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Stabilization of a nonlinear system that arises in the context of
vision based landing of an airliner

Frédéric Mazenc

Abstract— The problem of stabilizing a nonlinear
system when the variables are not accurately mea-
sured and cannot be differentiated arises when it
comes to use direction measurements to one point in
the environment. We here propose to adapt a recent
backstepping technique with delay to the specificity
of this problem. The proposed method was first mo-
tivated and thus finally applied to the vision based
control problem of a landing airliner.

Indexr Terms—stabilization, delay, backstepping,
vision-based control, aircraft.

I. INTRODUCTION

Recently, a significantly different backstepping design
has been proposed in the papers [4] and [5]. It relies
on the introduction in the expression of the control
laws of artificial pointwise delays which circumvent the
problem of determining Lie derivatives of the fictitious
control laws used in the classical approach. Thus, it
makes it possible to relax the smoothness requirement
which is imposed on the fictitious control in all the
previous contributions on backstepping. Moreover, for
many systems of feedback or feedforward form, it can
be adapted to the problem of determining stabilizing
bounded feedbacks and leads to analytic expressions that
are simpler than those of the feedbacks constructed in [1],
[3] and [2].

The advantages of the approach of [4] led us in the
present work to adapt it to a specific control design prob-
lem motivated by an engineering application on which
the ANR funded VISIOLAND! project was recently
focused. Indeed, we are here interested to the automatic
landing of an aircraft: the runway being unequipped, the
aircraft must rely an embedded video camera which, from
the control point of view, poses the problem of controlling
a perspective dynamical system [12].

With the exception of [7], [8], studies which have
appeared in recent years are restricted to linearized
dynamics [9], [10]. Such linear systems are computed by
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using the runway dimensions knowledge or, in a equiv-
alent manner, the relative altitude measurement. More
recently, [11] did not assume the runway to be known
but still considered a linearized longitudinal dynamics
with a saturated control law. The work to follow focuses
on a nonlinear class of systems which takes into account
the coupling effects between longitudinal and lateral
dynamics. We achieve global asymptotic stability of the
system by performing a non-trivial adaptation of the
designs of [4] and [5] for a model we describe in details.
The numerical results show the efficiency of the control
laws.

The paper is organized as follows. The main result is in

Section II. It is illustrated in the specific context of vision
based landing of a civil aircraft in Section III. Concluding
remarks in Section IV end the paper. Technical lemmas
are given in appendix.
Notation. The notation will be simplified whenever
no confusion can arise from the context. Given any
constant T > 0, we let C}, denote the set of all continuous
functions ¢ : [-T,0] — R?, which we call the set of all
initial functions. We define Zy € Ci, by Z¢(s) = Z(t + )
for all choices of =, s <0, and ¢ > 0 for which the equal-
ity is defined. Given L > 0, sat; denotes the classical
symmetric saturation function i.e.

satr(z) = max{—L,min{L,z}} (1)
for all z € R.
II. MAIN RESULT

A. The system

We consider the system

i = Veos(y) (tan(y) — cos(¥) tan(1))
io = Vcos(y)sin(¢y)
1= ow (2)
b o= fran(o)
¢ = us
where uy and ug are the (scalar) control inputs, V' > 0,
the constant 7¢ is "small" and where R3 x (—% %) x R

is the state space. Due to the use of vision, the available
outputs are:
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where 7 is not known, piecewise continuous and 7(t) €

[1,7] for all t >0, 7> 0, 77 >n being two known constants.

cos(7%)
v

The change of coordinates z; = 11(t) and xo =

%Lz(t) and the fact that

&1 =sin(y —7¢) 4 cos(y) sin(y¢)(1 —cos(v)))  (4)

give
1 = sin(z3) + cos(zs +v°)sin(y°)[1 — cos(v))]
r3 = wu
iy = cos(zg+7°)sin(y)
Y = {tan(9)
¢ = up

(5)
with 3 =y —~¢. System (5) has a specific structure,
which implies that when the function 7n(¢) is known
and differentiable, then the system (5) can be stabilized
by feedbacks that provides the classical backstepping
approach. This technique requires first the stabilization
of

T, =
{5 Z
(6)
with 1 and v9 as input and next consists in the addition
of integrators [6]. But when 7)(t) is not known and possi-
bly not differentiable, then, to the best of our knowledge,

no result available in the literature enables to construct
stabilizing control laws.

sin(v1) + cos(v1 +v°) sin(y¢)[1 — cos(v2)]

cos(v1 +7¢)sin(va)

B. Global asymptotic stabilization

1) Preliminary step: Let us perform a change of feed-

back:
- sin(o1(x3)) +v1

cos(oy(z3))

(7)
where r; > 0,

-
o1=saty and  |v1]eo < Zl (8)

Now, let us apply the change of variable to (5) with (7)
g

v = L tan(9) 9)
that is defined for all ¢ € (—%, g) It gives
1 = sin(zg)+cos(xs+v¢)sin(y¢) (1 — cos(v))
. _  —risin(oi(zs))+v1
s cos(a1(w3))
i = cos(xz+~°)siny
Y = x4
T4 = (1 + el 1'4) U2
(10)

whose state space is R®.

Let us point out that if we can construct a globally
asymptotically stabilizing feedback for the origin of (10),
then we will obtain a feedback that ensures that R3 x
( 5, 2) X R is the basin of attraction of the origin of

(5)-

Now, the change of feedback

v
U = 71@ (11)
g1+ Y e x4
gives
&1 = sin(xz)+cos(xs +v°)sin(y¢)(1 —cos(¢)))
P _ —rysin(oy(z3))+v1
3= cos(a1(z3))
i = cos(rz+7)sin(y)
Y o= x4
j?4 = us

(12)
Notice that this system is forward complete because the
nonlinear terms of the system are bounded.

Now, let us establish that any solution of (12) is such
that z3(t) enters the interval [— arcsin(}l) arcsin(1)] in
finite time. When x3(t) > arcsin(}), then, from (8), we
deduce that

—rysin(oy (arcsm(%)) +v1
cos(o1(x3(t)))

i3(t) < _f%+lv1|oo<0

(13)
Similarly, one can show that when z3(t) < —arcsin(3),
then @3(t) > & — |v1]eo > 0. We deduce that there is
a constant t, > 0 such that for all ¢ > t,, z3(t) €
[—arcsin(g), arcsm( )] It btralghtforwardly follows that,
for all t > tq, |x3(t )—&—7 | <arcsin(§)+~¢. Then

cos(zs(t) +~¢) > cos(arcsin( 4) +~°) > (14)

2
for all ¢t > t,. This fact is fundamental: it implies that if
we can globally asymptotically stabilize the origin of the
system

iy = w(t)sin(y)
¢ o= (15)
Tr4 = U3

for any continuous function such that w(t) € [$,1] for
all £ > 0 and globally asymptotically stabilize the origin
of the system

T = Sin($3)+d1(t)
. —rysin(oy(z3))tur (16)
o= cos(a1(73))

where dy is a continuous function such that

lim |di(t)] = 0, then we can globally asymptotically
t—+4o00

stabilize the origin of the (2) with

R3 x (—57 5) X R as state space.

system

2) Stabilization of the system (16): From Section II-
B.1, we deduce that there is a constant ¢; > 0 such that
for all t > t, |v3(t)| < arcsin(}) and then

T = Sin(l‘g) +d1(t)
{ SR A i
3 = cos(z3)
Let 21 =sin(x3). Then
1 = z1+d; (t)
{ 1 = —-mzitu (18)



Then, v; is designed following the result presented in
Appendix A.

3) Stabilization of the system (15): Let ¢ =1 and
P9 = x4 + 19 where ¢; > 0 is to be selected later. We

have ) .
iy = @(t)sin(y)
Y1 = —ayr+is (19)
b = uz—civr e
Let us perform a change of feedback:
ugz = —(c1 +c2)xs —cre291 +v3 (20)
where co > 0 Then
iy = w(t)sin(yr)
77[_11 = —c11+P2 (21)
e = —cotho+u3

Then, v is designed following the result presented in
Appendix B.

III. TLLUSTRATION

A. Landing aircraft dynamics

Glide Slope

Glidepath ! Flare Taxiing
i Align

Fig. 1.

Landing phases

In this work, we focus on the glide slope phase (see
figure 1) during which an autopilot system must maintain
a constant glide slope v¢ = —3deg at a constant airspeed
V =70ms~ 1. Let us note Ax,Ay,Ay the vector com-
ponents between the aircraft center of gravity and the
runway touchdown point. The velocity vector is given
by:

Ax = Veos(y)cos(v)
Ay = Vecos(y)sin(y) (22)
Ay = Vsin(y)

where 7 (resp. ©) is the aircraft relative slope (resp. yaw)
with respect to the runway. In addition, we have:

¥o= w
) (23)
¢ = u

in which ¢ is the aircraft roll angle, g = 9.81m.s~2 is the
local gravity and [u1,u2]” is the guidance control input
vector.

The glide slope phase consists in tracking the line de-
fined by A%, =tan(y°)Ax, the deviations are computed

as follows:
L = AZ — AdZ
Ly = Ay

Now, observe that for v €] -7, 5[

Vsin(y) — V tan(~¢) cos(vy) cos(v))

= Vtan(y)cos(y) — Vtan(y¢) cos(y) cos(v))

= Veos()(tan(y) — tan(1°))

+Vtan(y) cos(v)(1 - cos(¢)) (25)

From (24)-(22)-(23)-(25), it is now clear that these de-
viations dynamics served to define our class of systems

(2)-

(24)

i1 =

B. Awailable measurements in a vision based guidance
scenario

Similarly, let us now explain how we obtain the avail-
able outputs (3).

Consider the vision based control problem on which
the ANR funded VISIOLAND? project was focused.
In this project, the most stringent scenario (from the
control point of view) is the vision based landing of an
aircraft on an unequipped runway whose size is partially
unknown. More precisely, the runway is unequipped in
the sense that there are no landing ground facilities
as ILS (Instrument Landing System) or GPS (Global
Positioning System). As such, an automatic guidance
loop must merely rely on embedded sensors which, in
this case, were a monocular camera and an Inertial
Measurement Unit (IMU). Assuming the runway is not
inclined, the relative attitude angles y3 =~ and y5 = ¢
are simply the aircraft’s yaw and roll angles, thus given
by the IMU.

Let w denote the runway width. Assuming the runway
is kept inside the camera field of view all along the
descent, it was shown in [14] that the relative yaw angle
Ya = ’l/) and the outputs Yimage,1 = 7ﬁ7yimage,2 =
7&;:%771&9673 = fﬁ—y can be computed applying some
image processing and a ’derotation’ transformation to
each image given by the body fixed camera.

Let us note wx a rough estimate of w. It can be
either a constant value chosen in the standard interval
[30m,60m] or the saturated output of a width estimator
[11]). Let n = %, 11 = Ay —tan(7))Ax and 1 = Ay.
It is not difficult to see that the outputs y; and y2 can
be computed from the definition of Yimage,1 t0 Yimage,3-
Indeed, using (3), observe that:

n w d
o= = Yimage,1 1 tan(y
Vv Vyimage,Q( mage ( ))
n W
Y2 = LFl2= Yi ,3
Vv Vyimage,Q mage

2http://w3.onera.fr/visioland /node,/92



Now, let us detail the control laws given the following
parameters: V =70m.s~!; g=9.81m.s~2; 7= 1.5; n=0.5
C. Longitudinal control law tuning

Let us here recall the obtained control law (7)-(34):

_ —ri(sin(es(y1(t))+o3(y1))
nl) = =

with o3 = l1sat;,. Also, recall that in virtue of equations
(35), (36), (37), the positive constants ri, Iy, l2 must
satisfy

(26)

1
lila < 10" > 2n (27)

1 < —
w905
We thus propose to use the following set of parameters
which satisfy such inequalities: r; =3, {; =0.3 and Iy =
0.83.

D. Lateral control law tuning

Let us here recall the obtained dynamical law (11)-
(20)-(63)-(50)-(57)-(58):

uy =

f(217t) = g(zl,t7227t)
G(z1,6,22,6) = H(t,z1,6,22,6,%2,¢)
21@; — gl (B) + 22 (0)] (29)

= q[-2()—o(y2())]
with c1,c2 >0, 24 = & ¢, Y1 =9, o = q1sat,c3 and H
given by (55).

Let us recall that the positive constants 7,<1,¢2,¢3

must satisfy
HQ(l _ e—q7)4

16§3<12<§ﬁ3 q*

6

T (30)

< —
16
12_1

We then propose the following empirical procedure to
choose the control law parameters.

1) First consider the state feedback case (i.e the case
where 1 = 7)). Then, by letting 7 go to 0, we
approximate F(z1,1) by the linear term —gigzaa.
Thus, in the state feedback case, the linearized

system is:
B = ¢
Y o= x4
T4 = —(c14c2)(xa+5153¢) —crea (1 +<s16322)

—C1$374
(31)
Then, choose the positive constants c¢1,c2,51,$3 to
fulfill some requirements on the linearized closed
loop dynamics.

2) ¢1 being chosen, compute ¢2 = 7~ and choose ¢ and

461
T to satisfy (30)
First, using 6 = aﬁ and 6 =1, one has:

o Hl—em)t

128¢3¢2¢4
and then ¢ = 0.5 yields:
70 <1.27(1 — e 0574

which holds when 7 <0.25

As a result, our tuning process ended up with the follow-
ing parameters: ¢c; = 0.2, co = 0.6, ¢ = 0.003, 2 = 78.5,
¢3 =70, q=0.5 71=0.25.

E. Numerical results

Numerical simulations are performed starting from
1) = 45deg (which is sufficiently large so that the non-
linear coupling terms cannot be neglected). We consider
several constant values for . We also consider the case
where 7 is time-varying e.g. n(t) = 1 —0.5e=%1*, The
results are presented in Figures 2 and 3 and show that
the proposed control laws are able to stabilize the aircraft
on its glide slope for all the studied n values.

Note that we increased the value of 7 from 0.25 to 3
in order to obtain a less aggressive lateral control law.
Unsurprisingly, this reveals that the established bound
for the maximum value of 7 is conservative and we thus
suggest to increase its value in practice.

IV. CONCLUSION

In this paper, recent backstepping approaches [4], [5]
have been tailored to solve a non-trivial visual servo-
ing control design problem. The key ingredient of the
approach was to use a finite dimensional dynamic ex-
tension to circumvent the problem posed by the use of
visual measurements. Indeed, classical Backstepping re-
quires the successive pseudo-controllers to be sufficiently
smooth which was not the case in our application. In the
future, we plan to extend our results to allow the use
of sampled and delayed visual informations, taking thus
into account the image processing in our design.
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APPENDIX

A. First result

Consider the system
z1(t) +di(t)

i (t) =
Z21(t) = —riz1(t)+v1(t)
where r1 > 0 is a constant, v1 is the control, d; is a
disturbance and the measurement is y1 (¢) = n(t)x1 (¢).
If n(t) is known, then stabilizing (33) by bounded
feedback is easy. But when 7(t) is unknown, more care

must be taken to demonstrate a similar result. Let us
choose:

(33)

vy = —r103(y1(?)) (34)
with o3 =l1sat;,, [y >0, Iz > 0 such that
1
Il < 1 (35)
in order to satisfy (8) and
2n<mr (36)
and 2077l
LS| (37)



Then, let us study the stability of the system:

21 (t) +di(t)

hit) = (38)
z21(t) = —ri(z(t) +os3(nt)zi(t)))
Let us introduce a new variable:
1
m(t) =z1(¢) + e (t) (39)
Then
i) = —os (n(t) (mt) = L1(0)) ) + i1
at) = nl-at)-os (n(t) (m&) = £=21))]
(40)
it is easy to see that there exists t. such that when t > ¢,
|2:1 (t)‘ S l1l2 (41)
Since . hI—P |d1(t)| = 0, one can easily prove using (40)
—+00

that there is ¢4 > t. such that for all ¢ > ¢4 then

11
()] iy (@2
This inequality and (41) give
1 207
t t)— —z1(t)| < —14l 43
- a| < B @)

it follows that

for all ¢ > tq. Therefore, from (37),
‘ <y for all t > tg, which implies

_1,
lﬁat( m(t)— £z(0))

o5 (100 (1m0~ =21(0)) ) =000 (mit) = 100

Then

it) = —n(t) (mt)— L) +di (1) w
at) = p[-a@ -0 (m®) - L20)]
It rewrites as
{mu) = —Om+ b+ dl) e
at) = () —r)a() - pnm()

Now, we analyze the stability of this system via the
candidate Lyapunov function:
2

r 1
v(m,z1) = §1m2 + 52% (46)

Elementary calculations give

rim(®) [~n(tym

o(t) =

+Z1(t)[(77(t) — 7‘1) z1(t) —rin(t)m(t)]
= (t)T’%m( )2+ (n(t) —r1)z1(1)?
+rim(t)di (1)
(47)
From (36), we deduce that
p(t) < —grim(t)?—Fa(t)?+ Lridi(t)?  (48)

It follows that t£$ |d1(t)] = 0 ensures that all the

solutions of (45) converge to the origin. This allows us

to conclude that all the solutions of the system (38) go
to the origin when lim |di(¢)]=0.
t—-+o0o

B. Second result

We consider the system

io = w(t)sin(yn)
Y1 = —capr+ip (49)
o = —caatus
We introduce a dynamic extension:
{ () = ql-z(0)+ () 0)
L(t) = ql-2(t)-0i(y2(1)]
where ¢ > 0 is a constant and
O = G180l¢,G3 (51)

with ¢3 > 0 and with ¢; > 0 and ¢ > 0 are chosen such
that:

G152 < % (52)
Now, let us introduce several functionals:
Flzip) =ca[z1(t) =2 Tz (t —7) +e 272 (t — 27)]
(53)
with CN = m,
G(z1,4,224) = caq l— z1(t) +z2(t) +2e” 17 (21 (t — 1)
—2o(t—7))+e 297 (=21 (t —27)
+2o9(t—27)) (54)
and
H(t, 21,0, 22,6, T2,0) = caq®[21(t) — 222(t)
—2e" 21 (t—7) +e 22 (t—27) — 0 (y2(t))
—|—26_qTUT (y2 (t — 7')) — G_QqTUT (y2 (t — 27‘))
F4e™ T 29(t —7) — 2e 297 29 (t — 27)] (55)
Notice for later use that, for all ¢t € R,
1
“ q2 ftt—T ea(m=1) fTZL—T eq(f—m)dgdm ( )
and
F(t) = Glz1e,221)
s 4 () 420 T (t—7) — e 297 5 (t—27)
+29(t) — 279 2o(t —T) + €297 3o (t — 27)
= qlz1(t) —z2(t)] —2e7 T qlz1 (t — 7) — 22(t — 7)]
+e24 q[z1 (t—27) — zo(t — 27)]
+a[—22(t) — ot (y2(t))] + 271 q[22(t — 7)
+ot(y2(t —7))] + €727 g[—29(t — 27)
—ot(y2(t —27))]
(57)
Thus )
]'-(t) = H(t,Zl,t,Zgyt,l’Q’t) (58)



Now, let
Y1 (t)

Then, we obtain

= F(z14) +wi(t) (59)

i = w(t)sin(F(z1,) +wi)
wp = —ar+Pe—F(t)=—cw —caF(z,r)
) +2 — G (21,4, 22,t)
= —cotha+u3
(60)
Let
Po(t) = wa(t) +c1F(21,0) +G (21,8, 22,t) (61)
Then
To9 = w(t) sin (]:(let)—l-wl)
w; = —cwitws .
Wy = —cava—c1G(z14,22,0) — F(t)+us3
= —cowa(t)— 0261]:(217,5) —l—’l)g(t)
—(c1+¢2)G(21,,22,0) — H(t, 21,8, 22,6, T2, ¢)
(62)
Now, let
v3(t) = cac1F(z14)+ (c1+¢2)G (214, 22,¢) (63)
+H(t, 21,6, 22,6, T2,t)
Then, we obtain
#2 = w(t)sin(F(z1,)+wi)
w = —clwl(t) —I-LUQ(t) (64)
wy = —ngg(t)

Since the (wi,ws2)-subsystem of (64) is exponentially
stable, this leads us to study the stability of:

gy = w(t)sin(F(z1,+))+01(t)
2= ql=21(t) +22(1)] (65)
Zp = q[-z(t)—oi(y2(t))]
with §; such that lim |d1(¢)| =0.
t—+oco
By integrating the z-subsystem, we obtain
t
solt) = —¢ / D (g (0)dE + e~ T25(0)  (66)
0
and
t
z1(t) = q/ eq(mft)zg(m)dm—i— efqtzl(O) (67)
0
Consequently,
t
z1(t)—e Tz (t—7) = q/ eq(mft)zg (m)dm  (68)
t—T

From this equality and (66), we deduce that
z1(t) — e Tiz(t—1)
= qff eatm=b [_qfom 1= g (o (€) )l
+e" 1M 25(0)] dm
= —¢° ftt_T ed(m—t) fom eq(e_m)a:r(yg(é))dfdm

+02(t)
(69)

with d2(t) = gre™25(0). It follows that

21(t) — e Tz (t—7)
= —¢° ftt_T ed(m—1) f:;_T eq(é_m)mr(yg(ﬁ))dﬁdm
_q2 ftt—r eq(m—t) fom—r eq“_m)of(yz(ﬁ))dﬁdm
+62(t)
= —q ft eq(m_t)fm eq(é_m)af(yg(ﬁ))dfdm
—¢? [} et [ eat- ot (ya(£))dlds
+02(t)
= —q ft eq(m_t)fm eq(é_m)a]u(yg(ﬁ))dfdm
—q%e qrf eq(s t+T)f ed(t—s) «
GT(yz(ﬂ))dﬁdsﬂLéz( )
(70)
Using (69), we obtain
a1(t) e~ (t—r) = —g? [ c1m=0)x
S e? m>of<y2<f)>cwdm (71)

+e I [z1(t—7) —e 921 (t —27)] + I3(2)

where J3 is such that lim |d3(¢)| =0. As an immediate
t—+o00

consequence,
21(t) —2e 9z (t—T) +e 292 (t—27) = —¢® %
S eatm=0 [ ea(t=m) gy (4o (€))dldm + 83(t)
(72)
From (53), it follows that
Flz1,e) t (m— m
Tlt - 7q2 ft—T 2 fm T a(é- )X (73)
ot (y2(£))dldm + d3(t)
Returning to (65), we obtain:
iy = wl(t) sin(cA [7(12 Ji T eatt=0)x
o1 (v (0))dldm] ) +da(?) (74)

11>

@(t)(t)sin(€(yz,0)) +0a(t)

lim |04(¢)] = 0. From (52) and
t—+o00
(56), we easily deduce that

where 64 is such that

1€(y2,6)] < 1 (75)

Moreover, let us rewrite (74) as follows:

—0(t)end? [, [i e Dar(n(0)z
+94(1)
= —0(t)caq® fttf
+94(1)

iy = (¢))dtds

e Do ()2 (0))deds

' (76)
with 6(¢t) = w(t)% when £(y2,+) # 0 and 6(t) =0
when £(y24) = 0. Then, recalling that w(t) € [5,1] and
using the fact that sup M [m, 1}

me (0, 4] m Q

that 0(t) € [0,0] with 8 = ¥2 and § = 1.

, it follows



From (76), we deduce that

,g(t Jend? ftt B GOPS (Tl(f)zz(t)
n(l) [ (s ds)dedm+54( )

Lo =

(77)
From (51), (56) and (77), it is not difficult to see that
for all £ € [t —27,1],

/j xo(s)ds

lim |64(t)] = 0, we deduce that if 270¢ < 1,
t——+00

there is t, > 0 such that for all t > t,, ot(n(t)z2(t)) =
¢3n(t)z2(t). To ease the following computations writing,
let us note ¢4 = ¢163. Then, for all £ > t3,

< 2706150 +27  sup  |d4(s)] (78)

s€t—27,t]

Since

g2 = —O(t)casaq® [ [T el n(0)zo(f)dldm
+64(t)
(79)
and
iy = —9(t)CA<4q2 Ji et (n(é)xg(t)

n(0) [F ia(s ds)awdm+54( )
(80)
Then, for all t > ¢y,
—0(t)enq®sa ftt_T S ety (0)dtdmzs(t)
—0(t)enq®sa ftt_T f::_T e?U=tn (1) x
[ o (s)dsdbdm+ 54 (t)

T =

(81)
Next, let us COHbldeI‘ the positive definite quadratic func-

tion V(xg) 122 Its derivative along the trajectories of
(81) satisfies
V(t) = —00ead®saly [y et On(O)dtdmas(t)?

—oa(Df(t)eaq®a [, [, ")
[ a(s)dsdldm + w2 (t)64(t)
(82)
Using the lower bound of 77 and the definition of ca, we
obtain

V(t) < —0(t)sanwa(t)® +0(t)caq’atix

JE e edU=0) [H s (t)io(s)|dsdldm
+$2(t)54(t)

—0(t)sanz2 ()% +6(t)caq?anx

ftth o ed(£=1) ftt—Qr |o(t)io(s)|dsdldm
+xa(t)da(t)
—0(t)cana2(t)* +0(t
+xa(t)da(t)

IN

IN

()T [}y, |2 ()d2(s)|ds

(83)

Thus, from Young’s inequality, we deduce that

|22(t)da(s)| < aa(t)? +Td2(s)? It follows that
V) < —00sanwa)? + 00, (feat)?
+m’c2(s)2)ds+x2( )3a(t)
< —L0()eunaa(t)2 + 70547 [] . da(s)?ds
+$2(t)54(t)
(84)
Let

t
Wl(t,xg,t):V(xg(t))+7'§q4ﬁ/t ) /:bg(s)zdsda (85)

An elementary calculation gives
W1(t) < —%O(t)§4ﬂx2(t)2 + 272054 mio ()2
+x2(t)d4(t)
= —20(t)aanz2(t)* + 272§§4ﬁ(—9(t)ch2 x
2
S J2 e O (O)za(0)dtds +54(1))
+x2(t)04(t)
—30(t)sanza(t)? + 2720547 ( 0(t)cag? x
2
S Jo et D eam(ywa(0)dbds) +05()
(86)
lim |05(t)] = 0, where the last
t—-+o0

inequality is a consequence of the fact that x4 is bounded.
Then

Wit) <

IN

where 05 is such that

—%9(t)§4ﬂ$2( )2 +27’29 CA§3n3q4><
(fL 5 ealt=D |z (0)|deds)” +55(t)
< - %Q@;ﬂxz ()2 + 27'29302A§ffﬁ3q4 X
(- - loatolats)" 550
—l9§477x2( )2—1—27'4@ 2 <3773q4><
(o ol >|aw)2+a5<>
—79§477x2( )2 —1—47'5?302A§Z’ﬁ3q4><
ft_zT:rg( )2dl+ 65 (1)

(87)

where the last inequality is a consequence of Cauchy-
Schwarz’s inequality. Let

IN

IN

Wg(t,xz,t) = Wl(t,$§7t)
+%7‘59 02A§43ﬁ3q4 ftt_QT f: xo(0)2dlds
(88)
Then
Wa(t) < % —0n+ 166 CA§4773 4 6} 2(t)2 +65(t)
(89)
This allows us to conclude that if 7 is such that
G(1—e97)4
7% < u (90)
169 §2 3 4

then x2(t) converges to zero. Then it follows that z(¢)
and z2(t) converge to zero.



