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Diffusion approximations and control variates for MCMC

Nicolas Brosse !, Alain Durmus 2, Sean Meyn 3 and Eric Moulines !
9 )

November 25, 2018

Abstract

A new methodology is presented for the construction of control variates to re-
duce the variance of additive functionals of Markov Chain Monte Carlo (MCMC)
samplers. Our control variates are defined as linear combinations of functions whose
coeflicients are obtained by minimizing a proxy for the asymptotic variance. The
construction is theoretically justified by two new results. We first show that the
asymptotic variances of some well-known MCMC algorithms, including the Random
Walk Metropolis and the (Metropolis) Unadjusted/Adjusted Langevin Algorithm,
are close to the asymptotic variance of the Langevin diffusion. Second, we pro-
vide an explicit representation of the optimal coefficients minimizing the asymptotic
variance of the Langevin diffusion. Several examples of Bayesian inference problems
demonstrate that the corresponding reduction in the variance is significant, and that
in some cases it can be dramatic.

Keywords: Bayesian inference; Control variates; Langevin diffusion; Markov
Chain Monte Carlo; Poisson equation; Variance reduction

1 Introduction

Let U : R — R be a measurable function on (RY, B(R?)) such that [p e V@ dz < co.
This function is associated to a probability measure m on (R?, B(R?)) defined for all A €
B(R%) by m(A) & [he V@ dz/ [.e~V@da. We are interested in approximating 7(f) o
[ f(z)m(dz), where f is a 7-integrable function. The classical Monte Carlo solution to
this problem is to simulate i.i.d. random variables (X )ren with distribution 7, and then

to estimate 7(f) by the sample mean

n—1
An(f) =n"" ) (X)) (1)
1=0
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In most applications, sampling from 7 is not an option. Markov Chain Monte Carlo
(MCMC) methods amount to sample a Markov chain (Xj)ren from a Markov kernel
R with (unique) invariant distribution 7. Under weak additional conditions [MT09,
Chapter 17], the estimator 7, (f) defined by (1) satisfies for any initial distribution a
Central Limit Theorem (CLT)

n—1

_ weakl ; 5

RN (FX0) — 7)) N0, 04(f) s oRalf) =7 () = (RAa?) © (@)
k=0

where N (m, 02) denotes a Gaussian distribution with mean m and variance o2, and fy

is a solution of the Poisson equation

(R—1d)fa = —{f —7(f)}. (3)

Reducing the variance of Monte Carlo estimators is a very active research domain:
see e.g. [RC04, Chapter 4], [Liu08, Section 2.3|, and [RK17, Chapter 5] for an overview
of the main methods. In this paper, we use control variates, i.e. m-integrable functions
h = (h,...,hp) : RT — RP satisfying w(h;) = 0 for i € {1,...,p} and then choose
0 € RP such that O'god(f +60Th) < O'go’d(f). [Hen97] and [Mey08, Section 11.5] proposed

control variates of the form (R —1d)8%¢ where ¢ = (¢1,...,1,) are known m-integrable
functions. The parameter 6 € RP is obtained by minimizing the asymptotic variance

. 2 . 2
min o2, (f + (R ~ 1)0™) = min = ({fd — 0"y} —{R(fa- ")} > )
noting that (—674)) is a solution of the Poisson equation associated to (R—Id)0 T+ and fy
is defined in (3). The method suggested in [Mey08, Section 11.5] to minimize (4) requires
estimates of the solution fd of the Poisson equation. Temporal Difference learning is a
possible candidate, but this method is complex and suffers from high variance.

[DK12] noticed that if R is reversible w.r.t. 7, it is possible to optimize the limiting
variance (4) without computing explicitly the Poisson solution f4. Reversibility will play
an important role in this paper as well.

Each of the algorithms in the aforementioned literature requires computation of Ri;
for each i € {1,...,p}, which is in general a computational challenge. In [Hen97; Mey08]
this is addressed by restricting to kernels for which R(z, -) has finite support for each z,
and in [DK12] the authors restrict mainly to Gibbs samplers in their numerical examples.

In this paper an alternative class of control variates is used to avoid this compu-
tational barrier. This approach follows [AC99] (applications to quantum Monte Carlo
calculations) and [MSI13; PMG14] (Bayesian statistics): assume that U is continuously
differentiable, and for any twice continuously differentiable function ¢, define £ by

Lo=—(VU, Vo) + Ap. (5)

Under mild conditions on ¢, it may be shown that 7w(£¢) = 0. [MSI13] suggested
to use Z(0T1)) with ¢ = (¥1,...,1,) as control variates and choose # by minimizing



0 — w({f —7(f)+L0Ty}?). This approach has triggered numerous work, among others
[OGC16], [OG16] and [Oat+18] which introduce control functionals; a nonparametric
extension of control variates. A drawback of this method stems from the fact that the
optimization criterion 7({f — 7(f) + 260" }?) is only theoretically justified if (Xp)zen
is i.i.d. and might significantly differ from the asymptotic variance o2 (f + -Z(6Tv))
defined in (1). 7

In this paper, we propose a new method to construct control variates. Analysis and
motivation are based on the overdamped Langevin diffusion defined for ¢ > 0 by

dY; = —VU(Y;)dt + v2dB; , (6)

where (B¢)i>0 is a d-dimensional Brownian motion. If VU is Lipschitz, the Stochastic
Differential Equation (SDE) (6) has a unique strong solution (Y;);>o for every initial
condition x € R%. Denote by (P;)¢>0 the semigroup associated to the SDE (6) defined
by P,f(z) = E[f(Y;)] where f is bounded measurable and (Y;);>¢ is a solution of (6)
started at z. Under mild additional conditions (see e.g. [RT96]), 7 is invariant for the
semigroup (P)¢>0, t.e. 7P, = m for all t > 0. In addition, under smoothness and ‘tail’
conditions on f and VU, the following CLT holds for any initial condition (see [Bha82;
CCG12))

—+o00

2 [0 =m0 S N ok ) = 2n (M=) ()

where f : RY — R is a solution of the (continuous-time) Poisson equation

ZLf=~{f-=(N)}- (8)

The main contribution of this paper is the introduction of a new class of control
variates based on the expression of the asymptotic variance o2 (f) given in (7). Since
(L (0%)) = 0 for any § € R?, we consider the control variate .2 (6*(f)T+) where 6*(f)
is chosen by minimizing

0 0% (f +2(670)). (9)

Although .Z(6*(f)™4) is a control variate for the Langevin diffusion associated with f,
the choice of this optimization criterion is motivated by the fact that for some MCMC
algorithms, the asymptotic variance aqu( f) defined in (2) is (up to a scaling factor) a
good approximation of the asymptotic variance of the Langevin diffusion o2 (f) defined
in (7). Moreover, the minimization of (9) admits a unique solution 6*(f), which is in
general easy to estimate. It is worthwhile to note that it is not required to know the
Poisson solution f to minimize (9).

The construction of control variates for MCMC and the related problem of approxi-
mating solutions of Poisson equations are very active fields of research. It is impossible
to give credit for all the contributions undertaken in this area; see [DK12], [PMG14] and
references therein for further background.

Amongst recent studies on this subject, [MV15] approximate directly the solution
fd of the Poisson equation by subdividing the state space. Close to the methodology



presented in the present paper, [MV17] uses the scaling limit of the RWM algorithm
when the dimension d of the state space R? goes to infinity to implement a control
variates based on a solution of the Poisson equation for the Langevin diffusion. This
approach uses a strong assumption on the stationary distribution which is assumed to be
in product form. It is difficult to predict the performance of this methodology when this
assumption is not met. Concerning the link between o2 ,(f) and o2 (f), an analogous
result associated to the error estimates for the Green-Kubo formula can be found in
[LS16, Theorem 5.6].

The remainder paper is organized as follows. In Section 2, we present our method-
ology to compute the minimizer 6*(f) of (9) and the construction of control variates
for some MCMC algorithms. In Section 3, we state our main result which guarantees
that the asymptotic variance o2 4 (f) defined in (2) and associated with a given MCMC
method is close (up to a scaliné; factor) to the asymptotic variance of the Langevin
diffusion 02 (f) defined in (7). We provide a CLT and we show that under appropri-
ate conditions on U, the Unadjusted Langevin Algorithm (ULA) fits the framework of
our methodology. In Section 4, a Monte Carlo experiment illustrating the performance
of our method is presented. In Section 5, we establish conditions under which the re-
sults of Sections 2 and 3 can be applied to the Random Walk Metropolis (RWM) and
the Metropolis Adjusted Langevin Algorithm (MALA). The proofs are postponed to
Section 6 and to the Appendix.

Notation

Let B(R?) denote the Borel o-field of RY. Moreover, let L*(11) be the set of u-integrable
functions for 41 a probability measure on (R?, B(R?)). Further, pu(f) = [pa f(z)dp(x) for
an f € LY(u). Given a Markov kernel R on R?, for all z € R? and f integrable under
R(z,-), denote by Rf(z) = [pa f(y)R(z,dy). Let V : R — [1,00) be a measurable
function. The V-total variation distance between two probability measures @ and v on
(R4, B(R?)) is defined as ||u — v||y = sup|si<v |[u(f) —v(f)|. TV =1, then || - ||y is
the total variation denoted by || - |rv. For a measurable function f : R* — R, define
Ifllv = supera [ f ()| /V (2).

For u,v € R? define the scalar product (u,v) = ch'l:1 u;v; and the Euclidian norm
lul| = (u,u)’%. Denote by S(R?) = {ueR?:|jul| =1}. For a,b € R, denote by
a Vb= max(a,b), a ANb=min(a,b) and ay = a V0. For a € Ry, |a] and [a| denote
respectively the floor and ceil functions evaluated in a. We take the convention that
for n,p € N, n < p then Zz = 0, Hz =1 and {p,...,n} = 0. Define for ¢t € R,
®(t) = (2n)~2 [*__e " /2dr and ®(t) = 1 — B(t).

For k € N, m,m’ € N* and Q, € two open sets of R™, R™ respectively, denote by
Ck(Q, ), the set of k-times continuously differentiable functions. For f € C2(R? R), de-
note by V f the gradient of f and by A f the Laplacian of f. For k € Nand f € C*(R? R),
denote by D’ f the i-th order differential of f for i € {0,...,k}. For x € R% and i €

(Lo k), define ||D° f(@)]| = [7(@)], [D f(@)]| = supy,.._uyesge D F@)furs .. uil




For k,p € N and f € C*(R% R), define the norm

1l = sup ||D* f()|| /(1 [l=]P)
z€R4, i€{0,....k}

and Cﬁoly( R) = {f € CKRLR) : infpen || fllep < +o0}.

2 Langevin-based control variates for MCMC methods

Before introducing our new methodology based on the Langevin diffusion (6), we need
to briefly recall some of its properties; this requires ‘tail’ and regularity assumptions on
U. Let k> 2.

H1 (k). U € Cgoly(Rd,R) and there exist v > 0 and M, > 0 such that for all z € RY,
[zl = My, (VU(2),2) > v |z,

Proposition 1. Assume H1(k) for k > 2.

(i) The semigroup (P;)i>0 associated to (6) admits m as the unique invariant proba-
bility measure and for all p € N, [pq|lz|P m(dz) < 4oc0.

(i) For any initial condition Yy and f € Cpoly(Rd,R), the solution (Yi)i>o0 of the

Langevin diffusion (6) satisfies the CLT (7).

(iii) For all f € CﬁOI;(Rd R), there exists f € Cpoly(Rd,R) such that Lf = =(f) — f,
where £ is the generator of the Langevin diffusion defined in (5). For all p € N,

there exist C > 0, q € N such that for all f € Cgoé(Rd R), ||f|]kq < CNflle=1,p-

(iv) For all f,g € Cpoly( ,R),

T (f(=2L)g) =7 (9(=2)f) =7 ((V[,Vg)). (10)

Proof. All these results are classical. A sketch of proof together with relevant references
is postponed to Appendix C.1. O

Proposition 1-(iii) ensures the existence and regularity of a solution of the Poisson
equation (8) for any f € CEOI;(]Rd R) and k € N, k > 2. Proposition 1-(iv) is a classical
“carré du champ” identity, see for example [BGL14, Section 1.6.2, formula 1.6.3]. It
means in particular that the generator % is (formally) self-adjoint in L?(7) which plays
a key role in the construction of our control variates.

A straightforward consequence of (10) (setting f = 1) is that for any function g €
Cgoly(Rd,R), m(Zg) = 0. This suggests taking as a class of control variates for 7 the
family of functions {-Z(0Tv) : 6 € RP}, where o = (¢1,...,v,) : RY — Rp p € N¥,
is a fixed sieve of functions such that for all i € {1,...,p}, ¥ € Cpoly( ,R). Let

fe Cpoly( ,R); by Proposition 1-(ii), for all § € RP,

0 [+ 2@ )0 — m(Dhs N0 + 260

5



and an appropriate choice for the parameter § € R? is given by a minimizer of § —
o2 (f + Z(0%)) defined in (7). We now show that this minimization problem has a
unique solution which can be computed explicitly. X

By Proposition 1-Siii), for any f € Céoly(Rd,R), the Pois?on efluation Lf=-{f-
m(f)} has a solution f € Cioly(Rd,R). ThAen, foralld e RP, fy = f—0T0 C%Oly(Rd,R)
is a solution of the Poisson equation .2 fg = —{fy — m(fy)}, where fo = f +.Z(0T¢).
Using the expression (7) of the asymptotic variance and 7(Z(6Tv)) = 0, we get for all
0 € RP

0% (fo) =2 ((f = 6T) {f = =(f) + 2(07w)}) . (11)
Now by Proposition 1-(iv) and since Zf = n(f) — f, we obtain

m(fLy) = n({x(f) - f}¥).

Plugging this identity in (11) and using Proposition 1-(iv) imply for all § € RP,
oL (f + L) = 20TH) — 40w (v {f = n(f)}) + 27 (F{f = =(N)}) .
where H € RP*P is given for any i,j € {1,...,p} by

Therefore, 0 +— o2 (f +.Z(0T1)) is a quadratic function and has a unique minimizer if
and only if H is symmetric positive definite and this minimizer is given by

0*(f) = H 'w (p{f —=(f)}) - (13)

Note that H is by definition a symmetric semi-positive definite matrix. It is easily
seen that if (1,41,...,7)) is linearly independent in C(R%,R), then H is full rank and
the minimizer of o2 (f + £ (0%)) is given by (13).

To sum up, constructing control variates of the form .Z(6T+) for the Langevin dif-
fusion is straightforward and the optimal parameter #*(f) minimizing the asymptotic
variance has an explicit expression (13) that does not involve the (usually unknown)
solution f of the Poisson equation .Zf = w(f)—f.

Implications for MCMC The continuous-time setting has mainly theoretical inter-
est. The main contribution of this paper is to show that the optimal control variate for
the diffusion remains nearly optimal for many classes of discrete-time MCMC algorithms.

One example is the Markov kernel associated with the Unadjusted Langevin Algo-
rithm (ULA). A diffusion approximation is to be expected since the ULA algorithm
is the Euler discretization scheme associated to the Langevin SDE (6): X1 = Xj —
YVU(Xy) + /27Zy 11, where v > 0 is the step size and (Zy)ken is an i.i.d. sequence of
standard Gaussian d-dimensional random vectors. The idea of using the Markov chain
(Xk)ken to sample approximately from 7 has been first introduced in the physics liter-
ature by [Par81] and popularized in the computational statistics community by [Gre83]



and [GM94]. Other examples include the Metropolis Adjusted Langevin Algorithm
(MALA) algorithm, and the Random Walk Metropolis algorithm (RWM).

Each of these MCMC algorithms define a family of Markov kernels {R-,~ € (0,7]},
indexed by the step-size parameter v € (0, 7], for 4 > 0. For any initial distribution £ on
(R%, B(R?)) and v € (0,%], denote by P¢ ., and E¢ ., the probability and the expectation
respectively on the canonical space of a Markov chain with initial distribution £ and of
transition kernel R,. By convention, we set E, ., = E;, , for all xz € R?. We denote
by (X)k>0 the canonical process. Under P¢ ., (Xj)r>0 is a Markov chain with initial
distribution ¢ and Markov kernel R,. The following assumptions are imposed here.
General criteria to justify (I)—(III) are postponed to Section 3.

(I) Foreach~ € (0,%], R, is a positive Harris Markov kernel with invariant distribution
7y satisfying W,y(’f‘) < oo for any f € Cpo1y(Rd R).
(IT) For any initial condition X, each f € Cpoly(Rd, R) and ~v € (0,7],
A kl
ViEa (D)~ () " N0, 0% (1) (14)

where 7, (f) is defined by (1), and o3, . (f) > 0 is the asymptotic variance associ-
ated with f defined by (2) relatively to R,.

(ITI) For any functions f, g sufficiently smooth and satisfying growth conditions,

02 (F+79) =702 (f) +o(v7) (15)
() =7(f) +0(), (16)

where 02 (f) is defined in (7) and for v | 0.

The standard conditions (I)—(II) are in particular satisfied if R, is V-uniformly geomet-
rically ergodic, see e.g. [MT09]. Let V : R? — [1,+00) be a measurable function. We
say that R, v € (0,7] is V-uniformly geometrically ergodic if it admits an invariant
probability measure 7, such that 7, (V') < +o00 and there exist C' > 0 and p € [0,1) such
that for any probability measure ¢ on (RY, B(R%)) and n € N,

IERY — o [lv < CE(V)p"

The approximation result (I1T) requires more sophisticated arguments given in Section 3.
Based on (I)—(III) and (13), the estimator of 7 (f) we suggest is given for n € N* by

n—1

{FO0)+.2 (8. v0) | (17)

k=0

and 0% (f) is an estimator of 6*(f) defined in (13) given by

S|

n—1
On(f) = H, [ > () {F(X) —ﬂn(f)}] : (18)

k=0



where H," is the Moore-Penrose pseudoinverse of H, € RP*P defined for all i,j €
{1,...,p} by

n—1

1
(Hn)ij = D A(VEi(XR), Vi (Xi)) - (19)
k=0
We sketch informally the arguments required to justify (17). Since, under (I), for any
v € (0,7], the Markov kernel R, is positive Harris, by the strong law of large numbers,
(Y {f — 7 (f)}) and H,, converge P¢ .-almost surely for any initial probability measure

¢ to my({f —my(f)} ¥) and H, where
(Hy)ij =m0y (Vi Vibj)) 5 i €{1,....p} (20)

If (1,41, ...,%,) is linearly independent in C(R? R) and 7, admits a positive density
w.r.t. the Lebesgue measure, H, is a symmetric positive definite matrix. Hence, the
sequence (07 (f))n>0 converges P¢ ,-almost surely to

05(f) = Hy'my {(f = my (£))Y} - (21)

Under (IT), using standard arguments, see Proposition 15, the following central limit
theorem holds

VAT ) = o + 2NN} TS N0, 902 (f + 20500 T8)) - (22)

Moreover, under (I1I), since 03 (f) = 0*(f) + O(y), we get that

P¢  —weakly
} £y

Vaer(f + L O5() ) = vo% , (f +.2(0°(f) ) +0(y Zm)

= 05 (f + 20" (/)T)) +o(1) , (23)
for v | 0", Therefore for any v € (0,7], we get

N0, 0% (F + 2007 (1)) + (D))

(24)
showing that the optimal control variate for the Langevin diffusion .Z(6*(f)Tv) is
asymptotically optimal as v | 0 for the considered MCMC algorithm. Note that (24)
also displays the existence of a bias term m (f + £(65( f)T)) — 7(f) which vanishes
when 7, = m. As shown in Section 3, we may get rid of the bias term by letting the step
size v depend on the number of samples n.

VI SV (f) — my(f + L2050 ) }

n—-+0o

3 Asymptotic expansion for the asymptotic variance of
MCMC algorithms

In this Section, we justify (ITI). Let ¥ > 0, V : R? — [1, +00) and k € N. Consider the
following assumptions:



A1 (V,5). There exist A € [0,1), b < 400 and ¢ > 0 such that

sup {exp(c|lz])/V(z)} < +o00 and R,V <XV 4+~b, forally e (0,7]. (25)
z€R

Moreover, there exists ¢ € (0,1] such that for all v € (0,7] and z,2' € {V < M},

IR, ) = RV @)y <1 - ¢, (26)
where e
><1§;(/\1/>\)1)v1. (27)
A2 (7,k). There exist a« > 3/2 and a family of operators (</y)ye(0,5) With <y : Cf;::fy(Rd, R) —
Cl oy (RER) fori € {0,..., kY, such that for all ¢ € Coll (R, R) and v € (0,7],

Ryp=p+~yZLo+~v"2yp.

For all p € N, there exist C > 0 and q € N such that for all i € {0,...,k}, ¢ €
Cpoir (R R) and 7 € (0,7],

16l g < Cllellagip -

For any ¢ € Céoly(Rd,R) and z € RY, lim, g+ oyp(x) exists (this limit is denoted
Aop(x)).

We show below and in Section 5 that these conditions are satisfied for the Metropolis
Adjusted / Unadjusted Langevin Algorithm (MALA and ULA) algorithms (in which case
~v is the stepsize in the Euler discretization of the Langevin diffusion) and also by the
Random Walk Metropolis algorithm (RWM) (in which case «y is the variance of the
increment distribution). In the following result, we establish the V-uniform geometric
ergodicity of R, for v € (0,7].

Lemma 2. Let V : R? — [1, +00) and 5 > 0. Assume A1(V,5). For all v € (0,7], R,
has a unique invariant measure 7. There exist C > 0 and p € (0,1) such that for all
v €(0,7], » € R and n € N,

16.R7 — ol < CpMV () . (28)
Proof. The proof is postponed to Section 6.1. O

Note that under A 1(V,%), iterating the drift condition (25), using Lemma 2 and
1 — A" > ~In(1/A\)\?, we obtain for all v € (0,7], n € N*, z € R?,
RIV(@) < XV () + 2 and (V)< (29)
— 7r —.
K - In(1/X) = In(1/0)
We next give an upper bound on the bias between 7, and 7, i.e. |7, () — w(p)| for ¢
smooth enough and m, # .



Proposition 3. Assume H1(}). Let V : R = [1,4+00), ¥ > 0 and assume A](V, )

and A2(3,0). For all p € N, there exists C > 0 such that for all ¢ € Cpoly( ,R) and
v € (0,7], :

[Ty () = m(@) < Cllells , v - (30)
Proof. The proof is postponed to Section 6.2. O

We now state the main theorem of this Section.

Theorem 4. Let V : R? — [1,+00), 5 > 0. Assume H1(7), A1(V, ”y) and A 2(7,3).
Then, for all p € N, there exists C > 0 such that for all f € Cpoly( ,R), v € (0,7],
z € RY, and n € N*

n—1 2
ey (Z{ﬂxk) m(f)}) - L[ < Clf, {4 T

k=0
where o2, (f) is defined in (7).

Proof. The proof is postponed to Section 6.3. O

Bias and confidence intervals Inthe CLT given in (24), the bias 7 (f+.£ (0% (f) ")) —
w(f) is different from 0, except if 7, = 7. To obtain asymptotically valid confidence
intervals for 7(f), we let the step size depend on the total number of iterations n.
Let (vn)nen+ be a positive sequence and 7Y, (f) be defined in (17) where (Xj)ken
is associated to the kernel R,,. We show that for an appropriate sequence (Vn)neN*
mus, (f) targets m(f) and a CLT holds with an asymptotic variance equal to o2 (f +
Z(0*(f)T4)). The optimal control variates for the Langevin diffusion .Z(0*(f)Tv) is

then also optimal for the MCMC algorithm of kernel R,, in the limit n — 4-o0.

Theorem 5. Let ViR = [1,+00), ¥ > 0. Assume H1(10), A1(V,7), and A2(7,6).
Let f € Cpoly( R), ¥ = (Y1,...,v¢p) : RT = RP, p € N*, be a fived sieve of functions
such that (1 wl, -y p) is linearly independent in C(RY,R) and for all i € {1,...,p},
P; € poly(Rd R). Let (Yn)nen+ be a positive sequence satisfying limy, 1 oo (nyn) "t +n =
0, f be a solution of the Poisson equation £ f = w(f)— f, 0°(f) be defined in (13) and
€ be a probability measure such that (V') < +oo. Then,

(i) if 7(A(f — 0" (f)T)) limp_y 400 /2452 = 0,

() =)= N0, 0 (F + 20%() )

n—-4o0o

nl/2y1/2 {W

(i6) if limy oo 0275 % = o € [0, 4+00),

1/2 1/2 {ﬂ 7% _ f)}
Pmﬂ%e“’“y N (Yoorr(0(f = 07 (£)")), 0% (f + L(6"()"))) ,

n—-+o0o

10



(iii) if 7(Ao(f — 0°(F)T)) iminf, s oo /290 % = o0,

e {ms, () = m(N} T w (A (F -0t (1))

n—-+o0o

where 7Y, (f) and o2, (f) are defined in (17) and (7), respectively.

n,Yn

Proof. The proof is postponed to [Bro+18, Section B]. O

Note that if the invariant distribution of R, is m for all v € (0,7] (e.g. the case of
MALA or RWM), we have under A2(7,0) and by the dominated convergence theorem,
(e (f — 0*(f)T¢)) = 0 and (i) always holds.

The ULA algorithm The Markov kernel RY** associated to the ULA algorithm is
given for v > 0, 2 € R? and A € B(R?) by

RS A) = (4m) 2 [ exp (<) g =249 9U @) g (32)

Based on the results of [DM17] and [DM16], the following lemmas enable to check A
1(V,%) and A2(%,k), k € N, for the ULA algorithm. Analysis of the MALA and RWM
algorithms is postponed to Section 5. Consider the following assumptions on U.

H2. U : R? — R is gradient Lipschitz, i.e. there exists L > 0 such that for all z,y € R?,
IVU(z) = VU(y)l| < Llz -yl

H3. There exist v > 0, a € (1,2], a minimizer * € argminU and M, > 0 such that
for allz € RY, ||z — 2*|| > M, (VU (z),z —2*) > vz — z*|*.

HA4. U is convex and admits a minimizer x* € argmin U.

For simplicity we have assumed that VU is Lipschitz but following [Bro+17], this
assumption can be relaxed. Note that under H4, by [Bra+14, Lemma 2.2.1], there
exist 7 > 0 and M, > 0 such that for all z € R%, ||z — 2*|| > M,, (VU(z),z —z*) >
U(z) — U(z*) > nllz — 2*|| where z* € argmings U. Let k € N, k > 2. Note that if

U € Cfy(RY,R) and U satisfies H2 and H3 or H4, then H1(k) holds.

Lemma 6. (i) Assume H2. RJ™ satisfies the Doeblin condition (26).

(i) Assume H2 and H3 or Hj. Then A1(V,L™') is satisfied where V is defined for

z € R? by,
exp(U(x)/2) under H3
Vi(z) = ( _x2Y1/2
exp ((n/4)(1 + ||z — «*|") under H .
Proof. The proof is postponed to Appendix C.2. O
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To establish A 2(7,6), let i € {0,...,6}, ¢ € C*T(RYR), 57 > 0, v € [0,7] and

poly
r € R% Using X1 = Xo—yVU(Xo)++/27Z1 where Z; is an i.i.d. standard d-dimensional

Gaussian vector, we get

p(X1) = () =7 (VU(2), V() + /27 (Vo(x), Z) +vD? p(2)[2%7]

V2 W?D? VU ), ] w /2)D% <>[VU<x> 2] DB () [VU (2), 2
— (1/6)5° DP @) VU ()] + 27/ ¥2 D9 () [VU (2) 2, 7

[ 3/2 13 ®3 1 ! 34 ®4
TP @27 + 5 [0 D e X o)y — ) (39)

Taking the expectation in (33), we obtain Ryp(z) = ¢(z) + v Lo(x) + y2 ()
where,

AP () = 3 D (@) [VU ()] — 27D p(@)[VU ()] ~ E [D () VU (), 27

+é/1(1—t)3IE [D4ap(a:—t7VU z) + t\/272)[(—/AVU (z )+\/§Z)®4]} dt.  (34)
0

Taking the limit v | 0% in (34), we get for any ¢ € C* (R4 R) and z € R?,

lim, g+ A p(z) = oy p(z) where

poly

1 1
A (@) = 3 D p(@)[VU (@)% - B [DP p(@)[VU (@), 2] + ¢E [D* p(2)2°1]] .
(35)
Summarizing this discussion, it is easy to show that

Lemma 7. Assume that U € C ,R).

poly(

(i) For all v € Cf)j)'fy(Rd R) and i € {0,...,6}, o4y € Cpoly( ,R) for~v >0 and
for any 5y > 0 and p € N, there exist C >0, g € N such that for all i € {0,...,6},
€ Cpip (RLR) and 7y € (0,3], 9™ ¢llig < Cllollatip-

(ii) For any ¢ € C R) and x € RY, lim., o+ A p(x) = oy ().

poly(

IfU € Cpoly(]Rd, R), under H2 and H3 or H4, by Lemma 6 and Lemma 7, A1(V, L™!)
and A2(L~!,6) with o = 2 are satisfied; Theorem 4 and Theorem 5 then hold.

4 Numerical experiments

We illustrate the proposed control variates method on Bayesian logistic and probit re-
gressions, see [Gel+14, Chapter 16], [MRO07, Chapter 4]. The examples and the data
sets are taken from [PMGI14]. The code used to run the experiments is available at
https://github.com/nbrosse/controlvariates. Let Y = (Y1,...,Yn) € {0,1}" be
a vector of binary response variables, z € R? be the regression coefficients, and X € RV*¢
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be a design matrix. The log-likelihood for the logistic and probit regressions are given
respectively by

N

lrog (Y2, X) = Y XFz —In (1452) L

V12 = 32 f¥xta (1 )}
N

Coro (Y2, X) Z {Y;In(® + (1Y) In(®(—XTx))} ,

where XiT is the i*" row of X for i € {1,..., N}. For both models, a Gaussian prior of
mean 0 and variance ¢?Id is assumed for « where ¢2 = 100. The posterior probability
distributions g and 7y, for the logistic and probit regressions are proportional for all
z € R to

Tiog (|, X) o exp (—Ulog(x))  with  Upog () = —Log (Y], X) 4+ (262) 71 ||z|?
Tpro(2]Y, X) o< exp (=Uppo () with  Upro(2) = —Lpro(Y]z, X) + (262) 71 |22

In the following lemma, we check the assumptions on Uj,e and Uy, in order to apply
Theorem 4 and Theorem 5 for the ULA, MALA and RWM algorithms. Note that H5
and H6 are two additional conditions on U given in Section 5, introduced to check
Al(exp(U/2),7) and A2(7,6), for the RWM algorithm.

Lemma 8. Uy, and Uy, satisfy H1(k) for any k € N*, H2, Hj, H5 and HG.
Proof. The proof is postponed to Appendix C.3. O

Following [PMG14, Section 2.1], we compare two bases for the construction of a con-
trol variate, based on first and second degree polynomials. Define 115t = (4{5¢, ... 11st)
given for i € {1,...,d} and z = (21,...,24) € R? by ¢#(2) = z; and ¢p?d =

(pnd ,wﬁ?;Jrg)/Q) given for = (21,...,24) € R? by

gy =z forke{l,...,d} , ¢vPYx)=2} forke{l,...,d},

Yid(z) = wry; fork=2d+(j —1)(d—j/2)+(i—j)andall 1 <j<i<d.
15t and 42" are in Choly (R%,R) and are linearly independent in C(R%,R). The estima-
tors associated to 1'5* and 12" are referred to as CV-1 and CV-2, respectively.

For the ULA, MALA and RWM algorithms, we make a run of n = 10% samples with
a burn-in period of 10° samples, started at the mode of the posterior. The step size is set
equal to 1072 for ULA and to 5 x 10~2 for MALA and RWM, the acceptance ratio in the
stationary regime being close to 0.23 for RWM and 0.57 for MALA, see [RGG97; RR98].
We consider 2d scalar test functions {fx}34, defined for all z € R? and k € {1,...,d}
by fr(z) = ) and frya(z) = 23. For k € {1 ,2d}, we compute the empirical average
7n(fx) and the control variate estimator 75 ( fx) defined in (1) and (17) respectively.
For comparison purposes, the zero-variance estlmators of [PMG14] using the same bases
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of functions ¥'st, 1?"d are also computed and are referred to as ZV-1 for 1'* and ZV-2
for 4?4, We run 100 independent Markov chains for ULA, MALA, RWM algorithms.
The boxplots for the logistic example are displayed in Figure 2 for x1 and z3. Note the
impressive decrease in the variance using the control variates for each algorithm ULA,
MALA and RWM. It is worthwhile to note that for ULA, the bias |w(f) — m(f)| is
reduced dramatically using the CV-2 estimator. It can be explained by the fact that for
n large enough, 0} (f)T?"! is an efficient approximation of the solution f of the Poisson
equation Zf = —(f —m(f)). We then get

lim 7%, () % 7 () + 7y (LN ) % 7 () = 7y (F = 7)) = 7(f)

where 7Y (f) is defined in (17).
To have a more quantitative estimate of the variance reduction, we compute for
each algorithm and test function f € Cpoly(Rd,R), the spectral estimator 62 (f) of the

asymptotic variance with a Tukey-Hanning window, see [FJ10], given by

[n1/2] 1
2= Y {; + 5 cos (LZJZ’J )}wzi(w , (36)

k=—(|n1/2]-1)

n—1—k

WR) = S LX)~ A Kass) — #al)
s=0

We compute the average of these estimators 62 (f) over the 100 independent runs of

the Markov chains and the values for the logistic regression are given in Table 1. The
Variance Reduction Factor (VRF) is defined as the ratio of the asymptotic variances
obtained by the ordinary empirical average and the control variate (or zero-variance)
estimator. We again observe the considerable decrease of the asymptotic variances using
control variates. In this example, our approach produces slightly larger VRFs compared
to the zero-variance estimators. We obtain similar results for the probit regression; see
Appendix D.

5 The RWM and MALA algorithms

In this Section, we establish the assumptions of Theorem 4 and Theorem 5 for the RWM
and MALA algorithms. For v > 0, the Markov kernel R5"™ of the RWM algorithm with

a Gaussian proposal of mean 0 and variance 27 is given for € R? and A € B(R?) by
_dy
(4my)d/2

_TRWM(

— . —’TRWMI
R (e, A) = [ exp (<) fy = al?) min1, 7" ew)

00 {1 [ e (<) =l mingr,e e B o

T (@, y) = Uly) = Ulx) - (38)
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Figure 1:  Boxplots of x1,z? using the ULA, MALA and RWM algorithms for the
logistic regression. The compared estimators are the ordinary empirical average (O),
our estimator with a control variate (17) using first (CV-1) or second (CV-2) order
polynomials for ¢, and the zero-variance estimators of [PMG14] using a first (ZV-1) or
second (ZV-2) order polynomial bases. The plots in the second column are close-ups for

CV-2 and ZV-2.

15



Table 1:

Estimates of the asymptotic variances for ULA, MALA and RWM and each
parameter z;, z7 for i € {1,...,d}, and of the variance reduction factor (VRF) on the
example of the logistic regression.

MCMC CV-1-MCMC CV-2-MCMC ZV-1-MCMC ZV-2-MCMC
Variance | VRF  Variance VRF Variance | VRF Variance VRF Variance
r1 | ULA 2 33 0.061 3.2e+03  0.00062 33 0.061 3e+03 0.00066
MALA 0.41 33 0.012 2.6e+03  0.00016 30 0.014 2.5e+03  0.00017
RWM 1.3 33 0.039 2.6e+03  0.00049 32 0.04 2.7e+03  0.00048
x9 | ULA 10 57 0.18 8.1e+03  0.0013 53 0.19 7.4e+03  0.0014
MALA 2.5 59 0.042 7.7e+03  0.00032 54 0.046 7.3e4+03  0.00034
RWM 5.6 52 0.11 5.6e+03 0.001 50 0.11 5.6e+03 0.001
z9 | ULA 10 56 0.18 7.3e+03  0.0014 52 0.19 6.7e+03  0.0015
MALA 2.4 58 0.041 6.8e+03  0.00035 52 0.045 6.5e+03  0.00037
RWM 5.6 45 0.13 5.1e+03  0.0011 42 0.13 5.1e+03  0.0011
x4 | ULA 13 26 0.5 3.9e4+03  0.0033 22 0.59 3.4e+03  0.0038
MALA 3.1 25 0.12 3.6e+03  0.00087 21 0.14 3.3e+03  0.00095
RWM 7.5 19 0.4 2.5e+03 0.003 18 0.43 2.4e+03  0.0031
7 | ULA 4.6 10 0.46 5.5e+02  0.0084 9.3 0.49 4.8e+02  0.0095
MALA 0.98 9.6 0.1 4.6e+02  0.0021 8.6 0.11 4.2e4+02  0.0023
RWM 3 8.3 0.36 4.3e+02  0.0069 8 0.37 4.3e+02  0.0069
x5 | ULA 29 11 2.6 5.2e+02 0.055 10 2.8 4.7e+02 0.062
MALA 7 11 0.64 5.2e+02 0.013 10 0.68 4.8e+402 0.014
RWM 16 9.1 1.8 4.4e+02 0.037 8.8 1.8 4.3e+02 0.037
x% ULA 46 11 4.1 6.7e+02 0.069 10 4.5 5.9e+02 0.079
MALA 11 11 0.97 6e+02 0.018 10 1 5.6e+02 0.019
RWM 26 9 2.9 4.3e+02 0.061 8.6 3.1 4.2e402 0.062
a:i ULA 5.1e+02 14 37 8.2e+02 0.62 12 43 6.9e+02 0.73
MALA | 1.2e+02 14 9 7.9e+02 0.15 12 10 7.1e402 0.17
RWM | 2.9e+02 11 27 5.8e+02 0.51 10 29 5.6e+02 0.53
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For all z € R? and « > 0, define the acceptance region
AR — {z e RY: TP (g g 4 \/272) < 0} (39)
and denote by A" the boundaries of the connected components of A;™M.

H5. For all x € R and v > 0, OAZM is a Lebesgue null set.

Set for all v > 0,
MRWM _ (RRWM —1Id —79%)/73/2 _ (40)

IftUecC R), define for any ¢ € C R) and z,z € RY,

pOly( poly(

A"Mp(x) = —VIE [(VU(), Z), D p(2)[Z%%] + Go(x, Z) (Vep(2), Z)]
Golw, 2) = {D2U@)[%%] + (VU (2), ) } Liwv) 50
+ (D*U(2)[2*%) , Livu(a),)=0 - (41)

where Z is a standard d-dimensional Gaussian vector.

Lemma 9. (i) Assume that U € Cpoly(Rd,R) and H5. For all i € {0,...,6} and
Y € Cf)ify(Rd R), @My € Cpoly(Rd R) for v > 0 and for any v > 0 and
p € N, there exist C > 0, ¢ € N such that for all ¢ € C R) and v € (0,7],

15 ellog < Cllellap-

poly(

(ii) Assume thatU € Czoly( ,R). Foranyy € Cpoly( R) and z € R, lim, o+ ;" Mp(x) =
JZ{RWM ( )
Proof. This result follows from [BDM18]. O

We now proceed to check the drift condition (25). In that purpose, consider the
following additional assumption on U.

H6. There exist x, M > 0 such that for all x € R?, ||z|| > M,

IVU@)| > x7", [[D’U(2)|| <x[[D?U()] , [D*U(z)|| <x[VU()|
and im0 |[D2U ()| / VU (2)|* = 0.

Lemma 10. Assume that U € Cioly(Rd,R) and H6. There exists 7 > 0 such that for
all v € (0,7], RE™™ satisfies the drift condition (25) with V = exp(U/2).

Proof. This result follows from [BDM18]. O
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We now consider the MALA algorithm. The Markov kernel RY*** of the MALA
algorithm, see [RT96], is given for v > 0, z € R?, and A € B(R?) by

MALA

RYMA (z,A) = /A RY™(x,dy) min(1,e” ™ (#V))

+5$(A){1— / RV (z, dy) min(1,e—7¥“‘*<xvy))} . (42)
R4

lz —y + VU = ly — = + VU (2)]?

™ (43)

N (2,y) =Uly) — U(x) +
For all 2 € R% and v > 0, define the acceptance region
AYALA {z € RY: 2NN (g w — A VU (2) + /272) < 0}
and denote by 9A}'2"* the boundaries of the connected components of A3,

H7. For all x € R and v > 0, QAL is a Lebesgue null set.

Under this assumption, the following Lemma shows that A2(7, k) is satisfied for the
MALA algorithm for any 4 > 0 and k € N. Set for all v > 0,

MMALA — (R’I;iALA —1d _73)/72 , (44)
and define for all ¢ € Cpoly( ,R), 2,z € RY,

A MR p(x) = oy p(a) — V2E [max(0, oz, 2)) (Ve(), Z)]
fo(z,2) = =(V2/6) D’ U (2)[*°] + 27> (VU(2), D U(2)[2]) (45)
where Z is a standard d-dimensional Gaussian vector and o7’"*¢ is given in (35).

Lemma 11. (i) Assume that U € Cloly( R) and H7. For alli € {0,...,6} and

Cf;jfy(]Rd R), @440 € Cpoly( ) for v >0 and for any 5 >0 and p € N,

there exist C > 0, ¢ € N such that for all p € CH(RER), i € {0,...,6} and

poly
7 € (0,9], |9 ollig < Cllollatip-
(ii) Assume thatU € Cpoly( ,R). Foranyy € Cpoly( R) and z € RY, lim, |+ AR () =
'Q{I\IALA ( )
Proof. The proof is postponed to Appendix C.4. O
6 Proofs

6.1 Proof of Lemma 2

By (25), the drift condition Dy (V, A7, ~b) is satisfied. By (26) and (27), the set {V < M}
isan ([1/~],1—¢)-Doeblin set and by the choice of M, see (27), A7+ (2vb)/(1+ M) < 1
A direct application of [Dou+18, Theorem 18.4.3] concludes the proof.
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6.2 Proof of Proposition 3

Under H1(4), by Proposition 1-(iii) with k = 4, there exist ¢; € N and C' > 0 such that
for all ¢ € CJ (R%,R), ¢ € Cpy (R, R) where £¢ = 7(¢) — and [[¢]laq < Cl@llsp-
Under A2(%,0), we have for all v € (0, 7],

Ryp = +1Lo+~"dp . (46)

By Proposition 1-(iii), A2(7,0) and (29), there exist g2 € N and C > 0 such that for all
v € (0,71,

|7 ()| < (|5 ]) < Clltyllg g, < Clldllag, < Cllells, - (47)

Integrating (46) w.r.t. 7, and using £$ = w(p) — ¢, we obtain that 7, () — 7(¢) =
v~ tr., (e,p). Combining this result with (47) concludes the proof.

6.3 Proof of Theorem 4

The proof is divided into two parts. In the first part, we derive some elementary bounds
on the first and second order moments of the estimator 7, (f) defined in (1) and where
(Xk)ken is a Markov chain of kernel R, see Lemma 12 below. The arguments are based
solely on the study of R, and rely on A1(V,%) and Lemma 2. We also provide an upper
bound on B, [{f(X1) = B, f(@)}] for [ €
part, we compare the discrete-time Markov chain (Xj)reny and the Langevin diffusion
(Y2)¢>0, see Lemma 14. The proof of Theorem 4 is then derived by a bootstrap argument
based on Lemma 14. In the sequel, C is a non-negative constant independent of v > 0
which may take different values at each appearance.

Note that if (25) holds, we obtain by Jensen’s inequality and using va + b — /a <
b/(2+/a) for all a,b > 0,

(R4, R), see Lemma 13. In a second

RWVY2 < (NV +4b)" /% < X2V 4 qpa=7/2)2 (48)

Lemma 12. Let V : RY — [1,400) and ¥ > 0. Assume A 1(V,5). There exists C > 0
such that for all v € (0,7], z € RY, n € N* and f € Cpoly(Rd,R),

Ee., <Oy | fllyas V() (49)

n—1
D {F(Xk) =y ()}
k=0

n—1 2
E..; <Z{f(Xk)—7w(f)}> <O e n v V@) . (50)
k=0

Proof. By (48), A1(V'/2 3) is satisfied and using Lemma 2 with V'/2 and 1 — p? >
vIn(1/p)p?, we obtain for all v € (0,5] and x € R%,

+oo
> [REHS = m(DH@)| < Oy Il VIR (51)

k=0
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which gives (49). For all v € (0,7], define f, : R? — R by f,(z) = S} RE{f —
7y (f)}(x), which is a solution of the Poisson equation, (R, — Id)fv = —{f—m(f)}, see
[MT09, Section 17.4.1]. We get for all n € N*|

n—1 n—1
U Xe) = () = [(X0) = £(Xa) + > {F(Xer1) = By fo(Xe)} (52)
k=0 k=0
By (51), for all z € R?, R
F@) < v 2 If 152 V() (53)

and (3 ;_o{ f,y (Xkt1) — Ry fv (X&) })nen is a square integrable martingale under PP, - for
all z € R%. By (52), we have

n—1 2
Evr (Z [F(X0) - m(f)}> ] < 9E,, [(ﬁ(Xo) - ﬁ(xn))z}
k=0
n—1
+ 2B, Z{fv(XkJrl)—vav(Xk)}z] - (54)
k=0

Set g,(x) = Eqn [{ £ (X)) - R, fy(x)}ﬂ. By (29) and (53), for all z € R%, g, (z) <
Cy 2| f|31)2 V(2) and 7 (gy) < Cy 2| f|f31/2. By (51) for f = g, we obtain

<Oy flliye Vi) -

n—1
Z {Eay [97(Xk)] — m(97)}
k=0

Combining this result with (54), we obtain (50). O

Lemma 13. Let 7 > 0 and k € N. Assume that U € Cﬁ;ﬁ;(Rd,R) and A2(7,k). For
any p € N, there exist ¢ € N and C > 0 such that for all v € (0,7] and f € ke (R4, R),

~ - poly
| fyllk,g < C’y\|f||i+47p where f. : R? — R is defined for all x € R? by

Fo@) = Bapy [{£(X0) = Ry f (@)} -
Proof. Let p € N. By A2(%,k), for all f € Cg;ﬁi(Rd,R), v € (0,7] and = € R?,

f+(2)

e [{F(X0) = f(2) = 72 f(2) = 7ty f ()]
o [L0) = F@)P] + 2 { L @)+ Lt f )}
=2 {Lf () + 2" A (@)} By [F(X0) = f(@)] - (55)

E
E

T
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Besides, for all v € (0,7] and z € R?,

Bory [{(X0) = F@)F] = Bapy [F2(X0)] + f2(2) = 2/ (2)Bay [F(X)]
=1L () (@) + 1 () () = 29f (@)L (@) = 29" f(2) 7, f ()
=1 {20V @I + 77 (9 () (@) - 2f (), ] (x) | (56)

and E,, [f(X1) — f(z)] = 7L f(x) + v*, f(x). Then, combining (55) and (56), under

A2(7,k), f, € CF, (R%R) and there exist ¢ € N and C > 0 such that ||f,|r, <
CHF IR a e O

poly
Lemma 14. Let V : R? = [1,+00) and ¥ > 0. Assume H1(4), A1(V,7) and A2(7,0).
Then, for all p € N, there exists C > 0 such that for all f € C2__(R%R), v € (0,7],

poly
z € R? and n € N*,

= 1 o2 17115,V ()
E: |:n <kZ_0 {f(Xg) — Wv(f)}) ] - ~ + #72

1F2, VI/2()y(e/2-110 TS
+ AL (2,n, )+ 25 Al @) 2 fll, (2 L@ L

< c{ 11187270

nl/2y nl/2y
(57)

where o2 (f) is defined in (7) and

n—1 2
E,., {(Z{% F(X5) =41 (2 (1) —W(f))}> ] L 68)

2(a—1)
Al (z,n, ) =2 -

k=0
o, oy are given in A2(%,0), and f is a solution of Lf = —{f —n(f)}. Moreover,
Af(@,n,7) < O 115, {1+ V(@) /(n)} - (59)

Proof. Under H1(4) and by Proposition 1-(iii), let f € C;‘;oly(Rd, R) be a solution of the

Poisson equation .Zf = —{f — «(f)}. Under A2(¥,0), we get for all v € (0,7],
Rf=f+1Lf+7"f . (60)

Since .Zf = —{f — n(f)}, we have for all n. € N* and ~ € (0,7],

n—1 £ £ n—1
S 7 — () = LI ISR ) — Ry fx )
k=0 v v k=0
n—1
+9S{A f (X)) = ()~ ()] (61)
k=0



Consider the following decomposition

n—1 2 4
% (Z {f(Xk) — Wv(fﬂ‘) = ZA{(az,n,fy) , (62)
k=0 i=1

where A{(:r, n,7y) is given in (58),
A7) = By [(F(X0) = F(Xa))2/ (0] (63)

1
Ag(% n, ’Y) = E:):,'y |:7’L

and by Cauchy-Schwarz inequality,

(1/2) ‘Af x,n,y ‘ Z Af (x,n 7)1/2Af(a: n,v)4?. (64)
1<i<y<3
We show below that max;c(i,.. 4} ‘A T,n 7)‘ < 400 for any f € Cpoly(Rd’R). By

Proposition 1-(iii), there exists ¢; € N such that || f[lag < C|f3, and combining it
with A1(V,%) and (29), we obtain for all z € R%, v € (0,4] and n € N*,

Af(w,n,7) < CIIfI5, V(2)/(n7?) . (65)

. L2
Forally € (0,7] and x € R?, set g, (z) = E, [{f(Xl) - Ryf(:z:)} } . By Proposition 1-(iii)

and Lemma 13 with £ =0, g, € Cpoly( R) and for all v € (0,7], |lgy|lv < C'vaH&p

Since (Zk:O f(Xpy1) — wf(Xk))keN is a P, ,-square integrable martingale, for all
r € R% n € N* and v € (0,7], we have by the Markov property

n—1
;mek)] . (66)
k=0

By Lemma 12, eq. (49), we have for all z € R% ~ € (0,7] and n € N*,

n—1
By y [711 Z gw(Xk)] — my(9y)
k=0

We now show that 7.,(g,) is approximately equal to yo2 (f). Observe that

Al (z,n,7) =

|4 Vv
<Cloly 22 < e, "2 o

7(9y) = En » [{f(Xl) wf(Xo)}z]
|



We have by (60)

e, | {00 = 0} | =280, [0 {00 - R FO@)) (00
= 2y, (F2 )~ 2w (fh f) (70)
In the next step, we consider separately the cases 7, = 7 and 7, # .
o ltn =, (F2) = (/2% ().
o Ifm, #m, (—Lf)f € C3, (R R) and by Proposition 3, for all € (0,7],

poly

I (F2) == (f2D)] < CITIE, A"

In both cases, using A2(%,0), (29) and ‘Fy(fézfvf) < C’||f|]§’p7 (70) becomes

Be,o [ {7000 - F0)} | 2020)| < C AR )
By A2(%,0), (29) and (60), E~ [{f(Xo) - R'yf(Xo)}Q] < C||f||§,p72- Combining this
result, (68) and (71),

|73(94) = 705 (] < CIIf

Combining it with (67), for all z € R%, v € (0,7] and n € N*,

2T (72)

: 4
My - =D <oppg, {2 LG (73)

Combining (62), (64), (65) and (73) give (57).
For any v € (0,4], by (60), my (o4 f) = ¥={m,(f) — 7(f)}. Hence, by Lemma 12
and A2(7,0), there exists g3 € N such that for all z € R% and n € N*,

A(@,n) <O | f| 1+ V@) em)
<o || i {14 Vi) /)

< OO fll5, 1+ V(@)/(m)} (74)

2
v1/2

which gives (59). Finally, for any f € Cioly(Rd,R), there exists py € N such that

| fll3,p; < 400, and by (64), (65), (73) and (74), max;c(; . 43 ‘A{(w,n,'y)‘ < +00. O
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of Theorem 4. To get the result, we use a bootstrap argument based on Lemma 14.

Let f € Cgoly(Rd,R) be given by Proposition 1-(iii). We first apply Lemma 14 to the

function 52/7]? € Cgoly(Rd,R). Note that by Proposition 1-(iii), A2(%,3) and (59), there
exist q1,q2 € N such that for all v € (0,7], z € R? and n € N*,

il <o, <€t

| 1], <cl|lf], <cisls,

A (@) < OO | FI2 {1+ V(@) ()]

By Lemma 14 applied to the function szfvf, (57) and using ﬁv(bzzfq,f) = =7 (f) —
7(f)}, we obtain for all z € R% v € (0,7] and n € N*

(a-1) nl ’
A{(x,nﬁ) = gl - : Ez~ |:<Z {JZZYf(Xk) — ' (my(f) — W(f))}) ]

k=0

(75)

V1/2(x),y(a/2—l)/\0 . V(x)}

2 _ _
<C HfH&p 72(0[ ) {fy T+ n1/27 ny?2

Combining Lemma 14 applied to the function f € Cgoly(Rd,R), (57) and the upper
bound (75) give

2

n—1 2
E$,'y % (Z {f(Xk) — 71'7(]")}> _ O-OO,_Y(f) <C HfH?a,p {,Y(oz—2)/\0
k=0

. V1/2(x)7(a/271)/\0 V1/4(:L.>,y(a/471/2)/\0 (7_1/2 . Vl/Q(x)> . V(x)} |

2

nl/2y nl/4y3/2-a nl/2y ny
(76)
Note that by Young’s inequality, we get for all z € R ~ € (0,7] and n € N*,
V1/4<37) ,7(504/4—2)/\(04—3/2) < EV(x) + %7(504/3—8/3)/\(40[/3—2)
n1/4'}/1/2 — 4 7’1,’)/2 4 ’
2V1/2($)7(a/2—1)m _ V(z) 4 Ala=2n0
nl/2~ = ny? ’
V()34 (5a/4=3/2)A@=1) < 4V (z) +} (a—6)Ad(a—1)
n3/4’y3/2 -3 n'YQ 4
Combining it with the fact that for all & > 3/2 and 7 € (0, 7],
7(5(1/378/3)/\(40472) + 7(5a76)/\4(a71) < C,y(an)/\O 7
concludes the proof. ]
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A Strong Law of Large Numbers and Central Limit The-
orem for the control variates estimator

Proposition 15. Let V : R? — [1,+00), ¥ > 0. Assume A 1(V,7) and that 7., admits
a positive density w.r.t. the Lebesque measure for all v € (0,7]. Let f € Cpoly(Rd,R),
= (Y1,...,p): RY — RP, p € N* be a fived sieve of functions such that (1,11, ... ,Up)
is linearly independent in C(R%, R) and for all i € {1,...,p}, ¢; € Cgoly(Rd,R). Then,
for any initial probability measure & on (R%, B(RY))

lim 0;(f) =0:(f), Pey—as | (77)

n—-+00

where 0% (f) and 05 (f) are defined in (18) and (21) respectively. Moreover, the following
CLT holds for w5V (f) defined in (17),

P¢, —weakly

VidmY (F) = my (F + 2O5() )} =T N(0, 05, (f + Z(05()%)) . (T8)

n—+o0o
where o2, (f + Z(03(f) ) is defined in (14).

Proof. By [Dou+18, Proposition 5.2.14], #,(¢ {f — 7,(f)}) and H, converges P¢ -
almost surely to my({f — m,(f)}¢) and H, where H, is a symmetric positive definite
matrix defined in (20), and we obtain (77). Denote W, ,, € RP*! for n € N* and v € (0, 4]
by
W'y,n = \/ﬁ(ﬁ-n(f) - Trv(f)vﬁn(gw) - Wv(gd))) :

By [Dou+18, Proposition 21.1.3 and Theorem 21.2.11], ((1,0)TW, ,,)nen converges Py .-
weakly, for every # € RP and any initial probability measure &, to a one-dimensional
Gaussian variable of mean 0 and variance o2, . (f +.2(0"¢)). By the Cramér-Wold
theorem, (W, )nen+ converges P¢ ,-weakly to a (p+1)-dimensional Gaussian vector W
for any initial probability measure £, of mean 0 and covariance matrix

m (B Z0) (. Z0,)" = (B fo Ry 0, (R B Z0,)T)
where f7 and @7 are solutions of the Poisson equations

(By =1)fy = = (f = my()) » (By = 1) 2, = (L0 = m (L))
By Slutsky’s theorem, (6(f), Wo n)nen+ converges Pe \-weakly to (65(f), W,) and we
obtain (78). O

Note that for the MALA and RWM algorithms, 7, = 7 and 7 has a positive density
w.r.t. Leb (where Leb denotes the Lebesgue measure on RY). For ULA, since RO
is Leb-irreducible for v > 0 , Leb is absolutely continuous w.r.t. m,. Indeed, 7, is a
maximal irreducibility measure and then Leb < 7.
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B Law of Large Numbers and Central Limit Theorem for
a step size 7, function of the number of samples n

In this Section, we move away from the formalism of the canonical space to construct
iteratively an array of Markov chains on the same filtered probability space, which allows
us to give a precise meaning to the convergence in law of Theorem 5. Note first that
every homogeneous Markov chain (Xj)reny with values in R? can be represented as a
random iterative sequence, i.e. Xpi1 = F(Xk, Ckt1), where (Cx)gen+ is an i.i.d. sequence
of uniform random variables on [0, 1], Xy is independent of ((x)ren+ and F' is a measurable
function. See for example [Dou+18; Section 1.3.2] for a proof for R-valued Markov chains,
which can be extended to any Polish space by Kuratowski’s theorem [BS78, Corollary
7.16.1].

Let (Ck)ken+ be an ii.d. sequence of uniform random variables on [0,1] and E be
a random variable distributed according to the initial probability measure £, defined
on the same probability space (€2, F,P). Consider the filtration (Fy)ren defined for all
k€ Nby Fr, =0(E,(1,...,Ck). Let (vn)nen+ be a positive sequence. By the preceding
discussion, for all n € N*, there exists a Borel measurable function F, : R% x[0,1] — R?
such that the process (X}')ren defined for all £ € N by

XI?Jrl = F’Yn (X]?, <k+1) and X(? == ) (79)

is a Markov chain on (€, (Fj)ren) associated with the Markov kernel R, .

In the sequel, C' is a non-negative constant independent of n € N* which may take
different values at each appearance. We first derive a Law of Large Numbers for the
array {(X}')re{o,..,n—1}>» @ € N} in Lemma 16. As an application, we show in Lemma 17

that é;';( f) converges in probability to 6*(f) for a smooth f : R? = R, where é:‘l( f) and
6*(f) are defined in (18) and (13), relatively to (X}')ren. A Central Limit Theorem is
provided in Proposition 18. Combining these results, we obtain the proof of Theorem 5.

Lemma 16. Let V : R? — [1,400), ¥ > 0. Assume H1(4), A1(V,7), and A2(7,0).
Let {(X}!)reqo,..n—1}> 7 € N} be defined in (79) and assume that (V) < +oo. Let
fe Cioly(Rd,R), (Yn)nen+ be a positive sequence such that v, < 7 for all n € N*, and
limy, s oo (nYn) " 4+ 9 = 0. Then,

n——+o00

n—1
n SRR — () = 0.
k=0

Proof. Let f € Cioly(Rd,R) and p € N such that || f||3, < +o00. By Proposition 1-(iii),

there exists f € C1 (R4 R) such that Zf = —(f — x(f)). By (61), we have for all

poly
n € N¥,
4

n—1
n T XD —w(f)y =Y T (n)
k=0

i=1
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where

By (29), limy 400 E [(Tlf (n))Q] = 0. Set gy, (z) = E {(f()ql) - R, f(:c)ﬂ. By

Lemma 13 with & = 0, g,, € Cgoly(Rd,R) and there exists ¢; € N such that for all

n € N gy, log < C’vn”fﬂg’p. By the Markov property and (29), we obtain for all
n € N*,
9 n—1
_ n - - 2
| (7£0)°] = (00 X Bl (XD < Clum) 2Ll < Ol 11
k=0

2
and lim, . E {(TJ(n)) } = 0 by assumption on (v, )nen+. By A2(%,0), there exists

g2 such that for all n € N*, ||, fllo.gs < C|lf]l3, and we get
2 n-! . 2
B |(tf0)| <n eV Y | (s x| < e s,
k=0

2
and lim, 1 E [(T ?f (n)) ] = 0 by assumption on (Vy,)nen+, which concludes the proof.
O

Lemma 17. Let V : R — [1,4+00), ¥ > 0. Assume H1(4), A1(V,7), and A2(7,0).

-----

f e Ci’)oly(Rd,R), Y= (Y1,...,1¢p) ¢ R? — RP, p € N* be a fized sieve of functions

such that (1,v1,...,1,) is linearly independent in C(R4,R) and for all i € {1,...,p},

Y € Cgoly(Rd,R). Let (Yn)nen+ be a positive sequence such that vy, < % for all n € N*,

limy, s oo (n¥n) ™+ 9 = 0. Then,

05(f) —0°(f) = 0,

n—-+o0o

where 0% (f) and 0*(f) are defined in (18) and (13), respectively, relatively to (X2 )ken-
Proof. For all n € N*,

0r(f) — 0°(f) = (H,f — H™*) 700 (W(f — 7a(f)))
+ H™ i (W(f = 7)) — 7 ((f — ()} -
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By Lemma 16,

o (WS = Fa(f)) = 7 (B = 7(1) = 0,
and it is enough to show that
HF—H' £ 0,
n—-+o0o

to conclude the proof. Let € > 0 and consider the following decomposition:

e~ B 2 ) = ([~ B = e (- ) < 172)
O {1 — 7Y 2 ¢y 0 {1 - H > 1/2)

where ||-|| denotes the operator norm. Since by Lemma 16,
P
H,-H = 0,
n—+400
we obtain

P({|[Hy - Y = ep n{|[H | I1H, - H| > 1/2})
<P(|H"|IH.— H| >1/2) — 0.

n—-+oo

By [Dou+18, Corollary 22.A.6], on the event {||H || |[H, — H|| < 1/2},

|H| || 5, — H|
U— [[H-Y[[[Hn — H]

[ = H = 1 - H | < <2l | Hy - A

and,

P({[|H2 = H | = e} n {7 I1Ha — HIl < 1/2})
< P(2HH*1H2 | H, — H| > e) — 0,

n—-+00
which gives the result. O

Proposition 18. Let V : R? — [1,400), ¥ > 0. Assume H1(10), A 1(V,5), and

-----

Let f € Czoly(Rd, R), (9 )nen be a positive sequence satisfying limy, 1 oo (nyn) "L+, =

0 and f be a solution of the Poisson equation £ f = w(f) — f. Then,

(i) if m(of) im0 n'/270 "% = 0,

n—1
VPRSP - w()} S N0, 0%(1))
k=0

n——+0oo
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(i6) if limy oo 07275 % = o € [0, +00),

n—1
n V2SR - m()) 2SN (e (0 f), 0%(F))
k=0

n—-+o0o

(iii) if w( Ao f) iminf, 4 o0 nl/zfyff_l/g = 400,

n—-4o0o

n—1
sz_o{f(m—w(f)} = w(#f) ,

where o2, (f) is defined in (7).

Note that if the invariant distribution of R, is m for all v € (0,7] (e.g. the case of
MALA or RWM), we have under A2(%,0) and by the dominated convergence theorem,

(e f) = 0.

Proof. Let f € C R) and p € N such that || f|lg,, < +00. By Proposition 1-(iii),

poly(

there exists f € Cll)gly( ,R) such that .Zf = —(f — «(f)). By (61), we have for all
n € N¥,
n—1 4
Y ) = w()) =D Bl ()
k=0 i=1
where

B (n) = (n7,)""? {f X}
B (n) 1/22{ (Xp) - R fXP) }

B (n) = n 253/ 2y2" Z{ SR =7, D))
B](n) = n'/2y}/250- lw oy f) .

We show in the sequel that Bf (n) and BZ{ (n) are remainder terms that converge in
probability to 0 as n — +o0. B (n) converges in law to a Gaussian random variable of
mean 0 and variance o2, (f). B4( n) is the bias term.

By (29), lim,, 1 E HB ] = 0 and then B{(n) converges in probability to 0 as

n — 4o00. By A2(%,6), JZ/%JC €C
neN* |, flleq < C|f

poly( ,R) and there exists ¢; € N such that for all
lo.p. We obtain by Theorem 4 and using that £(V) < 400,

2 1
2(a—1) 1 -
’6,p Tn { + nfyn} ’

B |(B{0)] < 0o
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2
and limy, 1 E [(Bg(n)) } =0.
We now consider Bg(n) for n € N*. For k € {0,...,n — 1}, denote by
O = () 2L F(XR) = Ry, FOXD )

By [HH14, Corollary 3.1, Chapter 3], Bg (n) converges in law to a Gaussian random
variable of mean 0 and variance o2 (f) if

n—1
S E[RalA] = k() (80)
k=0
n—1
S B o1l L 0. a0
k=0

Set g, (z) = E [(f(X{L) — R%f(ac)> ] By Lemma 13 with k =6, g,, € Cpoly( ,R)
and there exists go € N such that for all n € N*
190160 < Cnll 1155 - (82)

By Proposition 1-(iii), for all n € N*, there exists g, € Cgoly(Rd,R) such that Zg,, =
—(9v, — Ty, (9v,))- By the Markov property and (61), we have for all n € N*

n—1

1 n
DB [0l 7] = = 3 92 (XE) = Bhi(n) + B (n) + By(n) + Bly(n)
k=0 " k=0

where
Bly(n) = (ny2)™" {g% XE) = Gy (X2}
Bg{%( - Z {g’Yn ch+1 R%Q’Yn(XI?)} )
1 n—1
Bia(n) = =307 > {80, (XF) = 3™ (1, (95) = 7(32.))} -
n k=0
By (29),

E[|BLm)|] < 02 gl g, < Clom) M IFIR,

lim,, 00 E HB;Q(n)H = 0, and Bé;(n) converges in probability to 0 as n — +oo. By
(29), (82), the Markov property and Lemma 13 with k = 0, we get for all n € N*

L

4
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2
and lim, 1 E [(Bé)(n)) ] = 0. We can decompose B£4(n) as,

5 wzl(afl) = 2
E[(B&(n)) ] =T K n(zwnmxm—ﬁa(w%L(g%J—w(g%))})
" k=0
= 5Bl (n) (53)

where,

n—1 2
o— 1 ~ n — ~ ~
Bl (n) = 7 Uk | (Z {830 (X1 = 90~ (T (G) — ﬂ(g%))}>
k=0

By A 2(%,6) and Proposition 1-(iii), there exists g3 € N such that for all n € N*
2y, 9y |35 < Cll gy, |l6,go- By Lemma 14, (59), (82) and using that {(V) < +oo,

Bl (n) < Crra® 2 1, G 5.4 {1+ 1/ (070)} < Cllga, 13, {1+ 1/ (n7)}
< O I fllg p {1+ 1/ ()} -

2
Combining it with (83), we obtain lim,_, ;. E [(B&(n)) ] = 0. For Bgl (n), we have
by (72) and (82) for all n € N*,

_ 2 — 4
|’Yn17r’7n(g7n) - Ugo(f)‘ S C Hg’YnH37q2 fYﬁAQfYnl S C HfHQ,p 7717?;A2 ’

and limy,— 100 ¥y 17, (94,) = 0% (f). This gives (80). For (81), we have for k €

{0,...,n—1}
E [eé—i-l,n‘fk] = (”’Yn)izh% (X%)

. . 4
where h~ () =E | f(X]) — R f(x . By Cauchy-Schwarz inequality and Lemma 13,
Yn 1 Yn

there exists g4 € N such that for all n € N*, ||h, [J0,¢s < C%QLHfH%,p- By (29), we obtain
for all n € N*

n—1

Z E [eéJrl,n}}_k]

k=0

E <con | fIls,

and (81) is satisfied.
For Bj: (n), we only have to show that lim,_, ~ 7, (2%, f) = 7(2 f). Using Propo-
sition 3, we have for all n € N*,

Ty, f) = 7y, )| < C |4, f

-1 -1
SOl

Combining it with A 2(%,6) and the dominated convergence theorem, we obtain the
result, which concludes the proof. O
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of Theorem 5. We consider the case lim, nl/Q'yﬁ*l/Z = Yo € [0,4+00), and we de-

note by u§V = Yoo (o (f — 0*(f) ) € [0,400). The case

7((f — 6% (£)T)) liminf n'/22 /% = 100

n—-+o0o

can be handled in a similar way. Denote W,, € RPT! for n € N* by

Wi = n'2yL2 (7 (f) = 7(f), 70 (L)) .

By Proposition 18, ((1,0)TW,,),en+ converges P-weakly, for every § € RP, to a one-
dimensional Gaussian variable of mean " and variance o2 (f + Z(0T)). By the
Cramér-Wold theorem, (W,,),en+ converges P-weakly to a (p+ 1)-dimensional Gaussian

vector W of mean v (m( f), —m(<%1)) and covariance matrix

2 (£ —0)(=2)(F.~0)") -

By Lemma 17 and Slutsky’s theorem, (6 (f), W, )nen+ converges P-weakly to (6*(f), W),
which concludes the proof. O

C Additional proofs

C.1 Proof of Proposition 1

(i) By H1(2), [RT96, Theorems 2.1], 7 is the unique stationary distribution of the
semigroup (P;);>o associated to (6). In addition, by [RT96, Theorems 2.1] and
[Bak+08, Corollary 1.6], (P;)¢>0 is V-uniformly geometrically ergodic w.r.t. = with

V(@) = exp{(v/4) (1 + |lz — 2*|*)"/*}.

(ii) is given by [GM96, Theorem 4.4] using that (P;)¢>o is V-uniformly geometrically
ergodic; see also see [Bha82] and [CCG12].

(iii) follows from [PVO01, Theorem 1].

(iv) Let f,g € Cgoly(Rd,R) and M > 0. We split 7(f(—%)g) into I; + Iy where

I = /[_MM]df(x)(—f)g(:U)ﬂ(dx), I = /( f(@)(~L)g(z)m(dz) .

[_MVM]d)C
By the dominated convergence theorem, limp;_, 1o [2 = 0. For all i € {1,...,d},
a € R and x € R?, denote by 2%, = (z1,...,%i-1,a,%i41,...,74) and by x_; =
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(r1,...,Ti-1,Tit1,-.-,2Tq). By integrations by parts,

I - /{_MW F() (VU (2), Vg(a)) m(d) + /[ f@)(~Ag(a))m(da)

_MaM]d

— [ 1) (VU(@), Vg(a)) n(do)
[~ M,M]

89 -M My :L'M 89 .’EMW;(;M o
+Z/MM]d { 5@ @) = f) L @) _1)}d .

+ / ANV (@), V(@) = f(2) (VU(2), Vg(z))} n(dz)
[—M,M]

and limps, 40 [1 = 7({V f, Vg)) which concludes the proof.

C.2 Proof of Lemma 6
By [DM16, Theorem 32], we have for z,y € R? and v > 0

H(sx(R’[yJLA)[l/'Y] _ 5y(R$LA)[1/'Y] lry < 1— 2 ( |z — y)

—1/2
251
where
= S ) [0 42 = Lo 2 /AT D)
\_4’—1/’)/-‘ - g ’y j:1 ’y - L+ (")/L2)/2 9

which gives (i). The assertion (ii) follows from [DM17, Proposition 8] and [DM17,
Proposition 13].

C.3 Proof of Lemma 8
We have for all z € R4

N
VUiog(@) = =XTY + 3 Xi/(1+e7X0%) + 2/¢? |
=1

N —XTz
D? Ulgg(x) = Y —————— X XT +1d /<,
i=1 (1 + e_x z
N o Xl Xl 03
D 2 — 1 X3,
o ; (1 +e Xz )2 14 e X '

Using for all i € {1,...,N} and 2 € R% that 0 < ¢ %/ %/(1 4+ ¢ X %)2 < 1/4, Ulog is
strongly convex, gradient Lipschitz and satisfies H2, H4, H1(k) for all £ € N*, H5 and
H6.
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For Upyo, define h: R — R_ for all t € R by h(t) = In(P(t)). We have for all ¢t € R,

=20 e 20, 2O

D(t) D(t) o(t)
_ Y@ LR ()
3 (t) = 0 {2 <q>(t)) 3500 +% - 1}

and for all z € R

I
,MZ

VUpro() {(X=Y)R (=X 2) = Yl (X 2)} X + /62,

N
D? Upyo(z) = Z {—(1 = Y)R' (=X ) = Y:h"(XTz) } X, XT +1d /62

Il
.MZ

D? Upyo () {0 = YOR® (=XT2) = Yih® (XT) | X5

By an integration by parts, we have for all ¢ < 0

(P,(t) t t e—82/2
t+ =- ds
o) 8(0) ) Vons?
and t + ®'(t)/®(t) > 0 for all t € R. Let t < 0 and s = —t > 0. We have ®(t) = &(s) =
erfc(s/v/2)/2 where erfc : R — R, is the complementary error function defined for all
u € R by erfec(u) = (2/4/7) f:oo e v’ dv. By [GR14, Section 8.25, formula 8.254], we
have the following asymptotic expansion for s — +o0

g2
3 es/2

P(s) = s

Using that ®'(¢) = (2r)"Y/2e~**/2 for all t € R, we get asymptotically for ¢ — —oco and
s = —t — 400,

(1- 5724354 0(3_6)) .

(1) /(1) = s (14572 — 2574 + O(s™°)) (84)

and lim;_,_ h”(t) = —1. There exists then C' > 0 such that for all t € R, —C < h”(¢t) <
0. Upro is then strongly convex, gradient Lipschitz and satisfies H2, H4, H1(k) for all
k € N and H5. By (84), we have for t — —oco and s = —t — +o0, h®)(t) = O(s71).
Upro satisfies then HG.

C.4 Proof of Lemma 11

The proof is adapted from [FHS15, Lemma 1]. Let ¢ € {0,...,6}, ¢ € Cfiliy(}l%‘i,]R)7

7 >0,y €[0,7] and z,y € R%. Note that Ty A4 (2, y) defined in (43) may be expressed
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RIS, y) = Uly) - U(@) = (1/2) {y — 2, YU (2) + VU )
+ (/) {IvU@I? - VU @)} . (85)
A Taylor expansion of U and VU around z yields
Uly) = Ulx) = (VU(2),y — 2) + (1/2) DU (@)[(y — )**] + (1/6) D* U(2)[(y — )]
4 (1/6) /01(1 DU - e + ty)[(y — 2)®dE,  (86)
VU(y) = VU(2) + D2 U(@)ly — o] + (1/2) D* U () [(y — )]

+(1/2) /01(1 —t)2DIU((1 — t)z + ty)[(y — 2)®3]dt . (87)

Substituting (86) and (87) into (85), we obtain for z € RY, 7 A (@, — AVU(2) +
V272) = 3/%¢, (, 2) where &, is defined for all x, 2 € R? and v € [0,7] by

& (2, 2) = —(1/12) D*U(2)[(—y/AVU (2) + v22)*?]
— (v7/12) /1(1t)2(1+2t) DYU(z — t4yVU(z) + t\/272)[(—/7VU () + V22)®4]dt
0

+(1/2)<VU(x),/1D2U(x—t'yVU ) 4+ t\/272) [ /AVU (z )+\/§z]dt>

0

1 2
+ (v7/4) H/O D2U(z — tyVU(z) + t\/272)[—/AVU (z) + V2z]dt

Note that by the dominated convergence theorem, for all z,z € R, limy 0 &y (2, 2) =
&o(z, z) where & is defined in (45). By (42), we get

RYM(z) — o) = B [p(z = 1VU (@) + v/292) — o()]

+E [(W /26 (@.2)+ —1){ (z — VU (z) + /27Z) — H . (88)

where Z is an i.i.d. standard d-dimensional Gaussian variable. Combining (88) with the
Taylor expansion (33), we get (i) with @Z}A%* O (RYR) — € (R R) given for

poly poly
allcpECﬁj)’fy(Rd R), z € R? and v € (0, ] by

MWMALASO(J:) _ MWULASO(I,) +E |:’Y_3/2 {1 o 6_73/2 maX(O,fay(.I,Z))}

><{/01<w(x—th ) +t\/272), /AU () — \/§Z>dt}] (89)

and @"* given in (34). The assertion (ii) follows from taking the limit v | 0% in (89)
and the dominated convergence theorem.
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Table 2: Estimates of the asymptotic variances for ULA, MALA and RWM and each
parameter z;, 27 for i € {1,...,d}, and of the variance reduction factor (VRF) on the
example of the probit regression.

MCMC CV-1-MCMC CV-2-MCMC ZV-1-MCMC ZV-2-MCMC
Variance | VRF  Variance VRF Variance | VRF  Variance VRF Variance
r1 | ULA 2.1 24 0.089 2.9e+03  0.00073 20 0.11 2.7e+03  0.00078
MALA 0.41 22 0.019 2.7e+03  0.00015 18 0.023 2.6e+03  0.00016
RWM 1.2 23 0.05 2.2e+03  0.00054 21 0.056 2.2e+03  0.00053
ro | ULA 27 24 1.1 2.8e+03  0.0099 18 1.5 2.4e+03 0.011
MALA 6.4 24 0.27 2.9e+03  0.0022 19 0.34 2.6e+03  0.0025
RWM 13 18 0.72 1.8e+03  0.0073 16 0.81 1.8e+03  0.0075
r3 | ULA 11 24 0.47 6.7e+03  0.0017 18 0.62 6.3e4+03  0.0018
MALA 2.6 23 0.11 Te+03 0.00037 18 0.14 6.8e+03  0.00038
RWM 5.5 18 0.3 4.3e4+03  0.0013 16 0.34 4.3e+03  0.0013
x% ULA 0.75 3.5 0.22 1.6e+02  0.0048 2.8 0.26 1.3e+02  0.0057
MALA 0.15 3.5 0.043 1.5e+02 0.001 2.8 0.053 1.3e+02  0.0011
RWM 0.43 2.6 0.16 1.2e+02  0.0035 2.4 0.18 1.2e+02  0.0037
a:% ULA | 4.7e+02 9.3 51 1.4e+03 0.33 7.5 63 1.2e+03 0.4
MALA | 1.1e+02 9.1 12 1.5e+03 0.073 7.6 14 1.3e+03 0.085
RWM | 2.2e+02 7.7 29 le+03 0.22 6.9 33 9.8e+02 0.23
a:§ ULA 1.1e+02 9.8 11 9.7e+02 0.11 7.9 14 7.9e+402 0.14
MALA 24 9.7 2.5 9.8e+02 0.025 8.1 3 8.5e+02 0.029
RWM 52 7.9 6.7 6.1e+02 0.086 7.1 7.4 5.9e+02 0.088

D Numerical experiments - additional results

We provide additional plots for the logistic regression, see Figure 2 and Figure 3, and the
results for the Bayesian probit regression presented in Section 4, see Table 2, Figure 4 and
Figure 5. They are similar to the results obtained for the Bayesian logistic regression.

39




X1

X3

-0.706

-0.708

-0.710

-0.712

-0.714

1.0075

1.0050

1.0025

1.0000

0.9975

0.9950

0.9925

0.9900

algorithm algorithm
N ULA N ULA
0 MALA 0.8050 0 MALA
Bl RWM Bl RWM
0.8025
0.8000

b ot ot ool ?
07850 by -—- “ oo

-
-
X2

0.7925
0.7900
0.7875
(¢} CV-1 CV-2 ZV-1 ZV-2 o Cv-1 Cv-2 ZV-1 2ZV-2
method method
algorithm algorithm
N ULA N ULA
0 MALA 3.020 0 MALA
. RWM . RWM
3.015

3.010

? ‘ 2 3008 ‘ 6
‘ [ | IR Y

2.995

2.990

[¢] Cv-1 Cv-2 ZV-1 ZV-2 (o} Cv-1 Cv-2 2Zv-1 2ZV-2
method method

Figure 2: Boxplots of x1, x9,x3, x4 using the ULA, MALA and RWM algorithms for
the logistic regression. The compared estimators are the ordinary empirical average
(O), our estimator with a control variate (17) using first (CV-1) or second (CV-2) order
polynomials for v, and the zero-variance estimator of [PMG14] using a first (ZV-1) or
second (ZV-2) order polynomial basis.
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Figure 3: Boxplots of z7,23, 23, 23 using the ULA, MALA and RWM algorithms for
the logistic regression. The compared estimators are the ordinary empirical average
(O), our estimator with a control variate (17) using first (CV-1) or second (CV-2) order
polynomials for v, and the zero-variance estimator of [PMG14] using a first (ZV-1) or

second (ZV-2) order polynomial basis.
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Figure 4: Boxplots of z1, x2, z3 using the ULA, MALA and RWM algorithms for the
probit regression. The compared estimators are the ordinary empirical average (O),
our estimator with a control variate (17) using first (CV-1) or second (CV-2) order
polynomials for v, and the zero-variance estimator of [PMG14] using a first (ZV-1) or

second (ZV-2) order polynomial basis.
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Figure 5: Boxplots of 27,23, 3 using the ULA, MALA and RWM algorithms for the
probit regression. The compared estimators are the ordinary empirical average (O),
our estimator with a control variate (17) using first (CV-1) or second (CV-2) order
polynomials for v, and the zero-variance estimator of [PMG14] using a first (ZV-1) or

second (ZV-2) order polynomial basis.
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