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Numerical analysis for an energy-stable total discretization of a
poromechanics model with inf-sup stability
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! Inria, Université Paris-Saclay
2 LMS, Ecole Polytechnique, CNRS

Abstract

We consider a previously proposed general nonlinear poromechanical formulation, and we
derive a linearized version of this model. For this linearized model, we obtain an existence
result and we propose a complete discretization strategy — in time and space — with a
special concern for issues associated with incompressible or nearly-incompressible behavior.
We provide a detailed mathematical analysis of this strategy, the main result being an error
estimate uniform with respect to the compressibility parameter. We then illustrate our
approach with detailed simulation results and we numerically investigate the importance of
the assumptions made in the analysis, including the fulfillment of specific inf-sup conditions.

1 Introduction

Poromechanical models endeavor to represent the mechanical behavior of a multi-phase
continuum within the framework of the so-called mixture theory, by which each phase is assumed
to occupy the whole geometric domain, while the volume ratio of all phases can vary in time and
space [10]. In [6] a general two-phase — with a solid and an incompressible fluid — poromechanical
model was specifically formulated to be able to represent large strains and significant fluid
inertia, based on fundamental physical principles. A typical application motivating this model
with such challenging features was provided by the perfusion of blood within the muscles, but
other examples abound, in life sciences in particular, e.g. with the mechanics of spongy tissues,
lungs, or even cells. The resulting equations were found to bear some interesting close similarity
to fluid-structure interaction systems written in an Arbitrary Lagrangian-Eulerian formalism,
albeit with here the deformation of the geometry given by that of the solid domain — hence,
without any arbitrary character — and with additional volume-distributed interaction forces.

Regarding the discretization of such equations, the issue of time discretizations devised to
be consistent with energy balances is known to be crucial already in the realm of classical fluid-
structure interaction systems [11, 12, 14]. The formulation of adequate energy-preserving time
discretization schemes for the model of [6] was addressed in this same paper with a monolithic
time scheme, and later specifically treated in [5] with the objective of proposing a partitioned
time scheme, a more tractable approach in numerical practice. By contrast, the question of
spatial discretization for this specific poromechanical model has not yet been raised. This is not
a serious shortcoming in most cases, as in particular the fluid equations in the coupled system are
not associated with an incompressibility constraint — in the sense of local volume preservation
— even though the fluid itself is actually incompressible, which is explained by the fact that
volume may vary due to solid material compressibility. However, in some applications it may
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be required to consider a quasi-incompressible solid, in which case a new constraint equation
— more complex than standard fluid incompressibility — arises in the (solid) incompressible limit,
and this motivates the present work.

The objective in this paper is to devise a total discretization — in both time and space — of a
poromechanical model of the above type, with a complete numerical analysis in order to establish
that the error estimate is robust with respect to the incompressible limit on the solid side. As
regards time discretization, a mid-point scheme is considered for the solid equations, while
pressure and fluid velocity are handled with Euler-backward, and a discrete energy estimate is
proven to hold, including with an additional ingredient of Robin-type boundary condition “a la
Nitsche” to penalize fluid-structure kinematical coupling at interfaces, as proposed and analysed
for fluid-structure interaction problems in [4, 11]. For spatial discretization, we consider a global
finite element approach in the coupled mixed system, and this involves some non-standard
inf-sup stability issues. The numerical analysis itself is performed with a linearized version
of the poromechanical, but we also provide numerical illustrations of the same discretization
procedures used with the original nonlinear model, which substantiates the relevance of the
approach.

Concerning the positioning of this work, the necessity of exercising special care to handle
the discretization of incompressible fluid formulation has been a subject of intensive studies for
decades, with mathematically rigorous and practically effective solutions obtained with mixed
formulations, in particular — see [2] and references therein — and with natural extensions in
the realm of porous flows within rigid solids. The numerical questions raised when considering
deformable solids — i.e. poromechanics — have been studied more recently, see in particular
[9, 17] who proposed finite element spaces and conducted numerical studies to investigate the
impact of nearly-incompressible solid behavior. Our main contribution here lies in providing
a complete mathematical analysis of a proposed total discretization procedure, with detailed
error estimates obtained under specific assumptions, including special inf-sup conditions.

The outline of the paper is as follows. In Section 2 we describe the problem setting, i.e. we
recall the equations of the general (nonlinear) poromechanical model of [6], we derive a linearized
version of this model for which existence is established, and we propose a complete discretization
strategy for this linearized formulation. Then Section 3 is devoted to the mathematical analysis
of the discretization, and the main result is an error estimate uniform with respect to solid
compressibility. Next, Section 4 provides numerical illustrations of our approach, and also a
numerical assessment of the importance of the discrete inf-sup conditions under which the error
estimate was obtained. Finally, we give some concluding remarks in Section 5.

2 Problem setting

We will start in Section 2.1 by summarizing the general — non-linear — poromechanical model
previously proposed in [6], before proceeding to linearize the equations around the solution
at rest (Section 2.2), and then analysing the mathematical properties of the resulting linear
equations (Section 2.3).

2.1 Initial nonlinear poromechanical formulation

Following [6], we consider a general poromechanical model made of a two-phase mixture in
which a fluid phase and a solid phase are assumed to coexist and interact at each point. We
denote by ¢ the volume fraction of the fluid phase.

On the one hand, the solid phase is described by a Lagrangian formulation in the reference
domain Q°. Its mass per unit volume in this configuration is denoted by pg. The deformed



domain is denoted by ©! and is the image of Q0 by the mapping
Q3 & x=E+u (& t) e,

where ug(§,t) is the displacement field defined at every point £ in the reference domain QY. The
corresponding velocity field is thus given by

du,
Vg = dt = 8tﬂs(§7 t))

and the associated deformation gradient tensor is

F=1+Yu,

with determinant J = det F. We emphasize that J represents the local change of volume of
the global mizture, to be distinguished from the change of volume of the solid phase itself given
by J(1 — ¢)/(1 — ¢p), with ¢g the fluid volume fraction in the undeformed configuration. In
the sequel, we denote Js = J(1 — ¢). The right Cauchy-Green deformation tensor is given by
C = FT . F and the Green-Lagrange strain tensor by e = %(Q —1).

"~ On the other hand, we consider an internal fluid flow represented by its velocity v; and
pressure p defined in the deformed domain Qf. The fluid is assumed to be incompressible,
hence, the fluid mass per unit volume ps¢ is constant. We also introduce the added fluid mass
per unit volume m defined in the reference configuration, viz.

m = pe(Jé — o).

The fluid is assumed to be Newtonian, meaning that the fluid Cauchy stress tensor g, in
deformed configuration is given by

g, =0a . (ve) —pl, with o . (v¢) = 24us¢(vy)

We recall that, in the reference configuration, the Cauchy stress tensor gives the second
Piola-Kirchhoff stress tensor with the classical transformation rule

S=JF g E7,

here written for the global stress tensors of the mixture. Therefore, P the contribution of the
solid in the second Piola-Kirchhoff stress tensor X is given by

L =S-¢JE g FT=X-9¢% +¢pJC ", (1)

=vis

=vis = =vis = .
s in [6], we consider a total stress tensor given by

OU(e,m) OV, (&)
e o

; - (bévis +
with U (e, m) the Helmholtz free energy of the mixture and ¥, (&) a viscous pseudo-potential,
both of which need to be specified to characterize the constitutive behavior, see Section 2.2 for
the example considered in the linearized formulation. Due to fluid incompressibility, ¥ (e, m) =
W (e, Js) — poJ¢ with W, the solid free energy and py a reference pressure for the fluid, hence,
we also have [6]

V(e Js)  0Y,(¢)
=gy 4 S
= =vis ag oeé

—pJg_l.



Recalling (1), this gives for the solid contribution

ov(e,m) OV¥ oV (e, Js ov, (e B
I = E?e ) a” ée Ly 8;>—(1—¢)pJC L@

+¢pJC! =

In addition, we have 5
Ty (e, Js). )
0Js
The general form of the two-phase mixture dynamics in large deformation is given in strong
form in [6] as a coupled system, combining in essence the dynamics of the solid deformation,
the dynamics of the fluid flow, and the fluid mass conservation equation. It reads

p=-

pso(1 %rf—vgw‘zwmﬂ?va
—J¢%k - (v —vg) = pso(l—o)f,  n Q0 (4a)

d
%a(pfﬂﬁyf) + V- (prove @ pr(vy —vg)) — Ovg
+¢%k - (v —vy) = V- (da )+ OV xp = pio f, in Q,  (4b)
1d
g JPed) + ¥x (peo(vr —v5)) =0, in Qf (4c)

where we employ the same notation for fields defined over the domains Q° and Q! — e.g., for
the velocity fields — which means that composition by the deformation mapping or its inverse is
implicitly used. In (4), the so-called permeability tensor k: governs the friction forces between
the solid and fluid phases, f is the applied distributed force per unit mass, and 6 the ﬂuld mass

input per unit volume in the deformed configuration. Note also that the notation a always
represents the Lagrangian time derivative at £ fixed, so that for the equations (4b) and (4c)
posed in the deformed domain ¢, this should be understood as

dw OJw

@ o YR

where the partial derivative %ﬁ’ is here considered at x fixed.

The dynamics (4) must be complemented by adequate boundary conditions. Introducing
the total traction ¢ on the boundary of the domain Q!, and t, = J||F~T - ngy||t the transported
counterpart on the boundary of the reference domain Q°, we consider the following boundary
conditions on complementary parts of the domain boundary:

e On I'Y (or T, in the deformed configuration), Dirichlet boundary conditions for both
phases

— o,Pr — ,,PT.
QS_QSy Qf_yf7

e On I‘?V (or T'%;), Neumann boundary conditions — namely, prescribed forces — for both
phases together, with proportional repartition of boundary traction

IS}

n=teF-Y-ny=1, o -n=t;

e OnTIY, ; (or 'y, o), Neumann boundary condition for the global mixture, but vanishing
fluid flux and proportional repartition of tangential boundary traction

IS}

m=teF-X-ng=ty,, w(o,n)=m-(t), (vy—12) n=0,

where m; = 1 —n ® n denotes the projection onto the tangential plane;



e On I'Y . (or T4, ), Neumann boundary condition for the global mixture with fluid

velocity coinciding with the solid velocity (no sliding)

IS]

n=tsF-X-ny=1, v=u,

As already justified in [6], the corresponding weak form of (4) with the associated boundary
conditions given above is thus given by

d
/ ol — o) pran+ [ x :dye-g:dﬂ—/ (v — v.) - B2k -0 dO
QO dt QO*S = Ot =t

+ / PY - 070 — / peo(1— do)f - v dQ + / (1= go)ty - v7 dS
Ot Qo0 - F(I)\]

+ / to-0rdS— [ $(mrt) widS —REWE)  (5a)
F?\fnofUFO Ft

Nnos

Pf(vi:>+/ <vf—vs>-¢2@;1-v;‘dsz+/
Ot -

(- 29 (o) + 62, 50D ) a0
Ot

P
— [ wos-vians [ otoids+ [ omt)-uids (5b)
A rt

t
FN Nnof

dm . )
/Qo dt P dQ*/Qth'(pfqb(vf—vs))p dQ:/ 0 p*dQ (5c)

\ ot

where (v}, v, p*) denote tests functions and

d
Pi(v*) = / — (Jpepuy) - 0" dQ +/ Vi (prov ® (v —2v5)) 0" dQ — [ Ovg-0°dQ,  (6)
QO dt Qt Qt
whereas the continuous residual term Rf — associated with fluid reaction forces on boundaries
Iy o and T4, —is given by

Re(w?) = PL(at) + / (05— ) - 6k 02 D+ /
(913 -

(—pvx- (pedul) + b, :e(g;*)) a0
Ot Pt =vis "=

—/ pf¢f-v;‘d9—/ ¢t-vgdS — ¢(mrt) - v dS. (7)
Ot - T

t t
N 1—‘Nnof

In the above System (5), the test functions (v, v}) are assumed to satisfy homogeneous Dirichlet
boundary conditions on I'}, (or I't;). Moreover, v} must satisfy vflre, =O0and vy -nfpe =0,
in adequation with the fluid-solid kinematical coupling conditions. Note that we remain formal
at this stage, deferring the specific definitions of the mathematical spaces to the mathematical

analysis of the linearized equations in Section 2.3.

2.2 Linearized formulation

We consider a linearization of (5) around the solution at rest, namely (ug, v, 0¢,m) = 0
(then p = 0). Note that ¢ will vary around ¢g = ¢ # 0. In the linearization process, Q reduces
to Y, hence we drop the 0 superscript in all the geometric quantities to simplify the notation.
Moreover, we do not need to distinguish between £ and x for spatial derivatives, nor between
Cauchy and second Piola-Kirchhoff stresses, and the Green-Lagrange strain tensor e reduces to



the linearized elasticity tensor £. Retaining only the first-order terms, System (5) then directly
reduces to

[ ot-dow a0t [ o eaan- [ (o-u)- @t a0
Q QT Q -

+/QPV¢‘U:dQ:/st(l—gt)f'y;‘d9+/r (1—)t-vdS

N

+f totds— [ G(mt) uds R (8
1—‘NnofUFNnos l—‘Nnof

/ P Opvg - v AQ + / (—p2~($yf)+$gis(yf) té(yf)) dQ
Q Q
+/Q(vf—ys)'Q_SQkf_l'vfdQ:/prcﬁf-vfdQ

[ otwass [ dmp-uds (sb)
1—‘N 1—‘Nnof

0 p*dQ, (8c)

/Qatmp*dQJr/prV-(@(vf—vs))p*dﬂz

S~

Q

with
RE () = / ped Dhv - v dQ
0

+/Q (—pz (ov)) + da, (vy) :g(yé‘)) dQ+/Q(vf—vs) kvl dQ

~ [mrzae— [ srzas— [ b -uias o)
Q

'y ' Nnot

In order to complete the derivation of the linearized formulation, we need to specify and
also linearize the constitutive equations. As proposed in [6], we consider the solid free energy
in the additive form

V(e Js) = Wakel(e) + Wouk(Js), (10)

with the simplest possible expression for each part, namely

Wskel(g) = %(trg)Q tue:e,
N . 5 (11)
Whuk(Js) = = < - 1> :

Note that Wel(e) is the Saint-Venant-Kirchhoff hyperelastic potential, namely, the direct
extension of linear isotropic elasticity to large displacements mechanics. Finally, we choose
U, (&) = pusé: &, and (2) gives

B o= A(tre)l+2pe+2use — (1 - o)pJC,

for which the linearized counterpart reads

o =a,.,u) +2use(vg) — (1 - @)pL, (12)

=s



with
T qo(ts) = A tre(ug) L + 2pe(uy). (13)

Likewise, the pressure law is obtained by applying (3), viz.

Ks Js Rs m
- (1= — 1— i
LA (1 1—¢0> (1—¢0)2< J+Pf>’

and the linearized form is obtained by directly transforming J — 1 into V - u, i.e.

p:(ljs@z<_v u) (14)

Using this equation to eliminate m in (8c), we finally obtain the alternative form

1—¢)? - 0
[ (P ow v n)praes [ 9 Gu-wraa= [ 2y oy
Q Ks Q Q Pt
Note that the boundary conditions are directly inferred from those defined in the nonlinear
setting, so we do not rephrase them for the sake of brevity.
The corresponding strong formulation reads

ps(1— ) g —dive — ¢ k- (vp —v) +pV ¢ = ps(1— ) f (16a)

ped Oy + 9N p —div(da ) + 2k, - (v —vg) = pidb | (16b)
_ a2 L

C=D 0+ 9 (1= o+ bu) = - (160

inside the domain, with the same boundary conditions. We point out that the constraint that
prevails in the case of solid incompressibility (ks — +00) — i.e. complete incompressibility, since
we already assumed the fluid to be incompressible — is

V(1 Buy + ug) = j (17)

2.3 Solution existence

We now need to specify the spaces of existence of the a solution of the above linearized
equations in adequate functlonal spaces. First, let us introduce Q% = L2(Q)? and U = H'(Q)3.

Then, for any uP" € H> (T'p), we define
Urp (W) ={u el | ur, =u"}.
We also assume that & € C’I(Q)7 and that there exist two constants ¢umin, and ¢pmax such that

0< ¢min S (Z_) S Cbmax < 17 (18)

which is physically justified, indeed. Therefore, for any function p; and ps bounded from below
— strictly positively — and above, the quantities

voe @, o}, ;= / prllolP de, [lell3, s = /Q pe(1 — 6)lu]l® 2

define two equivalent norms on Q3. Similarly, we introduce the norm on L?(12)
e ol g = [ (1- P an.

7



Moreover, assuming that the Lamé coefficients (A, ) are bounded from below — positively for
A and strictly positively for @ — we can define in Ur, (uP") the scalar product

(uwﬂ*)skel = \/Qo-skel(uS) : é(@:) an

for which the associated norm is equivalent to the usual H!-norm due to Korn inequality [7].
We then define the affine state space

X = {X = (ys7ys’gfap) GUFD(QEY) X Qg X Q3 X Q}’

and, typically for regular enough data, we seek a solution of (8a)-(8b)-(15) in L2((0,7),X) or
C((0,T); X).

In order to give an example of such an existence result consistent with our further numerical
analysis, we restrict ourself to a simpler case where we have homogeneous Dirichlet boundary
conditions. We then introduce X° the Hilbert space associated with homogeneous Dirichlet
boundary conditions that we equip with the energy norm

1 1 1 1
2 2 2 2 2
IX12 = Sllen + 12 1) + 51061 s + 5 1P 1
with (-, -)¢ the associated scalar product. Moreover, we introduce the space V° C X° defined as

T

ys ’FNnOS = yf|FNnos
QS|FNnof ‘n yfh—‘Nnof ‘n

W={X= % € U, (0) x Ur, (0) x Up, (0) x Q

p
Note that we have V0 ¢ X9 = x% ¢ VY with continuous injection.

We now want to rewrite our problem in a single variational equation. To that purpose, we
first write the relationship between displacement and velocity in a weak form, namely

Va? € U(0), / o (Byuy) s £(u?) A = / o (0,) : e(ul)dD
Q - Q -

and we then add this equation together with (8a), (8b) and (15), with the substitution v} =
vf — v;. After some simplifications, we obtain the formal variational equation

dX

VX* eV, <E

(t),X*)g +M(X(1), X*) = LX), (19)
where the bilinear form M is defined in V° by
MEX) = = [ o) ) a0+ [ g2 a2 +2 [ el 2(02) a0
- 0=y wzan s [ (- PE 0 - )0

+/vaqg.y;d9+/g(pv-(q3v?)+¢30



and the linear form L is given by

LX) = [pi=d)f i+ [(-dp-sas+ [ tesras— [ almn)-aas

N NnofUl Nnos ' Nnot

+/pf<5f-v;‘d9+/ ét-v;dm/ep*dﬂ, (21)
Q I 0

NUL Nnot

Note that, with a more condensed notation, (20) also reads

M(Xa X*) = - (257@*)51(6] + (ﬂyyz)ske] + 2 (g(%)é@:))umg
- (pa le(gEQ}( + (1 - QE)Q:))LQ(Q) + (p*7 div(éyf + (1 - QE)QS))LZ(Q)
+2 (e(w), £(0D)) 5, 0 + (0 = Vo vf = 0)gap1 - (22)

Proposition 1
The bilinear form M is VO-X0 coercive, namely, there exist o > 0 and A\ € R such that

vX €V’ M(X,X)+ A X2 = ollX].
Proof. We have

M(X, X) =2 (g(vy):e(w),, o T2 () () 5, o+ (@ = 05,00 = 03) 21 0 -

Therefore, for all A > 0, the bilinear form My (X, X*) = M (X, X*) + A(X, X*)¢ is V’-coercive.
|

Considering now that the initial condition X (0) € X’ and assuming that the data are regular
enough so that L € L?(0, T, VOI), we have for all T — see [15, Vol. 1, Chap. 3, §4, Theorem 4.1],
and also [1, II-2, Theorem 1.1] — a unique solution in

W(0,T) = {X € L*(0,T;V); % € L*(0,T; VO’)},
of the dynamics
<dX(t),X*> + M(X(t),X*) = L(X*), in L*0,7)
dt Yo 0 (23)
X(0) = Xo,

where the first term should be understood as

(o), - (o),

Yo’ V0

if % € X is regular enough, since we have chosen X as the pivot space.
Note finally that we have a continuous injection W°(0,T) < C([0, T]; &°) [15, Vol. 1, Prop
2.1 and Thm 3.1], hence the solution can also be understood in the sense of the Duhamel formula

vVt e [0, 7], X(t)=()X(0)+ /Ot O(t — s)r(s)ds,

where @ is the evolution operator associated with our problem.

To conclude this section, let us mention that the case where we seek solutions with non-
homogeneous boundary conditions in X is more technical to write — albeit similar in essence,
as usual — since we need to define adequate liftings of the boundary conditions.



2.4 Space-discretized formulation

We will use a finite element strategy, and we accordingly consider a mesh subdividing the
domain €2, parametrized by the quantity A representing the maximum diameter of all the el-
ements in the mesh. We assume this mesh to be strictly geometrically conforming — i.e. the
external boundaries are exactly those of €2 — to keep away from the technicalities induced by
geometric consistency errors in the analysis. We also assume that the solid displacement and
the velocity are discretized in the same space Wy, the fluid velocity is chosen in W,J: and the

pressure in Q. For any uP" € W,’: , we define
W (@) = {u € W] |ulr, = u™[r,,},
with a similar notation for W;. Then the finite element spaces associated with }V and V0 are

Vi = Wi ul}) x Wi(0l,) x Wi (wP),) x Qu,
Vi = W;(0) x Wi(0) x W/ (0) x Qy,

for (uf},,vf),) in Wi x wi.

As in the splitting time-scheme presented in a non-linear context in [5], fluid and solid con-
stituents are implicitly and weakly coupled on I' ypos and I ypof with Robin coupling conditions
derived from Nitsche’s interface method [3, 4, 16]. Unlike in (8b), this condition is weakly
imposed in the fluid resolution, so no Dirichlet boundary condition is enforced on the fluid
test function y;h on I'ypos and I'npos. Therefore, the integration by part that leads to (8b)
+ ((gf(gf,hvph) -n) - n, 5, n) _ in the

T Nnos d):FNnof

fluid equation right-hand side (RHS), with o, (v¢ ,,pn) = o . (vf;) — ppl. Furthermore, we use

. . 71~
the Jentity 7 m(yz’h) - (gf@s’h’ph) b Qgﬁ)a’sm : + <(gf(yf,h7ph) n) n,vg, ”)qer £
We thus derive the following weak form at the space-discretized level, namely, for any X; =
(y;{,hv Q:’ha M;h,p;;) n Vl?

yields the new terms <gf(2f,haph) -n, Q;h) )

d * ’Y * *
<thh7Xh>g + M(Xh, Xh) + E (Qﬁh —Ushy Vs p — ys’h)ﬂféernos

N
+ E ((Qf7h 7S h) (Uf h ‘:’h) ' Q)Hf$7FNﬂOf B (gf(yf,h’ph) ‘ Q’ yi‘k?h - QS7h) (17)7FNHOS

~ (e (wnpn) n) m ip — i) ) = (uen — v g (0hn —pi) 1)
¢7FNnof

¢1FNnos
- ((yf,h —vyp) - 1, (2, (VF s —Ph) - ) ﬂ) , = L(X}).
(z)vFNnof
Note that we have symmetrized — respectively skew-symmetrized — the formulation with respect

to vy 5, — respectively pj, — by incorporating consistent terms (i.e. that vanish with the continuous
solution) on the boundaries I"nyes and I'ypor. This variational equation can be rephrased as

d * *
(30X )+ D060 X5) = LX), (21)
&

10



where we introduced

* * 7 * *
M (X, X57) = M (X, X51) + 3 (00 = Vss U = 8h) 5y,

Y
+o ((vep —vsp) - n, (U, —0ip) 0 ,M,ﬁ,anOf ( (Vs Ph) -1 Uy — Q:’h) AT Mo
* *
- ((gf(yﬁh’ph) ﬂ) ‘n, (Qf,h —%,h) )¢>,Fwnof ( Veh — Vs O (Ufm —pp) 1 >¢,FNHOS
~ ((en = ven) - m (g (wips —pi) - m) -m) . (25)
¢»FNnof

Note that (24) comes down to a Cauchy problem, so existence and uniqueness of the solution
in the finite dimensional space V), is guaranteed.

We start by establishing a discrete energy balance when the RHS L vanishes, which is not
exactly standard here due to the presence of the Nitsche terms. To that purpose we will use the
following inverse inequality which can be proven by classical scaling arguments under standard
assumptions on the mesh.

Lemma 2 (Trace inverse inequality)
There exists a constant C;e. that depends on €2, I'ynos and the type of shape functions, such

that o
le(w) a2y, oy < T le@)IE g, Va e W, (26)

Let X, in V,, be the solution of (24). Denoting by &, = || Xp||% the energy of Xj, the
evaluation of (24) with the test function X} = X}, gives

d %uf
qeon + 2lelus, Wl g0+ 2lle@s )i + e, — ys,h‘|%2£f—17g + ey = vl

'Y,Uf
+ 7”(Uf h— Ush) 'ﬂ”i;erf — dpr (e(vep) - myvp ) — Qs,h)q;FNnos

—dpe ((elvrp) - n) - n, (e —vgp) m)gp  =0. (27)

Then, we use Young’s inequality (a,b) < 5-[lal|>+%||b]|?, with L homogeneous to a length here,
and the inverse inequality (26), to get

e (e(uip)r v = Vo) gy 4 ((Evin) - n)  n, (vep —vep) n)gp

1 1
S 2luf |:L”€(vfyh) ’ BH% ' NnosUI' Nnot + 7Hyfvh o QsihH?i_):FNnos + ZH(yf’h - sth) ' ﬂ“%:FNnof

C 0
< 2 |lelwe )3 + oLl ||Uf h=VsnlGry + 27 [1(uen = 2) 2L

We end up with the following energy balance

CieL

d voo2
e+ 2 (1= S8 Y e+ 2t Bt (7= 7 ) en = el

ol 2
b (3= 2) Mot = o) 2By + D =l < 0

which ensures the stability of semi-discrete solution X provided that v > 2C.
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2.5 Fully-discrete formulation

We consider in (24) a first-order backward Euler method in the fluid, for both v; and p — to
be as close as possible to the splitting scheme proposed in a non-linear context in [5] — and a
midpoint scheme for the solid. Using the notations a”+%£an+lf+an and DTa"Jr%ﬁ“"JZit_“n,

look for (ggh,ygh,ygh,p@nzo in VE] such that, for any n in N and (g:,h,y;h,y}:h,p;;) in V,?,

+1 +1 1 +1
pr (vazh Q,UEh> s <D7v:,h2,v;ih> o+ = (DTpZ ? ,p2> )
xe! 1-¢0 s (1-9)2,0

n—l—% * n+% n+% n+l , nt+l * * * *
+ D‘rﬂs’h y Us h + Mh((ﬂs,h 'Usn Y 2P )7 (Qsﬁvysﬁvyf,haph))
skel

we

= L™3(X}), (28)

denoting

L) = [pu- e [a-apthogass [ prhg,as
Q - T

1—‘N NnofUFNnos

— | G(met"t) uf,dS + / ped fHE vt dQ+ / $t"3 v, dS + / 6™+ 3 pjdQ),
T Mot ’ Q ' I NUT Nnof ’ Q
(29)

and with adequate initial conditions.

3 Numerical analysis

In this section, we provide a detailed mathematical analysis of our proposed discretization
procedure. Note that, as is quite usual in this context, we use the symbol C' to denote a generic
positive constant that may take different values in successive occurrences. Likewise « is used
to denote a generic strictly positive constant. Throughout this section, we will assume ul" = 0
and y?r = 0 to avoid the cumbersome technicalities of non-homogeneous Dirichlet boundary
conditions.

3.1 Stability analysis in the energy norm

In this specific section we will assume vanishing loading — i.e., t = 0 on I'npes, I ynof and
I'y, f =0, 0 =0 — for the specific purpose of analysis of energy preservation and decay. The

evaluation of (28) with admissible test functions

1 1
x __ o n+l x _  NF3 « _ T3 * __  n+l
U =Ypr U =Usp™y U =Ugp ™, and p* = py,

gives

n+g 1 1 n+3 1 n+l n4l
0= ps (DTUM 200 > ot (DTph 2 ppt -t { Drugy?iugy®
¢,Q s (1—-9)2,Q skel

nty  ntg 1412 nt3y 2 1, ntg 2
+ s <DTvs,h * 0 2) A 2@y g0+ 2Melesn lne + 1f" = v 15 0
1-6,0 =
YHE n+ Yt n+3
+ THQ?Z:L o QS,]’L ’ ||Q2£7FNnos + Tn(y?j;l o sth 2) ' ﬂH%yFNnof

7L+l n+l
m <e<vgzl) i ) R <(e(v?j;1> a) -, @ — 0" n) o
¢):FNnos ¢aFNnof

12



We recognize here very similar terms to those in the semi-discrete identity (27), and we therefore
use the same inverse inequality technique to infer, under the exact same assumptions,

+1 1 +1 +1 n+d
P (D Ufh W?f) +— (DTPZ vaZJrl) + <D7'u:h ; :h )
60 s (1-¢)2,Q skel

5

n-‘r n+i
(D ”sh 1 Ug 1y > T 2H§( )Hus,ﬂ + WH Usp” ||§32k*1,9 <0.
1—¢,Q2 =f

Defining &' = || X7*||# and applying twice the identity (a — b,a) = 3|a]|* — [|b||> + 3||a — b||?
to vy and to p, we get

+1

At 2At"= =tk

n+1

pZH?l_(g 2.0
n+3
+ 2Hg( )H2 o+ llvEtt =gy IIigzéf—l’Q <0, (30)

hence, the discrete energy stability is guaranteed, with additional numerical dissipation terms
due to backward-Euler time discretization for vy and p.

3.2 Inf-sup stability property
We introduce the following discrete norm, associated with the stabilisation strategy,
. oll
IXN5= el ) + sl o) + lusliin o) + 1Pll72(q) + FHQf = )| Z2(r ) T e = sl 22 ()

In addition to the assumption (18) already introduced for ¢, we also assume

o, a2) € (R*)2 [V(x,w) € QxR nw® <w -k (x) w < agw?,

I ” ),80 [ H )2, H'H¢_>2§;1,Qa
122y

Our objective in this section is to establish an inf-sup stability property for M} defined by
(25) in the norm ||-||5.

We start with a preliminary result that we will need in the following proof to construct
adequate fluid and solid test velocity fields. Let V, and Qp be finite dimensional subspaces of
Hilbert spaces V and Q with scalar products (+,-)y and (-, -)o. Let a(-,-) and b(-, -) be continuous
linear forms on V x V and V x Q, and ¢ and g linear forms on V and Q. We look for (v, pp) in
Vi, X Qp, solution of

31
b(on,p*) = g(5"), V" € Q. (51

We can introduce operators Ay, from Vj to V; and By, from Vj, to Q). B denotes the continuous
operator from V to Q'.

{ a(vp, v*) + b(v*, pp) = L(v*), Yo* € Vp,

Lemma 3
Let us suppose that Ker Bt = {0}, and that a(-,-) is coercive on V, i.e., there exists ag > 0 such
that

a(v,v) > ag|vll3, Yo € V.

If, moreover, b satisfies an inf-sup property, that is, there exists ko > 0 independent of h such
that

b(v
inf sup & > ko, (32)
reSnvev, [[v[vllpllo
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then, the system (31) has a unique solution (up,py). In addition, one has the bound

1 lall , |\ 1
_ f I _ 1 _— /
e+ (204 1) gl

1 ||CL|| ”CLH ||CL||
— | — +1 Uy +——5 | —+1 ’.

(e70]

IN

o]y
(33)

N

Proof. The inf-sup condition (32) ensures that Ker B = {0}, then [2, Prop. 2.2, §I1.2]
ensures that g € Im Bj,. The ellipticity of a on V}, inherits from the one on V), and the application
of [2, Thm 1.1, §II.1] on the discrete problem gives the result. |

Remark 1
In the case of a Stokes problem, a(-, -) is elliptic and it is known that Ker B! = Ker(—grad) = {0}

when a Dirichlet condition is applied on a non-empty portion of the boundary, so the issue is
in checking (32), with b(v,q) = [ ¢ divv d€.

Proposition 4 (Inf-sup stability for M},)
Let us make the following assumptions:

e there exists A\¢ such that

,div(gv
inf  sup (p (Qb*f’h))ﬂ > A >0, (34)

PEQn, eyl Ipnll L2 lue pll 71 (o)

e there exists A\ such that

L div((1 — @)
inf sup (ph (( ¢)7s,h))g > A >0, (35)
pn€Qnh v ew;  IPnll2@)lvsnllm @

° W,J: and Wy have identical traces on I' Npos U I'Npor, that is

{yf,h|FNnosUFNnof7 Qf,h € th} = {Qs,h|FNnosUFNnof7 QS,h € Wﬁ,} ’ (36)

e the Robin coefficient satisfies
v > 2Cie- (37)

Then the operator My, defined by (25) satisfies an inf-sup property for |||, i.e. there exists
A > 0 independent of h such that

My (X, X}
inf  sup h(—h’*h)Z)\, (38)
XneVn x;ev, 1 Xnllnll X5k

or equivalently
VX, € Vh,E]X;Z €V, such that ”X;;Hh < HXhHh and Mh(Xh;XZ) > )\HXh”%L (39)

Remar;k 2
When ¢ is homogeneous in space, the condition (34) takes the following form

,divoy
I >0| inf sup (ph J’h)ﬂ

> A > 0. (40)
e, i Ipnll L2 lug pll 71 (o)

In the numerical procedure, the condition (40) is easier to satisfy than (34) because it does not
involve ¢, and in fact reduces to the usual Stokes inf-sup condition on W}{ x Qp for variables
vy j, and ph.
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Proof. For any Xj = (ugp,, g U s Ph) in Vi, we will build X € V), that satisfies (39) in
several steps, in order to control the different terms that appear in |[|-||5.

(i) We choose X} = (—u,,0,0,0). Then
My (X, Xp) = e [og ull3 0 (41)
with a1 > 0, due to the Korn inequality.

(ii) We pick X? = X},. The bound already derived for the energy estimate of Section 2.4 gives,
for any L > 0,

CicL

Mp (X0, X2) > 201 ( ) leCern)l? o+ 2le(sn)l, 0

v o2
+ s <h B L) Hyf,h - QS,hHQ%,FNnOS + u ( ) ”( ) .EH%’I‘NDOf

+ |lvg sy — U 2.
Hff,h 4,h||¢2§f179

Thanks to the assumption on v and norm equivalences, we can obtain as > 0 such that

TYHE
M X) 2 a(oeallis oy + 22 et~ 2ol
Yt
+ e = ) | Fa e T e — vs,h”%ﬂ(ﬂ))‘ (42)
(iii) Thanks to (36), we define L(u ) a lifting of u p, |1y ,0eUT ypor 1 Wf{ satisfying
1£(us )51 () < Cllus pll a1 (o)

Given the inf-sup condition (34), Lemma 3 ensures the existence of (yf’l, pi) in W}{ X Qp, such
that for any (wj,p;) in W,J: x Qp

(e(wp),e(wp)) g, + (pi> div(dwy)) = 0,
(vadiV(‘fgwi))Q = (p;Fw div [(1 - a))%,h + (Z)'C(ﬂs,h)])ﬂ’ (43)
w%h—‘Nnosuanof =0,

and from (33)
w5y < Cllug pllm@) + 12 )z )) < Cllug pllmq)-

)

Now let us construct X = (0,07 ,,,0), with vf, = L(u, ;) + wj;. We then have
HgthHl(Q) < Cllug pll (-

The purpose of this construction is to get y%h such that (p, div(qui?’h +(1- (,E)gs,h))g: 0 and

Q?h = U, 0N I'Nnos U I ynof, which finally allows to write that, for any (11,72,73) in (R+)3

M, (Xh7 Xh) = 2ug ( ('Uf h) (vf h))¢ Q + (Qs,iu@s,h)ske] +2 (5(4 h) (4 h))us,Q
- ZHf (E(Qf,h) : Q’ Qf,h - *Svh)(Z;,FNnos - 2Hf ((g(gih) ’ ﬂ) ) Q’ (Qﬂh - *S’h) ' Q) QT),FNnOf

3
+ (Vg — Vg VEp — Qs,h)(;,ak—l a-
=0
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Using Young’s inequality we have

My (Xp, Xj)) > O‘H@&hH%{l(Q)

1
_ (m lewhn)l0 + -l Him) — g <n2h||e<v§:h> A

1 2 1 2
+ thHQf,h Qs,h”(ﬁ,r]\,ms + 772hH(Qf,h 7s,h) nHQs,FNnOf)

1 2 M, 3 2
- <27}H Vg p — 4,h‘|¢?2§;17g+ ?HQf,h —Ms,h”(gpg—l@
1
- 77||€( W o + nalle(us )12 o

We can now employ the inverse inequality (26) and various other standard bounds to infer

Mp(Xn, X3) > [ = C(m + 12+ 03 + 1)) lug 11 71 0

1 7Mf L yps
- C'(ﬁ ||Ufh||H1(Q +— " [vg,h — s,h”%%mm) + %TH@“‘ — Usp) '@||%2(erf)

s | — U ||2 = |
+ v v + v ,
s Ut n RIL2() e

and we see that we can easily pick our constants (n,72,73,74) to obtain a3 and fs strictly
positive such that

Yt ’

My (Xn, X3}) > asllug |1 (q) — ﬁ3(HUf,hH?{1(Q) + =l = v nllZe ey

07%%3
2 - >-n||%2(rw>+||vf,h—gs,h||%2(m+|rys,h||z1<g))- (44)

In addition, there exists v3 > 0 such that

IXal; = Hﬂ?,hH%ﬂ(Q) + ”ﬂs,hH?{l @t [ _fshH%Q(Q
< Mot nll @) + s nllzr o) + 2l1ef w220y + 2lusnl T2y < wllusalin gy < 5lXnln

(iv) As a consequence of (34), we can construct yﬁh such that

lof sl a1 ) < llpnllz2 ),

- (45)
~ (pnediviget ) = Allpnl2aq0,

Once again, (36) allows to introduce £(vg ;) a lifting of v} ;|1 yp0.Ulvoor i Wi such that

1L ) ) < Cllvt ullm @)-

Thanks to (35), Lemma 3 ensures the existence of (w},p}) in W§ x Q), such that for any (w*,p*)
in Wi x Qp,

(e(wh), e(w")) g, + (Ph, div((1 = p)w*)), = 0,
(p*,div((1 = )wh)) = — (", div [(1 — ) L(wiy)]),

4 —
wh‘FNnosUFNnof - 07
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and recalling (33),
lwill i) < CIL@E 1) < Cllvi lla )

Finally, we select X;‘; = (0>Qs,h’9f,h’ ) with g&h = L(yﬂh) —i—wh. Then
los pll ) < llwhllme) + 1£@E) I @) < Cllvtpllm @) < Clipnllz@)-

This construction provides a control on p; through the divergence term, neutralizing the yﬁh
contribution thanks to (p*, div((1 — Q_S)Q;l,h))g = 0. It also imposes Q;{h = le’h on I'Nnos U T Nnofs
and finally allows to write

Mp(Xn, Xp) = 2u¢ (e ), €(vf h))¢Q + (s s s 1) g T2 (E(0s 1), £ (v 3,11))#5,9
=2 (e(vfn) o vep = ven) g, — 2 ((€(n) 1) - m, (Uep —ven) m)gp
+ (Qf,h - 4,h7yf,h - Qs,h)gﬁé;l’g - (phv le(¢2f,h))Q

Young and inverse inequalities now give

My(Xn, X3) > [As = Clm +n2 + 13+ na)] |pal 720

L yps
_Cl<vahHH1(Q)+ g 17710 )+%7|| U = U1 Fa (o)
1 THt 2 1 2
+— s h —— (W p — vsp) - nHLQ(FNnOf) ~ ”ﬂf,h —Qs,h||L2(Q) + %HU , « )

and we can adjust the constants to obtain

Y
My (Xn, Xpy) = oullpnllr2@) — 54<va,hH%11(Q) + g 1 0y + THQf,h — U nll72 ()

Tt
+ 7||(Uf b= Usn) oy T 10en = vl Fag) + ”ys,hH%{l(Q))? (46)

with also

Ul + 1t n = vsallfz) < vallonlZa) < vall Xall7-

(v) Considering now X;, = X} + X? 4 03X 4+ 04X} and gathering (41), (42), (44) and (46), we
have
Mp(Xn, Xn) > (o1 = 833 — a84) s nll 1 () + (02 — 8383 — 8aB) e wll ()

YHE Yt
+ (a2 — 8383 — 04/8a) <h|Uf,h — U pll72 ) + TH(Eﬁh — Vg p) 'n||%2(erf)>

+ (a2 = 8383 — 8aBa)llve s, — vanlT2() + (9303 = 8aB)lug ull Fr1 () + Sacallpnll 2oy

We can then first set d3 > 0 so that a3 — d383 > 0 and as — d383 > 0, and secondly 4 > 0
so that all coefficients remain strictly positive. This finally yields Mp (X, Xp) > ol Xp|)2, with
| Xnlln < C|| Xn||n as desired. [ |

Remark 3
We have not used the solid viscosity to control the solid velocity in the above proof (see Step 2).
Therefore, this inf-sup property holds even if us = 0.
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3.3 Convergence in time and space of the fully discretized scheme solution

We introduce a new state space with more regularity X+ = (H%(Q)3)? x H'(2), equipped
with the natural norm

1X 1+ = latgl ey + Nl 3oy + luellZia ey + 121130 0y

and we also introduce X~ = H'(Q)3x L?(Q)3x L?(Q)3 x L?(£2), whose natural norm is equivalent
to |||l

We note that, under the assumptions of Proposition 4, existence and uniqueness of a solution
X,TZL'H to the discrete problem (28) follows from the invertibility of the total operator — both
dynamical terms and static form Mj. This stems from the positivity of M} — see the proof
of Proposition 4 (Step 2) — and from the following argument. At each time step, X;L"H is the
solution of a problem in which the bilinear operator to be inverted is

n+1 pf n+1l  x ,Os ( n+1 *) 1 n+1l %
Dp(Xp™, Xp) = Al (Ufh uf) Ar \Zsh 0 Ys 1—q§Q+/<csAt (h"p )(1 $)2,0

1 1 1 1 1
+E (ﬂ?j{ ’g:)skl—f_ 2M (( g?z_ ’ 271_ ’21}?: ’2pn+ ) ( s7vs’vap*))'

Assuming that X}?H is in the kernel of this bilinear form and testing with the specific choice
1 1 1 1
X =(u ;L; ) ZZ ,2Uf;lr ,2pY ), we have

2
+1 2Pt +1 , n+l Ps +1 , n+1 +1 , n+l
0=D (Xn X7 = AL <Q?,h ’Q?,h >, +E <,:h 722;1 )1—$,Q+/€5At (pz ap;;b )(1_&)279
1 1
b () o+ §Mh<<u:#_:z& 20t 2, ol 2 20 )
2Pf 1 1 1 1
o 1 i R 1 0 1)+ g e+ gt

which necessarily implies XZZH =0.
We are now in a position to establish the main result of this paper.

Proposition 5 (Total convergence)

Under the assumptions of Proposition 4, and assuming further that the solution X of (8) has
regularity C1(0, T, XT) N C?(0,T,X~) with T the simulation time, then there exists a constant
C depending only on || X||pec(o 7,24y, 10:X ||pecpor,n0+) and [[02X || poejo,r,e such that, for all
n < T/At,

[ XE = X (")]e < C(h+ At).
Proof. Let us introduce the projection operator P, = [P}j, Py, P,lz, P}L) ] such that,
VX = (Ug jy Vg s Vi s PR) € Vi, Mp(PhX, Xp,) = Mu(X, Xp,). (47)
We start with the following preliminary result.

Lemma 6
Under the assumptions of Proposition 4, for any X* in Xt N9,

| P X* — X¥le < Ch| X2+ (48)
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Remark 4
More generally, with shape functions of order k > 1, we have that for any X* in X* N V° with
Xk — (Hk'H(Q)?’)g % Hk(Q),

1P XF — XFlle < ORPXF||

with [|-|| yx the natural norm in X*. Nevertheless, for the sake of compactness and to fix the
ideas, we will restrict ourselves to the lowest-order case k = 1.

Proof of Lemma 6. Let us introduce the Clément interpolation I X* in V), N VY with the
notation I, X* = (I}X*, I} X* I} X* IPX*) and that satisfies [8]
1XF = InXFlyo < CRIIXF| x+,
13 XFllyo < ClIXF |y,
HIfIL)Xﬂ _pﬁHLQ(FNnOSUFNnOf) < Chl/QHPﬁHHl(Q),
13X = ol 0 ) < OB 10 12000

Proposition 4 ensures the existence of X} in V), such that
| X7 ]ln =1 and My, (P, X* — I, X% X}) > o P, X* — I,X¥||,,
Since, by definition of Py, we have My (P, X* — I, X*, Xp) = My (Xt — IhXﬁ,X}*L), we infer
[P X* — I, X |, < OMu(X* — I,X*, X)), (49)

Let us then look at the terms of Mj,(X* — I, X* X}) that are not directly controlled by |||
Thanks to the above interpolation estimates and the Cauchy-Schwarz inequality,

* * 1 * *
(P — I, X%, (v, —vip) - n) <Pt = IR X ) L2 o) - m”yﬁh — Vsl 22N pmos)

T'Nnos
< Chl|I X x+ 11X In-

Similar arguments enable us to control 2uy (g(yg — I}leﬁ) SN, VF g, — UL h)FN , as well as the

terms associated with the boundary I' ypor. All other terms are directly controlied with Cauchy-
Schwarz, and therefore we have

My (XF = 1, XF, X)) < ORI|XF|| g+ 1 s
which, together with (49), gives
| PaX? = 1 X* | < CR|| X+
Finally, using ||-||¢ < ||]|n, the triangular inequality gives
1P XF = XFlle < [|PaX* = InXFle + [ 1nXF — XFle
< CRIIXF |+ + CIIXF|

[ |
Proof of Proposition 5. We will split this proof into four main steps.

(i) Derivation of suitable error equation. We recall that the spatial discretization with Robin-
Nitsche interface conditions has been specifically constructed to be consistent, i.e. the continuous
solution satisfies the semi-discrete variational equation

d

(dtx, X;:) MY, X7) = L(X}),VX; € X
I
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Using the projection operator Pj, we rewrite this as

Pt (atyfvg;h)q@’g + ps (6tys7yz,h)1_d’)79 + (at » Ug h)sk 1 (8tp7ph)( 1-4)2,Q
+Mh((PI£X7PhX7PI;lX7P}£)X) (Ufh,a shaﬁshnph)) L(Xh)

Averaging the evaluations of this equation at times t” and t"*!, and gathering consistency
errors in the RHS, we obtain

n * n 1 *
e (D-PEX)" i), + 0 (D-PX) +2,ysh)1 o
u nJrl * * B
+ <(DTPh X) 2’Qs,h skel Kg ((D P X) ’ph)(lﬂb)%ﬂ
o M (((PRX)™8, (PRX)™ 3, (PEX)™ 3, (PRX)™ ), (ul g 0 v 27))
= A"(X}) + L2 (X7),  (50)

where we denote, for any function g continuous in time,

9"t =gt g™ ) — g™ g (gt = 9D 9

D,g)"tz =
(Drg)™" At 2AL ’ g 2 ’

Tg)n =

with also

1 1 1
A (X7) = pr ((DAPEX)" = @)™ 3wk ) o+ o (DRBRX)™5 = 0) ™5 0d) |

1 1, 1 1oy
+ ((DPRX)™5 — Q)™ 3y + P ((D-PPX)" — (D10)"* 5,7 o

that gathers the consistency error terms. Now we introduce
Xjp = Xt = (XY, with (BX)" = (PEX (), BX (), (PLX)" 4, (PRX)"F).

Subtracting (50) from (28), we obtain

_n+3d _n+3d _n+3} 1 +3
Pt <D7vzh2,v§h> ~+ps (DTUZhQ,vZ,O i +(DTuzh2,u;k,h> +— (DTPZ ,pZ) i
3,0 1-4,0 skel Ks (1-¢)2,0
nta JH— ~ ~
+ Mh(( s h : ) s h ? ) Q;L;Lrl?pth) (Q:,hv Q:,hv Qimpﬁ)) = _An(X;-:) (51)
(ii) Error analysis by energy stability. Following the steps of the energy stability analysis of

Section 3.1, we evaluate this equation with the following admissible test functions

1 1
e ~N+5 *  _ ~n+l ~n+1
Usp = Usp ™ h =Ush™s Urh =Yg o ph =Dy

We introduce for the evaluation of the RHS of (51)

n ”+2 ~”+2 ~n+1l ~n+1
A" =A (—sh 'UYsh ¥ p 5P )

and the energy of the error at iteration n

pSH

5 Pt~ 2 L2
&y = || fh||¢Q+ o7 0Ty H hHskel‘i‘QTiSthH(l_q;)z,g-
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Similarl

gn—i-l

y to (30) we now obtain
Sl = BRI g

~n+1

~n+% 2 n
'Ufh _US,]’L ‘|($2E;17Q S _./4

"‘TL

_gh H~n+1
2At
gy
+2||§(£s,h s + |l

hence,

(iii) Consistency errors. Now we need to control A", which we decompose as

At
(52)

e, we simply have i
n
At ’

n+3 U?Zl) i
¢7

Ap = pe ((D-PEX)"™ = (Brvy)
A= p, <<DTP;X>“+% T ) -
1—¢,Q
An = ((DTP;;X>"+% — (), aZ?) ,
skel
n o __ i P n _ n+: s+l
A = Ks ((DTPhX) (D)2, B >(1—$)2,Q'
) + Dy (") — (Do) 2.

Starting with A}, the linearity of P}, gives
(Drvg)"™ — Opue(

"= Q)7 = PU(D-X)" — (Drwg)" +
The finite difference (DX )" satisfies the assumptions of Lemma 6 like all X, and therefore
)"lle < Chl[(DrX)"[| 2+

(D, P{X)
i
1P5(D-X)" = (Drvp)"|l5.0 < CIPL(D-X)" = (D- X
< Chl|0:X || poojo,r,00+]-
Then, thanks to Taylor-Lagrange inequalities
1(Drvg)"™ = 0w (t") | 5.0 < ClIOF X || Loopore) At

1
(Orvp)"*2 |50 < ClOF X || Loopo 1, A

and
[Orve(t") —

Therefore, the Cauchy-Schwarz inequality applied on A} gives
AP < C(h + A |TE 5.0

Likewise, for the other terms we find
nt3
|Ag] < C(h+ AT 1, * l1-5,00

1

3

AR < Clh+ MBI ke

AR < C(h+ A5 1= gp2,00

where we observe that the constants depend on [|0; X || L[o,1,¢] and [|0:X|| oo [0, 7,2+
(iv) Final error estimates. Using these consistency bounds with (52) we obtain

on

gn—i—l_
b < o 80 (181 o + 12201 g + 1800l + 17+ -0 -
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Changing the index notation and using the triangular inequality, we infer

L _ & < CAt(h+ At) (~ [Ei+t | \/é;;> ,

\VEFE /€5 < CAt(h + At).

Summing these inequalities over ¢, we have

hence,

Er < OnAt(h+ At) +1/E) < CT(h + At) + 4/ €Y.

which we rephrase as
1 XE = (B X)"le < C(h+ Al). (53)
Introducing
(0" = (ug(#"), 2, ("), ()" 72, (p)"2),

we can apply the projection estimate (48) component by component to obtain

[(PrX)™ — (X)"[le < Chl[X]|peepo,r,x+- (54)
In addition, of course,

1(X)" = X (@")lle < CAL|OX| oo po,1.e)- (55)
Finally, gathering (53), (54) and (55), the triangular inequality concludes the proof. |

Remark 5

The order of time convergence is only 1 because of the specific choices we made in Section 2.5
— namely, first-order backward Euler in the fluid and midpoint scheme for the solid — that
aim at keeping the time scheme as close as possible to the splitting scheme proposed in [5].
Naturally, avoiding the shifting between fluid and solid discretizations — choosing for example
a Crank-Nicolson method [14] for the fluid part — would provide a convergence in At2.

4 Numerical illustrations and assessments

In this section, we present various numerical results to illustrate the relevance of the above
study and of Proposition 5 that ensures the total convergence of the numerical scheme (28)
under various conditions.

Remark 6 (Solid discretization and the condition (35))

We see in the proof of Proposition 4 — in the construction of X,AL‘, specifically — that pressure is
essentially stabilized by the fluid velocity, therefore the inf-sup condition (34) plays a prominent
role. By contrast, the inf-sup condition on the solid part (35) is only used to construct a
convenient lifting operator. In fact, in all our numerical results presented below, we used solid
displacements and velocities in the same finite element space as the pressure, i.e. P; here,
which clearly violates (35). Nevertheless, the numerical instabilities that we observed when
W}J: X Wy x Qp is Py X P1 x Py appeared to be effectively cured with more adequate discretization
choices for the fluid velocity, whereas other tests revealed that they were not circumvented by
inf-sup stable discretizations on the solid side.
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Figure 1: Swelling test boundary conditions

We consider here several situations to illustrate how numerical perturbations arise when
approaching solid incompressibility — i.e. when the parameter ks grows, and the importance of
satisfying the inf-sup conditions to circumvent these perturbations. The inf-sup condition (34)
can be difficult to satisfy in practice with finite element spaces, as it requires a non-natural
variable for the discretization of the fluid velocity, i.e. ¢v;. Therefore, it is natural to attempt
to relax (34) into (40), and to investigate to what extent this simplification may affect the
numerical stability when ¢ is not homogeneous.

In Section 4.1, we illustrate the importance of (34) when ¢ is spatially homogeneous. In
Section 4.2, we study the effect of spatial variations of ¢ on spatial convergence of the scheme,
for different discretization methods, and perform a numerical study of the relevance of (34)
compared to (40). In Section 4.3, we extend our study to check that our conclusions remain
relevant in the non-linear framework [5, 6].

In all cases, we consider a 2D swelling test problem as proposed in [5] with a prescribed
fluid velocity on one side of the domain, see Figure 1. The numerical values of the parameters
are given in Table 1, with the relationships A = k — w and p = 2(k1 + ko) for the Lamé
coefficients used in the Saint-Venant-Kirchhoff hyperelastic potential (11). Solid viscosity is set
to zero.

Parameter H | ‘ At ‘ ~ ‘ K, K1 ‘ Ko ‘ Ps, Pf ‘ [bf ‘ ¢ ‘ D, ‘ max(vf")

Section 4.1 [ 107 [ 1073 | 210%,210° | 210% | 33 | 10®> | 0.035 | 0.1 | 107L | 1077
Section 4.2 | 107* | 1073 | 210%,210% | 2103 | 33 | 10> | 0.035 | ¢™° | 1071 | 1073
Section 4.3 || 107* | 107 | 200 210% | 33 | 103 | 0.035 | 0.1 | 107L | 0.05

Table 1: Parameter values (all units SI)

4.1 Inf-sup compatible finite element spaces for fluid velocity and pressure

First, we assume that ¢ is homogeneous in space. Therefore, the inf-sup condition (34)
reduces to the classical condition (40), widely studied in the context of the discretization of
Stokes problems. It is well known that (40) is satisfied for instance when W}{ X Qp is in Plb x Py,
but is violated for P; x P;.

The spatial step-length h will vary from 1/800 to 1/6400 and a numerical reference solution
is obtained with h = 1/7200. Five quadrature points are used, and ks will take the values 2e2,
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Figure 2: Relative error L?-norms for pressure (left) and fluid velocity (right) at t=2; top row
v = 2e4, bottom row v = 2e5

2e4 and 2e8 . The test case here is as follows (see Figure 1):

e v, -n =0 on the bottom and left faces;

e Horizontal fluid velocity is imposed with a Poiseuille profile of amplitude 10~ on the left
face;

e v, = vy; on the bottom, top and right faces.

Vg

Figure 3 illustrates the pressure instabilities that arise with the choice P; x P;, compared
with the inf-sup compatible case Plb x P;. In addition, in Figure 2 we plot numerical errors in
L?-norm for fluid velocity and pressure with respect to the numerical reference solutions. We
see no sign of numerical instability — or altered convergence — when using the inf-sup compatible
spaces Plb x P;. By contrast, when using P; x P; pressure oscillations appear for large values
of kg, and convergence curves are also altered, in particular for the pressure. In fact, we notice
that these instabilities grow with . For smaller v, they also appear, but disturb less the
overall solution. However, in this case the interface condition cannot be imposed with as much
precision, see Figure 4.
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Figure 4: Error in interface condition when  varies

4.2 Discretization for a non-spatially-homogeneous ¢

We consider the non-spatially-homogeneous ¢ given by

- 1 1
¢ = ¢"(z,y) = 0.5+ 0.4sin ( ng) sin (%) ,

and illustrate in Figure 5 the relevance of solving the fluid mixed problem with unknowns
(wy = ¢uy,p) in W,{ X Qp, instead of (vg,p). We consider the same test as before, but with a
Poiseuille amplitude of 1072 on the left side and p = 0 on the right side. We use here xg = 2e4
(results are similar for 2e8), 5 quadrature points, and v = 2e4 (results are similar for 2¢6). We
compare the spatial convergence curves for the following finite element choices:

e Choice 1: according to the above study, in order to satisfy (34) the unknowns are (w; =
dvg,p) in PP x P;. Then, we get v; as the H' projection of w;/¢

e Choice 2: unknowns are (v;,p) in PP x Pj, and ¢ is evaluated at the integration points
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Figure 5: Relative error L2-norms for pressure (left) and fluid velocity (right) at t=2 for several
discretization choices when ¢ is non-homogeneous

e Choice 3: unknowns are (vg,p) in PP x Py, and ¢ is interpolated into P;.

In the second and third methods, (34) is violated but (40) is satisfied. We see in Figure 5 that
even if (34) gives better convergence for fluid pressure and velocities, satisfying the relaxed
conditions (40) gives reasonably good numerical results. This is interesting as (34) is in most
cases — especially in a nonlinear framework — much harder to impose at the discrete level than
(40), as it requires to choose w = ¢v; as discrete unknown for the fluid velocity.

4.3 Extension to non-linear framework

DPh DPh
& 3.66e3 & 5.54e2
—9.68e3 —2.26e2

Figure 6: Pressure profile for vy Py (left) vs. P} (right); nonlinear case

In this last scenario, we illustrate the relevance of this study for choosing adequate spatial
discretization in a nonlinear framework, in which case the fluid fraction ¢ is an unknown in it-
self, hence, will vary in time and space. We perform simulations for the test case of Section 4.1,
using the splitting time scheme proposed in [5] in the Arbitrary Lagrangian-Eulerian formal-
ism. We consider a Saint-Venant-Kirchhoff hyperelastic potential for the solid, with ks = 2e5,
1/h = 1600, and other parameters given in Table 1. We compare the pressure obtained when
discretizing v in Py and in P}.
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In order to satisfy (34), our discrete variables in the implicit fluid projection substep should
be (¢v;, p, m). However, the H' projection that enables us to go back from (¢v;) to vy (necessary
for the explicit step) needs to reach ¢ at the integration points. The fluid fraction ¢ varies in time
and space, and its definition calls functions that are defined on different meshes. Simulations
are performed with FreeFem++ [13] that present many advantages, but does not allow such
manipulations. In the light of the relatively good results of the third method of Section 4.2, it
is legitimate to relax (34) into (40), which is much easier to verify in the implementation. We
illustrate in Figure 6 that the condition (40) is sufficient to prevent pressure oscillations, indeed.

5 Conclusion

We have derived a linearized formulation problem (8) of the general poromechanical formu-
lation (5) previously proposed in [6]. We have then proposed a complete discretization strategy
— in space and time — for this linearized formulation and obtained an error estimate for the
discrete solution. Moreover, spatial discretization was performed with a special concern for
incompressibility issues — that may lead to pressure oscillations and numerical locking, in par-
ticular — and the final error estimate is uniform with respect to solid compressibility, indeed.
In order to achieve this, the finite element spaces considered are assumed to satisfy various
assumptions, and in particular two specific inf-sup conditions, see Proposition 5.

In practice, as discussed in Section 4, satisfying these specific inf-sup conditions can be
very cumbersome. Nevertheless, our numerical tests indicate that only one inf-sup condition is
essential, i.e. (34) pertaining to the combined choice of fluid velocity and pressure finite element
spaces. Moreover, relaxing this non-standard inf-sup condition into the usual Stokes-associated
condition (40) is a possible choice — albeit suboptimal from the accuracy point of view — as
observed in the numerical assessments.

We point out that the numerical finding that only one inf-sup condition may be needed to
ensure convergence is perfectly compatible with the fact that only one constraint arises in the
solid incompressible limit, i.e. (17). Accordingly, a natural perspective for this work would be
to improve the analysis to totally dispense with the second condition.

Acknowledgement: The authors are very grateful to Céline Grandmont (Inria) for some
insightful discussions on existence results and techniques of proof for fluid-structure interaction
problems.
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