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TREFFTZ-DG METHODS
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DISCONTINUOUS GALERKIN METHODS

PROS AND CONS

Adapted to the complex geometries
High-order accuracy and hp-adaptivity
Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom, compared
to the methods with continuous approximation
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TREFFTZ METHOD

E. TREFFTZ, 1926

Basis functions are local solutions of the initial PDEs
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MATHEMATICAL FORMULATION

ACOUSTIC SYSTEM
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ACOUSTIC SYSTEM

DOMAIN DESCRIPTION

t
1 op . .
T — — +divv =f in Q x [0, T],
1 : c2p Ot
! | ov
! | — +Vp=0 in Q x [0, T],
gl | Por VP n e
= I |
| I
: : v(-,0) = vo, p(+,0) = po in Q,
0 ‘ ‘ v-n“=gp in 92 x [0, T].

space domain Q
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETZATION

Fn= U OK - mesh skeleton

‘ KET
T+ -
“““ F!' - internal
E —  FD - boundary
L =—  FO _initial time
0 Y --  FT - final time

space domain Q
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETZATION

time

POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS

space domain Q

Fn= U OK - mesh skeleton
KETh

“““ F! - internal
—  FD - boundary
= FO0 -initial time

-- FT - final time

(v, Pn) € VA(TR)? x VI(T;) = VI(T;)
(w,q) € VI(TR)4 x VI(Tp) = VA(Th)
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

_;K/ph<;pgc:+divw> +vp- (p%:_yv(;,)

5 [ (G k) =X [
K k

K ok
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

—Z/ph 2, +d1vw) + vp - (P%-I—VCI)
+z/ o)t (a0 00) ok =3 [
K k

C/)

MATHIAS'18 | Computational Science Engineering & Data Science by TOTAL



ACOUSTIC SYSTEM

POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS

TREFFTZ SPACE

T(Th) = {(w, q) € VI(T;) st

o
CTpa—Zerivw :pa—o:+VQ=Oa VKE’Y},}
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ACOUSTIC SYSTEM

POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS
SPACE-TIME DISCRETIZATION

7Z/ph 77+(11\W>+Vh‘< o

L))

Par V9
+Z/ E phq+w,-w)nK+(qw+vw me=>
K ok K

/7
TREFFTZ SPACE
10
T(T) = {(w.9) € V!(Th) st. 1

CT;); + divw = /))—+qu0 VK € Tp
SPACE-TIME DISCRETIZATION IN T

J

Z/ ::2 ——Ppq + Vp - w)nK+(qvh+vhw

:XK:/
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Z/(C%pﬁhq+Vh-w)nf<+(q9h+\7hw) '"f(ZZ/fq
K k

K ok

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

Y

VS

TC<C T <
> > I =
N~~~

(v} + Bl
= (1) o

= (&) on
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (vi, pn) € VI(Th) s.t. Y(w, q) € T(73) it holds true:

Atpc ((Vh, pr); (w, q)) =l1DG (wa CI)
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ACOUSTIC SYSTEM

WELL POSEDNESS

Trefftz-DG formulations for the first order Acoustic System 2,
Elastodynamic System 2, and Elasto-Acoustic System ° are well-posed.

1 A. Moiola & I. Perugia.
A space-time Trefftz- dG method for the acoustic wave equation in first-order formulation. (2018)
Numerische Mathematik, 138(2):389-435

2y Barucq, H. Calandra, J. Diaz & Elvira Shishenina.
Space-Time Trefftz-Discontinuous Galerkin Approximation for Elasto-Acoustics. (2017)
https://hal.inria.fr/hal-01614126 /document
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

Ax

]Af
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IMPLEMENTATION OF THE ALGORITHM
MESH AND ELEMENT NUMBERING

N

to =0
Ny
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR FORM
ame= [+ [+ [+ ]

]:T JFO ]:/

‘AS72'DG 'A/TDG
GLOBAL SPACE-TIME MATRIX

M= A, Mg + A:M,
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR FORM

]:T FO

‘AS72'DG
GLOBAL SPACE-TIME MATRIX
M= A, Mg + A:M,
Mg, - block-diagonal
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IMPLEMENTATION OF THE ALGORITHM

BILINEAR FORM
! FD
——

Alpe
GLOBAL SPACE-TIME MATRIX

M= A, Mg + A:M,

M - sparse
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

-1
M1 = [A Mq + A, I\/I,]

[l + 2: (MQ_IMI)} - [AXMQ] -

TAYLOR EXPANSION (SMALL ENOUGH %\M§1M1| oc ALIMG M)

' [0 (5) 0] o]

MATHIAS'18 | Computational Science Engineering & Data Science by TOTAL



POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS

IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

TAYLOR EXPANSION (SMALL ENOUGH %\M&lMﬂ oc ALIMG M)
- —1
[AXMQ}
block-diagonal
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IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX INVERSION

TAYLOR EXPANSION (SMALL ENOUGH %\M&lMﬂ oc ALIMG M)

(Mgt M)’

block-diagonal x sparse
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NUMERICAL RESULTS

2D ACOUSTIC AND ELASTODYNAMIC SYSTEMS

2D Acoustic domain. 2D Elastodynamic domain.
Convergence of velocity v in function of cell size Convergence of velocity v in function of cell size
10" T 10" T T
T . 10-1 1 . .
£ 1077 . . g 1077 - b
105 1 = p=0 (slope=0.5) | | 1051 - = p=0 (slope=0.4) | |
= p=1 (slope=1.4) = p=1 (slope=1.8)
= p=2 (slope=2.9) = p=2 (slope=2.6)
= p=3 (slope=4.1) . = p=3 (slope=4.1)
1077 & | T .| 10 I T
10-16 10714 10712 10-! 10716 10714 10712 107t
Az Ax
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TENT PITCHING MESHES

APPLICATION TO TREFFTZ-DG METHOD
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

1 9%p t
——— —Ap=0,
c2 ot? P
p(-,0) = po,
ap .
at(’ )7P1 t:R—;\ /;=L
< \\ // 1
051,‘?61‘62‘62‘ =) X
SOLUTION

p0x,8) = 5 (polx = ct) + polx + ) + o (prlx = ct) 4 pux + )

MATHIAS'18 | Computational Science Engineering & Data Science by TOTAL



POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS

TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )

MATHIAS'18 | Computational Science Engineering & Data Science by TOTAL



POLYNOMIAL SPACE-TIME TREFFTZ-DG METHOD FOR ELASTO-ACOUSTICS

TENT PITCHING MESHES

1D WAVE EQUATION

1 9%p t
——— —Ap=0
c2 9t2 P ’
p(-,0) = po,
dp
E(’ )=p o Roxs
a
Oflkcl o o o X
SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

1 9%p t

——— —Ap=0

c2 ot? P ’

p(-,0) = po,

ap _ \\

81'(’ ) P1. N

051,1'?61'62'62I @ X

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

px,8) = 5 (polx = ct) + polx + ) + o (pulx = ct) 4 pux + )
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TENT PITCHING MESHES

1D WAVE EQUATION

SOLUTION

P, 8) = 5 (ol — )+ polx + ) + 3 (prlx = ct) 4 pux + <)
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TENT PITCHING MESHES

1D WAVE EQUATION

and so on..

SOLUTION

P, 8) = 5 (ol — )+ polx + ) + 3 (prlx = ct) 4 pux + <)
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TENT PITCHING MESHES

1D WAVE EQUATION

1 02%p t X t

g Ar=0 clmgl/Inkl <1

p(+,0) = po,

dp

ZZ(-,0) =

at( ) =p1

0 a k <1 @ ‘Cz‘ (/] X

SOLUTION

P, 8) = 5 (ol — )+ polx + ) + 3 (prlx = ct) 4 pux + <)
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TENT PITCHING MESHES

1D TENT PITCHING MESHES

o |
008

Uniform tent mesh Non-uniform tent mesh Non-uniform tent mesh
(homogeneous medium) (homogeneous medium) (heterogeneous medium)

t
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TENT PITCHING MESHES

1D TENT PITCHING MESHES

Uniform tent mesh

(homogeneous medium)

Non-uniform tent mesh
(homogeneous medium)

Non-uniform tent mesh
(heterogeneous medium)
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TENT PITCHING MESHES

2D TENT PITCHING MESHES

X

1% tent 27 tent 3 tent
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TENT PITCHING MESHES

ANALYTICAL STABILITY CONDITIONS !

clmgl/Inkl <1 - TDG acoustic formulation

VIClImgl//plng | <1 - TDG elastodynamic formulation

TH Barucq, H. Calandra, J. Diaz & Elvira Shishenina.
Space-Time Discretization of Elasto-Acoustic Wave Equation in Polynomial Trefftz-DG Bases. (2018)
PhD thesis [under review]
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TENT PITCHING MESHES

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain.

L2 norm of numerical velocity v L2 norm of numerical velocity v
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TENT PITCHING MESHES

PROPAGATION OF NUMERICAL VELOCITY

2D Elasto-Acoustic domain.

L2 norm of numerical velocity v

—
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TENT PITCHING MESHES

CONVERGENCE CURVES

2D Acoustic domain. 2D Elastodynamic domain.
Convergence of velocity v in function of cell size Convergence of velocity v in function of cell size
E T T = F T -
1072 . - . o 1072 R - :
1072 ¢ . . £ 107% F . . e
F 1 = I B
g . £ [ s 1
T . ) 4 Zotk . - |
3 r 1 = F E
107°F ° . = p=0 (slope=0.9) || 107 F ° - = p=0 (slope=0.9) |5
[ = p=1 (slope=1.8) | r = p=1 (slope=1.8) |1
10-6 L + p=2 (slope=2.9) || 10-6 | = p=2 (slope=2.8) ||
£ o= = p=3 (slope=4.0) || o= = p=3 (slope=3.7) |

Il Il Il
10-2 10-15 102 1015
Az Ax
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TENT PITCHING MESHES

SPEEDUP FOR DIFFERENT MODEL SIZES

B 7pG2p,;
B 70G2D,;
Il 70620,

CPU time

400 900 1600 3100

Model size
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CONCLUSION
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CONCLUSION

ON-GOING WORK AND PERSPECTIVES

Standard Trefftz-DG method:

- Development of 2D-3D hp propagators
- Analytical study of convergence, comparison with numerical results
- Study of CFL condition, comparison with standard DG method

Tent pitching Trefftz-DG method:

- Mesh generation study
- Implementation of the boundary conditions
- 3D case
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THANK YOU!
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IMPLEMENTATION OF THE ALGORITHM

POLYNOMIAL BASIS (ORDER 3)

p=0, ndof=2 ¢y =0 ¢,1J = —cF
¢y =1 5 =0
p=1, ndof=4 Py = x #h = —ckt
by = crt df = —cFx
2.2
2 I3
p=2, ndof=6 ¢y = —%5 — CFZ ¢§ = c%—xt
2.2
2 CcEt
$§ = —cpxt o6 = cr(5 + 5-)
3 xc2 ¢2 343 20t
p=3, ndof=8 Py = —%3 N E of = cp(F— + : 22F )
Pt Xcpt 3 xcht
¢y = -t — of = cr(% + —5-)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Z/(CTll)f’hQ+Vh'w)"f<+(qoh+‘7hw)'”);(:Z/fq
K k

K gk

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

G) - b e

) = & on
Gr™) = (Pramympoam) @7 —
G) = ) on 77
G = ) s =
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