron

(c) Bézier hexahedron by exact conversion  (d) Control lattice of Bézier hexahedron

Figure 2: Exact conversion from a Bézier tetrahedron to a degenerate Bézier hexahedron.

In order to represent T'(u,v,w,h) in (10) as a Bézier hexahedron of degree n X n X n, we need to raise the degree of the following

Bézier surfaces
n—in—i—j

R;(s,t) = Z Z Tijkn—i—j—k B} "()By /(1)
=0 k=0
into degree n X n. From the degree-elevation matrix for the tensor product Bézier surfaces, we can get the explicit formula for
the control points of the Bézier hexahedron as shown in (5) and (6). This completes the proof. O

Remark. Another proof of Theorem 1 can be given with the operator representation of T(u,v,w) in (4). Firstly, the
corresponding inverse transformation of ¢ can be derived as follows

v liu=r, v=>1-7r)s, w=(1-7)(1—s)t, (11)

then by substituting (11) into (4), a similar conversion result can be obtained.
From Theorem 1, a Bézier tetrahedron can be considered as a special case of Bézier hexahedron. Furthermore, we can obtain
the sufficient and necessary condition for a Bézier hexahedron degenerating to a Bézier tetrahedron from Theorem 1.

Theorem 2. A Bézier hexahedron of degree n X n X n can be degenerated into a Bézier tetrahedron of degree n if and only if the
tensor-product Bézier surfaces of degree n xn determined by the control points on i-th column along two parametric directions(i.e,
u-direction and v-direction) degenerate to triangular Bézier surfaces of degree n —i, i =1,2,--+ ,n.

4.2 Examples

The proposed conversion method described in Theorem 1 can be considered as a corner-cutting process with explicit geometric
meaning. That is, the control points of the Bézier hexahedron can be obtained by the corner-cutting operation on the control
points of Bézier tetrahedron in v and w direction. In the following, we will present an example with n = 3 to show the conversion
process.
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(a) Original Bézier tetrahedron (b) Control lattice of Bézier tetrahedron
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(c) Bézier hexahedron after exact conversion  (d)Control lattice of Bézier hexahedron

Figure 3: Exact conversion from a Bézier tetrahedron to a degenerate Bézier hexahedron.

For n = 3, we have

1 0O O 1 0
1 2
0 1
=3 3 1| A=|5 ; ’A3:H
3 3 0 1
0 0 1_
By using the above formulas for A1, A2, A3, we can compute the control points as follows
- T
Qooo  Qoo1  Qooz  Qoos Too0 Toto
T T
Qi Qo1 Quiz Quiz| _ T001 A | Toit|  AyAs [TOQO] AL ArAsToso|
Qoo Qo21 Qozz  Qoos 002 To1s 021
Qozo Qo311 Qosz2 Qo33 Too3 |
Pooo  Poor  Poo2  Poos Qooo  Qoo1  Qooz  Qoos
Poro Poin Poiz Poiz| _ Qoo Qoir Qo2 Qois
Pooo  Po21 Po2a  Po2s Qo20 Qo211 Qo22  Qo2s
Po3o  Po31 Pos2 Poss Quzo  Qoz1  Qosz2  Qoss
T
Qoo Qo1 Qo2 Qios T100 Ti1o
Qo Qi1 @iz Qus| = |41 |Tin A1 A {T ] A1A2A3T120|
T 111
Q20 Q21 Q22 Q23 102
Pigo  Piio Pioz Pios - T
Pio Pii Pux Pus| _ |, 8100 M 8101 s 8102 A 8103
Piso Pizi  Pizs Pias| — |21 Q110 1 Q111 1 Q112 1 Q113
Piso Pis; Piss Piss 120 121 ] 122 123

1 T
Q200 Q201 Q202 Q203] [ [T200 ]
=|A1A A1 A2A3T
Q210 Q211 Q212 Qois 12| T01 | 1A2As 22100

Pyoo  Pao1 P22  Pao3

- T
P10 P211 P21z Pois Q200 Q201 Q202 Q203
=|A1A A A AlA AlA .
Paoo P21 Pao  Paog [1 2[@210 12 211 2 Qg 2 Qs

P30  Po231 Poza  Pass

[@s00 @301 Qz02 Qs03] = [A14243 T300]T =[T300 T300 T300 T300],

P3oo  Pso1 Pso2  Psos
P30 Psi1 P32 Psis
Ps20 Ps21 Psa2  Psos
P330 Ps31 Pszz  Psss

- [Al A2A3 ngo Al A2A3 Q301 A1A2A3 Q302 Al A2A3 ngg] T

Ts300 Ts00 Tso0 Ts00
Ts300 Ts00 Ts00 T300
Ts00 Ts00 Ts00 Ts00
Ts300 Ts00 Ts00 T300

Figure 2 and Figure 3 illustrate two examples for the exact conversion from a Bézier tetrahedron to a degenerate Bézier

hexahedron.



Figure 4: Subdivide a tetrahedron into four hexahedra.
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Figure 5: Parameter transformation ¢.

5 Converting a Bézier tetrahedra into four Bézier hexahedras

In practice, degenerate representation has some limitations for geometric modeling and numerical analysis. Hence, it is more
interesting to achieve exact data conversion without degenerate representation. In this section, we will propose an exact conversion
method from a non-degenerate Bézier tetrahedron to non-degenerate four Bézier hexahedra.

5.1 Conversion method

Suppose that the non-degenerate Bézier tetrahedron T'(u,v,w) is defined on a domain D = {(u, v, w)|0 < u,v,w,u+v+w < 1}
as shown in (3). The parametric domain D can be subdivided into four hexahedral sub-domains D1, D2, D3 and D4 as shown
in Figure 4. The parametric surfaces with respect to the six planar faces with different colors in Figure 4 divide the Bézier
tetrahedron T(u,v,w) into four Bézier hexahedra.

In this section, we will present an explicit formula to compute the control points for each Bézier hexahedron.

Theorem 3. The trimmed volume of a Bézier tetrahedron T(u,v,w) defined on the sub-domain D; (i = 1,2,3,4) with eight
vertezes (a1,b1,c1), (a7,b7,c7), -+, (ag,bs,cg) as shown in Figure 5, can be represented as a Bézier hexahedron with degree
n X n X n, and its control points are determined as follows,

()(") GICEIC ™)
i n—i N/ \ g / r] 1—T1 Ty N—1—T2 y1 2 Yo 20
n

Piajak = E Z Z z Z Z n Zzl,zg,yl,;(;z,zl,zz7 (12)
x1=0x2=0 ) y1=021=0y2=0 22=0 ( )
z1t+T2=J J y1+z1+y2t+z2=k k
where )
e @o,y1,yze1,2e = (L Ha3d1+b03A2 + c3Ag)V1 (] + asDd1 +bsAg +caAg)®1 ™Y1
(I 4+ a1A1 +b1A2 + c1A3)*1 (I + a2Aq1 + baAg 4 coAgz)—*17%1 (13)

‘(I +arA1 +b7Az + c7A3)¥2 (I + agA1 + bg Az + cs Ag)*2 Y2
‘(I +asA1 +b5A2 + c5A3)%2 (I 4+ agA1 + be Az + c6Az)* %2772 Ty

Proof. Firstly, we construct the following parameter transformation ¢
u = r{sflast + as(1 — )] + (1 — s)[art + a2(1 — )]} + (1 — r){s[art + ag(1 — t)] + (1 — s)[ast + as(1 — t)]}
v =r{s[bgt +ba(l — )] + (1 = s)[brt + b2 (1 — )]} + (L — r){s[brt +bs(1 — )] + (1 — s)[bst + bs (1 — 1)]} (14)
w=r{s[est + ca(l = )] + (1 — s)[crt + ca(1 — )]} + (L — r){s[crt + ca(1 — ¢)] + (1 — s)[c5t + c6(1 — t)]}

The corresponding inverse transformation ¢~! transforms the sub-domain D; (i = 1,2,3,4) with eight vertices (a1,b1,c1),
(a2,b2,c2), -+, (asg,bs,cg) into a unit cube {r,s,t)|0 < r,s,t < 1} as shown in Figure 5.



Then by substituting (14) to (4), we have
T(u,v,w) = I+ ulAi+vA2+wAz)" Tooo

= {A=r)+7][(1 = s) +5][(1 = t) + ] + r{s[ast + aa(1 = )] + (1 = s)[art + a2 (1 — )]} As
+(1 —r){slart + ag(1 —t)] + (1 — s)[ast + as(1 — t)] }A1
+r{s[bst + ba(1 — t)] + (1 — s)[b1t + ba(1 — t)]} Ao
+(1 —r){s[brt + bg(1 —t)] + (1 — s)[bst + b (1 — t)]} A2
+r{s[eat + ca(l —t)] + (1 — s)[c1t + c2(1 — t)]} A3
+(1 —7){s[ert + cg(1 —t)] + (1 — s)[est + c6(1 — t)] } A3} Tooo

= {r{slt(I + azA1 +b3A2 4+ c3A3) + (1 —t)(I + aa A1 + balAs + caA3)]
(1=38)tI +a1A1 +b1A2+c1A3z) + (1 —t)(I + a2A1 + b2As + c2A3)]}
+(1 =) {s[t(I + arA1 +b7A2 + c7A3) + (1 —t)(I + agA1 + bg Az + cgA3)]
(1—=s)t(I +asA1 +b5A2 + c5A3) + (1 —t)(I + agA1 + be Az + c6A3)]}}" Tooo

r1=0%t—x1 o nNn—i—x2

= ZB" DY Z Bi (9B Us) > S0 ST ST BRBL T () B ()BT (1)

21=025=0 §1=0 21=0y3=0 23—=0
(I 4 azA1 4 b3Az + c3A3)Y (I + agAr + bgAg 4 c4Az)*1 71
(I +a1A1 +b1A2 + c1A3)™ (I + aa A1 + balg + c2Ag) ~71 751
(I +arA1 +b7A2 + c7A3)Y2(I + agAy + bg Az + cgAz)*27 Y2
(I +asA1 +b5A2 + c5A3)%2 (I + agA1 + b Az + cgAz)™ ™ 72772 Tgg

7 n—1
xr] i1—x] T2 N—i—To
Nz /N xg /o

- ey & AL 3B SD DS

x1=0x2=0 (21+932) y1=021=0y2=0 22=0
GO L")
Y1 21 Y2 22
( n ) B;Ll+1/2+zl+z2(t) T1,2,Y1,Y2,21,22
Y1+ 21 +y2 + 22
n n n
= DD > BMrBF()BL ()P,
i=0 j=0 k=0

in which Pjj;, and Qéhzz,yhyz,n,@ are defined in (12) and (13) respectively, and

1 +22=7J, y1+y2+z1+z22=k

This completes the proof. O
From the following identity,
i 1—1 i—1
()= (o )+ (o) 15)
x1 x1 r1 — 1
we can prove that for an arbitrary sequence Ip, I1,--- , I;,
i . i—1 . i-1 .
% i —1 i—1
x1=0 x1 x1=0 1 x1=0 T1 =
gk
Suppose that HL I I 4, is defined as

x] i—xT] T2 N—i—x

UEVIIED S0 S SR il (1191t IR VA (] - N an

y1=021=0y2=0 22=
y1+z1+y2+z2=k

Then from (16), the control point P;jj in (12) can be rewritten as follows,

= 3 ()]G Q)i

i — . =0 . .
: 2 COCD/ O 5 £t ) Ol
. —1 . .
e S (G 160 VLGl | LRI i (G AR VL e

That is, P;jx can be computed as a convex linear combination of IIZ’f f 1

HYIF can be also evaluated recursively. Furthermore, from (13), we can find that Q;l ©9,u1,u2,71,29 Canl be computed as a

z1,j—T1
convex linear combination of T} in a similar recursive way as de Casteljau algorithm. Hence, the proposed conversion approach

is stable and efficient.
Starting from the same Bézier tetrahedron in Figure 2 and Figure 3, Figure 6 and Figure 7 present two examples for the exact

conversion from a Bézier tetrahedron to four Bézier hexahedra.

in a recursive way. Analogously, it can be proved that
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(b) Bézier hexahedra after exact conversion

(c) Control lattice of Bézier hexahedra (d) Exploded view of four Bézier hexahedra

Figure 6: Exact conversion from a Bézier tetrahedron to four Bézier hexahedra.
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Figure 7: Exact conversion from a Bézier tetrahedron to four Bézier hexahedra.

5.2 Properties of the conversion method

From the parameter transformation in (14), we can obtain some interesting properties of the proposed conversion approach.
Firstly, after some straightforward computation, we can prove that the Jacobian of the parameter transformation ¢ in (14) is
non-zero. Hence, we have the following proposition,

Proposition 4. If the original tetrahedral Bézier volume is non-degenerate, then the four tensor-product Bézier volumes obtained
by the proposed conversion method are also non-degenerate.

On the other hand, Bézier tetrahedra with continuity constraints have been used as powerful tools in isogeometric analysis
[7, 28, 24] to represent complex geometry with arbitrary topology. By the proposed conversion method, we can convert the
Bézier tetrahedra into a set of Bézier hexahedra, which are the standard data format in CAD systems. Furthermore, we have the
following proposition for the smoothness between the resulting Bézier hexahedral elements,

Proposition 5. A C¥ tetrahedral spline solid S(u, v, w) with N tetrahedral Bézier volumes can be converted into an unstructured
G* trivariate spline representation X(r, s,t) with 4N tensor-product Bézier volumes.

Proof. From Theorem 3, we can convert the trivariate spline volume S(u, v, w) into a set of tensor-product Bézier volumes by the
parameter transformation ¢; for each sub-volume X; . Without loss of the generality, suppose that X; = Sj 0 ¢1, Xo = S3 0 ¢a,
hence along the common interface P12 between S1 and S2, we have Xj o ¢ 1= X2 0 ¢y L Furthermore, since S; and S> are
C*-continuous along their common interface P12, according to the definition of geometric-continuity in [20], X1 and X are
G*-continuous along the common interface.

6 Conclusion

In this paper, motivated by volume modeling in isogeometric analysis, we propose two kinds of exact conversion approach from a
tetrahedral Bézier volume to tensor-product trivariate Bézier representation with the same degree. The explicit formula is given
to compute the control points of the resulting tensor-product Bézier volumes. We also prove that if we apply this approach on
each tetrahedral Bézier elements of the tetrahedral spline volume with C'*-continuity, then an unstructured set of tensor-product
Bézier volumes with G¥-continuity can be achieved. Experimental results show the effectiveness of the proposed methods.

In the field of high-order mesh generation, a Bézier tetrahedron is usually used as a high-order element. As part of future
work, we will investigate the application of the proposed methods (especially the second approach) in the field of high-order mesh
generation.
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