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Well-posedness of IBVP for 1D

scalar non-local conservation laws

Paola Goatin! Elena Rossit

Abstract

We consider the initial boundary value problem (IBVP) for a non-local scalar conservation
laws in one space dimension. The non-local operator in the flux function is not a mere
convolution product, but it is assumed to be aware of boundaries. Introducing an adapted
Lax-Friedrichs algorithm, we provide various estimates on the approximate solutions that
allow to prove the existence of solutions to the original IBVP. The uniqueness follows
from the Lipschitz continuous dependence on initial and boundary data, which is proved
exploiting results available for the local IBVP.

2010 Mathematics Subject Classification: 35L04, 835L65, 65M12, 65N08, 90B20

Keywords: Scalar conservation laws, Non-local fluzx, Initial-boundary value problem, Lax-
Friedrichs scheme

1 Introduction

We consider the following Initial Boundary Value Problem (IBVP) on the open bounded
interval Ja,b[ C R

Op+dg f(t,z,p,Tp) =0, (t,z) e Rt X]a, b,

p(0,2) = po(z), x € Ja, b, (1 1)
p(t,a) = pa(t), teRY, '
p(t,b) = pu(t), teRT,

where J denotes a non-local operator and we use the notation

Ao f (t,2,p(t,2), (Tp(0) (2)) = uf (2,0t ), (T (1)) ()
+ 0 (L plt,2), (Tp(1) (@) Dupt, ) (1.2)
+Orf (t, x, p(t, x), (T p(t)) (x)) 0z (T p(t)) ().

The same problem was studied in [10]. In that case, the choice for 7 is the classical convolution
product Jp = p *xn, n being a smooth convolution kernel. However, in such formulation, the
non-local term may exceed the boundaries of the spatial domain. The authors address this

nria Sophia Antipolis - Méditerranée, Université Céte d’Azur, Inria, CNRS, LJAD, 2004 route des Lucioles
- BP 93, 06902 Sophia Antipolis Cedex, France. E-mail: {paola.goatin, elena.rossi}@inria.fr



issue by extending the solution outside the spatial domain, setting it constantly equal to the
corresponding boundary condition value.

Here, we propose a different approach. We follow the treatment of the boundary conditions
proposed in [9], where a particular multi-dimensional system of conservation laws in bounded
domains with zero boundary conditions is considered. More precisely, a non-local operator
aware of the presence of boundaries is introduced. In the present one-dimensional setting,
this reads

1

b b
(To0)@) = 5 [ otwet=o)dy. with W) = [w-nay. (3)

for a suitable convolution kernel w.

In recent years, the literature on non-local conservation laws has widely increased. These
equations are indeed used to model various physical phenomena: from sedimentation mod-
els [4] to granular flow [1], from vehicular traffic [5] to crowd dynamics [6, [7, [§], from conveyor
belts [11] to supply chains [2].

Although physically those models might be defined in a bounded domain and numerical in-
tegrations require it as well, they have been mostly studied in the whole space R or R". The
main difficulty lies indeed in the fact that the non-local operator may need to evaluate the
unknown outside the boundaries of the spatial domain, where it is not defined.

The analysis of the non-local problem (1) is carried out exploiting the same strategy used
in both [10] and [14]. As already mentioned, [10] studies the non local IBVP (LI]) where the
non-local operator is the standard convolution product, while [14] considers the local problem
for a balance law, i.e. a one dimensional IBVP where the flux function has the form f(¢,z, p)
and there is also a source term. We remark that it could be possible to use the results of [14]
to study the non-local problem (LT]): indeed, the link between the two problems is obtained
by defining the local flux by f(t,x,p) = f(t,x,p, T p), where Jp = (Tp(t))(x). However, in
this way the a priori estimates on the solution would be less precise than those presented in
this work. Namely, a positivity result and an L!-bound on the solution are missing in [14].
Moreover, L*°-estimate recovered here depends on the first derivatives of the flux function,
see Theorem 2.3, while using the results of [14] yields an estimate depending on the mixed
second derivatives of f.

Nevertheless, the result concerning the stability with respect to the flux function proved
in [14], recalled below in Theorem [A4] is of crucial importance in this work, since it con-
tributes significantly in the proof of the Lipschitz continuous dependence of solutions to (L)
on initial and boundary data, see Proposition .1l and thus in the proof of the uniqueness of
solution to (ILT]). At this regard, we remark that the stability proof provided in [I0] is wrong,
but could be fixed following the same strategy proposed here.

The paper is organised as follows. Section [2] presents the assumptions needed on prob-
lem (LI)) and the main result of this paper, whose proof is postponed to Section Bl Section Bl
is devoted to the introduction of the finite volume approximation of problem (LII) and its
analysis. The Lipschitz continuous dependence of solutions to (LII) on initial and boundary
data is proved in Section [l The final appendix [A] recalls some results from [14] on the local
IBVP, necessary throughout the paper.



2 Main results

We introduce the following notation:
1 if s >0, 0 if s > 0, T =
sgnt(s) = { 0 sgn” (s) = { ez 5 max{s, 0},

0 ifs<o, -1 ifs<0, s~ = max{—s,0}.

In the rest of the paper, we will denote Z(r, s) = [min {r, s} ,max {r, s}|, for any r,s € R.
We make the following assumptions on the flux function f and on the convolution kernel w:

(f) f € C?R* x[a,b] x R x R;R) and there exist L, > 0 such that

f(t,z,0,R) =0 for t ¢ R", x € [a,b], R € R,
sup |9, f(t,z,p,R)| <L,

tx,p,R

sup |0 f(t,x, p, R)| < C|pl, sup |Orf(t, 2, p, R)| < C|pl,
t,x,R t,x,R

sup [02,f(t,,p, B)| < Clol, sup |02/ (t,2,p, )| < Clal,
t,x,R t,x,R

sup [0 (12,9, B)| < Clpl.

(w) we (CZNW2L N W2>)(R;R) is such that

/Rw(y) dy =1

and there exists K, > 0 such that for all = € [a, 0]
b
W(z) = / w(ly —z)dy > K,. (2.1)

The requirement (2.1]) guarantees that J in ([L3]) is well defined for all = € ]a, b].

We recall below two different definitions of solution to problem (LI). Recall that the
two definitions are equivalent for functions in (L*° N BV)(R* x]a,b[; R). We refer to [13] for
further details on the link between this two definitions.

The first definition follows from [3].

Definition 2.1. A function p € (L* N BV)(R" x]a,b[;R) is an entropy weak solution to
problem (L)) if, for all ¢ € CL(R?*;RT) and k € R,

/0+°° /ab {’p — k|Opp(t, x) + sgn (p — k) [f (8,20, R(t,2)) = f (8,2, k’R(t’x))} Oup(ts2)

—sgn(p—k) <an (t,z,k,R(t,x)) + Orf (t,x,k,R(t,z)) O,R(t, x)) o(t, x)} dz dt
b
+ [ Jpu@) — Kle(0,2) da 2.2

a

+ /O+OO sgn (pa(t) — k) [f (t,a,p(t,a+),R(t,a)> — f(t,a, k,R(t,a))] o(t,a)dt

3



= [ s (=) [1 (10 o007 RO1) (1 R0 ottty >0
0
where, for x € [a,b],
1 b
R(t,z) = - , —2)dy, 2.3
(1:2) = (70 @) = 77 |, olt0) oy =)y (2.3
and W is as in ([L3).
The second definition was introduced in [12| [15].

Definition 2.2. A function p € L®(R*x]a,b[;R) is an entropy weak solution to prob-
lem (LI if, for all p € CL(R%;RT) and k € R,

oo b
/ : / {<p K Ouplt.) + sg® (p— B) [£ (2 p R ) — f (b, R(E2)| driplt,)
0 a
_ sgni(p — k) (Bxf (t, x, k, R(t, x)) + Orf (t, x, k, R(t, x)) O R(t, ac)) o(t, x)} dx dt
b
+ [ (pola) = 1) 4 0,2) o (2.0
+00 +oo
+ 1105 [l e ( /O (pa(t) — k) p(t,a)dt + /0 (po(t) — k) o(t,b) dt) >0,

where R is as in (2.3) and H(?,,fHLOO = sup ‘(%f (t,z,p(t,x), R(t, x)) ‘
(t,z)ERT X[a,b]

We can now state our main result.

Theorem 2.3. Let (f) and (w) hold. Let p, € BV (]a,b[;R") and p,, pp € BV(RT;RT).
Then, for all T > 0, problem (LI) has a unique entropy weak solution p € (L' N L>® N
BV)([0,T]x]a,b[;R"). Moreover, the following estimates hold: for anyt € [0,T],

PO 1 gy < Ra(®),

1P| e gy < Roo(®),
TV (p(t)) < ¢ TH (TV (o) + TV (pas [0,8]) + TV (p3; 0, ¢])) + 2—8@““’ - 1),
and, for T >0,

[o(t) = p(t = )| 1 qagy <7 (ct(t) +3L(TV (pa; [t = 7,1]) + TV (pp; [t — 7, t]))) :

where
R1(0) = leol sy + 195 e (lealliagoy + lovliuagon) (2.5)
Roo(t) = ¢t € (H£R1D) maX{HPo”Loo(]a,b[y [1PallLoe o,4)» ”prL‘X’([O,t})}v (2.6)

Ti(t) = |01

+ LR |93n 1|

’LOO([OJ}X[a,b}X]R?) Lo°([0,¢] x [a,b] xR2)

Talt) = Ka(t)+ 5 1+ LR Ronl®) + | Ka(0) + 5 (14 LR Ipllgye (25

with £ as in BI2), Ka(t),Ks(t) as in B27)), with C1(t) substituted by Ri(t), and Ci(t) is as
in (333), with o = L.



3 Existence of weak entropy solutions

Fix T > 0. Fix a space step Az such that b — a = NAz, with N € N, and a time step At
subject to a CFL condition, specified later. Introduce the following notation

yr = (k —1/2)Ax, Yrt1/2 = KAz for k € Z,
Tjy1/2 = a+ JAT = a+ Y1), for j=0,...,N,
zj=a+ (j —1/2)Az = a+y;, forj=1,...,N,
where z;,1/9, j = 0,..., N, are the cells interfaces and z;, j = 1,..., N, the cells centres.
Moreover, set Ny = |T/At| and, for n = 0,..., Ny let " = nAt be the time mesh. Set
A= At/Azx.

Approximate the initial datum p, and the boundary data as follows:

0 1 [T+ .
pj::A—x/ po(x)de, j=1,...,N,
x

j—1/2
1 tn+1 1 tn+1
ni=— t)di po= —— t)dt =0,...,Npr —1.
Pa At \/tn Pa( ) ) Py At \/tn Pb( ) ) n ) s AVT
Introduce moreover the notation py = p; and pi, | = py. For n =0,..., Ny — 1, set
wh = w(yr) = w ((k — 1/2)Ax) for k € Z,
N .
W12 = Az Zwki] for j=0,...,N, (3.1)
k=1
N
Ax ,
12t w7 pp or j oo, N.
P2 W pt

Introduce the following modified Lax-Friedrichs flux adapted to the present setting: for
n=0,...,Np—1land j=0,..., N,

1
an+1/2(,0?, P;L+1) ) |:f(tna Tj41/2; P?a R?H/z) + f(" Lj+1/25 P?+1, R?H/z) - a(ﬂ?—i—l - P?)} )
(3.2)
where a > 1 is the viscosity coeflicient.
We define a piecewise constant approximate solution pa to (L)) as
t € [t T =0,...,Np—1

Alt,z) =p7  for ’ ' where T ’ 3.3
palt:z) =} { T € [T5 172, Tj11/2( J=1...,N, (8:3)

through the finite volume scheme

o = 8 = X (P o 08 1) = F o (03000)) (3.4)

Remark 3.1. Concerning the first formula in [B1]), observe that a different (more accurate)
choice for the approximation of the kernel function w is possible: indeed, one may define

L 1 kAzx
W' =—— w(y)dy,
Az /(k:l)Am ( )

which ensures that W1/, = Az Z]kV:1 whk=i = W(xj1/2). This choice wouldn’t result in any
relevant change in the estimates derived in this paper.



3.1 Positivity

In the case of positive initial and boundary data, we prove that under a suitable CFL condition
the scheme (3.4]) preserves the positivity.

Lemma 3.2. Let p, € L*(Ja,b[RT) and pa, pp € L=°(R*;RY). Let [(f)] and [(w)] hold.

Assume that

1 1 1
> L < -ming—, ———— ». .
a>L, )\_3mm{a’2L+CAx} (3.5)

Then, for allt > 0 and = €]a, b|, the piecewise constant approxzimate solution pa B3) is such
that pa(t,xz) > 0.

Proof. We closely follow [10, Lemma 1]. Fix j between 1 and N, n between 0 and Np — 1.
Suppose that pj > 0 for all j =1,..., N. Rewrite B.4)) as follows:

p;L+1 — p] A

an+1/2(,0?”0?+1) + F; +1/2(Pj ,Pj) + F 1/2(/03 ,Pj) jn—1/2(/)?—1,,0?)}
= (L= 87 =) pj + B} pio1 + 77 P — A (F}ll/z(p?, P5) = Fil1o(pjs p?)) :

with

F}n_l/z(p;la p?) - an_l/g(p?—l? pzl) i pn 7& pn
By = P} — 0y 7T (3.6)
0 lf p‘? = p_?fla

L Fape W pa) = Fiy e (ef pf) £ g1 £ g

"L
Vi = Pl — P} g7 (3.7)
0 if pi = plliy.

Using the explicit expression of the numerical flux (2] and |(f)], we obtain

‘ Tr12(05507) — Filyo(pf s PF)
- ‘f (" xj1y2, 5 B 1 o) = T @512, 07 B jo) £ F (5 25172, 055 B o)
< ‘f(t",:cjﬂ/g,p?, Ri1p2) = f(tn’xj—l/z’p?’R?“/?)‘
* ‘f(tnﬂjfl/%/’?’R?Hﬂ) B f(tn’xjfl/Q’p?’Ryfl/Q)‘
< Cpl Az + ‘f(tn,xj—l/%p?’R?-i-l/Q) — f{t" x5_1/2,0, R§L+1/z)‘
+ ‘f(t",xj—l/m/)??R?A/z) — f(t", 12,0, R 1/2)‘
< C',O?A:c%—QLp?.
Observe that, whenever p? #* p?_l,

n A n n n
B = 2(0} = pj_1) {f(t 1 Tj1/25P5 s By 2) = F(&% @51 /0, P 1, By o) + @ (pf = pj 1)]



DO | >~

<8pf(tn, wj—l/?? 7’;11/2, R;'Lfl/Q) + (X) s

with r?_l /2 € T (pgl_l, pgl) Similarly, whenever I =+ Pit1s

n A n 3 n n 3 n 3 3
Y= = ) [f(t 7xj+1/27pj+1aRj+1/2) - f(t 795j+1/27pj7Rj+1/2) -« (Pj+1 — Py )]

2 (P?+1 - P?

<a — 8pf(tn, Tjr1/2; T’;L+1/27 R;‘L+1/2)> )

with T’;L+1/2 el (p?,pgﬁrl). By the conditions (33), we get

1 1
B?a 7}1 S |:O, §:| ) ( /8” _7]) |: :| ‘ j+1/2 ,0],,0] jn—l/Q(p?ap;'L) Sg P?,
which, using the inductive hypothesis, leads to

1,1, 1
Py = (L= B =)o) + 8] pja + 7] piea = 50 = 50 — 505 2 0.

3.2 L! bound

Lemma 3.3. Let p, € L*®(]a,b[; RT) and ps, pp € L°(RT;RT). Let [(f) and ([B.5)
hold. Then, for allt > 0, pa in B3) satisfies

HPA HLI (la,b) < Ci(1), (3.8)

where
Cu() = lpolluagasy + @ (Ioalliagos + lovliagon) - (3.9)

Proof. By Lemma B3] we know that the scheme (B.4) preserves the positivity. Therefore,
forn=0,..., Ny — 1, compute

1" L qapp = Az Z pit!

N
= MZ [p? —A <Fan+1/2(P§L’P§L+1) - Fan—1/2(p?1’p?)>}

j=1
N
= Az pf - AA:E( Fx 1208 PRre) = 1"/2(,08,,0?))

= [lp" I ([a.))
At

2

At n n pn n n pn n n
+ 7 (f(t ’x1/2,paaR1/2) + f(t ,$1/2,p1,R1/2) -G (pl - pa))

[f(t s EN41/20 PN BN 1 /0) T (" 2N y172: 8 B y2) — a(py — P%)]

7



=p HLl([a.b]) + ) (—a - 8pf(t yTN+1/2,TN,0 RN+1/2)> PN

At
—i-? (a— pf(t xN+1/277"boaRN+1/2))
At n n n n
+ 5 (a0l (" aay o, RY) )

At n n n n
+ 7 (_Oé + 8pf(t ,1’1/2,7’170, R1/2)> pl’

where 1y 5 € 7 (0, %), rho €L (0, p3), Tao €L (0, p%) and o€ (0,p%). By|(f) and the
assumption (3.0]) on «, the coefficients of p%, and p} are negative. Thus

P Lagasp < 0™ lLaqgasp + @ AL (G +p7) -

An iterative argument yields the thesis. O

3.3 L* bound

Lemma 3.4. Let p, € L*®(]a,b[; R") and pa, pp € L°(RT;RT). Let [(f) and ([B3.5)
hold. Then, for allt > 0, pa in B3) satisfies

oAt Mg e oy < M5 {Iooll oo loalle oy Ioolimoy } €0 (3.10)

where Cao(t) is given by B.I3]).

Proof. Fix n between 0 and Np — 1. For j =1,... N, rearrange (8.4 as in Lemma [3.2] with
the notation (B.6)—(B.7):

p;H_l (1 - IBn - 7_7 )p] + B_y p] 1 + 7_7 p]+1 A <F_7n+1/2(p_7?p_7) - F]n71/2(p_7,p‘7)> . (311)
Compute
‘ j+1/2 p] ’p] jn—l/Z(p?’p?)‘

= ‘f t 7xj+1/27pjaR;L+1/2) - f(tn7xjfl/27p?7R?71/2) + f(tnamjfl/%p?aR;Lle/Q)‘

o (tn,i“j,P?a R;L+1/z)‘|$j+1/2 - $j—1/2| + ‘aRf(tn,xj—l/Z,p?’R?)"R;L-H/Q - R?_1/2‘-

By (B.1), we have

n n
‘ i1z j—l/?‘
_|_ Az iv:wkjpz Z K=+1 pn
Witi2 \imy Wii2 \imy
N N
< Wb = g A S b g | -
(W12 j+1/2] P el j+1/2 j=1/2




Ap N o A2 N N }
e[ @+ T el | ook | [ - o)
“ k=1 Yk—j w k=1 k=1
Az Az n Yk— J+1
S HW HLoo(R) " HLl(ab[) K2 ”wHLOO(R) o ”Ll(]a,b /
w =1 |7 Yk—j
Az Az , n
<% Hw [ ooy 10" 1L a0y + 72 1Wlee(m) [|w HLl(R) o ||L1(]a,b[)
o HL°°(R) HWHLOO(R)HW,HLl(R) n
< Az K K2 Ci(t"),
where C;(t) is defined in ([39). Setting
/ /
Co Hw !;oo([g) n HWHLOO(RI){H;U HLI(R) ’ (3‘12)

we obtain
Fry a0, 03) = Fily (ol )| < € Bz pi] (1+ £C1e7))

Inserting the above estimate into (B.11]) and exploiting the bounds on 3} and 7} obtained in
the proof of Lemma [B.2] we get

P < (U= B7 =7 o + BF o1 7] P + A‘ 205 p)) — fil/z(p}‘,p?)‘

< (1= B = A" e qasnp + 57 maX{Hp llLee ja b)) PZ} + 75 max{Hp”HLoo(]a,b[)’ Pg}
FAAzC(+ L))" oo gasp

max { 110" e ays o6 6} (14 ALC (14 £C1 (1))

IN

< C)Al maX{”PnHLoo(]a,b[)a Pas P?} )
where
Cg(t) = C(l + ECl(t)), (3.13)
L being as in (BI2). An iterative argument, together with the fact that Co(t" 1) < Co(t") for
alln=1,..., Np, yields the thesis. O

3.4 BYV estimates

Proposition 3.5. (BV estimate in space) Let p, € BV (]a,b[;RT), pa, pp € BV(RT;RT).
Let|(f)] and B35 hold. Then, for alln =1,..., Np. the following estimate holds

> |era = o] < o, (3.14)
=0



where

N n n
Co(th) = ST 1N ‘p?H - p?‘ +Y |- pZ’H‘ +y (pbm — p}?‘l‘

Ka(t") <eIC1(t")t" _ 1) ’

(3.15)

KC1(tm)
with K1 (t") and KC4(t") are defined in (B.21) and (B.30).

Remark 3.6. Estimate [B.14) is defined also for n = 0, setting Z(r)nzl am = 0, with some
abuse of notation.

Proof. Consider the inner terms and the boundary ones separately.
Forj=1,...,N—1andn=0,..., Ny — 1, focus on the difference p;lill — p}”l, exploit-

ing (B.4):

n+1 n+1
Pj+1 — Pj
— T n
= Pj+1 5

-4 [1223/2@?“’#*2) = 2 (07 P741) = Eia o (07 P5a) + Fﬁl/z(ﬂ?flap?)}
+ )\Fj”+3/2(p§?7 pi1) )‘an+1/2(/’?—17 ry)
= Pjp1 =P
-4 [1223/2@?“’#*2) = 2 (0 p40) + Ef o051 07) = FJZ3/2(P?7P?+1)}
2 [F]ﬂ+3/2(p7, Do) = Floy (001, 00) + F (000 p3) = FTy o0, p;,zﬂ)}
— AT - \BY,
where we set
Aj = P = 0§
N Faya 010 a) = Faja (0 0) + 01, ) = Fa o )]
Bj = E}n+3/2(p?’p?+l) - F}nﬂ/z(P;’L—l,Py) + an—1/2(f0?71,ﬂ?) - an+1/2(:0?”0?+1)-

Rearrange A? as follows:

Fan+3/2(f0?+1’f0?+2) B F]ﬂ+3/2(p;?+1,p?+1)

A} = Py =P = A (o2 = P41

Vg Vg
Pit2 = Pj+1

- A

s 0P pin) = Fs 0 (05 0540) /) n
o — pt (pj“_pj)
j+1 ~ Pj
F}Zl/z(/)}‘,/)?ﬂ) - F}n+1/z(/)?ap?) <
Piv1 = Py
Fﬁ.yz(ﬂ%ﬂ?) - Fﬁl/g(P?_l,p?) n n
n_on Pj = Pj-1
Pj = Pj—1
n

=07 (pf = Pi—1) + 77 (P = Pd) + (1 =75 = 035.0) (P — ),

'

+A Pj+1_/’?)

+A

10



where

)\an+1/2(/7?7 P;L) - an+1/2(P§‘L—17 P;L)
5 - T
0 lf p‘? = p_?fla

if p # pj_q, (3.16)

while 77 is as in (3.7). It can be proven that d7 € [0,1/3]. Thus,

N-1
X

J=

Z‘PJH P]‘Jrz +1‘P3+1 Pj‘ Z +1‘p]+1 p]‘

N
+Z’y}1
-1

= 3 |en = 05|+ 07 |0k = o2 — % ok — pRea| + R [of = ok =7 [0 — pF]- (317)
1

IN

-1
YA Z Vo = |
j=1

2

<.
Il

Focus now on B;‘:

[f(tnaxj+3/2ap?a R;L+3/2) + f(t ’xj+3/25p]+1a ]+3/2

<
DO =

)
(tn,,Ij_i_l/Q,p;‘L,R?_’_l/Q) - f(t ,$j+1/2,p]+1, ]—}—1/2)
+ f(t" 2512, 05— 1R 1/2)+f(t Y Tj—1/2: P> B 1/2)

_f(tnaxj+1/2apjfla Rj+1/2) - f(&" 7xj+1/2apj7Rj+1/2)}

= [ P By 2) = P21, e, R 2)]
+ % [f(tnwjfl/?’p?th?—Uz) - f(tna$j+1/27P?717R?+1/2)]
+ % [f(tn’ijf?’/Q’p?’R?Jr?»ﬂ) —2f(" wjp1y2, 07, Ry 0) + f(tnﬁj—l/z’/)?’R?,l/g)]
- % [aRf(tn, sy P R (R g g — By jg) + Az Ou f (87, Fj41, 41, Ry /2)]
_ % O (212, 51, B (R = Ry ) + A O f (7,55, 4, Ry )|
5 [ a2 5 R ) = 2 FE 25012005 B ) + £330/, )]
+% :f(t”,xj+3/2,p?,R?+3/2) - f(tn,xj+3/2,p?,R;L+1/2)}
+ % :f(tn’xjfl/Q’p?’R}tl/?) = F"zi1y2, 05, R?+1/2)}
— % [(:Ejﬂ — 85) O, f (8", 412, P Ry jo) + O f (87 &4, 5 Ry 0) (01 — p?_l)}
+ % :2 Az 3R f(t", & 4172, Pars Br) (B30 — Rit1y0)

+ 3,2)Rf(tn7 Ti_1/2, 05 R?H) (R;L+3/2 - R;L+1/2) (Pf1 = Pj-1)
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+ 31%21«2]0@", T 1725 Pj—15 R;L+1/2) (R?Jrs/z - R;L+1/2) (R?H - R?)

+ORf(t", Lj-1/25 P?—u R?) (R?Jrs/z - R?H/z - R?H/z + R;‘Lf1/2)]

Aw n - n n n = n n
+ o {@cf(t a$j+17pj7Rj+1/2) — O f(t a$j7Pj7Rj+1/2)]

1 n n pn n n
+3 [3Rf(75 s T30, P Bip) (R g0 — Ry o)

—ORf(t" wj 172, P}, B}) (R} 4y p0 — R?—uz)]

- % [(jjﬂ - ) 8§xf(t",ij+1/2,p?+1, R?+1/2) + 33xf(t",fjaﬁ?, R?-H/z) (Pf41 — Pi—1)
+ % [2 Az OZpf(t" &40, Pers Bifa) (R g2 — Ri1)0)
+ 3,2)Rf(tn7 Ti_1/2, 05 R?Jrl) (R} 370 — Rip1/2) (0541 — pj—1)
+ ORp S (", w12, P 1, R;L-f-l/z) (B30 — Rjvi0) ( R — RY)
+ORS (" @i 1y9, P—1, BY) (R g9 — BTy g — RYy g + R?A/Q)]
F A @1 ) Rl T By o)

1 n = n pn 1) n
+ ) 2Ax 3§Rf(t y Lj41/25 Pj s Rj+1) (Rj+3/2 - Rj+1/2)
+ B%Rf(t", Tj-1/2; P?a R?+1/2) (R;L+3/2 - R;L+1/2) (R?H - R?)

+ORf(t",xj_1/2, P}, R}) (Riys0 — Rivijo — Ripy o+ RY_q)0)|

where
Rjyy, Ry €1 <R?+1/2=R?+3/2) ; Tj+1, Tjr1 €]Tj41/2, Tirapal;
R}, R} €T <R§Lf1/2=R§L+1/2) , T, %5 € |12, Tj41/2(;
Rj1y2 €1 < ~?’R?+1) ’ Tjr1/2 €125, Tj4];
§?+1/2 €1 < _?7R?+1) ) 55]'+1/2jj+1/2 G]xjf1/2,9€j+3/2[7
Py pj €T <P?—1a/)?+1> ) Tjr1/2 €125, T4l

Notice that

‘fj+1 —fj‘ < 2A$, ‘ifj+1 —ifj‘ < 2A$, ‘R?+3/2 — R;L_H/Q‘ < ECl(t") Am,

where L is as in ([B.12]). Moreover, by their very definition, for 71,67 € [0, 1],

Ry = )| = |01 Ry (L= 0) Bl o — € Rty = (1= ) R g

S ‘R?+3/2 - R?+1/2‘ + ‘R?H/z - R?—uz‘
< 2L£Cy (") A,

12



and similarly ‘R;L 1 R}“ <2LC(t") Az. Compute now

i\f: k—i—1 k=i k=i ki
P - - + . (3.18
el g Witsje Wivie Winie Wiiip ( )

Riisp= 2R jpt By jp = A

Observe that, for k fixed:

Wh—i—1 ki

Wize Wity

Ax

<wk—j—1w£—j ki wz—j—1>
Wiise Wit1/2

N
=1
Az = k—j—1(, t—j —j—1 k—j—1 k—j\ , f—j—1
:W—Zw] <w3—w3>+(w] —w]>w3
=1
N

i+32 Wit1/2

B (Am)Q
Wits2 Wit | =

<Wk7j71 W' (Ejo1y2) — w771 w/(§kj1/2)>] ) (3.19)

where §_;_1/2 € |Y0—j—1,Ye—jls Ex—j—1/2 € Yk—j—1,Yk—j[, and similarly

wk=i Wwk—i+1 (Az)? N . '
- = W W (€ — W€ . (3.20
Wivie Wicyp Winp Wiy ;( Ce-gryz) (& ”1/2)) (3.20)

In order to compute the difference between ([3.19) and (B.20]), which appears in ([B.I8]), we add
and subtract the term

(Az)? al k—j —j
T Z <w T (§jyry) —w M w (§k—j+1/z)>

j+3/2 Witz | 1=

The terms with common denominator yield

A 9 N .
e[S i -

i+32 W12 |7

—wF T W (& jyaye) + I W’(§k—j+1/2)>
N
= o TS (@A ) Crmgaye) + o ) — )
W 2 —j—1/2 —j—1/2 —j+1/2

j+3/2Wit1/2 T

—(W T = W W (G je) — W (W (Ehjrj) — Wl(gkfj+l/2)))

13



A ’ - . fe—j+1 2
i W(—x) {Z <_Aw,(§’“‘j‘1/2)w/(@—j—l/z) — Wt / / w"(y) dy

J+3/2 W J+1/2 5 §o—j—1/2

Ek—jr1/2
+ATW (G j1/2) W (Gpjoiyo) + w0 / w"(y) dy)

Ek—j—1/2

Azr)? N o (Ek—jr1/2 . [Ee—j+1/2
___ (Ax)7 3 (MJ/ T () dy—cu’”/ T W)y ) |- (3.21)
Wiis2Wit12 — Ep—j1/2 Eoj—1/2

We are left with

N X 2 X 2
[Z <wk’j W' (Er—jr1/2) — Wi w/(gkj+1/2)>:| <W (A2) ~W (Az) ) . (3.22)

=1 i+3/2Wig1/2 12 W12

In particular, observe that
1 B 1 Wi-1/2 = Wiis2

WitzjeWivie Wiv1oWii1e Wiz Wit W12

_ Az o (A i
Wit W12 W1y (Z <w “ )

J B=1
N .
Az /yﬁ_rH /
- w'(y) dy
Wj+3/2W+1/2W -1/2 (; Yg—j—1 )
247 [|o]| 2 (3.23)

= WitsoWig12Wi_1ye
Coming back to (.18, exploiting (3.21)), (3.22) and (3.23]), we get

‘ irsj2 — 2R} + R 1/2‘

Az)3 N Ek—j+1/2 N .
< (ar) > ok / Ty dy | [ Wt
‘Wj+3/2 Wj+1/2‘ k=1 Ee—j—1/2 /=1

N A N pCejiiye
— (Do) (DD / W’ (y) dy
k=1 (=1"8e—j-1/2

2 (Ax)* ||o'|| ‘ (an k- J) (iw'(&ijﬂ/z)
=1

‘Wj+3/2 Wit172 Wi-1/2
N N A
- ZPZL W' (Ek—jr1/2) Zwe_]
k=1 =1

14
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2 (Az)? (Az)?
< = I e ol + = e o flall" e
Q(Ax)Q / n (AI’
K3} e tloe [l | flo" =+ K2 [ e M g
= AW |p" g1, (3.24)

where we set

2 1 2 2 2
. - 3 4 O N C

Hence,

% Hag f ‘Lw‘/’?ﬂ - p}‘_l( + (Ax)2C LC (1)

Prf

|

n ‘+(Aw)2

Bj

< (A2 Cpa | +

A
+ —“ LCy(t")

e = |+ e e e @m)?

+(A 2C LCL(tY) [p7] + (Ax)? C L2 (CL(t7))?

)

+§(Ax)2CW61(t”) < "

Therefore,
N-1
2 (el e, ) 5 -
= =1
T ALC (1 F2LC(E) +2L2 (CL(t™)? + WCl(t”)> Aa
j=1
+AtAxC<£2(C ™)+ = WC1 t") ) o]
N-1
n T T 1 T n n n n
< Ka(t") At (Z ‘Pj+1 —Pj‘ t3 | Pa|) + G (") At 4 Ks(t") At ||,
j=1
(3.26)
with

k) = oz f | +caw|os]
Ka(t) = CCi(t) (14+2LC(t) +2Ks5(t)), (3.27)

KC3(t) = CCyi(t) <£261(t) + %W) ,

Ci(t) is as in (B9) and £ is as in ([3I2]). Observe that the two norms of f appearing in Ky (t)
are bounded due to|(f), Lemma 3.3 and Lemma[3.4] since they are evaluated on the compact

set [0,t] x [a,b] x [—Hp(t)HLoo, Hp(t)HLoo] x [=J(t), J(t)], with J(t) = Hﬁ;\(ﬁcl@)‘

w

15



Focus now on the boundary terms. From the definition of the scheme (B.4]), with the

notation (3.0)—3.7) and B.16), we have

n+1 n+1
£ — Pa

= (=87 =)t + B Py + 1 s — A [Fgf}z(p?, L) — Eip (Pt p’f)] — ot E 0
= 1 = p}) + (1= BI)H = ) + (™ = ) = N[ F3alts o8) = Fio(of )|
=105 — p1) + (1= 00)(pT — pl) + (02" = pl) — A [Fgf}z(pZ, L) = Fpa(pas p?)] )
since
BT (P = pi) + X |:F3?/2(p?7 Pr) = Fip(pl p’f)]
= A [ 172(P1, PT) = Fi)a(pa, PT) + F3)0 (0T, 1) — Fiyo (0T, p1) £ F3o 0y p’f)}
= 07 (0} = o) + X | Fyjali o) = FLjals 1)
Observing that
N[5y (0207) = Fiy (01,0

A n n pn n n pn n n pn n n pn
= 5 |:f(t 7m3/27pa7R3/2) + f(t ,1’3/2,p1,R3/2) - f(t 7m1/27pa7R1/2) - f(t ,m1/27p17R1/2)]

A

=3 [@f(t",ﬂh,pga 2/2) Az + 6Rf(t",m1/2,p2,]§€’f) (Rg/z - R?/Q)

+axf(tn7§17p1117 g/2) Az + 8Rf(tn7xl/27p?7 R?) (Rgl/2 - ?/2)] )
where T1,%1 €71/, 73/2[ and R?,R? € I(R{‘/Q,Rgﬂ), we conclude

n n ‘2 n T ‘2 C n n ‘2
ME 00, 7) = Fo (0 o] < AL S (14 £61(7) (1921 + 165,

By the positivity of the coefficients involved, we obtain

Pt — it < ATl — o}l (L= 87) 1o — gl + [ = i
o o (3.28)
+ AL (L+ L) (pa] + 1p7])-
Concerning the other boundary term, we have
Pt — ot = ot pp — (1= BR — VRPN + BR PRt + N Ph

| P o (08 oK) = PRy oo o)
= (pp = o)+ (1= R (o — pR) + BR (PR — PR_1)

X [F3y 100 o) = Fit oo o0

= (P = pp) + (L= V%) (o5 — py) + O (Pl — PRr_1)

N | FR 1o (P PR = FRry ooy oK)
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since
BR (P = PRrm) + X | Fitaja (s 00 = Fii_1jo (0 00|
= A1 (0es PR = Fi_1 o (01, 00 + Fit1 o (0 00)
—Fe_1 o (s PR & Fir o1, 9|
= on (PN — PN 1)4')‘[ Fry2(PN-1,P8) — ij\Lf—l/Q(prlif—lapr)}'

Observing that

A [F]\LIH/Q(P%—D PN) — F;\l,_l/g(p%_l, P%)]
= % [f(tn7xN+1/27pnN717RR/+1/2) + f(t" ng1y2, PN B 2)
—f" N1/, PN—1, Ry _109) — F(E", xN71/2apnN7R]T</fl/2)]
[8 S 2N, PR 1 Ry 0) Az + Orf (", N 172, PN - 1 RY) (RY Nt12 — BN_1)9)
+0u f (8", TN, PR Ry j0) A2 + Orf (1", 28 172, PNy BY) (R 170 — RN_1/9) | -

where Tn, TN € |Ty_1/2,TN41/2[ and R?V, RY € I(Rzrifq/w RR/Y+1/2) we conclude

C
A ‘Fjr\Lurl/z(P%—l,P%) = FN_1)0(PR-1,PR)| < Al 5 (L+ L) (IpR=1] + R ])-
By the positivity of the coefficients involved, we obtain

P — o < ot — o]+ (L = ) 1ol — p| + % o — Pl

o (3.29)
+ AL (14 L6 ) (1] + oK),

Collect now the estimates (B.17), (8.26]), (B.28) and (3.29)):

N

n+1 n+1
p]—|—1 - p] ‘

Jj=0
n+1l n+1
P1 ‘ Z

C
<ATlos = Pt + (1= 01)lpt — pil + loa ™ = ol + At (1+ L) (105 + |1 ])
N-1
3 |0 = | 01 0k = 2] = 0% e — | + R Lok = el = A [k — |
j=1

n+1 n+1
p]+1 ‘ +1p

n+1 n+1
— o

N—-1
+EE ALY ‘pﬁq P]‘Jr |7 = pa| | +Ka(t™) At + KC3(t") At | pg |
7=1

C
+ oy = o+ (L= AR)lek — Pl + SR lpl — pRr_1| + At P (14 LC1 (™) (IoN—1] + PN ])

17



N
< 1o = gl 1 = i (LK) A S [y — o | 4+ Kl A
=0

3 n n n C n
+ 5 O+ LEEN I sy At + (Kl + (L4 L) Iall oy At
Exploiting (3.10) and setting
ny _ n 3 n Co(t™)t™
Kalt) = Kalt™) + 2 €1+ £6%) € max { ool e s ool oy [0l 01y )
C
+ K@) + 5 (0 LG Ioalhe oy (3.30)

we deduce from the previous estimate by a standard iterative procedure

Z‘ijrl g < S Z‘ijrl p](+ n = (+Z‘pb—pb (

K4(t") <6K1(t”)t” _ 1) ’

concluding the proof. O

Corollary 3.7. (BV estimate in space and time) Let p, € BV (]a,b[;RT) and pa, pp €
BV(R*;R"). Let[(f) and ([Z35) hold. Then for alln =1,..., Np, the following estimate
holds

n—1 N n—1 N+1
> At — o[+ PIPIEL ot — o] < eu(en), (3.31)
m=0 j=0
where Cyi(n At) is given by (3.30]).
Proof. By Proposition 8.5, we have
n—1 N
DN ‘pﬁl - p;?ﬂ( < nALC(n At). (3.32)
m=0 j=0

By the definition of the scheme ([B.4]), for m € {0,...,n —1} and j € {1,..., N}, we have

IN

Ao
[ Pm‘ 7(‘:0%1—/)?‘4",0?—/)?1‘)

o
A m m m m m m
+ 5 ‘f(t y Lj41/25 Py ’Rj+1/2) + f(t y Lj41/25 Pj+1s Rj+1/2)
—f@" @12, P11, Ry o) = F(E™, @510, 05 R o)
Ao
<5 (o= by o)

D
2

+ ‘(%f(tm,$j71/2aﬁ?_1/2,Rﬁ1/2)"P;ﬂ - p?il(

S, R )| A

18



—l—‘3Rf(tm,3€j—1/2m;n—1a}??)“ e — ;11/2‘

A NGNS

+ ‘3pf(7fm,ﬂfj—1/2aﬁﬁ1/z,Rﬁ1/2)"P;'nﬂ - P;n‘

+‘8Rf(tm7xj—1/27p;na R;”)( ‘R}?},—l/Q - R;'n—uzu

A m m m m
<3 (a+1L) <‘Pj+1 = Pj ‘ + ‘Pj - Pj1D

)\ m m m m m
where
TS ]%'71/2,95]'“/2[7 Rgn € I(R?Lfl/WRﬁl/?)’
By € Tofr. ) o € T} i)

Therefore, by Lemma B3] and Proposition
N N N
E:Axhﬁwl—p?‘§1H01+L)E:VﬂH—¢ﬁw+A¢C(L+E&ﬁnA0)AxE:Vﬁ‘
j=1 j=0 J=1
C
+ At Az (|oi?] + £ Ci(m Ao

< At(a+ L)Cy(mAt) + At C (1 4+ LC1(m At)) C1(m At)

C
+ At 5 <HprLOO([O7tmD + ECl(m At) HIOGHLOO([O,tm}))
= AtCy(m At),

where we set

C
Cur) = (0 + L) Calr) + CC(r) (14 L) + 5 (Inbllmomy + L) pulliae o)
(3.33)
In particular,
N+1 N
> Aalppt = | = Aot = g |+ Aot = gt + Y Ax |t = |
=0 j=1
< Az |pmt— pml 4+ Az ‘pg’”l - p},n‘ + At Ci(m At), (3.34)
which, summed over m =0,...,n — 1, yields
n—1 N+1 n—1
Z Z Az ‘p?”rl —p}”‘ < Az Z ( pmtt — pm| ‘pberl — p?‘) +nAtCi(n At). (3.35)
m=0 j=0 m=0

Summing (8.32]) and (335]) we obtain the desired estimate (3.31]), with
Cot(nAt) = nAt (1 + a+ L)Cr(nAt) + n At C Ci(n At)(1+ L Ci(n At))
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C
+nAt 9 <||PbHLoo([o,tn]) + LC1(nAt) HPaHLoo([o,tn})) (3.36)

n—1
+Az Y (pZ”“ ‘p’”“ p?D,

concluding the proof. Notice that the last sum in ([B8.36]) is bounded by

Az (TV (pa; [0,T1) + TV (pp: [0,T7)) -

3.5 Discrete entropy inequality
We introduce the following notation: for j=1,...,N,n=0,...,Np — 1, k € R,

Hi(u,v,2) =v— A (F’Jnﬂ/z(v,z) — F”_l/z(u,v)) ,

n,k n
G +1/2( v) = Fj+1/2(U/\/<77U/\k) - j+1/2(k k)
n,k
Lj+1/2(u,v) Fly ok k) = Fily p(uV ko VE),
where F'\, /z(u,v) is defined as in (3.2]). Observe that, due to the definition of the scheme,

p;H'l H]"(p]_l, Py Py +1)- Notice moreover that the following equivalences hold true: (s —

k)t =sAk—Fkand (s—k)” =k—sVk.

Lemma 3.8. Let|(f)] and B3] hold. Then the approzimate solution pa in [B3) satisfies
the following discrete entropy inequalities: for j=1,..., N, n=0,...,Np —1 and k € R,

(o = k)t = (0 = )4 A (G0 p) = G (01
1 j+1/ -1/ (3.37)
+Asgnt (pj T — k) (f(tna$j+1/2,k,Rj+1/2) = f(t" @i 10, k, R 1/2)) <0,

and
n — n — n,k n n n,k n n
(P] k) - (hf —k)" +A <L]+1/2(Pj7pj+1) - Lj71/2(pj—17pj )) (3.38)
+A sgn (ﬂ?ﬂ k) (f(tnaxj+1/2akaRj+1/2) = f(t" @i 10k, R 1/2)) <0.

Proof. Consider the map (u,v,z) — HJ'(u,v,2). By the CFL condition (.5), it holds

au (U,’U,Z) = 5 <apf(t axj71/2aua Rj71/2) + O[) Z 0’
OH™ A

av] (U,’U,Z) =1-Aa- 5 <8pf(tn,xj+1/Zav’R?+1/2) - 8pf(tn’xj—1/2’vaR?_1/2)> > 0
({“)I-I}1

A n n
P (u,v,2) = 5 <a — 0, f(t ,$j+1/272aRj+1/2)> > 0.
Notice that

Hjn(ka ka k) =k—A <f(tnaxj+1/2’k’R?+1/2) - f(t y Lj— 1/2» k R 1/2))
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The monotonicity properties obtained above imply that
H]n(p?—l N k7pgl A kap?—f—l A k) - Hjn(k7 k7 k)
> H]n(p?—lap?ap?—f—l) N H]n(ka ka k) - Hjn(k:? kj’ k)

+
= (H o) — HM R )
_ ( A k+)‘(f(t"7xj+1/27k7R?+1/2) — @i b B 1/2)>>

Moreover, we also have

Hjn(P?—l A kap? A k7p?+1 A k) - H]n(kakak)

+

= (0j Nk) =k
—A [Fjﬂﬂﬂ( Nk g AR) = F2 o0y Ak, g AK) = Fy (k) + F2 ok K)
n n,k , n n
= (Pj - k)+ - A <GJ+1/2(P] aP]+1) Gj71/2(pj—17pj)> .
Hence

(pj — k)" = A (G?fl (P05 0) = G (0, p?))

> ( LA (f(tn7xj+1/2akaR§L+1/2) — [z 1), k, R} 1/2)>>+

— sgnt < ntl ) (f(t",xjﬂ/z,k,R;lH/Q) = f(t" xj1y2. k, RY 1/2)>>
X < FAR NP (f(tn’xj+1/2akaR?+1/2) — f(t" @10, k, R} 1/2)>>

> (p?“ k) + A sgn® (P"H k) <f(t",xj+1/2,k,R;‘+1/2)—f(t s xj_1/2,k, R} 1/2))

proving (3.37)), while (B:38)) is proven in an entirely similar way. O

3.6 Convergence towards an entropy weak solution

The uniform L*-bound provided by Lemma [B.4] and the total variation estimate of Corol-
lary 3.7 allow to apply Helly’s compactness theorem, ensuring the existence of a subsequence
of pa, still denoted by pa, converging in L! to a function p € L>([0, T]x]a, b[), for all T' > 0.
We need to prove that this limit function is indeed an entropy weak solution to (L), in the
sense of Definition

Lemma 3.9. Let p, € BV (Ja,b[;R") and p,, pp € BV(RT;RY). Let [(f)] and ([B3.5)
hold. Then the piecewise constant approximate solutions pa in [B3)) resulting from the adapted
Lax—Friedrichs scheme [B4) converge, as Ax — 0, towards an entropy weak solution of the
initial boundary value problem (LT).

Proof. We consider the discrete entropy inequality (BB:ZI) for the positive semi-entropy, and

we follow [10], see also [I5]. Add and subtract G’ _H/Z(p] ,p7) in B.37) and rearrange it as
follows

0= (0 = k)" = () = B)" + X (G o6 40) = G ol )
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n,k n n
+A <G]+1/2(pj Pj) — ijl/z(pj—hpj ))
+ A sgn (ﬂ?“ — k) (f(tn,$j+1/2, k, R}y ype) — f(E" @12,k R} 1/2))

Let ¢ € CL([0,T[x[a,b); RT) for some T > 0, multiply the inequality above by Az p(t", ;)

and sum over j =1,...,N and n € N, so to get
+o0o N
0>a:3 % [ L)t — (ol — k;)ﬂ o(t", ;) (3.39)
n=0 j=1
+o0o N
n,k n n
+ Atzz |:< ]+1/2 p] ap]Jrl) Gj+1/2(pj?pj )) (340)
n=0j5=1
n,k n,k n
o (GJ 1/2(’03 1"0]) G]+1/2(p] ) Pj )):| SD(t axj) (3.41)
+o0o N
+AtZngn n+1 )<f(tn’ajj+1/2,k,R;L+1/2)—f(t T 1/2’k R 1/2)) gD(t",xJ)
n=0 j=1
(3.42)
Summing by parts, we obtain
oo N n—1
- —_A ©(0, — Ax At . +‘P( J J
b 400 b
— - / (pule) = )" p(0.2) o — [ / ((t,2) — K)" Bup(t, ) dr it
Az—0t a 0 a
and
(B.22)]
o X f(t $]+1/2kR+1 ) f(t Ly k, R} )
n ) ) /2 sy L j— 1/27 1/2 n
= AxAty Y sent(pft — k) Aa Il ot )
n= Oj 1
+oo d
by the Dominated Convergence Theorem. Concerning (3.40)—(B.41]), we get
+oo N
n,k n n n
(@) — @A) = At (G (0 p0) = Gf (0, 05)) ()
n=0 j=1
+oo N—1
n,k n n n
—AY Y < jr1/2(P3 s P) = Gj+3/2(pj+1’pj+1)) (", zj11)
n=0 57=0
+oo N—1
n,k non n
- Atz Z [( ]+1/2 p]’pj+1) Gj+1/2(pj7pj)) o(t aﬂUj)
n=0 j=1

k k
- (G;L+1/2(P37P3+1) G?+3/2(P?+17P?+1)) @(tna%‘ﬂ)]
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+At2 [( Nr1/2(PR P5) = Gr]i/’L/z(P"N,P"N)) p(t" zN)

- (GrAn o) - G ()

— Tint + Tb —T
where we set
+oo N—1
&
T = ALY Y [( T e ) = G o o)) et )
n=0 j=1

n,k n,k n n n
- <G]+1/2(p]ap]+1) Gj+3/2(pj+1,pj+1)> o(t ,xj+1):| )
n,k n,k n on n
Atz |: GN+1/2 pNapb) GN+1/2(pN=pN)> (,O(t ,1‘]\[)

<G;L/]; pa7p1 Gg/];(pyll7prll)> (p(tnawl):| .

Define
+oo N

(t ,$'+1)—g0(tn,$')
= —A$AtZZGJ+1/2 pj?pj : AI’ :
0=t (3.43)

+oo
—aAtY ((pn = B)T ot 0) + (o} — KT (t",0))
n=0

Observe that

n,k n n n n
G]+1/2(P] 05) = Filyo(pf Nk, pf NE) = FLy jo(k k)
- f(tnaxj—i-l/%p? A k?R?+1/2) - f(tnaxj-i-l/% kj,R?—i—l/Q)
= SgnJr(p;'L - k) (f(tn7xj+1/27p?7R?+1/2) - f(tnamj+1/27 k7R§L+1/2)> :

It follows then easily that
400
A:v~>0+ / / sgnt (p(t,x) — k) (f(t,z,p,R(t,x)) — f(t,z, k, R(t,2))) Opp(t,x)dzdt
400
~a ( [ —w et ayacs [ -0 e dt) .
0 0

Let us rewrite S (3.43)) as follows:

400 N

- AtZZG]+1/2 7, 07) (™, zj11) — (t", ;)

n=0 j=1

+o0
—a ALY (o = B)T ot 0) + (o — k)T (t,1))
n=0
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N-1
= Atz ZGJ+1/2 Py 7p]) t .%']+1 Z G]+3/2 pj-‘,—l?pj-i—l) (p(tn,l'j+1)
n=0 \j=1 7=0

+o0
—aAtY (o = R)T ot a) + (o} — k)T (t,1))
n=0

+oo N—1
k
= AN ST (G 6 ) — G ) R )

nOgl

- Atz (G2 (R 9R0) @t i) = Gy (01, 1)) (", 1))

—aAt Z (o = B)* ot @) + (o} — k)" o(t",1))
=0
— Sint+5b’

where we set

+oo N—1
) &
st = Atz Z ( j+1/2 PJ,P]) G?+3/z(p?+1,p?+1)) Sp(tn,xjﬂ),

anl

= - Atz ( N1/2(PR PR) (" 2N 1) — G;‘;’;(p’ﬂp?))w(t”,m1)>
—a ALY (o = R)T ot a) + (o — k) (t",1))

Focus on S: by adding and subtracting G (p] P ") in the brackets, we can rewrite it as

]+1/2

+oo N—1

in n,k n on n
S = = ALY ST (G oo ) = G a0 ) el )
n=0 j=1

+oo N—1
k k
—AEY > (G?+1/2 Py Pi) — G?+3/2(P?+17P?+1)> o(t", zj11),

n=0 j=1
We evaluate now the distance between T and S:

+oo N—1

<A ST GI 0 o) = G o o) e ) — ().
n=0 j=1

int int
" -8

Observe that

n,k: n n
‘Gj+1/2 Py Pi1) = Gj+1/2(pj’pj)
= ‘ T2 (0f Nk, piy NE) = F7 o(0f ANk, pf) AN

=3 ‘f(tn,l“jﬂ/%ﬂ? Nk, RY L ) + F(E @2, P AR R o)
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=2 (" xjp1ya, pf AR R o) = a(pfin AR = pf AK)
1 n n n n 7 n
=3 ‘f(t s Tiy12: Pyt AR Ry je) = F(E, 254170, 07 N, RY Ly o)
—a (P Nk —pj A k)‘
1 n n
< §(L+04)‘Pj+1/\k—ﬂj /\k"

< a(p?ﬂ —,0?‘-

Therefore,
' ‘ +oo N—1
T = 57 < 0 Br A0l > Y [ — 4|
n=0 j=1
< QAT [l max | TV (palt") =O(Aa). (344

thanks to the uniform BV estimate (3.14). Pass now to the terms 7% and S%:

S —T" = — Atz ( N1/2(PNs PN) (" v 1) — Gg}g(p?,p?))so(t",m))
- aAtZ (6 = B)* o(t",0) + (0 = k) o(t".0)
- AtZ( N1/2(PN PB) = G%L/g(ﬂ”NaP”N)) o(t",zN)

- Atz (G, o) = Gy (01, 01) ) (2", 21)

- Atz( U o) et ) — (g = B)T (1", 0)) (3.45)
- Atz (o = B olt,0) + GE (0 ) (")) (3.46)
— At Z GN+1/2 pNa pN) (Qp(tn’ xNJrl) - Sp(tn’ xN)) . (3'47)
Observe that
OF} 1 1
+1/2 n n
éT/(uav) - 5 <8pf(t 7wj+1/27u7Rj+1/2)+a) 2 5(—L—|—Oé) >0,
OF?" 1 1
+1/2 n n
é’l) / (u7 5 <8pf(t 7wj+1/27v7Rj+1/2) - Oé) < 5 (L - Oé) < 07

meaning that the numerical flux is increasing with respect to the first variable and decreasing
with respect to the second one. Thus,

n,k n
G +1/2( ) F]+1/2(U/\k ’U/\k) +1/2(k k)
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= Fjer/2(k’v A k) B ]21/2(]{:’ k)

1 n n n n
=9 (f(t ,$j+1/2,v/\k7,Rj+1/2) - J(t a$j+1/2akaRj+1/2) —a(v/\k—kz))
L
> +O‘ v Ak — Kl
> —oz(v—k‘)Jr

and
n,k n
Gj+1/2(u,v) = Fj'yyp(u Nk, o NE) = FYy (ks k)
< FRp(unNk k) — Ffy o (k k)

1 n n n n
=5 (f(t yTj1/2, U N k’Rj+1/2) - J(t 1y Lj+1/2; kaRj+1/2) —a(k—uA k))

2
<L Ak
<a(u-—k)t.
Hence,
AtZGuz o PT) (t L T1) — @(t",a))
+Atz< 1/2 pa7p1 —(X( _k) ) (n7a)
< aTAz |0l sup  (ph — k)T
0<n<T/At
+00
+ ozAtZ <(p3 — k)" — (o — k?)+) o(t", a)
n=0
< aT Az Ham@HLooHpaHLoo - O(A'I)?
(@0)) = — Atz ( s GN+1/2(pN7Pb)) e(t",b)

B AtZGN+1/2 PR oy (et zn) — (", b))

IN

anty (o = &) = (o = B)*") (", 0)
n=0

+aT Az 0,0l sup  (pp — k)"
0<n<T/At

aT Az | 0xpl e lppllp = O(Az),

IN

= At Z GN+1/2 (PR PN) (0" xn11) — (", 2))

< At Az |0z Z ‘G%iuz(pnN’pnN)‘
n=0
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+oo
= At Az |00l Z ‘F}\l/ﬂ/z(/’nN Nk pRy Nk) — FJJVV+1/2(]<77 k)
n=0

+oo
= At Az 056l Y ‘f(t",xNH/z,P’fv Nk RS e) = F(E an1y2, b Ry o)

n=0

+oo
SLAtAT[|0:0ll e Y |0 Ak — K]
n=0
+oo
= LAt Az |0opllpe D (0% — k)
n=0

< LT Az |0zl sup R [P | = O(Ax),
t

<n<T

thanks to the uniform L estimate [B.10). Hence, S* — T® < O(Ax), so that we finally get

0> [B39)... G2
= [B3Y] + (B +T+S
> (B3] + [B.42)] + 5 - O(Ax),
concluding the proof. O

4 Lipschitz continuous dependence on initial and boundary
data

Proposition 4.1. Fiz T > 0. Let|(f)| and B3) hold. Assume moreover 93, 3[2)Rf €
L([0,T] x [a,b] x R*R). Let po,00 € BV(Ja,b;R") and pa, py, 0a, o € BV(]0,T[;RT).
Call p and o the corresponding solutions to (LL1)). Then the following estimate holds

|p(T) = U(T)HLl(}a,b[)
< (Hpo — ollgasy + L (190 = oalla o,z + low - abuwo,m)> (14 BT)TPOT),
and B(T) is defined in (4.25).

Proof. Introduce the following notation:

1 b
R(t2) = gy [ ptn)ely=2)dy.  glt) = [z R(E), -
b |
S(t,l’) = ﬁ / O'(t,y)(ﬂ(y - 1’) dy7 h(t,x,u) = f(t,m,u,S(t,x))

Observe that, due to and Theorem 23] for any ¢ € [0,7] and = € [a, b],

R(t.z) < = g, ) stra) < = g )

w w
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where S;(t) is defined analogously to R(t) in (2.5) for o. For later use, set

[@lg.o

T = T

max {R1 (1), Sl(t)} )

so that R(t,x), S(t,x) € [=J(t), J(t)]. Compute for later use

0uR ()] < <\\w'\\Lf?\U\ZJW|!Lw N \\w;EW) 1608) 12 gany < LR ), (4.2)
]
2o lpalleollzoe | o lgalolooe 2o lpall’llpee | oo lgee
= K3 K2 K2 i onell B LOL R
< WRi(H), (4.3)

with £ defined exactly as in (812]) and W defined as in ([B.25]). Observe that £ and W are
finite thanks to Compute also

. llee [*) i

R(t.2) - (o) < 98 [ ott.y) ot v, (4.4
b

|0 R(t, x) — 0,5 (t, x)| < E/ p(t,y) —o(t,y)| dy. (4.5)

We can think of p and ¢ as solutions to the following IBVPs

Op+ 0xg(t,x,p) =0, 0o + 0zh(t,x,0) =0, (t,x) €]0,T[x]a,bl,
p(0,2) = pola), o(0,2) = o), vela ],
p(t,a) = pg(t), o(t,a) = o4(t), tel0,T7,
p(t, b) = ,Ob(t), O-(t’b) = O-b(t)a tE]O,T[.

Moreover, consider also the following IBVP:

Oy + Opg(t,m,m) =0,  (t,2)€]0,T[x]a,b],

77(07'%') = 0o(x), me]a,b[,

7(t,a) = 04(t), telo, T, (4.6)
m(t,b) = ov(t), t€]0, T

Thanks to |(f)| and to the additional assumptions on f, the flux functions ¢ and h defined
in (4J) satisfy the hypotheses of Theorem [A.2] Proposition [A.3] and Theorem [A.4l Indeed,
focusing on g, compute:

2,9t x,u) = 07, f (t,2,u, R(t,x) + Oopf(t,z,u, R(t, z)) O R(t, x).

Thus, thanks also to ([@2), 92,9 is finite. Therefore, we can use the results of [I4], re-
called in Appendix [Al by Theorem [A2] problem (L8] admits a unique solution in (L% N
BV)(]0,T[x]a,b[;R), which satisfies, for all ¢ € [0, T

P(t),

(¢ HLOO(ab[)
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TV (7(1)) < (TV (00) + TV (043 [0, 2]) + TV (03; [0, ) + K(t) £) €2,

with
P(t) == <maX{HJoHLoo(}a_b[)a llallLe (fo,17) ||0’bHLoo([o,t])} + Cs(t) t) G,

Cs(t) := Haxg('7 K 0)HL<>°([0,1t]><[a7b])7

9.9

Lo ([0,] x [a,b] xR)

K(t) := 2Cs3(t) + 2 (b —a) ||0%,9

‘L‘X’([O,t] X [a,b]x[=P(t), P(t)])

979 ’ :
Lee ([Ovt] X [avb] X [_P(t)v P(t)})

1
+5 (3P®) + loally=(oa)

Due to the definition of ¢ in (41]) and |(f)| we obtain
{(%g(t,x,o ‘ = {8 f(t, 2,0, R(t,z)) +8Rf(t,x,0,R(t,x))@xR(t,x){ =0,

WfHLoo ([0,4] X [a,b] xR x [—J (£),J (£)])

+ H prHLDO(Ot 1x[a,b] xRx [—J (t)J(t)])ERl(t),

2.9

’L“’([O t]x[a, b]xR

so that C3(t) = 0, C4(t) < C5(t), where we set
+ |02 LRA() (A7)

Cs(t) = :vpr Lo ([0,] % [a,b] xRx [—J (¢),J (£)])

Lo°([0,t] X [a,b] xR [—J (t),J (¥)])
Hence

17| oo ga.pp < Poo(t) = 605(t)tmaX{HUOHL°°(ab[ lloalles (j0,)+ lobllLee (o, t])} (4.8)

Moreover,
2
029

2t

’LOO([O,t] x[a,b]x[=P(t), P(t)])

‘L“([O t]x[a,b] x[=P(t), P(O)] x[=J (), (£)])

RfHLOO ([0, x[a,b] x [~ P(t), P(t)] x [~ J (£),J (£)]) 19 Rl 0.1 10,

2
+ HaRRfHL‘x’(Ot 1% [asb] X [=P (1), P(8)] X [~ I (1), T (£)]) 192 Rlloo o, a0

rx HLoo([o,t]x[a,b])

F 1ORS Lo (0,4 x [a,b] x [-P (1), P(B)] X [~ (8), T (1))

< CPss(t) (1 + Ri(t) (2£ + L2R (1) +W>> ;

so that K(t) < K(t) where we set

K(t) = 2 (b—a) C P (t) [1 FRA() (25 FLER(E) + w)]% (3 Poolt) + |yaa\\Lm([07tD) Cs(t),
(4.9)
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and we then obtain
TV (n(t)) < <TV (00) + TV (04 [0,4]) + TV (00; [0, ¢]) + K(2) t) (01 (4.10)
For t > 0, compute
o) = o) L1gasy < N0E) = 7Ol L1 gapp + 7@ = 7Ol ga - (4.11)

The first term on the right hand side of ([@II]) evaluates the distance between solutions to
IBVPs of the type considered in the Appendix [A] with the same flux function, but different
initial and boundary data. Therefore, we can apply Proposition [A.3] to get

| p(t) — W(t)HLl(]a,bD < [lpo = TollL1 (ja,np)
o 10ull oo ot ) (190 = Talliagon + 105 = avlluagosy ) -
Due to the definition of g in (4.1]), we obtain
19ugll o (j0,1x [0 x ) = 190 || oo (0,41 x a6 x ) < L
hence
|o(t) - 7T(t)||L1(]a,b[) < llpo = oollpagapp + L <\|Pa — 0allLi(o,g) + los — UbHLl([O,t])) - (412)

On the other hand, the second term on the right hand side of (4.11]) evaluates the distance
between solutions to IBVPs of the type considered in Appendix[Alwith different flux functions,
but same initial and boundary data. We apply Theorem [A.4] to obtain

[7() = (|1 asp

t b
< /0 /a H(?x(g—h)(s,x,-)HLoo(U(s)) dzds (4.13)
+ /O 10u(g = 1) (5. | e apireyy ™in { TV (o(5)) . TV ((s)) } ds (4.14)
+2/0 H(g—h)(s,a,-)HLoo(U(s))dS—F2/o H(g—h)(s,b,-)HLoo(U(s))ds, (4.15)

where Ul(s) = [-U(s),U(s)], with U(s) = max{Hw(s)HLm(]me, { a(s)HLoo(]me}. Let us now
estimate all the terms appearing in ([AI3)—(4I5]). First of all, by Theorem 23]

HU(t)HLooGavb[) < Soo(t) = etc(HEsl(t)) maX{HUoHLw(}a.b[)a HUaHLoo([o,t])a ”UbHLOO([o,t])} )
(4.16)
so that, comparing (£.16]) with (£8]) we obtain

U(t) < max {10l gasp: [7allimgo): Iovllmgon } s (£C (14 £81@) +tCs(0))

(4.17)
Then, by Theorem 23]

TV (o(t)) < 'O (TV (0,) + TV (04;[0,¢]) + TV (03; [0, ])) + %(etm) —1) (4.18)
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with

Ti(t) = |02

px

e ]

Loo([0,t] % [a,b] x R2) Loo([0,t] % [a, b}XRQ)

Talt) = Kalt) + 5 C(L+ L810) S + [Ka(0) + 5 (1+ £810)] Ioul o
Kao(t) = CS&i(t) (1+2L8:(t) +2K3(t)),

Ks(t) = C Si(1) <£2 Sut) + %w) .

Hence, comparing (£10) and ([4I8]), we get

min {Tv (0(s)), TV (w(s))} < et BW (TV (0,) + TV (043 [0, £]) + TV (03 [0, 1]))

+ min {/th) G 77_21—8(6%“) - 1)} (4.19)
=: Tu(t),
with
— 2 ;
Talt) = ‘ O L0 ([0,t] % [a,b] xR?) £ min {Ra(1), Si(0)} HaprHLoo( 0,1] X [a,b] xR2) (4.20)

Focus on (£I3): by (#£4) and (£3),
. (g(t,x,u) — h(t,x,u))‘

— % (f (t,z,u, R(t,z)) — f (t,2,u, S(Lfﬂ)))'

< ‘(%f(t,x,u, R(t,x)) — 8xf(t,x,u,5(t,x))‘
+ |83f(t,x,u,R(t,x)) O R(t,xz) — Orf(t,z,u,S(t,x)) OIS(t,xﬂ

O2pf(t,x,u, Ri(t,x)) “Rtm — S(t, x)|

‘8Rthqu2tx |0:R(t,2)||R(t,z) — S(t,2)]
+|83ftxu5tx H(?Rtx) 85(t3:)|

Wlly o b
<ol | 4 ri0) + 2| [t - ate] v

w

with R;(t,z) € Z (R(t,x), S(t,z)), i = 1,2. Hence,

]| .00

b
K. (1+ER1(S))+£]/ ‘p(s,y)—a(s,y)‘dy.

(4.21)

10209 = 15,2, | sy < CULS) [

Pass to (@14): by [(f)} @) and @35,

Oy (g(t,x,u) — h(t,x,u) ‘ =

0p (f (t,z,u, R(t,x)) — f (t,z,u S(t,x)))‘

‘ Rf t,x,u, R3(t, ) “Rtm S(t,x)‘,
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and therefore

2 wllgo [
199 =P (s, "')HLW(}avb[w(S)) = HaPRfHLoo([o,s]x[a,b]xU(s)xR)Tw/a [p(s,9) = o(s,9)| dy .-

(4.22)
Finally, consider the first integral in (£I5]): by and (4.4
{g(t,a,u) — h(t,a,u){ = ‘f (t,a,u, R(t,a)) — f (t,a,u,S(t,a))‘
< |Orf <t,a,u,f€(t, a)) ‘{R(t,a) — S(t,a)|
wlly o b
< Clu %/ |p(t,y) — o(t.y)| dy
with R(t,a) € Z (R(t,a),S(t,a)), so that
Wlly o b
(6= 1)ss0: ooy < CUG = i)~ ot ay, @29

and similarly for the second integral in (£.15]).

Collecting together (L21]), (£.22) and ([E23]), exploiting [@I7) and [@IY]), we obtain

Hﬂ(t) t)HLl(]a,b[)

< {(b—a)Cu(t) [”“}‘(ﬁ (14 LRy (1) +E} + |02 Illie 7

w Loo([0,8] x [a,b] xU () xR) K,
ol ) [* [ _
+4CU(L) 7 Ip(s,y) — o(s,y)| dyds. (4.24)
w 0 Ja
Insert now (LI12) and ([@24) into ([AII):

Hp(t) - U(t)HLl(]a,b[) < A(t) + B(t)/o Hp(s) - U(s)HLl(]a,bD ds,

where
A(t) = [lpo = dollpr oy + L <”Pa = 0allLr o) + s — Ub”Ll([o,t])) )

B(t) = (b—a) CU(t) [% (1+LR1(t)) + £] +4CU(1) % (4.25)
[l
+ H prHLOO ([0,6] x [a,b] x U (£) xR) KUI:

with U(t) as in (LIT), £ as in BI2), Ry as in ), 74(¢) as in (ZI9). An application of

Gronwall’s Lemma yields the desired estimate:

lo(t) - U(t)HLl(]ab / A(s f B(r)dr g4

< A(t) + B(t) / A(s)eBOE=9) g5
0

Ta(t)

< A(t) <1 + B(t) teB(t)t> .
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5 Proof of Theorem 2.3

Proof of Theorem 2.3l The existence of solutions to problem (I.T]) follows from the results
of Section Bl in particular § The uniqueness is ensured by the Lipschitz continuous
dependence of solutions to (L)) on initial and boundary data, see Section [

The estimates on the solution to (II]) are obtained from the corresponding discrete es-
timates passing to the limit. In particular, the L' bound follows from (B.8), the L> bound
from (BI0), the total variation bound from (BI4]) and the Lipschitz continuity in time
from ([B.34]), since Ax = % and taking A = 5. O

Appendix A The local 1D IBVP

We recall below some results concerning the classical (local) one dimensional initial boundary
value problem for a scalar conservation laws. Detailed proofs can be found in [14], which
deals with the more general case of a balance law.

Fix T'> 0, set I =]0,7T[ and consider the IBVP:

8tu+dl‘ f(t,x,u) :Oa (t,.%')GIX]a,b[,

u(0,z) = up(z), x €la, bl,
u(t,a) = uq(t), tel, (A1)
u(t,b) = up(t), tel.

Above, the notation for d,. f (t, x, u(t, x)) follows closely that introduced in (2]), that is:

d, f (t,x,u(t,x)) =0.f (t,x,u(t,x)) + Ouf (t,x,u(t,x)) Opu(t, x).

Recall the definition of solution to (AJ]). In particular, we focus on the adaptation to the
present one dimensional setting of the definition of solution provided by Bardos, le Roux and
Nédélec [3, p. 1028].

Definition A.1. A function u € (L>* N BV)(Ix]a,b[;R) is an entropy weak solution to
problem (A1) if for all test function o € CL(] — oo, T[xR;RT) and k € R

/OT /ab {‘u(t,x) — k|3t<p(t,x) + sgn (u(t,x) — k:) [f (t,x,u(t,x)) — f(t,x, k)} Orip(t, )
—sgn (u(t,z) — k) 0, f (t,z, k) o(t, x)} dz dt
b
—i—/a |uo(z) — k|¢(0, ) da
+ /OT sgn (ua(t) — k:) [f <t,a,u(t7a+)> - f(ta, k)] o(t,a)dt
_/ngn (up(t) — k) [f <t,b,u(t, b7) — f(t,b, k))] o(t,b)dt > 0.
0

The well-posedness of problem (AJl), some a priori estimates on its solution and the
stability of its solution with respect to variations in the flux function are proved in [14]. We
report the results below, adapted to the present setting without source term.
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Theorem A.2. [1], Theorem 2.4] Let f € C2([0,T] x [a,b] x R;R), with O,f, 02,f €
L([0,T] x [a,b] x R;R). Let u, € BV(]a,b[;R"), ugs, up € BV(;RT).
Then the IBVP (Ad) has a unique solution u € (L NBV)(Ix]a,b[;R), satisfying

H“(t)HLoo(]a,b[) <uft), (A.2)
TV (u(t)) < e“D(TV (u,) + TV (uq; [0,8]) + TV (up; [0, ¢]) + K(2) 1), (A.3)

for any t € [0, T, with

Z/[(t) = (maX{HuOHL‘X’Ga,b[)a HuaHLoo([oﬂ); HubHL‘X’([O,t})} + Cg(t) t) 664(t)t7
C3(t) — Haxf(, "O)HLOO([O,t]X[G,,b])’

t) = ||0?
C4( ) ‘axuf Lw([O,t}X[a,b}XR),

K(t) = 2C3(t) +2 (b — a) || 02, f

‘Lm([o,t} X [a,b]x[-U(t), U(¢)])

02t

1
+35 <3u(t) + HuallLoo([o,tD)

‘L‘X’([O,t} x [a,b] x [~ U(L), Ut)])

Proposition A.3. [1], Proposition 3.7] Let f € C2([0,T] x [a,b] x R;R), with O, f, 02,f €
L>([0,T] x [a,b] x R; R). Let uy, v, € BV (]a,b[; RT), ug, up, vq, vy € BV([;RT). Call u and
v the corresponding solutions to the IBVP (Adl). Then, for all t > 0, the following estimate
holds

[[u(t) = v(O)| L1 app < o = Vol gapp
+ HaufHLoo([o,t]x[a,b]xR) (Hua - UaHLl([o,t}) + [Jup — UbHLl([O,t])) :
Theorem A.4. [T, Theorem 2.6] Let f1, fo € C2([0,T] x [a,b] x R;R), with 0, fi,0%,f; €
L>([0,T] X [a,b] x R;R) for i = 1,2. Let u, € BV(]a,b[;RT), ug, up € BV([;RT). Call

uy and ug the corresponding solutions to the IBVP (Adl). Then, for t € [0,T], the following
estimate holds

[[ua () = w2 (V)| 1 4
t b
< /0 /a H@x(fQ —fl)(s,x,-)HLoo(U(s)) dzds
¢
—|—/0 H(?u(fg — f1)(s,-, ')HLOO(]a,b[xU(s)) min{TV (ul(s)) , TV (uz(s))} ds
t t
+2/0 H(f2 _fl)(S,a,')HLoo(U(s)) d5+2/0 H(f2 _fl)(sab,‘)HLoo(U(s)) dSa

where, with the notation introduced in Theorem [A.3,
and

ui(s)HLC’o(}a,b[) < ui(s)f fori =1,2,

U(s) =[-U(s), U(s)], with U(s)= max Ui(s).
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