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Abstract

Sparse polynomial interpolation, sparse linear system solving or modular rational reconstruction
are fundamental problems in Computer Algebra. They come down to computing linear recur-
rence relations of a sequence with the Berlekamp—Massey algorithm. Likewise, sparse multivari-
ate polynomial interpolation and multidimensional cyclic code decoding require guessing linear
recurrence relations of a multivariate sequence.

Several algorithms solve this problem. The so-called Berlekamp—Massey—Sakata algorithm
(1988) uses polynomial additions and shifts by a monomial. The ScaLar-FGLM algorithm
(2015) relies on linear algebra operations on a multi-Hankel matrix, a multivariate generalization
of a Hankel matrix. The Artinian Gorenstein border basis algorithm (2017) uses a Gram-Schmidt
process.

We propose a new algorithm for computing the Grobner basis of the ideal of relations of a
sequence based solely on multivariate polynomial arithmetic. This algorithm allows us to both
revisit the Berlekamp—Massey—Sakata algorithm through the use of polynomial divisions and to
completely revise the ScaLaR-FGLM algorithm without linear algebra operations.

A key observation in the design of this algorithm is to work on the mirror of the truncated
generating series allowing us to use polynomial arithmetic modulo a monomial ideal. It appears
to have some similarities with Padé approximants of this mirror polynomial.

As an addition from the paper published at the ISSAC conference, we give an adaptive vari-
ant of this algorithm taking into account the shape of the final Grobner basis gradually as it is
discovered. The main advantage of this algorithm is that its complexity in terms of operations
and sequence queries only depends on the output Grobner basis.

All these algorithms have been implemented in MAPLE and we report on our comparisons.
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1. Introduction

The Berlekamp—Massey algorithm (BM), introduced by Berlekamp in 1968 [2] and Massey
in 1969 [24] is a fundamental algorithm in Coding Theory, [9, 20], and Computer Algebra. It
allows one to perform efficiently sparse polynomial interpolation, sparse linear system solving
or modular rational reconstruction.

In 1988, Sakata extended the BM algorithm to dimension n. This algorithm, known as the
Berlekamp—Massey—Sakata algorithm (BMS), can be used to compute a Grobner basis of the
zero-dimensional ideal of the relations satisfied by a sequence, [26, 27, 28]. Analogously to
dimension 1, the BMS algorithm allows one to decode cyclic codes in dimension n > 1, an
extension of Reed—Solomon’s codes. Furthermore, the latest versions of the Sparse-FGLM algo-
rithm rely heavily on the efficiency of the BMS algorithm to compute the change of ordering of
a Grobner basis, [[16, [17]].

1.1. Related Work

In dimension 1, it is well known that the BM algorithm can be seen in a matrix form requiring
to solve a linear Hankel system of size D, the order of the recurrence, see [22], or the Levinson—
Durbin method, [23] 29]]. If we let M(D) be a cost function for multiplying two polynomials
of degree D, for instance M(D) € O(D log D loglog D), [12| [13], then solving a linear Hankel
system of size D comes down to performing a truncated extended Euclidean algorithm called
on two polynomials of degree D, [8} [11}[15]]. More precisely, it can be done in O(M(D) log D)
operations.

In [3} 4], the authors present the ScaLAR-FGLM algorithm, extending the matrix version of
the BM algorithm for multidimensional sequences. It consists in computing the relations of the
sequence through the computation of a maximal submatrix of full rank of a multi-Hankel matrix,
a multivariate generalization of a Hankel matrix. Then, it returns the minimal Grébner basis G
of the ideal of relations satisfied by the sequence. These notions are recalled in Section 2] If we
denote by S the staircase defined by G and T the input set of monomials containing S U LM(G),
then the complexity of the ScaLarR-FGLM algorithm is O((#7)“), where 2 < w < 3 is the
linear algebra exponent. However, we do not know how to exploit the multi-Hankel structure to
improve this complexity.

The ARTINIAN GORENSTEIN BORDER BASES algorithm (AGBB) was presented in [25] for comput-
ing a border basis B of the ideal of relations. It extends the algorithm of [3]] using polynomial
arithmetic allowing it to reach the better complexity O(#S + #8B) - #S - #T) with the above
notation.

Another viewpoint is that computing linear recurrence relations can be seen as computing
Padé approximants of a truncation of the generating series Y;, ;o Wi,...i, X; -+ % . In [I8], the
authors extend the extended Euclidean algorithm for computing multivariate Padé approximants.
Given a polynomial P and an ideal B, find polynomials F and C such that P = g mod B, where
the leading monomials of F' and C satisfy some constraints.

It is also worth noticing that we now know that both the BMS and the ScaLar-FGLM al-
gorithms are not equivalent, see [3]], i.e. it is not possible to tweak one algorithm to mimic the
behavior of the other. However, if the input sequence is linear recurrent and sufficiently many se-
quence terms are visited, then both algorithms compute a Grobner basis of the zero-dimensional
ideal of relations.



1.2. Contributions

In the whole paper, we assume that the input sets of the ScaLAR-FGLM algorithm are the
sets of all the monomials less than a given monomial. In order to improve the complexity of
the algorithm, we will use polynomial arithmetic in all the operations. Even though they are
not equivalent, this reduces the gap between the BMS and the ScaLarR-FGLM algorithms and
provides a unified presentation.

In Section [3] we present the BM, the BMS and the ScaLar-FGLM algorithms in a unified
polynomial viewpoint. Using the mirror of the truncated generating series is a key ingredient
letting us perform the computations modulo a specific monomial ideal B: a vector in the kernel
of a multi-Hankel matrix is a polynomial C such that

M(P C mod B) < ¢, (1)

where P is the mirror of the truncated generating series, Lm denotes the leading monomial and #¢
is a monomial associated to C.

One interpretation of this is the computation of multivariate Padé approximants % of P mod-
ulo B with different constraints than in [18]] since we require that tM(C) is in a given set of terms
and Lm(F) satisfies equation ().

This polynomial point of view allows us to design the PorynoMiaL ScaLArR-FGLM algorithm
(Algorithm [T) in Section ] based on multivariate polynomial divisions. It computes, in a sense,
a generating set of polynomials whose product with P modulo B must satisfy equation (I)). If
they do not, by polynomial divisions, we make new ones until finding minimal polynomials
satisfying this constraint. It is worth noticing that in dimension 1, we recover the truncated
extended Euclidean algorithm applied to the mirror polynomial of the generating series of the
input sequence, truncated in degree D, and x”*!. All the examples are available on [7].

Our main result is Theorem [21] a simplified version of which is

Theorem 1. Let w be a sequence, < be a total degree monomial ordering and a be a monomial.
Let us assume that the Grobner basis G of the ideal of relations of w for < and its staircase S
satisfy a > max(S U Lm(G)) and for all g < a, s = max,<.{0, 0 g < a}, we have max(§) < s.
Then, the PoLyNoMIAL ScALAR-FGLM algorithm terminates and computes a Grobner basis of the
ideal of relations of W for < in O#S (#S + #G) #{0, o < a}) operations in the base field.

Let us also remark that the complexity bound is based on naive multivariate polynomial
arithmetic and that this algorithm can benefit from improvements made in this domain.

In applications such as the Sparse-FGLM one, sequence queries are costly, [17]]. In [3], an
adaptive variant of the ScaLAR-FGLM algorithm was designed aiming to minimize the number
of sequence queries to recover the relations.

In Section E], we show how we can transform the ApapTIVE ScaLAR-FGLM algorithm of [3]]
into an algorithm using polynomial arithmetic. This algorithm is output sensitive and proba-
bilistic, like the ApAPTIVE ScALAR-FGLM algorithm is. That is, its main advantage is that its
complexity only depends on the sizes of the computed staircase and Grobner basis.

Theorem 2 (see Theorem[26). Let w be a sequence, < be a total degree monomial ordering.

Let us assume that calling the ApapTIVE PoLyNoMIAL ScALAR-FGLM algorithm on w and <
vields the Grobner basis G and its staircase S .

Then, the ADAPTIVE PoLyNoMIAL ScALAR-FGLM algorithm performs at most O(#S+#G)* #2.5)
operations in the base field and #2 (S U LM(G)) table queries to recover G, where for a set T,
2T ={tt',t,t' € T}.
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Finally, in Section [6} we compare the PoLyNomiaL ScaLarR-FGLM algorithm with our imple-
mentations of the BMS, the ScaLaR-FGLM and the AGsg algorithms. Our algorithm performs
always fewer arithmetic operations than the others starting from a certain size. Even for an
example family favorable towards the BMS algorithm, our algorithm performs better.

Although we have compared the numbers of arithmetic operations, it would be beneficial to
have an efficient implementation. This would be the first step into designing a similar efficient
algorithm for computing linear recurrence relations with polynomial coefficients, extending the
Beckermann—Labahn algorithm [[1]] for computing multivariate Hermite—Padé approximants.

Amongst the changes from the ISSAC version of the paper, [6], the main additions are a com-
plete redesign of the ScaLar-FGLM algorithm through polynomial arithmetic in Section
and a full description of the ApapTivE PoLyNomiaL ScaLAR-FGLM algorithm, an adaptive variant
of the PoLyNomIAL ScaLAR-FGLM algorithm using polynomial divisions as well, in Section 5.2}
Generically, one could expect to make one relation with leading monomial m)c,.2 through a di-
vision of polynomials related to relations with leading monomials m and m x;. Yet, the naive
approach given in [6, Section []] could not do so as it does not perform any division. The Apap-
TIVE PoLyNomIAL ScALAR-FGLM algorithm visits the monomials in the same order as the ADAPTIVE
ScaLar-FGLM algorithm to recover the relations and replaces any linear algebra computations
by polynomial ones, see [3]]. We also give the complexity of this algorithm in terms both of the
number of operations and the number of sequence queries.

Furthermore, one of the main obstructions to the design of this adaptive variant is that at each
step, some polynomials are updated. This update process adds terms supposed to be small with
respect to the ordering. Yet, their leading terms were not stable during this update process.

Lastly, in Section [3] we now more clearly define what 7c should be in Equation [T} This
is a key point in the PorynomiaL ScaLar-FGLM algorithm and a more complete description is
available in Proposition[I3]

2. Notation

We give a brief description of classical notation used in the paper.

2.1. Sequences and relations
i

Forn > 1,weleti= (iy,...,i,) € N"and for x = (x1,..., x,), we write X' =X/ - X,

Definition 3. Let K be a field, K C N" be finite, w € KN' be a n-dimensional sequence with terms

inKand f = Yyere vuX* € KI[x]. We let [f],, or [f], be the linear combination ¥ ycx Y Wi
If for all i € N", [X f| = 0, then we say that f is the polynomial of the relation induced by

¥ = Mkex € K%

The main benefit of the [ ] notation resides in the immediate fact that for all index i, its shift
by Xiis [X1 f| = Siexe Vi Wi
Example 4. Letb = ((;))U e be the sequence of the binomial coefficients. Then, xy —y — 1 is
the polynomial of Pascal’s rule:

V(@i, j) € N*, [¥'y/ (xy =y = )] = bis1 js1 = by je1 — by ; = 0.



Definition 5 ([19] 26]). Let w = (Wy)iene be an n-dimensional sequence with coefficients in K.
The sequence w is linear recurrent if from a nonzero finite number of initial terms {wj, i € S},
and a finite number of relations, without any contradiction, one can compute any term of the
sequence.

Equivalently, w is linear recurrent if {f € K[x], Y m € K[x], [m f],, = 0} € K[x], its ideal of
relations, is zero-dimensional.

As the input parameters of the algorithms are the first terms of a sequence, a fable shall
denote a finite subset of terms of a sequence.

2.2. Grobner bases

Let 7 = {x', i € N"} be the set of all monomials in K[x]. A monomial ordering < on K[x] is
an order relation satisfying the following three classical properties:

1. forallme 7,1 < m;
2. forallmm/,se T, m<m > ms<m's,
3. every subset of 7~ has a least element for <.

For a monomial ordering < on K[x] and f € K[x], f # 0, the leading monomial of f, denoted
M(f), is the greatest monomial in the support of f for <. The leading coefficient of f, denoted
Lc(f), is the nonzero coefficient of Lm(f). The leading term of f, t1(f), is defined as rr(f) =
Le(f) w(f). For f = 0, to simplify the presentation, we shall define Lm(f) = rc(f) = tr(f) = 0.
For an ideal I, we denote tmM(/) = {Lm(f), f € I}. Furthermore, we naturally extend < to 7 U {0}
with 0 < 1.

We recall briefly the definition of a Grobner basis and a staircase.

Definition 6. Ler I be a nonzero ideal of K[x] and let < be a monomial ordering. A set G C I is
a Grobner basis of I if for all f € I, there exists g € G such that tm(g)| tM(f).

A Grébner basis G of I is minimal if forany g € G, (G \ {g}) # L

Furthermore, G is reduced if for any g,8’ € G, g # g and any monomial m € supp g/,
M(g) { m.

The staircase of G is defined as S = Staircase(G) ={s € T, Y g € G,1m(g) 1 s}. It is also the
canonical basis of K[x]/I.

Grobner basis theory allows us to choose any monomial ordering, among which, we mainly
use the

LEX(X, < --- < x1) ordering which satisfies xt < x if, and only if, there exists k, 1 < k < n,
such that for all £ < k, iy = 7; and i < i,’c, see [14) Chapter 2, Definition 3];

DRL(X, < --- < x]) ordering which satisfies x < x if, and only if, i} +--- + i, < i\ +--+1ior
i+ +i, = i’1 + -+ i, and there exists k, 2 < k < n, such that for all £ > k, i = i} and
ix > iy, see [14, Chapter 2, Definition 6].

However, in the BMS algorithm, we need to be able to enumerate all the monomials up to

a bound monomial. This forces the user to take an ordering < such that for all M € 7, the set

T<q = {m < a, m € T} is finite. Such an ordering < makes (N", <) isomorphic to (N, <) as an

ordered set. Hence, for a monomial m, it makes sense to speak about the previous (resp. next)

monomial m~ (resp. m*) for <. The prL ordering is an example for an ordering on which every
term other than 1 has an immediate predecessor.
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This request excludes for instance the LEX ordering, and more generally any elimination or-
dering. In other words, only weighted degree ordering, or weight ordering, should be used.

Now that a monomial ordering is defined, we can say that a relation given by a polynomial
f € KIx] fails when shifted by s if for all monomials oo < s, [c f] = 0 but [s f] # 0, see
also [27, 28]].

2.3. Multi-Hankel matrices

A matrix H € K™" is Hankel, if there exists a sequence W = (w;);ey such that for all
@1 e {1,...,m} x {1,...,n}, the coeflicient %, ; lying on the ith row and ith column of H
satisfies iy = Wiyp.

In a multivariate setting, we can extend this notion to multi-Hankel matrices. For two sets of
monomials U and 7, we let Hy 7 be the multi-Hankel matrix with rows (resp. columns) indexed
with U (resp. T') so that the coefficient of Hy 7 lying on the row labeled with x' € U and column
labeled with X' € T is wi,y.

Example 7. Let w = (W jx)q joen be a sequence.

L ForU={Lz2y.yzy?) = {Lz2} UylLzaP)and T = {1.z,y,yzyy" 2} = (1,2} U
y{1,z} U y*{1, 2}, ordered for LEX(z < y < X),

1 z y vz y? ¥z
1 wo0,00 Wo0,0,1 wo,1,0 Wo,1,1 w020 Wo2,1
Wo,0,1  W0,0,2 wo,1,1 Wo,1,2 Wo2,1 Wo2.2
Hyr = 2 W0,02  W0,0,3 wo,12  Wo,1,3 w022 Wo023
y wo,1,0 Wo,1,1 w020 Wo02,1 Wo3,0 Wo03,1
yz wo,1,1 Wo,12 Wo2,1  Wo2.2 wo3,1  Wo3,2
v wo,1,2 Wo,1,3 w022 Wo0,23 w032 Wo03,3

is a 2 X 3-block-Hankel matrix with 3 X 2-Hankel blocks.
2. ForU=UUxUUXUUXPUandT=T U xT UX*T U XT U x*T, also ordered
for LEX(z < y < X),

T xT T 3T x*T
U Hyr Hy.r Hy.er Hy.sr Hyr
Hyz = sz H,yr Hyyxr Hoyer Hoysr Hoyvr
’ U Heuyr Heyar Hoyer Heyor Hoyer
“u \ Hayr Hayxr Hayxer Hoywr Hoyxr

where H,iy v = H,uv yr for any i,i’ since H,i ;v v is the same matrix as Hyr where
each coefficient wo i has been replaced by wi,y ji. Therefore, Hy 5 is a 4X5-block-Hankel
matrix with 6 X 6-multi-Hankel blocks like Hy 7.

3. For T = {1,y,x, yz,xy, x%), ordered for oRU(z < y < x), Hyrr is a multi-Hankel matrix
whose structure is less clear. It can be considered as a block-Hankel matrix with blocks of



[S)

different sizes, noticing that T = {1} U y {1, f} U y? {1, f, Jyf—z},
1 y X y? Xy x?
1 W0,0,0 Wo,1,0  W1,0,0 Wo20 Wi1,0  W200
y Wwo,1,0 w020  WI,1,0 w030 Wi120 W2,10
Hrr = xz W1,0,0 WiL1L0  W2,00 Wi20 W2,1,0 W300
y w0,2,0 w030 Wi120 Wo40 W130 W220
xy | W10 w120 W2,10 Wi30 W220 W330
e w2,0,0 w10  W3,00 w220 W30 W400

’z 72 722° 20 2

4. ForU ={l,z,y, 5,22,y x5 xy,x2} = {1} U z {1 y,f} U z2 {1%z Y Xy x—z}, also

ordered for bRL(z < y < x), the matrix Hyy can be seen as a block-matrix like Hr 1 except
each block is a multi-Hankel matrix in two variables. In fact, the bottom-right block would
be the same as Hyy where each coefficient w; ;g is replaced by w; j4—;_ ;.

2.4. Polynomials associated to multi-Hankel matrices

For two sets of terms T and U, we let T + U denote their Minkowski sum, ie. T + U =
{tu, te T,ue U},and2T =T +T.

For a set of terms 7', we let M = Lem(T). We let Py be the mirror polynomial of the truncated
generating series of a sequence w, i.e.

Pr=31%

teT

Example 8. Let w = (w; ;i) jpen be a sequence and T = {1,z2,y, x, zz,yz}, then M = xyz2 and

Pr=[11xyZ +[dlxyz+ [ylxz? + [x]y2 + []xy + [yzl xz

2 2 2
=W0,00XYZ" T W001XYZ+Wo,10X2 +Wi100YZ +Wo02XY+Wo1,1X2.

In this paper, we will mostly deal with polynomials Pr,y as there is a strong connection
between Hyr and Pr.y.

Finally, letting M = Lem(T+U) = x?‘ e x,?” and B be the monomial ideal (xlD‘“, e, x,?””),
we will use pairs of multivariate polynomials R,, = [F,,, C;,] where tM(C,,) = m and F,, =
PT+U Cm mod B.

3. From matrices to polynomials

Before detailing the unified polynomial viewpoint, we recall the linear algebra viewpoint of
the BM, the BMS and the ScaLarR-FGLM algorithms.

3.1. The BM algorithm

Let w = (w;);ey be a one-dimensional table. Classically, when calling the BM algorithm, one
does not know in advance the order of the output relation. Therefore, from a matrix viewpoint,



one wants to compute the greatest collection of vectors

Y1 0 0
. Y1 0

Y1 :

- 0

S A R O
0 0 .
: : -1
0 0 1

1 - xP

in the kernel of Hyy 1, 0y =1 ( wo -+ Wp ), that is y1,..., ¥« € K such that the relation

[Cu]l = wy + Zf;é v« wy and its shifts, [xC ], ..., [xP~4 C 4], are all 0. Equivalently, we look
b4l

for the least d such that Hy_,, , 7, (y X‘;] ] =0
1

This Hankel matrix-vector product can be extended into

) e Wal1 Wy 0
wi e Wg W 0
Y1
Wp_da *** Wp_1 Wp =1 0 [, 2
Wp_d+1 *** Wb 0 y’ﬁi”' S
wp 0 -0 fi

representing the product of polynomials Py, = ¥2w; x"~ and C,v = x? + £} v« x* modulo
B = xP*!. The requirement for C,« to encode a valid relation is now that tM(F ) < x¢ with
de = P~7-<XD de mod B.

This viewpoint gave rise to the following version of the BM algorithm: Start with Ry =
[F5,Cg] = [B,0] and B = x"*!, and R, = [F,C|] = [P7_,,1]. Compute the quotient Q of the
Euclidean division of Fz = B by F and then compute R,y = Rs — QR = [Fg — Q F,Cp —
0 Ci] = [Fiw), Cimo)]- Repeat with R and R, ) until reaching a pair R« = [Prrqn C.« mod
B, C,a] = [Fu, Cya] with tM(Ce) = x¢ and LM(F ,«) < x?. This is in fact the extended Euclidean
algorithm called on B = xP*! and F; without any computation of the Bézout’s cofactors of xP*!.

Example 9. Let us consider the Fibonacci table F = (F;)jen with Fo = Fy = 1 and assume
D = 5. On the one hand, although the kernel of

1 x P 4 X
8

H[l],[l,x,xz,x3,x4,x5] =1 ( 1 1 5 )
!
has dimension 5 and | () | is in this kernel, it corresponds to [x — 1] = 0, its shifted vectors
0
0
0 0 0
-1 0 0 0 )
SEE LS 1-1 8 | are not, as they correspond to [x* (x — 1)] # 0, for 1 < i < 4. However,
0 0 1 -1
0 0 0 1



these vectors
-1 0 0 0

1] |-1{]0 0
1 -1] |-1 0
oprf1p|-1-1
0 0 1 -1
0 0 0 1

are in the kernel and form the greatest collection of shifted vectors as such. They correspond to
[x' (x* = x = 1)] = 0, for 0 < i < 3. Finally, we have

k)

3
0 0 -8

oo L W N —

0
0
0
0
-1

0 N W N — —

where the gray zeroes (0) are due to the matrix extension and not the sequence itself.

On the other hand, B = x°, Rp = [B,0]land R; = [ + x* +2x> +3x2 +Sx + 8,1]. As we
can see R, = [F, Ci] withw(Cy) = 1 and tm(F)) = x> > 1.

The first step of the extended Euclidean algorithm yields Ry = [x*+x*+2 x> +3x-8,x—1] =
[F,, Cy] withm(Cy) = x and tm(F,) = x* > x.

Then, the second step yields R» = [-13 x -8, X2 —x—1] =[Fy,Cp] withwm(C,2) = x*> and
M(F o) = x < x? so Cy is a valid relation. We return C ..

Remark 10. The BM algorithm always returns a relation. If no pair R = [Fs, Cs] satisfies
the requirements, then it will return a pair R, with 1M(C) > xP. From a matrix viewpoint, it
returns an element of the kernel of the empty matrix Ho7_,.

3.2. Multidimensional extension

In this section, we show how to extend Section @] to multidimensional sequences. Sec-
tion corresponds to the BMS algorithm. We shall see that this extension is the closest to
the BM algorithm. Then, Section corresponds to the ScaLar-FGLM, which, in some way,
is more general.

3.2.1. The BMS algorithm
For a multidimensional table w = (wj)jen, the BMS algorithm extends the BM algorithm by
computing vectors in the kernel of a multi-Hankel matrix

a

1 a
Hyg =1 (10 - (a1 [a])

corresponding to having relations [C,] = 0, with LM(C,) = g minimal for the division and for all
tsuch thattg < a, [t C,] = 0 as well. This also comes down to finding the least (for the partial
order |) monomials g, ..., g, < a such that dimker H’TS.\-k Tey > 0 with s; the greatest monomial
such that s; g < a for all k, 1 < k < r. Then, each multi-Hankel matrix-vector product can be



extended further as in equation EI, taking the multi-Hankel matrix Hr_, 7., and setting to zero
any sequence term [fu] with tu ¢ T <,.

(1 - gl (8] 0
(1] -+ [P g] [17 gl 0
: : : n .
[se] -+ [segrl [sesd || - [=] O | 3
[sg] o sy gi] 0 Vie; Tuyst
[al O e 0 mja
where M = LeM(T<,) = x{) L. x,? ". It then represents the product of polynomials Py, =
Di<alt] % and Cg, = g + X <g, v modulo B = (x?‘”, ..., x2*1) The requirement for Cy, to

encode a valid relation is now that LM(Fg,) < % with Fg, = Py Cg, mod B.

Let us notice that [s; g;] can also be a 0 if s g > a and that, more generally, the gray
zeroes need not be diagonally aligned like they are in the univariate case. This is illustrated by
the following example.

Example 11. Let us consider the binomial table b = ((;

a = x*y. The kernel of

))(A e with DRL(y < x) and assume
ij

Loy x ¥ xy 2y Ay
Hyr, =t (1. 0 1.0 1 1.0 0 2)

0 -1
1 a
0 0

has clearly dimension 8. Two vectors in the kernel, 8] and [ 8 , with @ any number in K,
0 0
o

correspond to the independent relations [y] = 0 and [x + ay — 1] = 0. However, not all their

shifts belong to the kernel. For the former, | corresponding to [y*] = 0, belongs to the

[=lslslslaljelele]

kernel but does not, as [xy] # 0. For the latter, does not belong to the kernel, as

cococo~ocooo
cococo~rolo

[xy+ay? —y] # 0, whatever a is.
Therefore, the vectors in the kernel that we seek must correspond to relations [C,] = 0 with
gelyxy, 2.y}

In fact, as [my*] = 0 for | < m < x, the vectors , are in the kernel and fulfill

[=leleleleljele]le)
[=lelielelelele]le)
[=lelslelelelele]
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the requirements. We can indeed notice that

—_ o o«
e e e ]

<
o

S OO

Iy x vy

1 1 010 0

y 0010 0

x 1 110 0
8 0 ¥ 00 0 O 8 0
ol= 0, «xy 1 02 0 ol= 0],
) 0 22 1 20 0 1 0

b 0 0 0 O 0

x»» [0 0 0 0 0

2y \L2 0 0 0 0

where the gray zeroes (0) are due to the matrix extension and not the binomial sequence itself.
From the polynomial point of view,

Fy =Py, Cyp modB

=y +xy’ +xy? +y +2y%)y? mod (°,y%)

=0.
—(1+a)
B
8’
Likewise, the vectors (1) s
0
0
as they correspond to [m(xy + a x
Furthermore,
1
1 1
y 0
x 1
¥ 0
Xy 1
e 1
¥ 0
xy? 0
2y 2

From the polynomial point of view, F, = Py,

—(1+a)

[Se

Finally, the vectors

[=leleljele]

0 0
—(1+a) 0
0 *(loﬂl)
g ,| B | arein the kernel for« = 0 and B = —1,
0 0
0 i1
+By-(1+a)] =mxy-y-D1=0 forl <m < x
y o x ¥y oxy
01 0 1 0
01 0 O 0
1 1 0 2 -1 0
0 0 0 O -1 0
02 0 O 0f|=|-11,
2 0 0 O 0 -3
00 0 O 1 0
0O 0 0 O 0
0O 0 0 O -2
o, @y —y=T1ymod (,y*) = —xy* =3y* - 2"
—(10+a)
0
'(‘g , are in the kernel for « = -2 and B = 0, as they
0
0
1

11



correspond to [m P +ax +B8y-(+a)]=[m (F*=2x+D]=0, for 1 <m <y. Furthermore,

1 y x Yy Xy X
1 1 01 0 1 1 0
y 0010 | 0
x 111 0 2 0 0 -1
{0000 0 0fl] fo
xy 1 0 2 0 0 O ol= -3].
e 1 20 0 0 O 0 1
y? 00 0 0 0 0 1 0
xy? 00 0 0 0 O 0
£y \2 0 0 0 0 O 2

From the polynomial point of view, Fy» = Py_, (x> =2x+ Dmod (x3,y%) = —xy* = 3xy* +
¥+ 252
The BMS algorithm will return the three relations Cy> = ¥, Ciy=xy-y—-1land Cp =
2
x*=2x+ 1L

Remark 12. As for the BM algorithm, the BMS algorithm will always return a relation C, with
wm(C,) = g a pure power in each variable. Therefore, it can return Cg with g > a, corresponding
to a vector in the kernel of the empty matrix Hyg—_,.

3.2.2. The ScaLar-FGLM algorithm

The ScaLar-FGLM algorithm corresponds to computing vectors in the kernel of a more gen-
eral multi-Hankel matrix Hy,r, with T and U two ordered sets of monomials, corresponding also
to relations [C,] = 0 with tm(C,) = g, such that forall t € 7, if tg € T, then [tCg] = 0, i.e.
the vectors corresponding to t C, are also in the kernel of Hy 7. We now consider that both sets
of terms T and U satisfy T = 7-, and U = T,. This allows us to encompass both the BMS
algorithm and the ScaLar-FGLM algorithm.

The goal is to extend the multi-Hankel matrix-vector product

1 - ’}/l
(I e fal @ |G| o
. . . Yo | |.
: : : . 11=1: 4)
b 671 -+ [ab7] [ab7] 0 0
b ] --- [a™ b] [ab] . 0
0

in a similar fashion as in equations (Z) and (@) with rows up to monomial ab and any table
term [z u] set to zero whenever fu > ab so that this extension corresponds to the product of
Priy = Yrer+mlT] A—f, where M = x?‘ oo xPr = Lem(T + U), and Co=g+Y,vit,withg <a,
modulo B = (xlD‘”, v XDy,

Let us denote by s the greatest monomial such that sg < a, then C, is a valid relation
if C, represents a kernel vector of the matrix Hy, 47 7., that is, if the coefficients of all the

: Dy+1 D,+1 .
monomials % of F = Py, C, mod (xl N ) for u € 7, + 7<, are zero. While

12



T <» + T < 1s stable by division, it is in general not 7<;, the set of all monomials less than b s.
Therefore, we cannot only ask that tm(F) < % However, if we let F' be the same polynomial
as F where we set to zero any monomial % in Fwitht € T4\ (T<p + 7<) dividing M, then
C, is a valid relation if, and only if, wm(F) < %. Then, we can extend the matrix Hy_,+7, 7., by
adding all the rows with label in 7, + 7, except those not in T« \ (7<p + 7<), or even those

divisible by a monomial in T, \ (T<p + T <s)-

Proposition 13. Let T = T<, and U = T, be finite sets of monomials in K[x], let M =
Lem(T + U) = xlD‘ oo xPnand B = (xllj‘”,...,an””).

Let Cq be a polynomial with support in T and with leading monomial g and let s be the
greatest monomial such that s g < a.

Let G be a minimal set of monomials generating the sets of monomials less than b s but not
inT <p+7T <5, i.e. Gs is a reduced Grobner basis of the monomial ideal generated by T<p s\ (T <p +
7;&-

We let F ¢ be the polynomial obtained by setting to zero all the coefficients of monomials % of
Fg = PrioyComod B = Y crsp) for L withmulM and u € G. That is, Fy = Yeirsv) for 2

where NormalForm (ZTE(T+U) fg’-,- T, gs) = ZTE(T+U) f;’-,- T.
Then, [uo C,] =0 forallu € U and all o € T<; if, and only if, LM(Fg) < bﬂs.

Example 14. We still consider the binomial table b with DRL(y < x). We let T = U = T, ie.
a = b = xy?* so that

[
]
=
-
hs
-
W
=
<
]

=

<

~

|

<
SO~~~ O = O = =
OO NN OO~ OO«
—_—O = DN O = e =
OO = OO O OO T
SOoOW—~, OO~ &
WO = W= =N =
cNoNoNoNoNoNolNol
SOoOWOoOOoO R~ OO

The computation of the kernel of this matrix yields the vectors corresponding to

coco—ocol L

[u(xy—-y—-1] = [uy(xy—-y—1] =0 forall u € U and the vector corresponding to

S—cococococo—coololo

[uy’] =0forallue U.
Forg =xy, s = xand T« + T<y = T2y \ (23, 3y, x4, 3 y?). Thus, we do not add any

13



row with label multiple of x* in the extended matrix-vector product:

o

Ly x y xy

1 1 01 0 1

y 001 0 O
x 1 1.1 0 2
¥ 00 0 0 O
xy 1 0 2 0 1
x? 1 21 1 3
» 00 0 0 O
xy? 0 01 0 O
2y 21 3 0 3
- 1 2 1 2 A
¥ 00 0 0 O
xy 00 0 0 O
*2y? 1 03 0 O
iy 3 2 0 0 A
4 1 A 0 0O A
y 0 0 0 O O
xy* 0O 0 0 0 O
2y3 0 0 0O 0 0
o] ]2 2 ('\ 0 ( ) 0
»° 0O 0 0 0 0
xy 0O 0 0 0 0
2yt 0O 0 0 0 0

SO L oo o000 o0o

H= P\ =

S O O

['S)

(=]

(e}

From the polynomial viewpoint, F., = Pr,y (xy—y—1) mod (P, y) = -4xy0—x>y*—6xy -

y® = 3xy* so that ny = -’y = Dire(T+U) fg,T % The vector [ 0

H‘Ts,rzy+7’9,7m is then equivalent to asking that w(F ) < % =

condition is not satisfied by F ., since LMm(F ) = xy6.

14

-1
-1

—_

xy6
xy?

) being in the kernel of

= x>y, Notice that this



Forg=y3 s=1and T<p + T<1 = T<yp, thus we add all the rows from T2 + T<yy2.

(S
W

Iy x ¥y xy x vy
1 1 01 0 1 1 O 0
y o010 0 2 0 0
x 1 1.1 0 2 1 0 0
¥ 0000 0O 1 O 0
xy 1 02 0 1 3 0 0
X2 1 21 1 3 1 0 0
¥ 00 0 0 O 0 O 0
xy? 001 0 0 3 0 0 0
2y 21 3 0 3 0 0 0 0
x 1 3 1 3 0 0 O 0 0
y 00 0 0 0 0 O ol = 0
xy 00 0 0 0O 0 O 0 0l
2y? 1 03 0 O 0 O 0 0
2y 33 0 0 0 0 0O 1 0
xt 1 0 0 0 0 0 O 0
y o0 0 0 0 0 O 0
xyt 0O 0 0 O O 0 O 0
2y} 00 0 0 0 0 O 0
xy? 300 0 0 0 O 0
y° 00 0 0 0 0 O 0
xy’ 00 0 0 0 0 O 0
0 0

o
(e}
o
o
o
o

¥ )’4

The polynomial F\s = Pryy y? mod (x°,y”) = 0, so that F v = 0. Trivially, LM(F \3) satisfies any

~ 4.6
constraint on its leading monomial, in particular tM(F3) < % = % = x>y

4. A division-based algorithm

The goal is now to design an algorithm based on polynomial division to determine all the C,
for |-minimal g such that M(F ¢) is small enough, where F, = Pr,y C, mod B and F ¢ 1s obtained
from F, as in Proposition T3]

We start with two sets of terms 7 = 7<, and U = 7<;, so that M = xlD‘ e x,ll)” =1eMm(T + U).
We initialize B = (By,...,B,) = (x""*', ..., x2"*"), Ry, = [B1,01,...,Rp, = [B,,0] and Ry =
[Priu,1].

For any R, = [F,,C¢] = [Pr+y Cg mod B,C,], by Propositionl'l;gl, C, is a valid relation if
g €T and LM(Fg) < % with s = max{o, o g < a}. To go along with the fact that the BMS
algorithm always returns a relation C, with ¢ = LM(C,) a pure power of a variable, if g ¢ T, then
C, will automatically be considered a valid relation as well.

From a failing relation C,,, we get that m is in the staircase of the Grobner basis of relations.
Thus, each time a built relation is not valid, we update the staircase of the ideal of relations. At
each step, we know the staircase S and equivalently the set H = min{h € 7\ S} which are the
leading terms of the candidate relations.

The algorithm uses the following subroutines

15



NormalForm(R,,, [R:, Rp,, .- ., Rp,, Ry, ..., R ]), for computing the normal form of [F,,, Cy]
wrt. to the list Rp,,...,Rp,, Ry, ..., R, with tm(F;) > --- > wm(F;). To do so, it com-
putes first O, Op,, ..., OB,, O, - - ., Q.. the quotients of the division of F,, by the list of
polynomials [F,,, By, ..., By, Fy,, ..., F] and then return R, = R,y — O,y R,y — O, Rp, —
= Qp,Rg, —On Ry —--— O Ry,

Stabilize(S'), for computing the true staircase containing S, i.e. all the divisors of terms in S.
Border(S), for computing the least terms for | outside of §.
For h € H, we now want to build R, with the least Lm(F},).

Instruction 15. Pick a failing pair R, = [F,,, Cy] with h = gm and m the largest for <,
1. if there exists another failing pair R,y = [Fpy,Cyy] such that \w(F,y) = q wtM(Fy,), then

compute Ry, as the NormalForm(R,, [R,, Rp,, ..., Rp,, Ry, ..., R, 1) where Cy,...,C, are
failing relations and tm(Fy,) > -+ > wm(Fy).
2. otherwise, compute Ry, as NormalForm(q R,,, [Rp,,...,Rp,, Ry, ..., R ]).
Remark 16. If g LM(F,,) is in the ideal spanned by B, then case[2]of Instruction[I3]is equivalent
to computing the normal form of [q wM(F,), 0 wrt. Ry, Rp,, ..., Rp,, Ry, ..., R, ]. In fact, unless
the table is 0, at the start, Ry = [Pr.y, 1] must fail when shifted by a monomial s = x'l‘ cee Xy
and we have to make new pairs RX,-I,+1 A ,in’nﬂ. Since (M(Pr.y) = %, then these pairs can be

computed as the normal forms of [x;f+1 %,0] = [Bi, 01 M’, with M’ € T, wrt. the ordered list
[Ri,Rp,,...,Rp,]. In dimension 1, this comes down to reducing [x?'“,O] = [By,0] = Rp, wrt.
[R1,Rp, ], and thus R, only. This is indeed the first step of the extended Euclidean algorithm

called on By and F as described in Section[3.1]

Example 17 (See [7]]). Letb = ((j))( v be the binomial table, < be the bRy < x) monomial
ij

ordering and T = T~ and U = {1} be sets of terms. We havea = x>, b =1, T =T + U and

M =1em(T) = x*y3 so that Pr = ¥ y> + > y* + X2 y* + xy* +2xy? +y>, Ry = [Pr, 1] = [F},C]

and Rp, = [x*,0], Rp, = [y4,0].

o m =1, thus s = x> and as tM(F) = tMm(Py) = x°y° = % then the relation C fails when
shifting by 1 so that 1 is in the staircase. Thus H = {y,x}. We create R, by computing
the normal form of [y L(m(F1),0] = [x°y*, 0] wrt. [R1,Rp,,Rp,] and get R, = [F,,C,] =
[x*y3 +2xy3,y]. Likewise R, = [F,,Cy] = [X*y* + X2 y* = 2xy* = y*,x = 1].

o m =y, thus s = x> and as tm(F ) = Xy = % then the relation Cy fails when shifting by
x so that y is in the staircase. Thus H = {x,y*}. We create

- Ry =0, yz] by computing the normal form of [y um(Fy),0] = [x? y4, Olwrt. [Ry,Rp,,Rp,, R1, R,].

o m=x, thus s = x> and as IM(F,) = x> y* = 1;_4’ then the relation C fails when shifting by
y so that x is in the staircase. Thus H = {y*, xy, x*}. We create
- Ry = [-x2y* = 3xy> = 2xy? —y3,xy — y — 1] by computing the normal form of R,
wrt. [Ry, RB| s RBz, R.],
— Rp = [-3x2y? = xy3 +2xy* + 3, x2 = 2x + 1] by computing the normal form of
[x tM(F,), 0] = [x*y?,0] wrt. [Ry, Rp,, Rg,, R1, Ry].
16



Algorithm 1: PorynomiaL ScaLar-FGLM

Input: A table w = (wj);en With coefficients in K, a monomial ordering < and two monomials a
and b.

Output: A Grobner basis G of the ideal of relations of w for <.

T=(teT,t=za,U={ueT, uzb}.

M = 1rem(T) Lem(U).

. I+deg,. M .
For i from 1 to n do Rp, := [xl. A 0]. // pairs on the edge
P= 3 |[7] % // the mirror of the truncated generating series
7e(T+U)
R ={[P,1]}. // set of pairs [F,,, C;y] = [P - Cp, mod B, Cy,] to be tested
R =0. // set of failing pairs
G=0,8 =0. // the future Grobner basis and staircase

While R # 0 do
R, = [F,, C,,] = first element of R and remove it from R.

Ifme¢T orm(F,) < b—MJ then // good relation, see Proposition
| G:=GU{C,).

Else // bad relation
R =R U{R,}.

For all r € R do // reduce next pairs with it

L r := NormalForm(r, [Rg, , . . ., Rp,, Ryx]).

S = Stabilize (S U {m}).
H = Border(S).
For all 1 € H do // compute new pairs

If there is no relation C, € G or no pair R;, € R then
| Make a new pair R;, = [F},, C;,] following Instruction@and add it to R.

R;turn G.
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o m= yz, thus s = x and as Fp = 0, then the relation is necessarily valid.

o m=xy, thus s = x and as wm(F ) = X2 y2 = % then the relation C, is valid.

o m = X%, thus s = x and, likewise, as L(Mm(F ) = x> y* = x—My then the relation C 2 is valid.
We return C,. =52 Cyy=xy-y—1landCy,. = x> -2x+1
Example 18 (See [7] and Example . We keep b = ((;))(i,j)eNz’ the binomial table, and < set
as pRL(y < x). We let however T = U = T, so thata = b = x4, 2T =T +Tand M =
LeM(2 T) = x*y0. Thus, Py = x* Y0+ x3 0+ 3 2+ 2 Y042 2 Y+ x )0+ 22 y* +3 x Y’ +y0 +3 xy*,
Ry = [Py1,1] = [F1,Cy] and Rp, = [¥°,0], R, = [y’,0].

e m=1,thuss=xy*and T<p+T<s = T <y \ {x*y, X}, with x> not dividing M. Therefore,
F|is obtained from F by removing monomial x% =y, Asm(F)) = wm(Py ) = x4 yo >
% = x%y?, then the relation C\ fails and 1 is in the staircase. Thus H = {y, x}. We create
Ry by computing the normal form of [y tm(F1),0] = [x* y*,0] wrt. [Ry,Rp,,Rp,] and get
R, = [F,,C,] = 0 + 2220 + 2y’ +3xy° + 3xy°,y]. Likewise R, = [Fy,C,] =
[)c“y5 +x3y5 +x3y4 +x2y5 +2x2y4 +3xy5 +y6 +3xy4,x— 1].

e m=y, thus s = xyand T<, + T<s = Ty \ {(x*). Therefore, Fy is obtained from Fy by
removing monomial % =5, As M(Fy) = Xy > % = x*y3, then the relation C, fails
and y is in the staircase. Thus H = {x,y*}. We create

- Rp = [x?y0 + 3 x)°,y%] by computing the normal form of [y w(Fy), 0] = [x*y7,0]
Wrt. [Ry,RBl , RBZ’ R{,R,].

e m=Xx thus s = y2 and T<p + T<s = T<pyp \ {x3 v, x*). Therefore, F.is obtained from F
by removing monomials % = xy° and % =)0 Asm(F,) = x*y’ > % = x> y?, then the

relation C, fails and x is in the staircase. Thus H = {y*, xy, x*}. We create

- R, =[-4 xy0 = x2y* —6xy  —y° =3 xy* xy—y— 1] by computing the normal form
of Ry wrt. [Ry,Rp,,Rp,, R,];

—Ro =[x+ 3y =422y —xy° =52y +3xy° +y0 +3xy, 2 —2x+ 1] by
computing the normal form of [x tM(Fy),0] = ES y5, O] wrt. [Ry,Rp,,Rp,,R1, Ry].

e m =1y thus s = x and T<p + T<; = T <y AsiM(Fy2) = xty® > % = x*y*, then the
relation Cy. fails and y? is in the staircase. Thus H = {xy, x>,y}. We create

- Ry = [0, y3] by computing the normal form of [y wm(F2),0] = [x? y7,0] wrt. [Ry2,
Rp,,Rp,,R1,R, Ry, R2].

e m=xy thuss=yand T<p + T<s = T<xyp \ {x3). Therefore, I‘:xy is obtained from Fy, by
removing monomial % =x)%. As LM(ny) =x2y* < % =x3y3, Cy isvalid.

o m=xthus s = 1 and T<p + T<; = T <xyr. As tM(Fy2) = Xyt = bﬂv = x> y*, then the
relation C . fails and x* is in the staircase. Thus H = {xy,y*, x*}. We create

—Rs=[48Y -6y +7x2Y +5x° +8x2y* —=3xy° =0 =3 xy*, 2¥ -31% +
y* + 3 x — 1] by computing the normal form of [x tM(F,2),0] = [x°y*,0] wrt. [Rye,
RBlsRstRl»Rsty,Ryz]-
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e m=y> thus s =1 and T« + T<; = T <xy2e As LM(Fyz) =0< % = x4, Cys is valid.

o m=x> thus s = 0 and C,s is trivially valid.

Notice that any relation in x> would trivially be valid. Though, this is the one yielding the
smallest leading monomial for F s, i.e. x> y°.

We return Cy = xy —y — 1, Cys =y*andCp =x> =322 +y>+3x- 1.

Remark 19. Like the BMS algorithm, this algorithm creates new potential relations by making
polynomial combinations of failing relations. As a consequence, at each step of the main loop, the
potential relations, i.e. elements of R, are not necessarily interreduced. Either we can interreduce
the final Grobner basis before returning it at the last line of the algorithm, or when C, is added to
the set G we can update all the current relations by removing multiples of [F,, C,] and likewise,
reduce by [Fg, Cgl, any subsequent pair [F,,, Cy].

Example 20 (See [7]). We give the trace of the PoLyNoMIAL ScALAR-FGLM algorithm with the
slight modification above called on the table w = (2i+ 1)+ (2 j—-1) (—1)”-")(1-,]-)61\;2, the stopping
monomials a = 1 and b = y° and the monomial ordering pRL(Y < X).

We setT =Ty, U ={1}, M = Y andP =4y +4x* Y +4X3y  +4x2y —4x4y? +
432y +8xy° +8x'y +8x3)2 + 822y + 8xy* +8y5 — 8x* Rp, = [x°,0],Rp, = [%,0],
R =[[P,1]].

Pair R, = [F|,Ci] =[P, 1], R := 0 and since 1 € T but tm(Fy) = x° y° > % = x4, then

R ={R(}, S ={1,x}and H = {y, x2).
We make new pairs added to R:
- R, = [F,,C,] := NormalForm([y m(F), 0], [R1,Rp,,Rp,]) which can be nor-

malized into Ry, = [4x*y* — -+ [y —1];
- Re = [Fe,C,] = NormalForm([x> LM(F)), 0], [R1,R3,,Rp,]) which can be
normalized into Ra = [4x*y3 — - X2 —x—1].

Pair R, = [F,,C,], R := (R} and since y € T but tM(F,) = x*y* > X = x*y, then
y ys &y ) s

o R ={R,R)}, S ={l,y,x}and H = (2, xy, x%).
We make new pairs added to R:

- Asywm(Fy) = ¥y ¢ (x,y%) and tm(F)) # y M(F)), we can only set Ry, =
[F\2, Cy2] := NormalForm(y Ry, [Rp,, Rp,, R1, R,]) which can be normalized into

Ryz = [—4x4y3 _ ’yz_x+2y_ 11;
- Ryy = [Fyy, Cxy] = NormalForm([x tm(F)), 0], [Ry, Rp,, Rp,, R1]) which can be
normalized into R,y = [4x*y* — -+ ,xy—x+y—1].

— Nothing is done for x* since R,2 already exists.
Pair R = [Fy2,Cp], R == {R,,, R} and since y?> € T but M(F ) = ¥y > % = x*y?, then

o AsM(F2) = LM(F\2), we reduce it and obtain R,» = [-8 x2 y4 -,y =2x+
2y-2].
e R ={R,R\,Rp}, S = {l,y,x,y*} and H := {xy,x*,y’}.
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o We make new pairs added to R:

— Ryy and R,: already exist so we do nothing for them.
- SinceM(Fy) = y LM(F2), we can set Ry = [Fy3, Cy3] = NormalForm(R,, [R\2, Rp,, Rp,, Ry, R1])
which can be normalized into Rys = [4 x> y* — -+ | y> —xy+y? + x = 2)].

Pair R,, = [F,,Cy,], R = (R, Ry} and since xy € T and LM(F ) = ¥y < % = x>y, then

e G ={xy—-x+y-—1}L
e As Cyp = y = xy+y? + x — 2y has a term in xy, we update Ry = Ry + Ryy =
[4xPyt =y +y? =y - 10,

Pair R,» = [F,C.2], R == {Rs} and since x> €T and IM(F2) = x*y* < % = x>y, then
e G={xy—x+y—-1,x>+y*-2x+2y-2}.

Pair Ry = [F)5,Cys], R == 0 and since y> e T and M(Fy3) = Byt < % =x*y3, then
e Gi={xy—x+y-1x>+y>=2x+2y-2y +y> —y—1}.

We return G.

Theorem 21. Let a table w, a monomial ordering < and two monomials a and b be the input
of the PorynomiaL ScaLAR-FGLM algorithm. Let us assume that the Grobner basis G of the
ideal of relations of w for < and its staircase S satisfy a > max(S U LMm(G)) and for all g < a,
s =max{o € T, og < a}, we have max(S) < s.

Then, the PoLyNoMIAL ScALAR-FGLM algorithm terminates and computes a Grobner basis of
the ideal of relations of w for < in O#S (#S + #G)# (T<. + T<p)) operations in the base field.

Proof. The proof is mainly based on the termination and validity of the BMS algorithm. For any
monomial m € 7<,, we denote by C); the last (and therefore one with the largest fail) relation
made by the BMS algorithm starting with m, if there is any.

Starting with Ry = [Fy, C1] = [P7_,+7.,, 1], LtM(Fy) yields exactly the fail of relation C; = C 1*
so that, as in the BMS algorithm, we know the leading monomials of the potential next relations.

Let us assume now that for any monomial u < A, the pair R, = [F,,C,] made by the
PorynomiaL ScaLarR-FGLM algorithm is equivalent to C7, that is either both C,, and C}; fail when
shifting by exactly the same monomial or they both succeed on 7<, + 7 <.

Since C,, and C;j are equivalent, the current discovered staircase by the BMS and the PoLy-
NoMIAL ScALAR-FGLM algorithms are the same. Thus either % is a leading monomial of a relation
to be built by both algorithms or it is not. Without loss of generality, we can assume it is. There
exists a monomial m such that m|h and R, = [F,, C;] and C}} have been made. In the BMS algo-
rithm, the relation C}' is obtained as ,’—:l Gy = 2u<n gy C;; while in the PorynomiaL Scatar-FGLM
algorithm, C, is made as 17’1 Cn — 2u<h Gu Cy- In each computation, g;; and g, are chosen so that
Cx and C,, have the largest fail (or equivalently F',, has the least leading monomial), hence C*
and C,, are equivalent. For / € S, the potential relation C;, made by the algorithm must fail when
shifted by a monomial in S. Thus, there exist 0,0, such that oy € S, 01h < a,0, < b
and the column labeled with oy h of the matrix Hy, 5, is independent from the previous ones.
For g € LM(G), by Section @ the relation C, has been tested shifted by all the monomials in
T<s + T<p, with s = max{o € 7, o g < a}. The theorem hypothesis is exactly that the full stair-
case is included in the set of tested shifts, hence we can ensure that C, corresponds to a kernel
vector of Hy gy with the last coordinate equal to 1.
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Concerning the complexity of the algorithm. Since 7, and 7, are stable by division, so is
T <a+7 <p. Let us recall that the support of Py .7, is {% TE€ T<a+T<p)} M = LeM(T<u+ T <p).
Since each F,, satisfies F,, = Py 47, C,, mod B, then the monomials in the support of F,, are
multiples of the monomials in the support of P77, and thus are included in the support of
Py +7.,. Bach pair R, = [F,,C,] form € § U LM(G) must be reduced by all the previous ones
lying in the staircase in at most #S # (7 <, + 7 <;) operations. Reducing the relations to obtain a
minimal Grébner basis can be done in O# S # G # (T <, + T <»)) operations, hence this part is not

the bottleneck of the algorithm. O

Remark 22. Using the same notation, the AGBB algorithm computes a border basis B of the
ideal of relations using O (#S #S + #B) # (T<4 + T <a)) operations in the base field [25|]. Thus,
in theory, the AGBB and the PoLyNomiaL ScALAR-FGLM algorithms share the same complexity
estimates, whenever a = b.

However, the complexity bound is based on naive multivariate polynomial arithmetic. There-
fore, the PoLyNoMIAL ScALAR-FGLM algorithm can benefit from improvements made in this do-
main, in particular for the product. For instance, some were made regarding the reduction of a
bivariate polynomial by the reduced Grobner basis of the ideal spanned by two polynomials for
DRL in [21\]. This is a first step in this direction.

We shall see in Section [6] that the PoLyNomiAL ScALAR-FGLM algorithm seems to perform
better thanks to the multivariate polynomial arithmetic.

5. An adaptive variant

In some applications, the actual size of the staircase, or at least an upper bound thereof, is
known. While it provides an early termination criterion for the BMS, ScaLAR-FGLM and Poryno-
MIAL ScALAR-FGLM algorithms, this might fail to drastically reduce the number of table queries.
Indeed, for the prRL(x, < - < x7) ordering, whether the set of leading monomials of the Grobner
basis is {x,, ... ,xz,x‘f} or all the monomials of degree d: {xff, Xp—1 xﬁ‘l, e, X xﬁ‘l, ... ,x‘li}, the

BMS algorithm requires to visit all the monomials up to x7¢~'. Therefore, it needs to visit

(n+2 d-1

n ) table terms to compute a Grobner basis of size n with a staircase of size d in the former

case and a Grobner basis of size (”;ﬁl) with a staircase of size ("+Z_1). Furthermore, in some
applications, like the Sparse-FGLM algorithm one, computing a single table term can be very
costly. Thus, requiring as few table terms as possible to retrieve the correct ideal of relations is
critical.

The ApapTive ScaLArR-FGLM algorithm [3]] was designed to minimize the number of table
queries by taking into account the shape of the Grobner basis gradually as it is discovered. The
algorithm starts with S = 0. At each step, S is a staircase containing only monomials that we
know are in the target staircase, this means that the matrix Hg g must be full rank. Likewise,
L is a set of monomials on the border of S. For m the smallest monomial in L, we check if
Hgupmysuimy» With S U {m} has a greater rank than Hg s or not. If it does not, then the last column,
labeled with m, must be linearly dependent from the previous one. That is, a relation C,, is found
and any multiple of m is removed from L. Otherwise, no relation C,, with tm(C,,) = m must
exist. Thus, m is added to the staircase S, removed from L and monomials m x; are added to L.

Example 23. Let us consider the sequence W = (pj,+1)ient Where p; 1 stands for the (ip + 1)st
prime number if iy < d and O otherwise. For DRL, or even LEX, the ADAPTIVE ScALAR-FGLM
algorithm computes the rank of matrices
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o H{]},“} = (2) whichis1sol€S;
 Hi)ily,) = (% %) which is also 1 so relation C,, = x, — 1 is found.

e Hiy nitxt = = Higin = (%%) which is also 1 so relations Cy, | = Xp—1 —

sXn—1111s,

1,...,Cy, = xo — 1 are found;

° H”’X] WMix) = (2 g) which is 2 so x € S;

235
— : 2 .
o Hiaiae = (337 ) which 3505 € 5,

235 -« pyg
357 = 0
—|5711~ 0 ichi .
o Hy, . N gy =7 T whtchzsdsox‘lles,
pa0 0 - 0
235« pg0
357 - 00
| ST 00 i also d lati o
® Hipy . dyily,) = ... .. . . |whichisalsod so relation CX({—)Cl is found.
pa0 0 - 00
000~ 00

It thus requires merely 2 (n + d) — 1 table terms instead of (”+2d—1).

n

As described in Sections[3|and d] the PoLynomiaL ScaLar-FGLM algorithm is based on poly-
nomials from matrices with columns set 7<, and rows set 7<,. However, here, we need matrices
with more general sets of monomials for the rows and columns. Therefore, the main tool of
the adaptive variant of the PorynomiaL ScaLar-FGLM algorithm is new basic routines so that
we can perform polynomial divisions while also ensuring that our polynomials are related to
multi-Hankel matrices with these columns and rows sets of monomials. Since at each step, S is
a staircase and m is a monomial lying on its border so that § U {m} is also a staircase, then the
corresponding matrices would be Hg s and Hgujm suim)- Therefore, any instance of 7 + U from
the previous sections will be replaced by 2§ := § + §, the Minkowski sum of S with itself, or
likewise by 2 (S U {m}).

At each step, we have the polynomial P, s, associated to matrix Hg g, a monomial ideal B, s,
determined as in Section@], and pairs Rys; = [Fas,, Ci] = [P2s C, mod B g, C]. At the next

- 2
step, we compute P suimy) from P, by shifting it by % and adding the missing terms,

update B, into By (supmy and likewise update each Ry (supmy), by shifting Fs, and adding the
missing terms to make F suqmy),. It remains to compute Ry (sugm)),m such that supp C,, € S U {m}
and F (suymy) 1s sufficiently “small” to ensure that C,, is a valid relation or not. This is where two
approaches are possible. The first one is the naive one; it was proposed in [6] and is recalled in
Section[5.1] It is based on polynomial arithmetic, yet does not use as many polynomial divisions
as the PoLyNomiAL ScaLar-FGLM does. The other one is presented in Section [5.2] and fully
uses polynomial divisions to perform the computations. In particular, we design some new basic
routines to do so. This yields the Apaptive PoLyNomiaL ScaLar-FGLM algorithm, or Algorithm[2}
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5.1. A naive approach

In this naive approach, the only remaining things are the initialization and reduction of
R> (sumy),m and then testing if C,, is valid.

The pair Ry (s u{my).m is initialized as m Ry (su(m)).1 and then reduced, as in Section[d], by Ra (suim)).5, »
... Ra(supmy).B,» where By, ..., B, € Bys. Then, we can reduce it incrementally by all the other
R) (s ugm}.+» Which comes down to just subtracting a constant multiple of them.

Finally, when a valid relation C, is found, any multiple of g is removed from the set of
potential monomials to add to S. Moreover, we can further reduce a future relation Ry (s upmy)m =
[F2 (s ugm}),m» Cm] With any pair [#ﬁg, O], m > u g to clean the support of F7 (supmy). As ,% is a single
monomial, this can be done easily, not unlike the reductions by Ra (sugm)).5, - - - » R2 (sujm)).B, -

5.2. A division-based adaptive variant

In [6]], we did not go further in the design of an adaptive variant of the PoLyNOMIAL ScALAR-
FGLM. In particular, that version could not initialize a pair R supm)),» as the quotient of two
pairs of polynomials. In the following part of this section, we show how to initialize a new pair
as the quotient of two previously computed pairs of polynomials.

The algorithm uses some new procedures that are not needed in PoLyNomiAL ScaLAR-FGLM.
Indeed, at step m, when computing Ry s = [F25/m, Cn], with S” = § U {m}, we can at first only
ensure that supp C,, € 7<,. Yet, we need to have suppC,, € S’ = T<, \ (tM(Cy), g € G). Thus,
we need to reduce C,, by all the already computed C,’s.

NormalFormRightSide(R> s n, [R25,, - - - R25,,]) that computes the quotients Q, ,..., Q, of
the division of C,, by C,,,...,C,,, With Rys,,,...,Ry5, € G and then returns Ry ,, —
O Rasigr == Qg Rasg,

NormalFormHigherPar}(Rz s> [Ras.sy5 -+, Ras s, ]) that behaves like NorrrlalForm, except only
the higher part F,g/, of a polynomial Fyg, is used. For t = B;, Farg.y = Fas'y = B,
otherwise F g, is obtained from F, g, by removing any monomial dividing % with
g € .M(G). Tl~16n NormalFormHigherPart(Rz S’,m9~[R2 Sispre- s R2 S',xq]) computes the nor-
mal form of Fyg ,, with respect to [Fas: ..., F2 55,1 and the corresponding quotients
Oi,..., Qq. It then returns Rosim— O RZS’,Sl — = Qq R2S’,sq~

The definition of F,, extends the one used in Section The rationale is the same: using
the leading monomial of F»g- , to check whether C,, is a valid relation or not is not the same as
checking if the last column of Hy g+ linearly depends from the previous ones. Indeed, the leading
monomial might correspond to a row that is not present in Hg- s-. Since S’ does not contain any
monomial that is a multiple of g with R, € G, then it makes sense to remove any monomial
dividing ““" with R, still in G.

Remark 24. To simplify the presentation, we did not consider the case where some sequence
terms might not be available. This can happen for instance in the error correcting code applica-
tion. Likewise, if the sequence is not linear recurrent, then an infinite loop might happen. Both
situations require an easy modification of the algorithm.

For the correctness of the algorithm, we need to prove the following lemma.
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Algorithm 2: ApapTive PoLyNomIAL ScALAR-FGLM

Input: A table w = (w;);enn With coefficients in K, a monomial ordering <.
Output: A Grobner basis G of the ideal of relations of w for <.
L={1}.
G:=0,8 =0. // the future Grobner basis and staircase
B:={B,,...,B,} = {x?,...,xg}.
Ross, = [B1,0],...,Ras.8, = [B,,0].
While L # 0 do
m := first element of L and remove it from L.
S’ =8 U {m}.
Update B and all pairs R, g, into Ry, fort € S UG U B.
Else if m = p x? with i, u x; € S then
| Rygs,n = NormalFormHigherPart(Ry s, [Ros/ ux;» Ros' gys - - - » Rass g, 1)-

Else //m=pux;withu €S
| Rysrm = NormalForm(x; Rys+ 4, [Ras: g, - - - s Rast g,])-

Ry, = NormalFormRightSide(Ry s/, [Ras7 g, - - - s Ras76,1)- //g1,....8-€G

Ry 51 n = NormalForm(R; s/, [R257 8,5 - - - s Ra 57 8, 1)

Ry » = NormalFormHigherPart(R, s+, [Ras7 5,5 - - - ,stgsq]). /] $15....84 €S

Rystm = [Fas'm> Cil-

If tm(Fagr ) < % then // Relation succeeds

Update Ry s/, into Ry s .
G=GU {RZS,m}-
Remove multiples of m in L.

Else // Relation fails
Delete every pair Ry, forr€ S UG U B.
S =5

| L:=LU{x;m,...,x,m}, remove any multiples of LtM(G) and sort it by increasing order.

return G.
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Lemma 25. Let S be the current computed staircase and let G be the current computed Grobner
basis. Let m be the least monomial not in S and not divisible by wm(G) and let S’ = S U {m}.

~ "2 ~ ~ "2
Then, for all t, tM(Fy5:,) = LLCC“:A((SS))Z M(Fys,.) and tM(Fa 5/ ) < % Furthermore, this weak

inequality is an equality if, and only if, C,, is not a valid relation.

Proof. If G = 0, then the result is clear as F s'.m = Fagr . Otherwise, the leading monomial of

Fyg i less than &t(s) with ¢ € § and cannot be a divisor of %(S’) with g € LM(G). Hence it
must be at most %:ls)
Furthermore, for § = {1,..., 5.}, the coeflicient of %(S) can be read as the last coeffcient of
this product
1 ¢ m

I (11 - [sgd [m] ai 0

Sq [sq] to [55] [m Sq] @, 0

m [m] e [m sq] [mZ] 1 fZS',m
Hence, the relation is valid if, and only if, this coefficient is zero. O

The leading monomial of the higher part of F;g, tells us whether C,, is a valid relation or
not.

Theorem 26. Assuming the ApapTIVE PoLyNoMIAL ScALAR-FGLM algorithm called on table w
returns a Grobner basis G with staircase S, then the algorithm does not need more that #2 (S U
M(G)) table queries to recover G.
Furthermore, it performs at most O((#S + # G)’#2S8) operations to recover G.
Lom(s)?
R
M(G), then F, s 1s actually the polynomial obtained from the product of the extended matrix

Hrgs and the vector representing C;, where T = 2§ \ {g7,g € tM(G), T € 7 }. Hence, updating
from Fy, to Fag/, is equivalent to updating Hy s to Hy g, with T" = 28"\ {g7,g € LM(G), T €
7} in this matrix-vector product. Yet, the first nonzero coefficient of this product remains the
same through this updating process.

Atstepm, Frg; = P C; mod By for any # € S ULM(G). As in the end of the step, m is
either found to be a member of the final S or the final LtM(G), then S’ C (S U M(G)) and thus
287 C2(S ULM(G)).

At step m, a pair Rys; = [F2s,, C;] is updated into Ry (sujmy),, by adding terms with support
in 2(S U {m}), so in the last step, all the polynomials have support in a set of size #2 (S U {g})
where g € LM(G).

Furthermore, for each monomial € S U LM(G), the pair R, -, is reduced by all the previous
ones lying in the staircase or the Grobner basis in at most (#S + #G)#2 S operations. Hence, at
most O((#S + #G)*#25) operations are needed. O]

Proof. Since Fg, is obtained from F,g, by removing all the monomials dividing g €

Example 27. We consider the following sequence w = (W ;) jen?

6 9 51 10 -6 -9
3 12 2 4 7 -3 -12
w=l6 9 5 1 10 -6 -9
3 12 2 4 7 -3 -12
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For a pair Rys; = [Fas,,Cil, we let Rys, = [Fasy, Cyl.
We start with L= {1, G =S =0, B= (1,1) and Ros 5, = [1,01, Ras.5, = [1,0].

1. Wesetm=1,S’" ={1}, Rys' 5, =[1,0], Ras' B, = [, 0] and initialize Rys'1 = [6, 1].
As Fzsryl =Fyg1=1and LM(FQS/J) =1= w the relation fails.
L is updated to {y, x}.
2. Wesetm=1y,S" ={1,y}, Ras 5, = [x,0], Ros' B, = [¥3,0] and Rys/ ) = [6y*+9y+5,1] =
Rog 1.
We initialize Ryg:, = [9 y? + 5v,y] using NormalForm on y R, and then reduce it to
[-5y-3.y-3l
As ngr,y = Fys5, and LM(Fzsr’y) = LCM(‘—S)Z the relation fails.
L is updated to {x,y*}. .
3. Wesetm=1x,S" ={1,y,x}, Ros' g, = [x3,0], Rysi g, = [y, 0],
® Rygiy = 62y +9x2y+3xy? +5x2+12xy+6y% 1] = Rzgl’l,

17 2 2_ 15
2

e Rpgry=[-Zxy+Luxy x> = 18xy—-9y%y—3] =Ry

We initialize Rys: x = [3 x*y? + 12 X2y + 6 xy?, x] using NormalForm on XRys1 and then
reduce it to [%xyz— %xz - %xy— %yz,)ﬁ }—3)" %]'

As Frsix = Fasicand im(Fasi ) = % the relation fails.

L is updated to {y*, xy, x*}.
4. We setm =y S" ={1,y,x,y*}, Ras 5, = [x°,0], Ras/ 5, = [y°,0],

e Rygy =[6x2y +-+ 1] = Rag 1,

_ 1723 3V _ B
® Rogry =[-5xy +---,y—35]=Rag),
189 4 15317 _ B
¢ Rogra=[77xy" +- . x+ 5y— 37l =Regn.
We initialize Ryg 2 = [-2L xy* + .-+ 3> — By + 197 using NormalFormHigherPart on

Ro 501 and Ry 5+, and then reduce it to [% 2y 4+ P+ % X - % y - %].

- "2
LCMy(ZS L the relation fails.

As Fygi 2 = Fagr 0 and ta(Fg ) =
L is updated to {xy, x*,y*}.
5. Wesetm=xy, S’ = {1,y,x,y2,xy}, Ry p, = [x3,0], Rys'p, = [y, 0],
® Rygry =62y +--+ 1] =Rog 1,

® Rygry = [—177 Ky 4 y- %] =Rys,,
e Rogro =[xyt +- x+ By-Hl =R,
® Rygry = [%x2y2+~- ,y2+%x—%y—%] =I§251,yz.
We initialize Ry s/ ., = [—% x> y4 + Xy — %x] using NormalForm on x R, and then

reduce itto [-15y* = Tx2y—xy? = 14y> = 10x> —4xy-5y*, xy+x—y—1].
As Fzsr,xy = Fg/ xy and wm(F, §'xy) = y4 < % the relation succeeds!
We update Ry s ., = [9xy*+--- ,xy+x—y—1]and put it in G.

6. Wesetm = xS’ ={1,y,x,y% x*}, Rys'5, = [x°,0], Ras' 5, = [y, 0]

® Rygry =[6x*y +-- 1], Rygry = [6x* y* + -+, 1],

R 17 4.3 3 R"’ 17 4.3 3
o 25’,y_[ 2 Xy R 2]’ 2S’,y_[ 2 Xy A 2],

_rl89 3.4 15 317 _rl18 3.4 15 31
.RZS’,X_[ny +""x+ﬁy_ﬁ]:R25’,x [ny +...’x+1_y_1_]’
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_ 1381 4.2 2, 106 17 1347 % _rl13sl 4.2 2
e Rogrye =G0 Xy + .Yy + 1 X— &Y~ b Rosryr =[G Xy +-- " +
106x_1_7 _ 1y
189 1890

. stl,xy:[—4x y +- L, xy+x—y—1]

We initialize Ryg/ 2 = [—93‘25 xy? - x“y3 o2+ Byy - —x + ﬁ - —] using

NormalFormHigherPart on Ry 1 and R, s'.x and notice that sz has not its support in

S’

We then reduce it to [-12 x> y> + --- , x> — 1] by computing first the reduction of the right

part by xy + x —y — 1 and then by computing the reduction of the left parts without taking
LeMS)? _ 2y

into account any monomials I3 = 7

As Frgio = =x*y3 4 # Fog o and im(Fag 2) = x*y3 < LLM(S Y the relation succeeds!
We update Ry ,» = [-9 x>y +--- x> = 1] and put it in G.
7. Wesetm =y, 8" ={1,y,xy,y’}, Rasr 5, = [x*,0], Rasr., = [y, 0],

® Rygry =[6X2)0 4+ 1], Rygry = [6X7)y° + -+, 1],
_r_ 11 2.5 _ 17 2.5 _ 3
o Rogry=[-5x"y Ly =3l RZS’,y =[-5xy y—3l
_ 189 189 15 31

e Rogrn =[xy +- - x+ By-AL Rog o =[xy + - x+ Zy- 341,

1381 106 134 2y 2

.Ileo26S’ [ 91-;64}7 +- ,y +@X——y—139] RZS’y-_[lgg y + YT

WX— gy b

® Rygroy =[-9x)y° +-+ ,xy+x—y—1],

° st,,xzz[—9x2y5+-~- x> —11.

L g _ [ 4204 35,1354 2 607 190 | 770 . .
We initialize Ry 5+ 3 = [~ 557 Xy +e Y+ Bt Y —1ast X 1381 Y 13s1] #sing NormalFormHigherPart
onRygryand Ry g 4.

. _ 4204 .5 4620 6 _ 25651 1354 2 607 . 190 . _ 770
W”he"re‘_iuc"’”m[ 381 XY~ 1551 YO AR XY Y 5 VP T X 131 Y o)
by computing the reduction of the left parts without takmg into account any monomials
Lem(S’)? _ i Lem(S’)? _ _v_f’

xyt ot x*t ot

F _ _ 25651 7 _ 2.3 _ Lem$)’ ; ;
As Frgr o = 1381 X2y e # Frgry and M(Fo g 3) = x°y” = 5 the relation fails!
L is updated to {y 4.

Ao 23 4 — 43 )
8. Wesetm=y" S’ ={1,y,x,y°,y°,¥"}, Ras ., = [x°,0], Ras 5, = [, 0],
2 P 2
e Rygry=[6x2y +-- 1], Rpgry = [657 Y8 +--- 1],
_r_17.2.7 17 2.7 3
e Rogry=[-Yx?y =+ ,y-3] stgy—[——xy +-o0,y=5]
18 189 1 31
e Rpgrx =[2xy¥+ o x+ By-3L Ry =[x+ x+ By-31)
_ rissi 106 134 _ 1381 2.6 2
® Rysiye = [S59 XY+ 2+ 15 X — —y— 1) st/,yz =[Fgo X + LV +
106 17,7 134
189 53" 180b
5463 4620 |8 _ 25651 3 1354 2 607 _ 190 . _ 770
* Ragry = [13551651 1381y 13811:5‘4y2+ 607’)’ +11§(§1y BE X~ 131 Y~ asr b
Rosp == XY+ Y + 35510 — B X — 191 Y — i)

o RZS’,xyz[_9xy +"'»xy+x—y—1],
® Rygr2= [9x%y" +---, x* = 1].
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e initialize , 4+ using NormalFormHigherPart on /2 an /3 an en reduce i
W t l RZS,y gN lF H h P t st’ dRZS,y dth d t
571416 504287 .2 .4 29900 .3 , 7703 72041 35598 ., 26811]

- T 4., 4 204287 sy 29900 7703 (2, 72041 .. 35598 26811
t0 [= 55t XY+ Ssgsr XV Y = SSST Y F 33651 Y F 25651 X T 2361 Y T 3561
by computing the reduction of the left parts without taking into account any monomials
Lem(S’? _ xy’ wem(S")? _ ¥

xyt ot x*t Tt

7 _ 504287 2 .4 2 _ 2.4 _ e’ ; ;

As Fogryw = Secap XY+ # Fogp and im(Fa g ) = X7 y* = — the relation fails!

L is updated to {y’}.
9' We set m = yS, S/ = {1’y5 x’yzvy3’y4’y5}7 RZS’,Bl = [x330]’ RZS’,BZ = [y”,o],
® Rys = [6x2y10 4+ 1], Rygry = [6x2y10+ -+ 1],

_r 17.2.9 37 7 17 .2.9 3
¢ Rogry=[-3xy -+, y=35lRsgy=[-5xy -+ ,y-3]
_ 1189 .10 5. 317 _ 1189 .10 I5 . 31
o Rogrx=[77xy "+, x+gy-gFlRsx=[77xy" +,x+3y- 1]
_r1381 2.8 2, 106 17 1347 _ (1381 2.8 2
[ RZS’,yZ = [mx y+-ee,y + @x— @y_ m], str’yz = [m_x y o+, y+
106 . 17 _M]
189 637 " 189 b
_ 5463 .9 _ 4620 10 _ 25651 2.7 . .. .3, 1354 2 _ 607 . _ 190 . _ 770
* Rysryp —[133516;)’2 71381y 31381135); )’2 +607’y +]19%81 77%)331)‘ 1381 Y~ T3 )
Rosryp = [=Fgr X"y -V + 557 Y — Tsr ¥~ 1Y ~ 13s1d
_ 0648369 ... 0, ., 504287 2.6, .. . 4_ 29900 .3, 7703 .2, 72041 . 35598 .
R A S el S N P T
55651 Rosryt = [S56s1 X7+ )" = 55651 Y + 33651 ¥ + 25651 X~ 35651 Y~ 25651

® Rygrixy = [—9xy10 +,xy+x—-y—1]

® Ry =[-9x%y +--- %2 - 1].
We initialize R, 5. s using NormalFormHigherPart on Ry g, s and Ry g » and then reduce it
to[12xy°+6y"042 xy8+4 xy7+7 xy0 -9 2 y* -3 xy’ =5 x* 3 —x? =10 X% y+6 x%, Y’ +1]

by computing the reduction of the left parts without taking into account any monomials
Lem(S’)? _ xy’ Lem(S’? _ ¥

xyt t X2t T t"

~ ~ "2
As Frgiys = =9 yt+ £ F, 5793 and tM(Fo g y5) = Xyt < LCM}# the relation suceeds!

We update R, 5,5 = [3 x4+ ¥y + 11 and put it in G.

The algorithms returns G, in particular the second part of each pair: [xy+x—y—1,x>=1,y° +1].

Remark 28. At step y*, updating R, sy into Ry s makes the leading monomial of Fyg. 3,

2 2
3463 L)Y totally different from this of F, syt — o Lem(S)

However, this is not the case

1381 Xy Xy
L . . ~ ~ £ _ 25651 Lem(S"? _
when considering the leading monomials of Fys/ 3 and Fag 3, as iM(Fy g/ 3) = =520 ==
- LeM(S”)?
LM(FZS,y3) Lem(S)? *

6. Experiments

In this section, we report on the number of arithmetic operations performed by the different
algorithms for computing the Grobner basis of the ideal of relations of some table families. They
are counted using naive multiplications. Three families in dimension 2 (Figure[I)) and dimension
3 (Figure[2) are tested. For each of them we use the bRL(z < y < x) ordering and denote by S the
staircase and LM(G) the set of the leading monomials of the Grobner basis of relations.

Rectangle tables: 1m(G) = {y!”), x/} in dimension 2 and tM(G) = {Z/""1,y'""), x?} dimension 3.
This case is the best for the size of the Grobner basis compared to the size of the staircase.
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L-shape tables: 1M(G) = {xy,y?, x!} in dimension 2 and LM(G) = |

Simplex tables: 1M(G) = {y?, xy¢~!,

..., x%} in dimension 2 and LM(G) = {z¢,y 7/~

1

,xz

d d ,d
Y, X2, Xy, 2,y , X

1

} in di-
mension 3. This case is the worst for the number of table queries compared to the sizes of
the staircase and the Grobner basis.

5o e

d
~sy s

xy?1, ..., x% in dimension 3, i.e. all the monomials of degree d. This case is the best for
the number of table queries and the worst for the size of the Grobner basis, both compared

to the size of the staircase.

Let a = max(S U m(G)). Generically, a relation C,, fails when shifted by m. From [10]
Prop. 10], we know that the BMS algorithm recover all the relations when called up to monomial
max(S) max(S ULm(G)). Yet, if max(Lm(G)) > max(S ), then for g € Lm(G), the relation Cy is not
necessarily shifted by g, so we called it with a®>. So was the AGBB algorithm. The ScaLar-FGLM
algorithm was called on U = T = 7,. The PoLynomiaL ScaLar-FGLM algorithm was called on
U={1},T =T<eand U =T = T, and we report the lower number of operations.

Rectangle
ScaLar-FGLM - A-
BMS sy
AGBB el
PoLyNoMIAL ScALAR-FGLM =~ —@—

L shape Simplex

- A-

1000

500

T T
# Arithm. Op/(#S)?

100~ .

Figure 1: Number of arithmetic operations (2D)

The PorynomiaL ScaLar-FGLM algorithm performs fewer arithmetic operations than the

others, for large d. More precisely, its number of operations appears to be linear in (#5)>

O#S (#S + #G)) in fixed dimension.

Simplex tables: While it seems the AGeB and ScaLAR-FGLM algorithms are the fastest in Fig-
ure |2, we can expect that it will not be the case in higher degrees where the PoLyNomiAL
ScaLar-FGLM will be the fastest. This phenomenon is already observed in Figure[I)in low

degree. This would confirm the observed speedup in dimension 2 to also dimension 3.

L-shape tables: Although the obtained speedups are not negligible, the adaptive variant should
allow us to perform even fewer operations. See Section 3]
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Rectangle L shape Simplex

ScaLar-FGLM - A- — A
BMS o ead —_
AGBB B T
PorynomiaL ScaLar-FGLM —l— —— - B
— |
5000 B ﬁ v
i
I |
o
| €
k=
‘B
1000 |- < .
L .
500 [ ]
L 2 B
4
100 [~ —
50 :///. d N
[l | | | | | | | | | ]
5 6 7 8 9 10 11 12 13 14 15

Figure 2: Number of arithmetic operations (3D)

Rectangle tables: While this family has the best behavior for the BMS algorithm, the Pory~o-
MIAL ScALAR-FGLM algorithm has an even greater speedup than in the Simplex case.

In the following Figures [3| and ] we compare the number of operations performed by the
PorynomIAL ScALAR-FGLM, the ApAPTIVE ScALAR-FGLM and the ADAPTIVE POLYNOMIAL SCALAR-
FGLM algorithms on these three families. First, as we can expect, the ADAPTIVE PoLyNomIAL
ScaLar-FGLM algorithms always performs fewer operations than the PorynomiaL ScaLar-FGLM
algorithm. Even when giving the sharper sets of monomials 7<, and 7<; for the PoLynomiAL
ScaLAR-FGLM algorithm. Furthermore, like in the non-adaptive case, the polynomial arithmetic
seems to be faster than the linear algebra ones. Though, it would be interesting to compare with
a less naive implementation of the ADAPTIVE ScALAR-FGLM algorithm.

That being said, in three variables, the ApapTIVE ScALAR-FGLM algorithm is the better one
for the L-shape family in small size, until the ApapTIvE PoLyNomiAL ScaLAR-FGLM becomes the
better one for bigger sizes. As the crossing happens later in 3D than in 2D, it is possible than the
more variables, the bigger the degrees need to be for the ApapTive PoLynoMiaL ScaLarR-FGLM
algorithm to be better than the ApapTIVE ScALAR-FGLM algorithm, for this family. This makes
the ApAPTIVE ScaLAR-FGLM algorithm still a suited algorithm in this context.
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