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HIGH-ORDER DISCRETE FOURIER TRANSFORM FOR THE
SOLUTION OF THE POISSON EQUATION *

F. CAFORIO ' AND S. IMPERIALE *

Abstract. The aim of this work is to propose a novel, fast, matrix-free solver for the Poisson
problem discretised with High-Order Spectral Element Methods (HO-SEM). This method is based
on the use of the Discrete Fourier Transform to reduce the problem to the inversion of the symbol
of the operator in frequency space. The solver proposed is endowed with several properties. First, it
preserves the efficiency of standard FFT algorithm; then, the matrix storage is minimised; a pseudo-
explicit Singular Value Decomposition (SVD) is used for the inversion of the symbols; finally, it
can be easily extended to multiple dimensions and non-periodic boundary conditions. In particular,
due to the underlying HO-SEM discretisation, the multi-dimensional symbol of the operator can be
efficiently computed from the one-dimensional symbol by tensorisation.

Key word. Fast Fourier transform, high-order finite elements, Poisson’s equation

AMS subject classifications. 65799, 65N30

1. Introduction. The objective of this work is to provide a fast method to solve
the Poisson partial differential equation (PDE) in bounded domains. This topic has
already been largely addressed in the literature (see [17, 11] or more recently [14, 3]).
However, to our best knowledge, there is no efficient algorithm that is adequate for
the specific applications we target. In more detail, we require a fast method that is
compatible (in a sense that will be specified in what follows) with high-order Finite
Element (FE) discretisations. The main application is the treatment of the incom-
pressibility condition for transient elastodynamic or Navier-Stokes PDEs (see [10]).
In these PDEs, although parameters may be heterogeneous and/or anisotropic, the
treatment of the incompressibility constraint is reduced to the solution of a Poisson
equation for a scalar unknown, i.e. the pressure, thanks to penalisation techniques.
Advanced methods involve the solution of these PDEs (Stokes or elastodynamics)
with high-order FE methods, and it can be shown that the pressure must be solved
in an suitable High-Order (HO) FE space, in order to satisfy a stability condition,
namely a discrete inf-sup condition (we refer to [6, 5] for further details).

A well-known FE method for Stokes flow and transient elastodynamics problems is
the so-called Spectral Element Method (SEM) (see [15] for Stokes equation, [13] for
seismic wave equations and [9] for elastodynamics). Two main assets of this type of
FE methods are the optimal rate of convergence achieved and mass-lumping. There-
fore, they represent a privileged choice for explicit discretisation of transient problems.
Furthermore, they are constructed in one-dimension from Lagrangian basis functions
supported on Gauss-Lobatto points, and their extension to two- and three-dimensions
is straightforward, since it is based on tensorisation.

Due to the aforementioned inf-sup condition, the choice of space discretisation for
the main unknown restricts the choice for the auxiliary variable, i.e. the pressure. In
more detail, it is shown in [5] that if (R + 1)-order continuous SEM are used for the
main unknown, and a regular rectangular mesh is considered, it is possible to use R
continuous SEM for the pressure, still keeping the optimal order of convergence, and
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the inf-sup constant does not depend on the size of the mesh. Note, however, that
[2] have provided numerical evidence that the inf-sup constant decays as the order of
polynomials increases.

In this paper we construct a fast, matrix-free solver for the Poisson problem discre-
tised with HO-SEM on uniform meshes. The main peculiarity of this method is that it
corresponds to the explicit computation of the inverse of the discrete Laplace operator
(computed with HO-SEM), hence accuracy and convergence properties of the solver
are directly inherited from those of the SEM.

The proposed method relies on the use of the Fast Fourier Transform (FFT), to reduce
the problem in the inversion of the — frequency-dependent — symbol of the operator.
When first-order finite elements are adopted, the symbol is scalar, its inversion is triv-
ial and the solution is recovered using inverse FFT (this is the classical fast method
presented in many textbooks, see for instance [11, 12]). When high-order FE are used,
the symbol is no-longer scalar, and its inversion is no longer trivial. The definition of
this symbol has been first introduced in ([8, 1]) for the discrete analysis of wave prop-
agation phenomena in periodic domains but, surprisingly, it has never been used as
an actual solver for the Poisson equation. The solver we construct has the following
algorithmic properties: first, it preserves the efficiency of standard FFT algorithm;
then, it minimises matrix storage; a pseudo-explicit Singular Value Decomposition
(SVD) is used for inversion of the symbols; finally, it is extended to the treatment of
Neumann and Dirichlet boundary conditions.

This paper is organised as follows. Section 2.1 contains the main features of the
Poisson-like partial differential equation that we aim to solve and its numerical ap-
proximation by standard Spectral Element Methods. Then, in Section 2.2 we recall the
standard method based on FFT. In Section 3 an efficient method for the solution of
the problem with high-order space approximation and periodic boundary conditions
(BCs) is described. This method is derived as a generalisation of the standard FFT
algorithm. This section also contains further details on the practical implementation
of the method. Sections 3.2 and 4 are devoted to the generalisation to other BCs,
e.g. Dirichlet and Neumann, and the extension to multiple dimensions, respectively.
Numerical results are shown in Section 5, along with some remarks on the complexity
of the solver — which is shown to be in O(R**! N? log N) in dimension d on meshes
with N? elements — and its parallelisability.

2. Statement of the problem and standard results.

2.1. Variational formulation for the Poisson problem. Let us consider a
generalisation of the Poisson equation in Q C R%: pu — Au = f, with u and f scalar
functions, and p € C is a constant with non zero imaginary part or with non negative
real part. We do not specify the conditions imposed on the boundary of €2 for the

moment. Given an admissible subspace V C H!(Q), we want to solve the following
related variational formulation : Find u € V such that

(2.1) pm(u,v) + alu,v) =£L(v), YveV,

where

m(u,v):/ﬂuﬁdﬁ, a(u,v):LEUo@dQ, E(v):/ﬂfﬁdQ.
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For the space discretisation, we introduce a finite-dimensional subspace V;, C V of
continuous functions. The discrete problem reads: Find up € Vy, such that

(22) pmh(uh,vh) + ah(uh, Uh) = fh(’l)h), Yo € Vh,

where

Q Q
mp (U, Vn) :/ up O A, ap(unp, vn) =/ Vuy, - Vo dQ,
Q Q
and we assume that there exists f, € V;, such that €5 (vy) = mp(fn,vp). Note that
the superscript @ on the integral signs denotes approximation by quadrature rule. We
recall that in one-dimension, given a function f, an (R¢g + 1)—points quadrature rule

is based on a suitable set of points {n;} in [0,1] and weights {wy, } such that

Q Rq
(2.3) (x)da ~ flx)dx =h Z f(ne h) wy.
[0,h] [0,A] L—0

We recall that if Gauss-Lobatto nodes are used, this formula is exact for polynomials
up to degree 2Rg — 1 (see for instance [16] for more details). Fast methods can be
used solve (2.2) , see for example the hierarchical matrix (H-matrix) method ([4]),
that is an efficient algorithm to compute approximate inverse matrices based on data-
sparse approximations of non-sparse matrices. Within this family of methods, the most
efficient one relies on the use of the Fast Fourier Transform (FFT). The use of this
method is, however, restricted to some assumptions on the computational domain — €2
is a rectangle in 2-D, or a parallelepiped in 3-D — and to the use of Q! finite elements
for constructing V, (see for example [11, 12]). The next section is devoted to a recap
of this solver (in one-dimension). The solver we propose in this article represents a
generalisation of the aforementioned algorithm for high-order discretisation.

2.2. A fast solver based on FFT in one-dimension. The briefly recall the
standard Fast Fourier Transform (FFT), let us consider the one-dimensional case.
We assume that the computational domain is [0, L]. If ones uses P! Lagrange shape
functions, we have

N N N
(2.4) un(r) = ujpi(@), wa(@) =Y viei(@),  fulx) =) fip;(@)
7=0 j=0 =0

as well as periodic boundary condition, i.e. uy = ug. We assume that the source
term fp, is continuous and L-periodic (i.e. it belongs to CI? ([0,L])) and its values
fn = fn(zy) are given at the grid points

Tpn=nh, neN, Nh=1L,

where we have defined N' = {O, 1,..,N — 1}. Based on these known values, we can
construct an interpolation function

~ 1 a i2nxk
(2.5) ful@) = & > fre N,
keN
that should agree with f, at the grid points. This is guaranteed by the use of the
Discrete Fourier Transform (DFT) of the function f;, and its inverse, called Inverse
Discrete Fourier Transform (IDFT). It is possible to prove the proposition ([11]) below.
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PROPOSITION 2.1. Let f;, € C’?([O,L]) and fy € C’?([O,L]) be defined by (2.5).
Then,

fu(@n) = fuzn), VR €N = fi=Y fulzn)e "7, Ve N
neN

1 ~ ik2wtnh
@fh(xn)ZNkae T, VYneN.
keN

The basic ingredient to prove this proposition is the following orthogonality property:
(2.6) Z e R e =5, Vkn€eN.
LeN

Derivation of the symbol of the operator. If we adopt for the computation
of each integral the midpoint rule, on an interval [a,b], a < b,

Q b—a
[, e =5 600 +900),

a,b]

then we end up with the finite-difference scheme (with the convention u_1 = uy_1)
1

(2.7) punh—ﬁ(unﬂ +un,1—2un):fnh neN.

Analogously, we can construct an interpolation function for the solution wy (), that
reads

1 2wz i n
(2.8) ah(x)ZNZﬂkesz and Uy = Zune_ L h, Vn €N,
keN neN

and, therefore, thanks to Proposition 2.1, 4, = @(z,) = u,, for all n € A/. Denoting
again, t_1 = Uny_1, we obtain that

1 ~
(2.9) pﬂnh—7<ﬂn+1+ﬂn,1—2ﬂn):fnh nen.

h

By definition of the interpolation functions in Egs. (2.5) and (2.8) and due to the
orthogonality property (2.6), we get the following equations

(210) Sily = fk, Sk = (p — %(COS(Qth/L) — 1)), Vk e N,

where S, is called the symbol of the operator associated with Eq. (2.7).

The algorithm. The complete algorithm for the solution of Problem (2.7) can
be deduced from (2.10) and can be resumed in three main steps:
1. Perform a DFT of the discrete source term for each element

- ik2mnh
fo="" fne TET, VEEN;
neN

2. Apply the inverse symbol of the operator

iy =8 fr, keEN;
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3. Perform an inverse DFT of the solution for each frequency

1 ~ ik2mtnh
un:NkEZNuke I VneN.

This algorithm has several advantages. First, no storage of finite element matrices
is required (as for any finite difference schemes). Furthermore, the problem for each
frequency k is decoupled. Therefore, operations at each step can be performed in
parallel on the frequencies. At last, the first and third steps can be performed by Fast
Fourier Transform (FFT) algorithm. This algorithm is efficient: the computation of a
FFT of N points requires O(N log N) arithmetical operations.

3. The High-Order Spectral Element FFT solver in one-dimension.

3.1. Periodic boundary conditions. If higher-order approximation in space is
considered for the numerical solution of Eq. (2.2), the Fourier-based method described
above is not suitable and needs to be generalised. First, we introduce the framework
for higher-order spatial approximation of Eq. (2.2). This formulation is inspired by [1]
and [7]. For the sake of clarity, we consider a one-dimensional domain of size [0, L] and
impose periodic boundary conditions (BCs) at first. We refer the reader to Sections
3.2 and 4 for the extension to Neumann and Dirichlet BCs and to multiple dimensions,
respectively.

Let Vi, r be the approximation space for continuous piecewise R-order polynomials in
[0, L]. We introduce a basis of shape functions {gon’j} with A" ={0,1,.., N —
1}, R ={0,1,..,R — 1}, such that

neN,jeER

Supp(¢n0) = [(n — 1)k, (n+1)h],Vn € N*,  Supp(gn,j) = [nh,(n+ 1)h],Yn e N,
with N* := A"\ {0}. In order to take into account periodicity, we also have
Supp(@O,O) = [Oa h] U [L - h7L]

Moreover, we assume that the shape functions are obtained by translation, namely

(3.1)
@n,0(T +nh) = oo(x) e PR([0,h)),
Yz €[0,h], ¥n € N*, Vj € R, nol®+ (n—1)h) = p1o(x) € PE([0,h]),
onj(®+nh)=po;(r) e PR([0,h)),

where P ([0, h]) denotes the set of polynomials of degree R on [0, h] and with R* :=
R\ {0}, and where, by periodicity again, ¢o o(z+ L —h) = p1,0(x), for = € [0, h]. We
introduce the set of Gauss-Lobatto points {fj }fzo, s.t. & € [0,1] for all j € R and,
by definition of shape functions, we have

@m,i((fj + n)h) = 6mn (5”‘, VZ,] S R, ‘v’m,n eN.

By way of illustration, Lagrange basis functions for R = 2 are depicted in Figure 1.
Then, fp,un € Vi g can be rewritten as

@)= fujeni(@), un(@) =D tnjen (),

neN jER neN jeER
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Figure 1 Shape functions for quadratic Lagrange polynomial interpolation on Gauss-
Lobatto points in [0, L].

©0,0 0,1 ©1,0 #0,0

0 .h 2h L*h ............ ! L

with coefficients

frg = fu((§ +n)h),  unj=un((§;+n)h) VjeR,VneN,

and an analogous decomposition holds for vy, € Vj, gr. We can introduce an interpola-
tion function of fj defined as

(3.2) (S e > enil@))-

kEN JER neN

i2m(x— h& )k

As a consequence of our definition, we obtain

(3.3) Fu((& +m) Z frg e F5, Ve R,

ke/\/

since hN = L. Eq. (3.3) represents a generalisation of Eq. (2.5) for higher-order

spatial approximation. Therefore, the coefficients fk, j, for all j € R, can be computed

by means of classical DFT. In particular, the following Proposition holds.
PROPOSITION 3.1. Let fj, and f}, belongs to CE([O,L]) be defined by Eq. (3.2). Let

Fog = (& +n)h) VjeER,VneN.

Then, we have, for all j fized in R,

r3 P _i27mnk
frnj="Tni = fri= an,je N, VkeN,
neN

127rnk
= fnj= Z Frje , Yn e N.
ke/\/

(3.4)

Proposition 3.1 is a straightforward consequence of Proposition 2.1 and Eq. (3.3).
Following the approach in Section 2.2, we introduce the interpolation function of uy,

(3.5) g = (G + ) = 1 3 e SR Vi€ R,
keN

where the coefficients 1y, ; are given by

(3.6) lpj = unje R VkeEN, VjeR.

neN
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As a consequence of Egs. (3.5) and (3.6) and Proposition 3.1, we derive
(37) Up,j = aw', Vn € N, VjeR.

We now manipulate the bilinear forms in Eq. (2.2). If the same quadrature formula is
used for each segment of size h, the bilinear form my, in Eq. (2.2) can be rewrite

Q

- Q -
mp (up,vp) = Z / up(x) vp(z)de = Z / up(x 4+ nh) vy (x + nh) dz.
Lok I, (n 1)) v 0.1

Consequently, by quadrature rule (Eq. (2.3)) and the definition of shape functions,
we obtain

Q Re R
/ up(x + nh)vp(x +nh)de =h E E wWo,i (M 1)po,j (MK R)tn,; Tn,
[0.7] k=04,j=0

where, for the sake of conciseness, we use the notations ¢ r(x) = ¢1,0(z), and also
Un R = Unt1,0, and by periodicity, uny_1,r = un,0 = uo,0 (& same notation is used for
Un,;). Finally, one can show that

R
mh(uh,vh)zg E M jUn,j Unis

neN i,5=0

where 771; ; denote the coefficients of the mass matrix in the reference element [0, h].
Similar treatment of the bilinear form a;, gives

R
an(un,op) = Y D @i, Tas.

neN i,5=0

Note that the coefficients a; ; and m; ; do not depend on the index n, as a consequence
of the invariance of the discrete bilinear forms with respect to translations. This
property is fundamental for the derivation of the symbol of the operator. Furthermore,
due to the use of Gauss-Lobatto nodes both for the interpolation and the quadrature
rule (i.e. {77k} = {«fk}), the mass matrix is diagonal. This property, named mass
lumping, is a fundamental feature of Spectral Element Methods (SEM), first proposed
by [15]. We make this choice for the rest of the article. Consequently, we obtain

R
mp (U, vp) = E E My iUn.i Un i

neN i=0
and the algebraic system to solve is
R R R
(3.8) SN it T+ YD Gign i T = > Y Miifai Ui
neN i=0 neN i,5=0 neN i=0
Since Eq. (2.2) must be true for any vy, € Vy,, it must hold true for any choice of vy, ;,

veN, i€{0,1,.., R}. In particular, for v, ; = 6;40n¢, with ¢ € R and £ € N,

(3.9) Mq,q Ul,q + E , Qg,j ul,j + g0 ui,0 + dg,R Ui+1,0 = Mg,q f1,q-
jeER*
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Note that Eq. (3.9) is still true when we replace u; ; by ;. ; and f; ; by fl,j, due to Eq.

(3.7). Following the strategy of Section 2.2, we further replace 4; by their expression

in terms of 4y, ; (Eq. (3.5)) and f; ; by their expression in terms of fr; (Bq. (3.3)), for

all j € R and observing that @ g = ;41,0 and fl R= fl+1 o by definition. Therefore,
q. (3.9) becomes, Vg € R,

R R 27kt
E , Mq,q Uk,q €

keN

“ ~ 12wkl 27k 2wkl
+ Z dqjUugge ¥+ (aqo+aqRe N )Ukoe N

JER*
R A 2wkt
= E Tg,q frg€ N

keN

(3.10)

In particular, if ¢ = 0, we obtain

i2wkl i2mwk i2wkl
E mOOUkoe s + E Go,j g je N +(aoo+a0R€ N )Uk,oe N

keN R*
(3.11) "€ I
N N i2mkl
= Z mo,0 fro€ N
keN
Furthermore, if ¢ = R, Eq. (3.10) can be rewritten as
(3.12)
. R i2nke “ R i2n(k—1)¢ R —i2nk . R i27ke
Z MRRUL0E N + Z aRrjug;e N -+ (aRyoe N +aR7R)uk_,oe N
keN JER*

R A i2mke
= E Mmr.R froe ¥,

keN

since Eq (3.6) and uy, g = up+1,0 implies that g g = g41,0 and f;%R = fk+170. Let
us now define the vectors U, F;, € CF, such that

Uy, = (o 1y o tm-1)s Fo= (fros fes oo fron1)7,

and the matrices Ay, M € C®*f such that

M 0
, M= o |

0o M
where aj, M € C, the vector By, belongs to C*~! and the matrices A, M belong to
CE-DX(R=1) They are given by

ag ﬁk

3.13 A, =
(3.13) =g

o

ak:do)o-‘r&R,R—l-Q&o,R COS(QWIC/N), M:mo’oﬁ‘mR’R,
and
~ o i2mk/N y o A N * *
Bi,q = ao,q + arqe N, Mg =Mgq-Ogqy  Agq = lgq+, 4" ER".

Thereupon, Egs. (3.10), (3.11) and (3.12) can be rewritten in compact form as

(3.14) ST e M+ AT, =Y e FEME, VieN.
keN keN
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Figure 2 Redistribution of the source term in matrix form. Row index corresponds to
the element, column index refers to the Gauss-Lobatto node in the reference element.

fo,2

he |V

%f‘z,z

R

By orthogonality of the factors e "% (Eq. (2.6)), we can further simplify Eq. (3.14),
(pM+ AU, =MF,, YkeN.
Ultimately, the solution Uy, for every frequency k € NV, is computed as
(3.15) U,=8.'F,VkeN,
where the symbol of the operator Sy reads
Si = (pI+ M A).
The algorithm. In order to solve (3.8), we can derive an algorithm based on

Egs. (3.4), (3.15) and (3.6). The main steps of this algorithm read:
1. Perform a DFT of the discrete source term for each order j fixed in R

~ _ i2nnk
fri =Y faje TN, VkEN;
neN

2. Apply the inverse symbol of the operator
(3.16) U,=8, Fy, VkeN;

3. Perform an inverse DFT for each order j fixed in R

1 R i2rnk
Up,j = NkEZNUk’je N VneN.

A crucial aspect of this method concerns the definition of an efficient algorithm to
compute the coefficients f, ; and fk] To this end, we re-organise the source term
vector in matrix form, in which the row index corresponds to the element, whereas
the column index refers to the Gauss-Lobatto point in the reference element of size
h. Then, the terms flw' are obtained by DFT column by column (using the FFT
algorithm). See Figure 2 for a schematic illustration of the procedure.
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Inversion of the symbol by SVD. In this section we anticipate the difficulties
that will be encountered in multiple dimensions, namely the inversion of the symbol
of the operator Sy in Eq. (3.16). We now derive a pseudo-explicit inversion of this
matrix by means of Singular Value Decomposition (SVD). For this purpose, let us
denote by {Kk’i, )\kri}ieR the set of eigenvectors and eigenvalues of 8. They satisfy
the generalised eigenvalue problem Sg V. ; = Ag; MV, ; for all i € R. Since Sy is
hermitian and positive-definite, all eigenvalues Ay ; are positive and real for all k£ > 0,
and all eigenvectors V, ; are orthonormal with respect to the scalar product by M,
ie.

ZZ},] MK]C7,L = 61], Vl,j S R

After some standard algebra, we obtain

=Y MiVi ViaM = S =3 NV, Vi M.
1ER 1€ER

Therefore, Eq. (3.16) can be rewritten as

(3.17) Up=Y N Vi Vig ME,.

i€eR
At this stage, Eq. (3.17) requires the same computational cost as Eq. (3.16), since the
computation of the eigenvalues and eigenvectors of a matrix implies the same number
of operations as the multiplication by an inverse matrix. Nevertheless, we will show
in Section 4 that the generalisation to higher dimensions becomes very efficient, due
to tensorisation.

3.2. Neumann and Dirichlet Boundary conditions. When linear interpo-

lation is used, it is standard to use, in the definition of the interpolation function (2.5),
the Discrete Sine Transform (DST) for Dirichlet BCs, or Discrete Cosine Transform
(DCT) for Neumann BCs. If a high-order approximation is used, It is not possible
to use DCT or DST and we explicitly “double” the computational domain and the
discrete source term f5 in order to extend it into a periodic one and perform DFT.
According to the BC imposed, we perform an even (for Neumann BCs) or odd (for
Dirichlet BCs) extension of our source term (that is set to 0 at the end-points of the
interval for antisymmetric extensions). See Figure 3 for a graphical illustration of this
procedure in one-dimension. Therefore, we need to take into account 2N frequencies
for each direction, instead of N frequencies for the periodic case. However, thanks to
symmetry properties of the DFT, we are able to restrict most operations to N + 1
frequencies, as shown in what follows.
Henceforth, we extend the analysis for a one-dimensional, complex-valued discrete
source term fj. Note that, after doubling the computational domain and performing
an even (or odd) extension of the source term, depending on the BCs considered, the
sequence {f”’R—j}neN,jeR satisfies, for any given n € N,

{fn,Rj = fon—n—14, ifjeR",

frno = foN-n,,

(3.18)

for an even extension, and
{fn,R—j = —fon—n-1,5, ifjeR"

(3.19)
fn,O = _fQan,Ov
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Figure 3 Illustration of a periodic extension of a discrete, one-dimensional function
at Gauss-Lobatto nodes. Left: comparison between original function and its even
expansion (for Neumann BCs); right: comparison between original function and its
odd expansion (for Dirichlet BCs). Gauss-Lobatto nodes for N=2 elements, 5!"-Order
Lagrange polynomials.

T T T T T T
0.2 . |
0.1} . |
o | |
| | | | | |
0 1 2 0 1 2
h h

for an odd extension. Henceforth, we use the symbol + for the sake of conciseness,
where + is associated with Neumann conditions, whereas — corresponds to Dirichlet
conditions. We define the coefficients fj, ; following Eq. (3.4). Given j € R, they read

2N—-1

_imnk
E fn,] € N,
n=0

Fri Vk € {0,1,..,.2N — 1}.

From the properties of the sequence { fn,j}ne N,jer we can deduce some symmetry
properties of the coefficients f;w», as stated in the following lemma. These properties
allow to reduce the number of frequencies considered for the construction of the symbol
of the operator. Due to the use of high-order polynomial interpolation, this symmetry
is not trivial.

LEMMA 3.2. Let {fn’j}neN’jeR be a complex-valued sequence. If the sequence

satisfies Eq. (3.18) or Eq. (3.19), the coefficients fkyj read, Yk € N'*

A —ink A o N
(3.20) {fQN—k,j =+e ™~ frr—j, if jERT,

fon—k,0 = £ fr,0

with the established convention for the plus and minus signs.

Proof. Let us consider an even extension of the discrete source term, and fix
j € R*. On the one hand, due to Eq. (3.18), Eq. (3.19) and Lemma 3.2, we are able
to retrieve that, for k € N'U {N},

2N—1 2N—1
- _innk _imnk
fr,p—j = E fo,r—je= ¥ = E fon—n—1,€ N

n=0 n=0

2N-—1 2N -1

—i2Nwk imtmk ik 1T immk
= g an,je Noe N No=en f’m,je N
m=0 m=0
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On the other hand, due to a standard property of DFT, we have that

aN-1 oy 2N

~ —imm — imtmk .

fonokj= > fmje ¥ =Y fmje ¥, VjER.
m=0 m=0

Hence, we deduce that

a itk 7~
(3:21) Je,r—j = €N fan—k;-
In addition, for j =0 and k € N U{N}, we obtain
2N—1 2N—1
~ _imnk _imnk
freo = Z frnoe” N = Z foan-noe ¥
n=0 n=0
(3'22) —i2N7k 'Lﬂ'mk 2yt immk
=3 o RS g
= fAszk,m

since, by periodicity, fon,0 = fo,0. The proof for odd extension of the discrete source
term is analogous. ]
Furthermore, we state the following proposition:

PROPOSITION 3.3. Let us consider Problem (2.1), with Q = [0,2L]. Then, if the
source term f is periodic of period L and even (odd), the solution u is endowed with
the same properties, i.e. it is periodic of period L and even (odd).

Note that Proposition 3.3 also holds true for the discrete problem (3.8), and fr,uy,.
From Lemma 3.2 and Proposition 3.3, we deduce that the discrete solution uy, satisfies
Eq.(3.20). For this reason, we can construct an efficient algorithm for the solution of
a Poisson problem by HO-DFT that consists in three steps:

1. Perform a DFT of the discrete source term for each order j fixed in R*

2N—-1

frg= D faje =, Ve NU{N};
n=0

with f, ; given by (3.19) for n > N.
2. Apply the inverse symbol of the operator for each frequency

Uy, =S8; ' By, Vk e NU{N};

3. Perform an inverse DF'T for each order j fixed in R*

2N—1
1 ~ imnk
Unj = 5N kZ_O g e N, VYne NU{N}.

with @y ; given by (3.20) for k > N + 1.

This algorithm relies on the evaluation of the symbol of the operator of the first N +1
frequencies only. Note, however, that the standard implementation of DFT (or its
inverse) by FFT algorithm implies the evaluation of all 2N frequencies. However, in
Step 2, only N + 1 inversions of the symbol are required. We will show in what follows
that in multi-dimensions it is possible to optimise Steps 1 and 3, by considering an ad
hoc extension of the sequence “dimension by dimension” when the FFT (or its inverse)
is performed.
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Remark Note that the Ay are all invertible, except for the case k = 0. Indeed, if
k = 0, the constant vector is an eigenvector of A associated with the eigenvalue 0.
Therefore, if p = 0, then Sy = Ay and U}, is computed using a pseudoinverse of Ay,
ie.

(3.23) U= > MiVy, Vi, ME,.
1ER
Ak, i 70

Eq. (3.23) corresponds to setting the mean value of the solution equal to zero.

4. Extension to higher dimensions. The generalisation to two (or higher)
dimensions is performed by tensorisation from the one-dimensional case. Therefore,
most of the properties are directly inherited from the one-dimensional case, and we
do not provide the proofs, for the sake of conciseness. Henceforth, we denote by d > 1
the dimension of the computational domain.

4.1. Periodic boundary conditions. First, let us define N4 = {0,1,.., N—1}¢
and R? = {0,1,.., R — 1}¢. We introduce the set of points in the reference element
[0, 1)

§j = [§j17£j27 "75]}«]7

where &; corresponds to a 1-D Gauss-Lobatto point for all ¢ € R, and j is a multi-
index in R?. Let us introduce the multi-index n = [n1,ns,..,n4] € N Then, the
d-dimensional shape functions defined on z = [x1, 2, .., 4] € [0, L]¢ read

d
(41) an,_j (&) = H Prr,jr (xT)a
r=1

where ¢y, ;. (x,) are shape functions defined as in Section (3.1). Therefore, the shape
functions @y, ; satisfy, for all p € R4 and all m € N9,

Qjmvp((éj + l’l)h) = mep((fjl + nl) (Ejz + n2) (gjd + nd)h)

d
= H me e Prrpr (§1) H Om, n, Op, j, -
r=1

For simplicity of notation, we denote

N—-1 N-1 N-1 R—1 R—-1 R—
)IEDIDID DD DD DD D Z 2=
n n1=0 ny=0 ng=0 J 71=0 j2=0 a=0 n,j n j

moreover for any vector V' € Cr* V(i) its ith element without assuming a specific one-
dimensional re-ordering of the degree of freedoms with respect to the multi-indices.
A similar strategy is used for matrices V' € (CRdXRd, its element on the ith line and
jth column is denoted V (i, j). From Eq. (4.1) we derive the following decomposition
for the discrete source term fj and the discrete solution up:

2) =Y faiPag(z), un(@) =) tngPaylz),
n,j n,j
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with
g = fa((§+0)h) wng=un((§+n)h), YneN? VjeR™

With these notations the algebraic problem that must be solved reads: find {un;}
such that

(4.2) E E mj,jun,ivn,i+g g E ai,jun,jvn,izg E Miifn,iUnis
n j n i j n i

for all {vn;}, where {m;;} and {a;;} correspond to the elements of the mass and
stiffness matrices, respectively, computed on the multidimensional reference element
[0, h]¢. Now let k € N Since the source term is periodic in [0, L], we can generalise
the definition of an interpolation function (3.2) for higher dimensions as

N R i27r(£—h§j)-k
(13 o) = 2 (S hae™ T Lonsto)
k j n

with h N = L and

i27r(£*h§j)‘k i2m(ey —he; ) k1 i2m(zg—héj,) ko i2m(zg—h;,) kg
e L —e L e L ... e T

Note that this formula can be easily extended to more general, regular meshes by con-
sidering a different length L depending on the direction. Eq. (4.3) is a generalisation
of Eq. (3.2) to the multi-dimensional case. Therefore, the coefficients f;w-, Vj e R,
can be computed by DFT, as stated in the following proposition.

PROPOSITION 4.1. Let f, € C{([0,L]%) and fi € CP([0, L]?) defined by Eq. (4.3).
Let us denote

fnj = fh((§j +n)h) Vje R, vn e N

Then, for all j fized in R¢ ,

—i27n-k

fag=Fog = feg =D faje ¥, VkeN,
(4.4) "

i27n-k

1 ~
<~ fn,j:mz:fkhje N, Vne N9
K

Similarly, we introduce the interpolation function of the discrete solution uy, such that,
for all j € R? fixed,

1 27
(4.5) Un j = ﬂh((fj—l—n)h) = Wzakde N k, ,VHENd,
k
where
(4.6) Uy j = Z Un j e_i%;‘?'k, vk e N4,

Due to Egs. (4.5) and (4.6) as well as Property 4.1, we retrieve

Unj = Unj, Vn€N%VjeR
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Then with by similar process as in the one-dimensional case, it is possible to show
that, solving (4.2), is equivalent to solve

U.=8"'F,, VkeN

where U, (j) = fu; and EF(j) = ka and where the matrix Sy will be given by
Proposition 4.2 below. As a straightforward generalisation of the one-dimensional
case, the main steps of the algorithm to solve (4.2) read:

1. Perform a DFT of the discrete source term for each order j fixed in R¢

—i27n-k

fk7j=an7j€ N ,VkENd;

2. Solve for each frequency k € N'¢
(47) Ska:Ek;

3. Perform an inverse DFT for each order j fixed in R?

]. i27n-k
_ . d
Unj = dE igje v, YneN°
k

We emphasise that the multi-dimensional DFT is implemented recursively from the
one-dimensional DFT. Furthermore, Step 2 must be implemented with care. In fact,
one possibility is to inverse the symbol Sy for each frequency, and then perform a
matrix-vector multiplication to obtain Q k- Note, however, that such an algorithm
would imply a substantial computational cost. To give an idea, in 2-D the matrix
inversion would require O(R®) operations (O(R3?) in general), while matrix-vector
multiplication requires O(R*) operations. In what follows, we propose a method that
requires neither matrix inversion nor storage and drastically reduces the complexity
of the algorithm, based on SVD and tensorisation.

For the sake of conciseness, we denote N}, = M1 A, with M and A;, associated
with the 1-D case, and defined in Eq. (3.13). We also can rewrite the one-dimensional
symbol Sy, = pI + N}, with I the identity matrix of size R x R. The result below is
proven in [8].

PROPOSITION 4.2.

d d
(4.8) Si(tm) =p [0 m. + > Ni (leme) [ 6, m,-
r=1 r=1 qF#r

For example, when d = 2, the symbol reads

Sk(£7m) = p(Sh mi 512 ma +'/\[kl (glaml) 652 mo +N’k2(€23m2) 551 my -

This result is a direct consequence of the use of the Gauss-Lobatto nodes for quadra-
ture formulae. Due to Proposition 4.2, it is possible to compute the eigenvalues and
eigenvectors of the symbol Sy starting from eigenvalues and eigenvectors of the matrix
N.. Given k € N4, we denote {)\k’hzkyi}iend the set of eigenvalues and eigenvectors
of Sk such that

SiVis = Mei Vi, Vke N vie RY
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When d = 2 they are given in [8] and reads

{/\k,i =P+ Vi iy + Vha s
Vi =Wy, 0, @ Wy,

7

where ® denotes the tensor product and where {v ;, W, ;} are the eigenvalues and

corresponding eigenvectors of Ny, . This tensorial structure is in fact general, as stated

by the Corollary below (which proof is very algebraic but simple and is omitted).
COROLLARY 4.3. Let {Vkmirvwkr,ir} be the eigenvalues and eigenvectors of

N, 7 €{1,2,..,d}. Then,

i ER

d
Mei=p+ Y Uk, VieRY,
T 1
Vici(m H Wy, i (m,), Vie R

are the eigenvalues and corresponding orthogonal eigenvectors of Sy.

As a result of Eq. (4.3), the solution U k in the frequency domain can be computed
with an optimised algorithm that we give henceforth. It is based on tensorisation and
the use of internal variables.

Inversion of the symbol by SVD. As for the one-dimensional case, Eq. (4.7)
can be rewritten, for any frequency k € N%, as

(4.9) Qk = 81:1 Ek = Z )‘1:,1) Zk,p Zl*c,p M Ek’
p

where M, denotes the mass matrix in d-dimensions, and it can be rewritten as

d
Ma(i,m) = [T M(i,m,).

r=1

Equation (4.9) can be re-written,

) = 32 3 Ay Vi) Vcp 7] M) i)

(4.10)
—ZAkakp kap (1) Fic(x).

From Eq. (4.10), we see that the total number of operations required to compute all
the components of Qk is O(R3?), that is comparable to the cost of symbol inversion by
standard algorithms (e.g. by Gaussian elimination). As an illustration, this inversion
would require O(R?) operations in 3 dimensions, and since typical value of R are larger
than 3 in our application this prevents the method to be used naively. Fortunately, we
have shown in Corollary 4.3 that the eigenvalues and eigenvectors in higher dimensions
can be directly derived by tensorisation from those in 1-D. This will be used to define
an optimised algorithm. First, we introduce two intermediate variables, and we split
Eq. (4.10) into three main operations:
e We define ay(p) as

(4.11) kap a(r) B (r);
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e Then, we compute the scalar coefficients v (p) as
1 (P) = A, ax(P);

e Finally, the components Uy (j) are retrieved as

(4.12) Z (P) Vie,p (J

Now, we can take advantage of the properties of the eigenvalues Vi p(j). Due to
Eq.(4.3), we can reduce the two multi-dimensional sums in Eq. (4.11) and Eq. (4.12)
in successions of one-dimensional sums. In order to avoid cumbersome expressions,
we consider d = 2 henceforth. Note, however, that the extension of our analysis for
d > 2 is straightforward. The intermediate coefficient ay(p) is computed, for each p,
in O(R) operations by

a(p) = a(pip2) = > Mal(r1,r2) F(r1,72) Viy pr (1) Viey s (12)

r1,72ER

D Ve (ra) Y Ma(r, ) Fi(r1,7m2) Vi p, (1)

r9o€ER rER

Z Vi 2 (r2) Bic(p1,72),

ro€R

(4.13)

where Ok (p) is computed in O(R) operations and is given by

Be(P) = Bi(pr,p2) = Y Ma(r1,p2) Fic(r1,p2) Vi, p, (r1).

rER

Analogously, Uy(j), for a given j, is obtained in O(R) operations as follows

U(3) = inc(in,d2) = > c(P1:02) Vier pr (1) Vs, (2)

p1,p2ER

(414) = Z Vk27172(j2) Z 7k(p1,p2) Vkl,P1(.j1)
p2€ER P1ER

= Z VkZ’PZ (JQ) Mk(jhpQ)u
p2ER

with pk(j) again computed in O(R) operations by

(i) = mc(in,d2) = Y Me(p1,32) Vi (1)-
P1ER

Consequently, the overall complexity of the algorithm for the symbol inversion for each
frequency is O(R*). For arbitrary dimension d the complexity is O(R*1). Therefore,
in 3-D this represents O(R®) less operations than the naive approach, that is a tremen-
dous gain.

4.2. Neumann or Dirichlet boundary conditions. The algorithm in the d-
dimensional case can be directly deduced by tensorisation also when homogeneous
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Dirichlet or Neumann conditions are imposed at the boundaries. In order to perform
the DF'T, the source term is periodically and symmetrically extended in d directions.
This leads to the evaluation of a computational domain that is potentially 2¢ times
larger than the original domain. However, due to the symmetry properties of the
extended source term, we will be able to reduce the main computations to the first
(N 4 1) frequencies. The extended discrete source term { fn;} satisfies, for all r €

{17 7d}a

(4 15) {fn—i—nT,j = :l:fn,j+j7-a Jr 7é 0, n,= er(2N -1- nr)7 jr = er(R - jr)v
fnJrn,,,,j = ifn,ja Jr=0, n,= er(2N - nT)7

where e, is the 7—th vector of the canonical basis of R? and (n,., j,) is such that
n+nr€{07"'72N71}d5 j+jr€{07"'R71}da

and where the even extension corresponds to Neumann BCs, while the odd extension
is associated with Dirichlet BCs, as before.
LEMMA 4.4. The DFT of the extended sequence { fn;} satisfies, Vr € {1,--- ,d},

{karkr,j =+ ficitin eN, if G #£0, k. =e,(2N —k,), j, = e(R—j.),
ferini = £his: if jr=0, k =e.(2N —k,),

with (ky,jr) such that
k+k.€{0,---,2N -1}¢, j+j €{0,---R—1}¢

and with the usual convention for the plus and minus signs.
Therefore, given a direction i € {1,2,..,d}, the value of the DFT coefficients for the
last N — 1 coeflicients in that direction are directly retrieved from the first NV coef-
ficients, and the relationship depends on the frequency and the Gauss-Lobatto point
taken into account.
Eventually, due to Lemma 4.4 and Proposition 3.3, the solution 4y j inherits the same
properties of fAk,J-. Therefore, the optimised algorithm to solve (4.2), when homoge-
neous Neumann or Dirichlet conditions are considered, is

1. Perform a DFT of the discrete source term for each order j fixed in R

fk,j = Z fn7j eii}r\’n.k, vk € (NU {N})d,

ne{0,.,(2N—-1)}4

using Eq. (4.15) for evaluating f,; when n ¢ N'%;
2. Solve for each frequency

S U, =F,, Vke (NU{N}D?

3. Perform an inverse DF'T for each order j fixed in R

1 imnk
= Z ﬂk,je N, Vn € (NU{N})d,

T (2N
ne{0,..,(2N-1)}4
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Figure 4 Convergence of the two-dimensional scheme w.r.t. the space step h, for

ve H'(Q)-error.
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where, thanks to Lemma 4.4,

k, = er(QN — kr)y Jr = er(R _jr)v
k’l" = eT(2N — kr),

if j, #0,

N ~ —ink
Uktk, j = Uk 4y, €N
if j,. =0,

lktk, j = tlkj,

with the usual convention for signs, and with (k,, j-) such that

k+k €{0,--,2N-1}% j+j. €{0,---R—1}".

It is possible to do an efficient implementation of Steps 1 and 3 that never requires
the storage and the pre-computation of the odd or even extensions. On the contrary,
Eq. (4.15) is used on-the-flight, for an improved performance in terms of storage and
memory access time.

5. Numerical Results, complexity and parallelisation.

5.1. Convergence analysis. In order to demonstrate that the HO-DFT method
preserves the order of convergence of the underlying SEM discretisation, the method
is tested against an exact solution of Problem (2.1) with p = 0 and homogeneous
Dirichlet Boundary conditions, that reads

d
u(z) = [J(1 = 2:)® 2} cos(ka:), VozeQ=10,1 d=2,3,

i=1

with k& = 10. Figures 4 and 5 show the convergence error between the exact solution
and the output of the HO-SEM algorithm in relative L*(Q) and H'(Q) norm w.r.t.
the space step h in two and three dimensions, for different values of order R. The
convergence rate of the error in L?(Q2) and H'(2)-norm corresponds to the chosen
order R.

5.2. Complexity of the algorithm. As it has been stated in the previous
sections, this algorithm is remarkably efficient in multiple dimensions, for multiple
reasons. Firstly, an efficient algorithm — in O(R*!) operations — has been deduced
for Step 2 of each algorithm, that relies on the tensorisation properties of the un-
derlying finite elements. Secondly, Steps 1 and 3 can be performed by FFT. Since
d-dimensional FFT corresponds to a 1-D FFT having the size of the product of the
dimensions, its complexity is d(log N)N¢ (if the domain is divided into the same
number of elements N for each direction). Consequently, the implementation of FFT
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Figure 5 Convergence of the three-dimensional scheme w.r.t. the space step h, for
different values of order R. Left: Relative L?(Q2)-error. Right: Relative H!({)-error.
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Figure 6 Computational cost of the three-dimensional scheme. Comparison for dif-
ferent numbers of threads.
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causes a further, sensible reduction of the computational cost.

We emphasise that this method is not limited to the solution of the Poisson-like
problem with periodic boundary conditions. In fact, we have shown that, in case of
Dirichlet or Neumann BCs, it is possible to employ HO-DFT after extending sym-
metrically or anti-symmetrically the computational domain — i.e. the number of fre-
quencies considered — in each dimension. However, thanks to symmetry properties of
the sequence considered and Fourier Transform, most operations only involve the first
N + 1 spatial frequencies (in each direction), and therefore the computational over-
cost of the algorithm is reduced. Besides, Steps 1 and 3 are disjoint for each order,
whereas the operations involved in the inversion of the symbol (Step 2) are disjoint for
each frequency. Therefore, the algorithm is extremely well-adapted to parallelisation.
In particular, Steps 1 and 3 can be run in parallel for each order, whereas Step 2 can
be performed in parallel for each frequency. Figure 6 depicts a performance analysis
when multi-threading is used. Note that the performance is optimal for 8 threads and
worsens for 16 threads on a 12-cores workstation (cores at 2.7 GHz and 64 GB of RAM
at 1867 MHz). Figure 7 shows the computational cost of the sequential solution of
the problem with homogeneous Dirichlet Boundary conditions in 3-D on a 4-cores
workstation (cores at 3.1 GHz and 16 GB of RAM at 1867 MHz). The computational
time is in accordance with the expected complexity with respect to the number of
elements N and the order R. Finally, note that the memory storage is minimised and,
apart from the solution vector, only the eigenvector and eigenvalues of the matrices
N — that correspond to 1-D symbols — must be stored for each scalar frequency k.
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Figure 7 Computational cost of the three-dimensional scheme. Left: comparison for

different values of elements. Right: comparison for different values of order R.
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