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Abstract

We study the long time behavior of the solution to some McKean-Vlasov stochastic differential equa-
tion (SDE) driven by a Poisson process. In neuroscience, this SDE models the asymptotic dynamic of
the membrane potential of a spiking neuron in a large network. We prove that for a small enough in-
teraction parameter, any solution converges to the unique (in this case) invariant probability measure.
To this aim, we first obtain global bounds on the jump rate and derive a Volterra type integral equation
satisfied by this rate. We then replace temporary the interaction part of the equation by a deterministic
external quantity (we call it the external current). For constant current, we obtain the convergence to
the invariant probability measure. Using a perturbation method, we extend this result to more general
external currents. Finally, we prove the result for the non-linear McKean-Vlasov equation.

Keywords McKean-Vlasov SDE - Long time behavior - Mean-field interaction - Volterra integral equa-
tion - Piecewise deterministic Markov process
Mathematics Subject Classification Primary: 60B10. Secondary 60G55 - 60K35 - 45D05 - 35Q92.

1 Introduction

We study a model of network of neurons. For each N € N, we consider a Piecewise-Deterministic Markov
Process (PDMP) XY = (X} ... xVN) e RY. Forie {1,---,N}, X" models the membrane potential
of a neuron (say neuron i) It emits spikes at random times. The spiking rate of neuron i at time ¢ is f(X;""):
it only depends on the potential of neuron 7. When the neuron 7 emits a spike, say at time 7, its potential
is reset (X;J]rv = 0) and the potential of the other neurons increases by an amount %, where the connection

strength J > 0 is fixed:

. ~
. . N N
Vi XEV= XN+ o

Between two spikes, the potentials evolve according to the one dimensional equation

dx i

_ o, N

The functions b and f are assumed to be smooth. This process is indeed a PDMP, in particular Markov
(see [10]). Equivalently, the model can be described using a system of SDEs driven by Poisson measures.
Let (N*(du,dz))i=1,.. n be a family of N independent Poisson measures on Ry x R4 with intensity measure

dudz. Let (X™)i—1... n be a family of N random variables on R, i.i.d. of law v and independent of the
Poisson measures. Then (X*"V) is a cadlag process solution of coupled SDEs:

t t
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vi, XN =X} +/O b(X LN )du + ¥ > /0 /JR+ L. ooy N (du, d2)
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When the number of neurons N goes to infinity, it has been proved (see [I1}, [I8]) for specific linear functions
b and under few assumptions on f that th’N - i.e. the first coordinate of the solution to - converges in
law to the solution of the McKean-Vlasov SDE:

t t t
Xt:XO—&—/ b(Xu)du—i—J/ IEf(Xu)du—/ / Xu e ixsy N(du, d2), )
0 0 o Jr,

where, £(Xo) := £(X;™) = v and N is a Poisson measure on Ry x R, with intensity measure dudz. The
measure N and X are independent.

Equation is a mean-field equation and is the current object of interest. Note that the drift part of
involves the law of the solution in the term E f(X,,): the equation is non-linear in the sense of McKean-Vlasov.
Here, we study existence and uniqueness of the solution of and its long time behavior.

Let v(t,-) be the law of X, at time ¢ > 0. It is a weak solution of the following Fokker-Planck PDE:

3} 5}
au(t,x) = —a—x[(b(x) + Jrv(t,z)] — f(z)v(t,z), x>0

(3)
r

v(0,)=v, v(t0)= m, Ty = /0 f@)v(t, z)dz.
This model with a noisy threshold is known in the physic literature as the “Escape Noise” model (see [19]
Chap. 9] for references and biological considerations). From a mathematical point of view, it has been first
studied in [I1] and has been the object of further developments in [I8]. The function f : Ry — R4 can be
considered of the type f(z) = (%)£ for large & > 0 and some soft threshold ¥ > 0. In this situation, if the
potential of the neuron is equal to x then the neuron has a small probability to spike between ¢ and t + dt
if x < ¥ and a large probability if > 1. Such a choice of f mimics the standard Integrate-And-Fire model
with a fixed (deterministic) threshold around 9.

Results on the existence of solution to , in a slightly different context (in particular, with b(x) ~o —kx
for k > 0), has been obtained in [I1]: the authors explored the case where the initial condition v is compactly
supported. This property is preserved at any time ¢ > 0. So, the behavior of the solution with a rate function
f locally Lipschitz continuous is similar to the case with a function f globally Lipschitz continuous. When
the initial condition is not compactly supported, the situation is more delicate. In [I8], the authors proved
existence and path-wise uniqueness of the solution to (in a slightly different setting than ours) using an
ad-hoc distance.

Note that the global existence results obtained for this model differ from those obtained for the “standard”
Integrate-and-Fire model with a fixed deterministic threshold. This situation, studied for instance in [4, [6]
12}, [13], corresponds (informally) to the choice f(x) = +00l{z>9}, ¥ > 0 being the fixed threshold. In these
papers, a diffusion part is included in the modeling. In [4], the authors proved that a blow-up phenomenon
appears when the law of the initial condition is concentrated close to the threshold ¥: the jump rate of
the solution diverges to infinity in finite time. Here, the situation is completely different: the jump rate is
uniformly bounded in time (see Theorem . In [4], the authors have obtained results on the stability of the
solution for the diffusive model with a deterministic threshold (see also [5] for a variant).

Very little is known about the long time behavior of the solutions to . One can study it by considering
the long time behavior of the finite particles system and then apply the propagation of chaos to extend
the results to the McKean-Vlasov equation . This strategy has been developed in [30, 2] for diffusive
problems. The long time behavior of the particles system has been studied in [16], [22] (again in a slightly
different setting but the methods could be adapted to our case): the authors proved that the particles system
is Harris-ergodic and consequently converges weakly to its unique invariant probability measure. However,
transferring the long time behavior of the particles system to the McKean-Vlasov equation is possible if the
propagation of chaos holds uniformly in time. In [I1] 18], the propagation of chaos is only proved on compact
time interval [0, T] and their estimates diverge as T goes to infinity. Because Equation may have multiple
invariant probability measures, there is no hope in general to prove such uniform propagation of chaos.

Coupling methods are also used to study the long time behavior of SDEs. In [I], the authors have studied
the TCP (a linear PDMP) which is close to (2). The size of the jumps is —z/2 in the TCP and —x in our
setting, x being the position of the process just before the jump. The main difference is the non-linearity:
we failed to adapt their methods when the interactions are non-zero (J > 0).



Butkovsky studied in [3] the long time behavior of some McKean-Vlasov diffusion SDE of the form:

bl (Xu) +€ b? (Xua y) :uu(dy)
Ry

t
V>0, X, =X0+/ du+ Wi, = L£(X,), (4)
0

where (Wy)¢>0 is a Brownian motion. The author proved that if the parameter € is small enough, has a
unique invariant probability measure which is globally stable. First, sufficient conditions are given for the
uniform ergodicity of the non-linear Markov chain. Then, the stability of the solution to is studied. The
case € > 0 (and small) is treated as a perturbation of the case ¢ = 0 using a Girsanov transform. It could
be interesting to see how this method could be adapted to SDE driven by Poisson measures, but we did not
pursue this path.

Another approach consists in studying the non-linear Fokker-Planck equation . Such non-linear trans-
port equations with boundary conditions have been studied in the context of population dynamics (see for
instance [211 28, 31} 26]). In [21], the authors have characterized the stationary solutions of the PDE and
found a criterion of local stability for stationary solutions. They derived a Volterra integral equation and used
it to obtain the stability criteria. More recently, [24] [25] 23] have re-explored these models for neuroscience
applications (see [8, [7] for a rigorous derivation of some of these PDEs using Hawkes processes).

PDE differs from theirs in the sense that we have a non-linear transport term (theirs is constant and
equal to one) and our boundary condition is more complex. The long time behavior of the PDE has been
successfully studied in [I8] and in [I4] in the case where b = 0. In this situation, one can simplify the PDE

with a simpler boundary condition

1

The authors proved that if the density of the initial condition satisfies this boundary condition and regularity
assumptions, then v(t,.) converges to the density of the invariant probability measure as ¢ goes to infinity.
The convergence holds in L' or in stronger norms (see [I4]). For b # 0, the boundary condition is more
delicate and their methods cannot be easily applied.

Actually the long time behavior of the solution to may be remarkably intricate. Depending on the
choice of f, b and J, equation may have multiple invariant probability measures. Even if the invariant
probability measure is unique, it is not necessarily a stable one and oscillations may appear (see Examples
page @ In [I5], the authors have numerically illustrated this phenomenon in a setting close to our.

Our main result describes the long time behavior of the solution to (2|) in the weakly connected regime
(Theorem. If the connection strength J is small enough, we prove that has a unique invariant probability
measure which is globally stable. We give the explicit expression of this non-trivial invariant distribution and
starting from any initial condition Xy, we prove the convergence in law of X; to it, exponentially fast, as ¢
goes to infinity. We argue that this result is very general: it does not depend on the explicit shape of the
functions f or b. For stronger connection strengths J, such a result cannot hold true in general as equation
may have multiple invariant probability measures.

Note that we prove convergence in law, which is weaker than convergence in L'. On the other hand, we
require very few on the initial condition, in particular, we do not assume the existence of a density for the
initial condition in Theorem [7] We also provide a new proof for the existence and uniqueness of the solution
to , based on a Picard iteration scheme (see Theorem . As in [I8], we do not require the initial condition
to be compactly supported. One of the main difficulty to study (or its PDE version ) is that there is
no simple autonomous equation for the jump rate ¢t — E f(X;). To overcome this difficulty, we introduce a
“linearized” version of for which we can derive a closed equation of the jump rate.

Fix a s > 0 and let (a,)u>s be a continuous deterministic non-negative function, called the external
current. It replaces the interaction JEf(X,) in . We consider the linear non-homogeneous SDE:

¢ ¢ ¢
T A +/S b(Yi’y7(a'))dU+/5 audU—/s /]R+ Y&—”’(a')l{zgf(yj;wa.))}N(du,dz)a (5)

where E(Yss"/’(a')) = v. Under quite general assumptions on b and f, this SDE has a path-wise unique
solution (see Lemma . We denote the jump rate of this SDE by:

vVt > s, r(”a.)(t7 s) = Ef('}/ts7uy((l-))' (6)



Moreover, taking s = 0 and YOO’”’(Q') Xy, it holds that (YO vi(a ))tzo is a solution to if it satisfies the
closure condition

Vit Z O7 ay — JT(a )<t O) (7)

Conversely, any solution to is a solution to with a; = JE f(X;). We prove that the function r(”a')
satisfies a Volterra integral equation

Vt>s, ri(ts) =Kt s) / K ()t )i, (u, s)du, (8)

where the kernels K(” y and K, are explicit in term of v, a, b and f (see (18) and (19)).

Our main tool is thls Volterra equation: we use it Wlth a Picard iteration scheme to “recover” the
non-linear equation (2). The McKean-Vlasov equation , its “linearized” non-homogeneous version (),
the Fokker-Planck PDE and the Volterra equation (8) are different ways to investigate this mean-field
problem, each of these interpretations having their own strength and weakness. Here, we use mainly the
Volterra equation and the non-homogeneous SDE . To prove that equation has a path-wise unique
solution, we rely on the Volterra equation and show that the following mapping;:

(a)iz0 > Jrly (-, 0) = [t = JE f(¥,27(*))), 9)

is contracting on C([0,T],Ry) for all T' > 0. It then follows that the fixed point of this mapping satisfies the
closure condition @ and can be used to define a solution to . Conversely any solution to defines a
fixed point of this mapping and one proves strong uniqueness for .

Finally, we prove our main result concerning the long time behavior of the solution to . Let us detail
the structure of the proof. First, we give in Proposition the long time behavior of the solution to the
linear equation with a constant current (a; = a). Any solution converges in law to a unique invariant
probability measure v$° (Proposition . In that case, the Volterra equation is of convolution type and
it is possible to study finely its solution using Laplace transform techniques. Second, we prove, for small J,
the uniqueness of a constant current a* such that

VE>0, af = JEFY ).
Third, we extend the previous convergence result to non-constant currents (a;) satisfying
la; — a*| < Ce . (10)
Using a perturbation method, we prove that

Y;O,V,(a) _> Z/
t—o0
Fourth, in Theorem [7| we give the long time behavior of the solution to the non-linear equation for small
J. Here, we use a fixed point argument.

The layout of the paper is as follows. Our main results are given in Section 2] In section [3] we gather
technical results. In Section [4] we study the non-homogeneous linear equation and derive the Volterra
equation satisfied by the jump rate. In Section |b| we characterize the invariant probability measures of .
In Section [7| we study the long time behavior of the solution to (5)) with a constant current a. In Section [§] we
introduce the perturbation method. Finally Section |§| is devoted to the proof of our main result (Theorem [7)).

2 Notations and results

Let us introduce some notations and definitions. For s > 0 and a probability measure v on Ry, let YZSS’”’(Q')
be a v-distributed random variable, independent of a Poisson measure N(du,dz) on Ry x Ry of intensity
measure dudz. We consider the canonical filtration (F;);>, associated to the Poisson measure N and to the

s,v,(a.)

initial condition Y , that is the completion of

o{Ve @) N([s,r] x A): s <r <t AecBRy)}.



Definition 1. Let s > 0 and consider (a;) : [s,00) — Ry a measurable locally integrable function (V¢ >
s, f: aydu < 00).

e A process (Yts’”’(a'))tZs is said to be a solution of the non-homogeneous linear equation with a current

(ar)ess if the law of Yo is v, (V7)) 15 is (F2)iss-adapted, cadlag, a.s. vt > s, f: FYEr N du <
oo and holds a.s.
o An (FP)i>0-adapted cadlag process (Xi)i>o is said to solve the non-linear SDE ift — E f(Xy)

is measurable locally integrable and if (Xi)i>0 is a solution of with s = 0, YOO’V’(G') = Xy and
Vi 2 0, [ J]Ef(Xt)

Let t > s > 0. We denote by Yts’”’(a') a solution to the linear non-homogeneous SDE driven by
(at)i>s € C([s,00),Ry) starting with law v at time s. We denote its associated jump rate by: r(, (t,s) 1=

E £(Y;""(*)). For any measurable function g, we write v(g) := 1S 9(@)v(de) = E gV (*)) whenever this
integral makes sense.

Between its random jumps, the SDE (55)) is reduced to a non-homogeneous ODE. Let us introduce its flow

@Efls')(xL which by definition is the solution of:

d a. a.
vt > s, el (2) = bl (@) + a (11)
Pl (2) = .
If a(t) = a, we denote ¢ (z) = <p£f10')(a:).

Assumptions 2. We assume that b : Ry — R is a locally Lipschitz function with b(0) > 0 and that b is
bounded from above:
AC, > 0: Va >0, b(x) < Cp. (12)

We assume moreover that there is a positive constant C,, such that for all (at)i>0, (di)i>0 € C(Ry,Ry) we
have

t
Ve >0, Vs <t, |o\%) () — o\ (@) < C, / lay — dy|du. (13)

The assumption b(0) > 0 implies that for all x,¢,s € R, we have gogfls')(x) € R;.

Assumptions 3. We assume that f : R, — Ry is a C' convex increasing function with f(0) = 0 and
satisfies:

[3.1. there exists a constant Cy such that

Yo,y >0, f(z+y) <Cr(l+ f(x) + f(y) and f'(x+y) < Cp(1+ f(x) + f'(y))-

[32. for all @ >0, sup,>o{0f'(z) — f(z)} < oc.
Define ¢(6) := sup, {0 (x) — 3 f*(x)} < co. We also assume that
(o
GETOO 9(2) =0

(3. Finally we assume that there is a constant Cy 5 > 0 such that

Vz 20, [b(z)] < Cpp(1+ f(2)).



Note that these assumptions ensure that f(z) > 0 for all z > 0.

Assumptions 4. We assume that the law of the initial condition is a probability measure v satisfying v(f?) <
00.

Let us give our main results.

Theorem 5. Under Assumptions@ @ and the non-linear SDE has a path-wise unique solution (X)i>o0
in the sense of Definition . Furthermore, there is a finite constant ¥ > 0 (only depending on b, f and J)
such that:

supE f(X;) < max(r,E f(Xy)), limsupE f(X;) <r.

t>0 t—o0

The upper-bound T can be chosen to be an increasing function of J.

Proposition 6. Under Assumptions@ and@ the invariant probability measures of the non-linear SDE
are {vs2 | a* = Jy(a*),a* € Ry} with, for alla > 0:

(g e @ ([T ) .
Vg, (dl‘) = b(l’) Ta e p( /0 b(y) +ady) ﬂ{mE[O,Ua}}d . (14)

Here, the constant y(a) is the normalization

+(a) = UOU mexp (- /0 b(j;)(ylady) dm] o (15)

Note that for all a > 0, vy(a) = v°(f). The upper bound o, of the support of vS° is given by o, :=

a

limy o0 9§ (0) € R U {+00}. The probability measure vg° is an invariant measure of iff

a

&= (16)

Moreover, define Jp, := sup{Jy > 0 : VJ € [0,Jp] equation has a unique solution}. Then J,, > 0.
Consequently, for all 0 < J < J,, the non-linear process has a unique invariant probability measure.

We now state our main result: the convergence to the unique invariant probability measure for weak
enough interactions.

Theorem 7. Under Assumptions@ @ there exists strictly positive constants J* and A (both only depending
on b and f) satisfying
0<J" < Jm, 0< A< f(oo),

(Jm and oo are defined in Propositz'on@ and such that for any 0 < J < J*, there is a constant D > 0:
Yt >0, |Ef(X;) —v(a")| < De M.

Here, (Xy)i>0 1s the solution of the non-linear SDE starting with law v and a* is the unique solution of
(16). The constant D only depends on b, f, E f(Xo), J and A.

Moreover, it holds that X, converges in law to V2 at an exponential speed. If ¢ : Ry — R is a bounded
Lipschitz-continuous function, it holds that

3D > 0,Vt >0, |E¢(X,) —v(e)] < D'e M,

where the constant D’ only depends on b, f, J,v, A and ¢ through its infinite norm and its Lipschitz constant.

Note that in Theorem [7 the unique invariant probability measure is globally stable: for weak enough
interactions, starting from any initial condition, the system converges to its steady state.



Examples

Given the following constants p > 1, u > 0 and x > 0, define, for all x > 0:
f(z):=2aP, b(x) = p— ke
Then (b, f) satisfies the Assumptions [2/and [3| In that case, the flow is given by

t
A @) = e 4 L emeto 1 [t

We have Va,y € Ry, f(z+1vy) < 2°71(f(z) + f(y)). A similar estimate holds for f’. Moreover (f) =
2p p—1
30747 (p — 1)»71 (1 + p), so Assumption holds.

Consequently, Theorem [7] applies. When x > 0, the invariant probability measures are compactly sup-

ported and not necessarily unique. Consider for instance b(z) = u — x, f(z) = x2. If p is small enough, a
numerical study shows that there exists 0 < a; < as < oo such that the function a — % is increasing on
[0, a1], decreasing on [a1, as] and finally increasing on [az,c0). Thus, if J € (a1, a2), the non-linear equation
admits exactly 3 non-trivial invariant probability measures. A numerical study shows that only two of
the three are locally stable (bi-stability).

Another interesting example is the following. Assume b(z) = 2 — 2z and f(z) = 2'°. Then, a numerical

study shows that the function a — ) is increasing on R, and consequently for all J > 0, admits a

unique invariant probability measure. But if J € [0.7,1.05] a further numerical analysis shows that the law
of the solution of asymptotically oscillates, betraying that the invariant probability measure is not locally
stable. Those examples emphasis on the fact that the condition J small enough is required for Theorem [7] to
holds.

Remark 8. The Assumption | is crucial to obtain our result on the long time behavior (Theorem @ It
restricts us to k > 0. If b(x) = p — kx with k < 0 then does not hold.

3 Technical notations and technical lemmas
The following standard results on the ODE will be useful all along:

Lemma 9. Assume b satisfies Assumption[d Then:

1. Forallz > 0 and s > 0, the ODE has a unique solution t — go,gas)(z) defined on [s,00). This is
the flow associated to the drift b and to the external current (ai)i>o.

2. Given (a¢) and (d;) in C(R4,Ry), the flow satisfies the following comparison principle:

Vi >0, ap >dy] = NVe>y>0,Vi>s>0, o\ () > ol (y)).

3. The flow grows at most linearly with respect to the initial condition:

Va >0, V>0, Vt >0, ¢fx)<xz+Cit, where  Cy := Cy + a.

4. The function (t,s) — <p§7as‘)(0) is continuous on {(t,s) : 0 < s <t < oco}.

5. For any constant current a > 0, the flow converges to a limit as t goes to infinity (possibly equal to
+00):
> > i ¢ =7 * .
Ya >0, Yz >0, t_l}_Fm(><J i (x) =0y € R} U {400} (17)

1t holds that inf, ;>0 0% > 0. Moreover if we define:
oo :=inf{x > 0: b(z) +a=0} € R} U{+o0},

.50
we have: o, = 0.



Remark 10. 1. Assumption [T 2] ensures that f does not grow too fast in the sense that for all € > 0,
there is a constant Ce > 0, such that: Yo > 0 f(z) < Cee®.

2. Using that [ is increasing and continuous, we have, for all a > 0:

lim f(¢f) = f(0a) > f(o0) > 0.

t—o00

We show that the jump rate rf/ | of the non-homogeneous SDE ([5)), satisfies the Volterra equation
where the kernels K Eja-) and K, (a.) BT€ defined by

W52 0 K0 i= [ e e (- [ ek @) viaa), (18)
K, (t,5) = K3 (t,9). (19)

Given two “kernels” o and f3, it is convenient to follow the notation of [20] and define:

t
Vit > s, (ax B)(t,s) = / a(t,u)f(u, s)du. (20)
S
The Volterra equation becomes
r(”a_) = K{a.) + Ky * r(”a_). (21)
Similarly to and , we define the kernels

o) t
Vt > s, Hi,,(t,s) ::/0 exp (—/S f(apffﬁ(w))du) v(dz), Hg,y:= H(‘sg.), Vo >0, H, )= HE;;.)- (22)
From the definition, one can check directly the following relation
L« Kf,y=1—H(,). (23)

To shorten notations, we shall also write r, (¢, s) := rfg‘)(u s).
When the input current (a;);>o is constant and equal to a, equation is homogeneous and we write

V>0, Y00 = YOO, rh() =, (8,0), KL () == K¢, (8,0), HY(t) = Hl,,(£,0), ¢f(2) = o\ (2).

a.)

Note that in this homogeneous situation, the operation * corresponds to the classical convolution operation.
In particular this operation is commutative in the homogeneous setting and equation (21)) is a convolution
Volterra equation.

Remark 11. For any (a.) € C(R4,R;) and any probability measure v, we have

Vt>s>0: H, (ts) < Hy(t—s).

4 Study of the non-linear SDE and of its linearized version
4.1 On the non-homogeneous linear SDE

Fix s > 0 and let (a;) : [s,00) — R4 be a continuous function. We consider the non-homogeneous linear
SDE . We always assume that v, the law of the initial condition Y;.S’V’(a'), satisfies Assumptions

Lemma 12. Grant Assumptions@ @ and . Then the SDE has a path-wise unique solution on [s,00)
in the sense of Definition[1]

s,v,(a.)

Proof. We give a direct proof by considering the jumps of Y
jumps.

and by solving the equation between the



e Step 1: we grant Assumptions and assume that f: Ry — R, is measurable and bounded. There
exists a constant 0 < K < oo such that:

sup f(z) < K.
x>0

In this case, the solution of can be constructed in the following way. Define by induction:

t
To :=inf{t > s: A /R+ ]l{zgfw(a,)(Y;.u,m.)))}N(du,dz) > 0},

u,s

t
Vn >0, Thy1 :=inf{t > 7, : /Tn /Hh ]l{zgf(gaﬁjfﬁn (0))}N(du, dz) > 0}.
Using that f < K, it follows that a.s.lim, ., 7, = +00. We define:

Y;S’lh(a.) = Spgfls.)(Y;S’V)(a.))]]-te[s,n)) + Z sz(ffln)b (O)B‘te[Tn,Tn,+l)7

n>1

and we can directly verify that ¢ — Yts’”’(a') is almost surely a solution of ().

Uniqueness of equation follows immediately from Lemma@ (point : two solutions have to be equal
almost surely before the first jump, from which we deduce that the two solutions have to jump at the
same time. By induction on the number of jumps, the two trajectories are almost surely equal.

e Step 2: We now come back to the general case where f is not assumed to be bounded and we adapt
the strategy of [I8], proof of Proposition 2. We grant Assumptions and
s,v,(a.),K

We use Step 1 with f%(z) := f(min(z, K)) for some K > 0. Let us denote Y; the solution
of (B)) where f has been replaced by fX. The boundedness of f% implies the path-wise uniqueness of

Yts’y’(a')’K. We introduce (i := inf{t > 0 : |Yts’V’(a‘)’K| > K}, it holds that Yf"/’(a')’K = }QS’V’(G')’KH
for all t € [0,(k] and all K € N. Moreover, (x < (x+1. We define ¢ := supy (x and deduce the
existence and uniqueness of a solution t Yf’”’(a') of on [0, ([ such that limsup,_, . Yts’y’(a') = 00
on the event {¢ < co}. But any solution of () satisfies for all t > s, ¥;""(*) < @j@(ﬁ’”’(“')) < 00
a.s. and so it holds that ( = 400 a.s.

O

Lemma 13. Grant Assumptions @ @ and . Let (Yts’”’(a'))tZS be the solution of . The functions t —
EfY,;" ), ¢ B (), 60 BP0V and t— E £2(Y)) are locally bounded
on [s,00). Moreover, t — Ef(Yts’”’(a')) =:7(,(t, ) is continuous on [s,0).

Proof. Consider the interval [s, T'| for some T'> 0. Let A := sup;c[, 1) as. It is clear that
t
Vvt € [5,T],a.s. ;") < ypmle) 4 / bY@ 4 a,]du < Y 4 O,

with Cr := (Cp + A)(T — s). We used here that b is bounded from above (Assumption . Using that f? is
non-decreasing and Assumption we have:

a.s. AP0 < P 4 Op) < O+ F(Cr) + FYS7(@)2,

Using Assumption {4, we deduce that ¢t — Efz(YtS’V’(a')) is bounded on [s,T]. By the Cauchy-Schwarz
inequality, this implies that ¢t — E f (Yts’y’(a')) is also bounded on [s,T]. Finally, using the Assumption
(with 8 = 1), there is a constant C such that for all z > 0 f'(z) < C + f(x). Assumption thus yields

Vo >0 f'(2)[b(x)] < Cor(1+ f(2))(C + f(2)),



and so this proves that ¢ — E f’(Yts’”’(a'))\b(YtS’”’(a'))\ is also bounded on [s,T]. We now apply the It6 formula

(see for instance Theorem 32 of [27, Chap. II]) to Yts’y’(a'). It gives for any € > 0
(@) @y, [ e (o
JOEEE) = FEEEN 4 [ SN ) + auldu- / / FO N g ymnton) N(du, d2),

Taking the expectation, it follows that
t+e t+e
B A~ B ) = [ R ) s aldu - [E 1)
t t

from which we deduce that ¢t — E f (Yts’y’(a')) is locally Lipschitz and consequently continuous. O

4.2 The Volterra equation

Along this section, we grant Assumptions and 4] Let s > 0 and (at)i>s € C([s,00),Ry) be fixed. We

consider (Y;s’y’(a'))tZs the path-wise unique solution of equation (5 driven by the current (a;);>s. Following
[18], we define:

Tou = supfu € [s, 1] V() 2y ey,

the time of the last jump before ¢, with the convention that 7, ; = s if there is no jump during [s, ¢]. It follows
directly from that:

vt >s, as YU = o1 g el 1
We also define:
i o]
vVt > s, Jy ::/S /0 ]l{zgf(yjf,@.))}N(du,dz),
the number of jumps between s and t.

Lemma 14. For allt > u > s > 0, we have

sv,(a)
(a“) (t,u) a.s.

P(J; = Ju|Fu) = H"
where H(zav) is given by .

Proof. We have {J; = J,} = {f ! (e F(ve ey
[u,t], A € B(Ry)} are independent. It follows from the Markov property satisfied by (Yf’”’(a'))@s that:

N(df,dz) = 0}. Moreover, F,, and o{N([u,0] x A) : 0 €

a.s. P(Jt = Ju‘fu) = @(Y;’%(a‘))

where: ®(x) :=P f ! N(d0,dz) = 0) = HF, |(t, u). O

(=< F (%) (=)}
Lemma 15 (See also [18], Proposition 25). For allt > s, the law of 75, is given by:

L(7s,¢)(du) = H(, ) (t,8)0s(du) + () (u, ) H o )t u)Lis<uceydu.

Proof. First, from Lemma [T4] it follows that:

yos(a) y
P(rse =s) =P(Je = Js) =E(H ;) (t,5) =H,,(ts).

Let now u € (s,t] and h > 0 such that: s <u—h < u <t. We have:

ysv(an)

P(T&t S (U - h, ’U]) = ]P)(Ju > Ju_h, Jt = Ju) = E(]]‘{J'u>Ju7h}IP)(Jt = Ju|fu)) (]].{J >Ju_ h}H ) (t,u))

10



Let A 1= sup,c(s 4 au- On the event {J,, > Jy—p}, the process jumps at least once during (u — h, u] and so,
by Lemma|§| (point [2 , we have Yy () € [0, %Su) L] C 10,07}, It follows that

[P(7se € (u—=hyu]) = E(Ly,> 0, 0 H) (G w))l < o, [H{oy (tu) = Hig (8 w)|[P(Jy > Jun).
T JPh

FrOIIl t}le fCHO lIlg LeIIln :
0 ( > - ) ? ( Y )

Using Lemma|§| (point , T H(””a‘)(t7 u) is continuous at x = 0. From the continuity of h — @i at h = 0,
it yields:

1
lim = [P(7as € (u = hyul) = E(lgg,> 1,0} Ha) (u))] = 0.

Combining the two results, we obtain the stated formula:

o1 v
1}51(} EP(TS,t € (u—h,ul) =1r{,(u,s)H, ) (t,u).

This proves the result. O
Lemma 16 (See also [I8], Lemma 23). For all u € (s,t] we have:
lim lP(Ju > Ju—n) =104 (U, ).
hi0 h
Proof. Again let A := sup,¢[, ) au < 00. We have:
[hr(ay (s 8) = P(Ju > Jun)|

< ‘hr(”a‘)(u, s) — hr(,)(u—h, s)‘ +

iy (u / I ‘Peu n( a)))d9’

+]E T I e >>d9—[1—uzexp( [ s, “,f“’))de)H

u—h
= A} + A+ A7

From the continuity of u — r{, \(u, s) (Lemma |13) it follows that limp o - AL — 0. Moreover,

A? =

| Emroew g [ s, ))cw]
Assumption [2] gives
Wy >0, ¥0 € [u—h,ul, 0< o) () —y < @it (y) —y < Ci'h.

We deduce that u
A} < h/ E g (V. O o,
u—nh

with gp(x) = SUDyc(0,cAR] f'(x +y) = f'(z + C{h). Using Assumption , we have f'(z + C{h) <
Cr(1 + f'(C2h) + f'(x)). It follows that Egs(Y,2%)) < Cp(1 +f(cAh) +Ef/(v2%))). The function
t— IEf’(Yts’V’(a')) bemg locally bounded, we deduce that limsup, h = 0. Finally, using that Vz >

0, |z — (1 — e ®)| < 2% we have
2
A <E</ f( <P9u WY a')))d9> :

11



Using the Cauchy-Schwarz inequality, we obtain
AL<RE [P0 < BB LI < o)

Using Va > 0,Vy € [0,CiM], f(z+y) < CF(1+ f(Cf't) + f(x))?* (Assumption [3[1) and the fact that

t = E2Y"“)) and ¢ — E £(Y;"(*)) are locally bounded (as seen in the Lemma , one can find a
constant C; such that
A3 < Cyh2.

This shows that limy, iO = 0. Combining the three results ends the proof. O

Proposition 17 (See also [I8], Theorem 12). Grant Assumptions [3, [3 and [ . Let s > 0 and (a;)i>s €

C([s,0),Ry). Let Yts’u’(a') be the solution of equation (5), starting from L(Ys vi(a- )) =v. Let g : Ry — R,
be a continuous non-negative function. It holds that

E¢ SV7(“ / Dt (0)Hgy (8, w)r(yy (u, s du+/ o( <Pts ( x))H{, ) (t, s)v(dz).

In particular, r(, \(t,5) = E f(Y, y; e ) solves the Volterra equation
o) = Klay T Koy ¥ 0
Proof. We have, for all t > s

Eo(YS" ) = Eo(YV, "N, g +E(Y, S”*(“”)Jl{nm}

= E (i (VI 1, o + Ed(i%) (01, 5
=y + B

Using Lemma [T4] it follows that
a. s,v,(a. a. s,v,(a. (e
o = Elg(ol (V2N P, = | F)) = Elg (gl (V@) HE (4 5)) / (ol () HE, ) (8, s)v(de).
Moreover, using Lemma we have f3; = f QS((pgau)(O))rE’a_)(u,S)H(a.)(t,u)du. Taking ¢ = f we obtain the
Volterra equation . O
Note that using Lemma f: L(7s.¢)(du) =1 gives:
Hioy +Hg) * 7o) = 1.

This last formula is interesting by itself but does not characterize the jump rate Tfla.)' We prefer to work
with because, as shown in the next lemma, this Volterra equation admits a unique solution.

Lemma 18. Let s > 0 be fized, (at)i>s € C([s,00),Ry). Then equation has a unique continuous solution
tr(,(t,s) on [s,00).

Proof. Fix T > s. Tt is sufficient to prove the existence and uniqueness result on [s,T]. We consider the
Banach space (C([s, T],R), || |[cc,r) and define on this space the following operator: I' : r+— K, ) + K, ) *r.

Let A := supe(, 1) at, we have: MT =sup,c,cicr K(ai)(t,u) < 00. This follows from:

Vs Su<t<T, Ko (tu) < f0%5)0) < FICAT ~ 5)) < oc.

It is clear (using Assumptions and {) that the operator I : C([s,T],R) — C([s,T],R) is well defined.
Given n € N, the iteration I'” is an affine operator with linear part I'j : r — (K(a_))*(”) * 7. We prove that

12



I'™ is contracting for n large enough, which is equivalent to proving that I'j is contracting for n large enough.
By induction, it is easily shown that

Vr € C(ls, THR),Yn € N [[T8(r) e = sup (T3 ()(uys)| < Wlleod Ma =)

u€[s,t] n!

Consequently Vr € C([s,T],R),Vn € N, ||ITF(7)||lco. 7 < M (T—s)" (T ) ||7"|| 7 and I'} is contracting for n large
enough. We deduce that the operator I'"" is also contractlng and has a unique fixed point in C([s, T],R). It
is also a fixed point of I'. This proves that has a unique solution in C([s, T],R). O

We shall need the following well-known result on Volterra equation:

Lemma 19. Consider k,w : Ri — R two continuous kernels. The Volterra equation x = w + k * x has a
unique solution given by x = w + r * w, where r : Ri — R is the “resolvent” of k, i.e. the unique solution of

r=k+kxr.

Proof. Tt is clear from the proof of the preceding lemma that both Volterra equations have a unique solution.
Moreover, we have: w+k* (w+r+w) =w+k*w+ (r—k)*w = w+r+w. By uniqueness, we deduce that
T=w+7r*w. 0

4.3 The jump rate is uniformly bounded

Lemma 20. Grant Assumptions@ E andl Let s > 0 and (a1)i>s € C([s,00),Ry). Let Yts’u’(a') be
the solution of equation (F)), starting from L(Ys V’(a)) = v. Then the functions t Ef’(YtS’V’(a')), t
E f (Y, w(a) )b(Yf’V’(a')) and t — E f2(Y,” w(a- )) are continuous on [s,00).

Proof. The proof relies on Proposition Consider the interval [s, T for some fixed T > s > 0 and let A :=
sup,e(s 1) @e- Let ¢ € {f', f'b, f*}. By Lemma|§|(pomt , the function (¢, u) — qﬁ(cpt u)(O))H(a_)(t,u)r(”a_)(u, s)
is uniformly continuous on {(t,u):s <u <t <T}. Consequently

¢
t— / ¢(<P§Z) (0)H (o (t,u)r(, y(u, s)du is continuous on [s, T].

The continuity of ¢ — fo (¢4, 5)( ) H (Ia_)(t, s)v(dx) follows from the Dominated Convergence Theorem. For
instance, for ¢ = f’, one has

Ve [5,T),Y2 > 0, /(915 (2) < Fpfy(@) < F(@+ Ct =) < Cp(f/(@) + 1+ F(CHT = 9))),

from which the result follows easily using Assumption [ and Assumption The same method can be
applied for ¢(z) := f/(x)b(x) (using Assumption [3{3.) and for ¢(x) := f2(z). O
Proposition 21. Grant Assumptions[3, [3 and[4} Let s, J > 0 be fized. Given any k > 0, there is a constant
a > Kk only depending on b, f, J and k such that:

V(ar)e>s € C([s,0),Ry), {supat <aand Ju(f) < C_l} = supJr{,,(t,s) <a

t>s t>s
Moreover, a can be chosen to be an increasing function of J and k.

Proof. Assume sup;-,a; < a for some a > 0 that we specify later. Applying the It6 formula and taking
expectations yields

t t
Vi > s, EfYPPO) = E e 4 / E f/(Y3 @) bY@ 1 a,]du - / E f2(Y;3" ) du.

13



Lemma [20| implies that t — Ef(Yts’y’(a')) is C! and
d s,v,(a. s,v,(a. s,v,(a. s,v,(a.
vtz s, S EAY) =E P00 ) b a) - E L),

Using (12)), the Cauchy-Schwarz inequality gives

d

s,v,(a. — s,v,(a. 1 s,v,(a. 1 s,v,(a.
ZEF >>§{[a+cbmf'(yt @) = FE 1 >)}—2E2f<n )

IN

%[21/)(51 + Cb) — E2 f(y;s,l/,(a,))]’

where in the last line, we used Assumption Setting M (a) := /2¢(a + Cp) and using the sign of the
right hand side, we conclude that

v(f) < M(a) = [Vt >s Ef(¥;")) < M(a)].

To complete the proof, we need to check that for any x > 0, any J > 0, there is a constant a > k such that
JM (a) < a. This follows easily from Assumption which gives

elirn Ji"?;/)w) =0.

It is clear that a(J) can be chosen to be a non-decreasing function of J and x. We deduce that:

d 1 [a?

ZEFY) < 5 |55 - B )
supa; < aand Jr(f) <a| = - = sup Jr(,(t,s) < a.
t>s Ef(yvss,y,(a.)) < % t>s

O

We have proved that ¢ Ef(YtS’”’(a')) is C! and bounded on R, . The same methods can be applied to
the non-linear equation .

Lemma 22. Grant Assumptions @, @ and . Consider (X;)1>0 a solution of the non-linear equation n
the sense of Definition . Thent — E f(X;) € CY(R,,R) and there is a finite constant ¥ > 0 (only depending
on b, f and J) such that:

supE f(X;) < max(7,E f(Xp)), limsupE f(X;) <.

>0 t—00
Moreover, T can be chosen to be an increasing function of J.
Proof. By applying the same argument as in the proof of Lemma [T3]it is clear that the functions
t—Ef(Xe), t—=Ef/(Xy),t—Ef2(X,) and t — E [b(X,)|f'(Xy)
are locally bounded. Applying the It6 formula and taking expectations yields

Ef(Xt):Ef(Xo)+/() IEf’(Xu)b(Xu)du+J/O ]Ef’(Xu)IEf(Xu)duf/ Ef2(X,)du.  (24)

0

We deduce that ¢t — E f(X;) is continuous. Define for all t > 0, a; := E f(X;). From Lemma it is clear

that:

a.s. Vt >0, X, = Yto””(“'),

where (Yto’”’(a'))tzo is the solution of (5)) driven by (a;)¢>0. In particular, Lemmaapplies and the functions
t— Ef(Xy), t = Ef3(X,) and ¢t — E f'(X;)b(X;) are continuous. From equation (24)), we deduce that
t— ]Ef(Xt) S Cl(R+,R+) and

%IE f(X)) =E f(X)b(Xy) + JE f/(X)E f(Xy) — E £2(X,).

We have:

14



1 1 1
1. E f(X)b(X;) — 1 E f2(Xy) < =[2G, E f'(X;) — iEfQ(Xt)] < 51/)(2(7;7), using Assumptionsand

DN =

2 JES(X)BJ(X) - EF(X) < JE [(X)EF(X0) — 1B F(X)

<ES(XWE /(X) - $ES(X) — SES(X0)

< 287,
where 8 := sup,qJf'(z) — § f(x) < oo (by Assumption [3}2.). We used sup,>,y(8 — §y) < 262 to
obtain the last inequality. Note that 5 is a non-decreasing function of J.

Combining the points [I] and [2] gives

d

T ES(X0) < S[($(20) +45%) — E f2(Xy)). (25)

N[ =

We define: 7 := /9 (2C}) + 452 and deduce that
supE f(X;) < max(r,E f(Xop)), limsupE f(X;) <.

t>0 t—o0

O

4.4 Existence and uniqueness of the solution of the non-linear SDE: proof of
Theorem

We now prove that equation has a unique strong solution (X;);>o. Let J > 0 (the case J = 0 has already
been treated in Lemma [12| by choosing (at):>0 = 0). Let v, the initial condition, satisfying Assumption
be fixed. We grant Assumptions [2]and [8] Let T' > 0 be a fixed horizon time. Thanks to Proposition 1] with
k := max(JE f(Xy), J7), we build the following application:

o Cg — C(—?

(a) = I, (-, 0), (26)

where C7 = {(ar); € C([0,T],Ry) : sup;e(or) ar < a}. The function 70y (t,0) == ]Ef(YtO,u,(a.)) is defined by
equation (using s = 0). The constant a is given by Proposition in particular a does not depend on T
We equip €7 with the sup norm |[|(at)||oo,r := sup,e(o,7) lat|. The metric space (C7,|| - ||oo,r) is complete.
We now prove that the application ® defined by is contracting. Let (a¢)¢, (d¢); € CL; we denote by
T?a.)ﬁ? s) and rz’d_)(t, s) their corresponding jump rate, where ¢ belongs to [s, T]. Both (2) and (1) satisfy
the Volterra equation . It follows that the difference A := T‘(Va_) - ré’ 0 satisfies:

A=Ky — Ky + Ky * (rle) =) T Ky — Kgy) * (e
=W+ K,)*Awith W:=K¢ ) — K+ (Kg,)— Kaq)) =)
Consequently, A solves the following non-homogeneous Volterra equation with kernel K (@)
A=W+ K,)*A. (27)
Using Lemma @, this equation can be solved explicitly in term of T(a) the “resolvent” of K(a_)

A=W+rg)xW. (28)

Lemma 23. There exists a constant O only depending on T, f, b and a such that, for all a,d € CZ :

t
VO<s<t<T, VoeRy, |[Ki — K5 |(ts) <Or(l+ f(z)+ f(z) + f’(ac)f(:v))/ |y — du|du.
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Proof. Fix (a;) and (d;) in CI'. We have

Koy = K03 |(ts) = ‘f(vDE“s) exp( /f )—f(cpﬁds) exp( /f >‘

< £l @) ~ £ @) exp< [ ez @na)

) |exp (— / f(wi‘f;)(af))du)—eXp< / e )]

The Assumptions [2] and together with Lemma [9] (2)) give

M < |f(2{%) (x)) = f(2}%) ()]
< e+ CET)|oi%) (z) — ot ()]

<Cp(1+ f(z)+ f/(CgT))Cg,/ |ay, — dy|du.

+ (o (@

=M+ N.

Furthermore, using that VA, B > 0: |e”4 —e 5| < |A — B|, we have
¢
N < CplL+ f(x) + f(CyT)] / (e (@) = F(olT ()] du
t pr
<Ol + £@) + HGTN @+ GTIC, [ [ lau — dulduds

< TC,C21+ f(x) + [CET1 + f'(x) + f'(CET)] / = du|du.

Combining the two estimates, we get the result. O

Proof of Theorem[5 We now write ©p for any constant that depends only on 7', on the initial condition v,
on b, f, J and on a and that can change from line to line. By Assumptions [3]and [4] it follows that:

t
Y(ar), (d¢) € CT, vt € [0,T7] : |K () — K1yt 0) < @T/O |a,, — dy|du.
Moreover, since sup;¢(o, 1) r(d')(t, 0) < % by Proposition we have

(K () — K(a)) *7(ay|(t,0) |/ (K (o) = Kyt u)r g (w)du| < 9T (1+f(0 / |ay — dy|du.

Consequently, there is a constant © such that
t
Way), (dy) € CT, Wt € [0,T] : [W](t,0) < @T/ law — du|du.
0
Using the formula 7 we deduce that
t
A <IWIE0) + [ )W, 0)d
0
_ ot
<01+ Tﬁ)/ law — do|du.
J"Jo
We have proved that there is a constant ©p such that:

t
V(ar), (de) € C3, V¢ € [0,T], ([T (0) = Ty (0o < 9T/ lla — df o udu
0
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This estimate is sufficient to prove Theorem [5| by a classical Picard/Gronwall argument. We deduce that @

has a unique fixed point (a}). It is then easy to check that (Y;>"(*™))

o,v,(a™.)

tejo,7], driven by the current (a*) and

with initial condltlon Yy = Xy, defines a solution of (2)) up to time 7. This proves existence of a strong
solution to Now, 1f (Xt)t>0 is a strong solution of (2) in the sense of Definition |1} let V¢ > 0, a; :=
JE f(Xy). We have sup;>ga; < max(J7, JE f(Xo)) < a and consequently (a¢);cjo,7] € Ca . Moreover, it is

clear that (X;);>0 solves with a; := JE f(X;) and YOO’V’(a‘) := Xo. We deduce that (a;) is the unique

fixed point of ®: V¢ € [0,T] : a; = a}. Consequently, by Lemma we have: a.s. Vt € [0,T] X, = Y ().
This proves path-wise uniqueness and ends the proof of Theorem O

5 The invariant probability measures: proof of Proposition [6]

We now study the invariant probability measures of the non-linear process . We follow the strategy of
[18]: we first study the linear process driven by a constant current a and show that it has a unique invariant
probability measure. We then use this result to study the invariant probability measures of the non-linear
equation (2). Let a > 0 and (¥;""); the solution of the following SDE:

Y, = Y”a—|—/ b(Y%) du—i—at—/ / < pyrayyN(du, dz) (29)
Ry

Equation is equation with Vt > 0, a; = a and s = 0.

Proposition 24. Grant Assumptz'ons and@. Then the SDE has a unique invariant probability measure
v given by equation :

i 2@ ([ W) 5
v (dx) '_b(:L')Jranp( /0 by )+ady)]l{m€[0cra]}d

where (a) is the normalizing factor given by (15). Moreover we have v5°(f) = v(a).

A proof of this result can be found in [I8, Prop. 21] with b(z) := —kz and with slightly different
assumptions on f. We give here a proof based on different arguments. Note that the general method
introduced by [9] to find the stationary measures of a PDMP can be applied here; we use a method introduced
in this paper to prove the uniqueness part.

Proof. Let us first check that the probability measure v.° is indeed an invariant measure of .

Claim 1 The probability measure v2° satisfies Assumption

First b(0) > 0 yields to Ya > 0, 04 > 09 > 0. The function ¢ — ¢?(0) is a bijection from Ry to [0, 0,).
Consequently, the changes of variable x = ¢¢(0) and y = ¢%(0) give

/Oaab(fQ)(—i—a </b +ady>dx—/ 20 exp< /f% du)dt

This last integral is finite by Remark [10] [10]

Claim 2 We have: K;° ( ) =7(a)H,(t).
We recall that H,(t) = H%(t,0). We have, for all t > 0:

O R o ¢ R R P

The change of variable y = ¢%(0) yields:

7 stgreness (— [ rennan) 2D e (< [ s 0)au ) da.
0 0 b(x) +a 0
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where ¢(x) is the unique ¢ > 0 such that ¢f(0) = z. We now make the change of variable z = ¢%(0) we
obtain (using the semi-group property satisfied by ©%(0)):

K0 =@ [ 1t o)) e (— / t f(sOZ(sOZ(O)))dU) exp <— A f(soZ(O))dU> s

%) 0
~ 7(a) / F(28(0)) exp (— / f(wZ(O))du>d9

0
= 5(a) [Haa) — Jim exp (— / f(sozm))du)] .

Using Remark we have: limg_, o, exp (7 foe f(cpﬁ(()))du) = 0 and the claim is proved.

We now consider (Y, **);>¢ the solution of equation starting from £(Y{* ") = v°. Proposition
applies, so ra® (t) = E f(Y,”* *®) is the unique solution of the Volterra equation

rie = Kio 4+ K, «rie
Using Claim 2 and the relation (23)), we verify that the constant function v(a) is a solution of
Ka* + K, x7(a) = () H, +~(a)(1 = H,) = (a)-

By uniqueness (Lemma 7 we deduce that V¢ > 0, e t) =7v(a).
Finally, let ¢ : R, — R4 be a measurable function. Using Proposition we have:

E (V)" = 7(a) / B8 (0)) (¢ — u)du + / " (0 () HE (62 (de)

~ ~(a) / 6(62(0)) H, (u)du

w [T oo (- [ o) e (- [0 )ar

The change of variables y = ¢%(0) and = = ¢§(0) yields

BV = v(a) / 6(2(0)) H, (u)du
[e%) t 0
+1(a) / B2 (93(0))) exp (— / f(wi(wZ(O)))dU> exp (— / f(soii(O))dU>d9

=) [ sttt @du+(0) [ oteione (~ [ o))

— 7(a) / 662 (0)) H, (u)du
)

This proves that V¢ > 0, £(Y;* ™) = v° and consequently v is an invariant probability measure of ([29).

Moreover, we have
i) =) [ B e (< [ Iy )dr =)

It remains to prove that the invariant probability measure is unique. Following [10] and [9], we define B**(R4.)
the set of bounded function i : Ry — R such that for all x € Ry, the function ¢ — h(ef(x)) is absolutely
continuous on Ry. For h € B*(R_ ), we define Hh(zx) := %h(gp?(m))}t:(}.
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Claim 3 Let h € B*(R), then for all z > 0 we have

Oz,a .
G ER(YY)| = Lh(z)  with  Lh(z) = Hh(z) + (h(0) = h()) f (@).
Let 7¥ = inf{t > 0 : Ytém’a # Ytéf’a} and 75 = inf{t > 77 : Ytém’a # Y?f’a} be the times of the first and
second jumps of (Yfm’a). We have

E h(Ytéw’a) =K h(}/;f(sw’a)]]'{t<‘rf} + Eh(ytéma)l{ﬁgxrg} + Eh(ytéx’a)]l{tzrg} =t + B + 6.

By Lemma we have a; = h(pf(x))P(t < 1) = h(p¢(x))HZ(t). It follows that C‘litat}t o = Hh(z) -
h(z) f(x). Moreover using that the density of 7§ is s — K*(s) it holds that ; = fo (¢ (0))KZ(s)H?(t — s)ds.
We deduce that <& Bt|t _o = h(0)f(x). Then, using that h is bounded, we have 6; < |[h|[ fo fo KZ(u)K%(s — u)duds €

O(t?). This proves Claim 3
Let g be a bounded measurable function. We follow the method of [9] (proof of Theorem 3(a)) and define

w20, )= [ atetee (- [ )i

Claim 4 The function A, belongs to B*“(R ) and satisfies HA,(z) = f(z)Ag(z) — g(z).
Using the semi-group property of ¢f(z) we have

et =en ([ stetnan) i - [ oteinen (- [ steenas)a.

This proves that Ay is in B*(Ry.) with £ (of(2)) = f(@f(x))Ag(pf(x)) — g(¢(x)) and gives the stated
formula.
Consider now v an invariant probability measure with v(f) < co. The Markov property at time ¢t = 0

together with Claim 3 shows that d SE A (Y |t 0= @ fooo E)\g(Yt‘s“a)u(dz)‘ = v(LAy). The exchange

of the derivative at time ¢t = 0 and the integral on R, is legitimate thanks to the Dominated Convergence
Theorem. Claim 4 and the fact that v is an invariant measure then show that

d
0= —EXN(Y")

= = X (0)(f) = ()

t=0

The same computations can be done with g = 1, giving A;(0)v(f) = 1. It follows that

v(g) = 220 _ / " (@) de).

We deduce that necessarily v = v3°. O
The next lemma characterizes the invariant probability measures of .
Lemma 25. The invariant probability measures of the non-linear equation (2) are {vs° | a = Jy(a),a € Ry}.
Proof. Let v be an invariant probability measure of and £(Xy) = v. We have
Vi >0, Ef(Xy) =v(f) =p.
Let a := Jp. The process (X;)¢>o solves and v is an invariant probability measure of equation . It
implies that v = v2°. Moreover p = v(a) and SO necessarlly =J.

Conversely, let a > 0 such that —i = J. Let (Y ) be the solution of with E(Yoyso’a) =v. We

have seen that E f(Y,” ’a) = ~(a), it follows that a = JEf(YtV‘?o’a). Consequently (Y;Vsc’a)tzo solves (2)) and

ve° is one of its invariant probability measure. O
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The problem of finding the invariant probability measures of the mean-field equation has been reduced
to finding the solutions of the scalar equation . When J is small enough, we can prove that it has a
unique solution, which concludes the proof of Proposition [6}

Lemma 26. Fquation has at least one solution a* > 0. Moreover, there is a constant Jy > 0 such that
for all J € [0, Jy] has a unique solution.

Proof. Recall (15). By the changes of variable y = ¢%(0) and = = ¢{(0), it holds that

v = [Ceo (- [ t e 0)du )t (31)

In particular, the function a — «y(a) is non-decreasing. Furthermore, using that b(z) < Cj, we have

% > a/ooo exp ( /Ot f((aJer)U)du)dt
> aJ:lC'b /Oooexp <_a+10b /ng(z)dz>d9

We deduce that lim,_, 1o ay(a)~! = +o00. Let U(a) := ay(a)~t. One has U(0) = 0, lim,_, 1 U(a) = +00
and U is continuous on R, . It follows that the equation U(a) = J has at least one solution a*. Moreover,
one can show that the function U has a derivative at « = 0 and U’(0) = 1/4(0) > 0. Consequently, there is
ag > 0 such that U is strictly increasing on [0, ag]. Using lim,—, 4o, U(a) = 400, we can find ay such that:
Va > ay,U(a) > 1. Finally let Jo := minge[q,q,) U(a) > 0. Let J < Jy, it is clear that the equation U(a) = J
has exactly one solution a* € [0, ag]. O

6 The convergence of the jump rate implies the convergence in
law of the time marginals

The goal of this section is to prove that controlling the behavior of the jump rate ¢t — E f(X;) can be sufficient
to deduce the asymptotic law of (X), solution of (2).

Proposition 27. Grant Assumptions @ @, . Let (Xi)i>0 be the solution of the non-linear equation .
Assume that there exists constants \,C > 0 and a* > 0 (that may depend on b, f, v, and J) such that:

Vt >0, |Ef(X,) —y(a*)| < Ce ™,

and that a* satisfies equation . y = =J. Then

7(@
X ti)O ves.
Moreover, if ¢ : Ry — R is any bounded Lipschitz-continuous function, it holds that
VO < N <min(\, f(0g)), 3D >0 st VE>0, |Ed(X,)—v2()| < De N,

where the constant D only depends on b, f, J,C,v, X and ¢ through its infinite norm and its Lipschitz constant.

Proof. Let (X;);>0 be the solution of and ¢ : Ry — R a bounded Lipschitz-continuous function, with
Lipschitz constant ;. Consider X' € (0, min(\, f(og))). We denote by D any constant only depending on
b, f,J,C,v, N, ||¢||ec and I, which shall change from line to line. Define for allt > 0, a; := JE f(X}). It holds
that (X¢):>0 is a solution of with driving current (a.). Denote 7{, |(t,0) = E f(X¢). By Proposition

we have

6(X) = / (%) (0)) g (£, )t (u, 0)du + / B %) (2)) HE, (1, 0)(d)
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Using Remarks [11{ and , together with the fact that X < f(o9), we deduce that
vt >0, / o) (@) HE, (¢, 0)v(de) < D"

for some constant D. Moreover, one has, using the change of variable z = 2 (0)

= [ s = [ oot O, o)
0 0
= [ et A, n@yu+ [ ot O Ho )

The last equality is obtained with the change of variable v =t — u. The second term is controlled by

| oot (@) H, e < ol tar) [ mfi(f;;U exp( [ s )
= sy e (-, 10 o)
< De Nt

for some constant D. We used again Remark [I0] It remains to show that

/ D% (0)) Hg (1, )t (1, 0) s — / O (0)) Hye (£, u)y (0" du

goes to zero exponentially fast. One has

A< / ‘(b ‘Pt u — o(¥f u((o))‘ H(a,)(t,u)rz’a')(u, 0)du + /Ot

Hiy () = Hy (8 0)| 065, (0)rt, ) (u, 0)du
[ He ol 0) du

= at+ﬁt+9t~

"oy (1, 0) = ~(a7)

Using that for all ¢ > 0, [r(, | (¢,0) = y(a")| < Ce Mt (N < \) and Remark we obtain:

t
6, < C||¢|\oo/ Hot, w)e=>""du
0
t
:c*||¢|\ooe*“/ Ho(t — u)eN =" dy,
0
< {C||¢||Oo/ Ho(u)e’\/“du] et = DN,
0

The fact that u — Ho(u)e* ™ belongs to L'(R,) follows from N < f(oo). By Theorem |5, one can find a
constant p (with y(a*) < p) such that:

V>0, Ef(X0) =1l (t0) <p

Moreover, Assumption [2] and Remark [T1] give
t
<3l [ 1645 (0) = (0 Holt, w)du
0

t ot
Sﬁlng@/o / lap — a*|dOHy(t, u)du
u
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Using that [ |ag — a*|df < JO [ e=¥0df < 1< ki , one has
at_M /\’t/ A=) Jo (¢ — u)du
[pl‘i’c e / Ho(u)e “du} L= De .
Finally, using the inequality [e=* — e~ Z| < e~ ™n(4.B)|A — B| together with Remark we obtain

t
8, < |\¢||ooza/0 Hy(t — u)

<soé‘2)<o>> - f(sosfum))\ dfdu.

Setting a := Jp, we have moreover, using that f’ is non-decreasing and Lemma

L [reso - F(25:,(0))] d0 < £/(oF.) / t

Assumption [ yields

)

2412 (0) = ., (0) db.

F(£55)(0)) = £l (0))] d6 < Cof' (4 / / 0y — a*|dsdb

< C JCf (g // ~Nsdsdf

< Cw"T? (., (0)) (¢ — e e

t 6 t _—Nu -0 N u
s [T —e (t—u)e
/ / e dsd@-/ Y dg < Y .

Note that Lemma implies that f'(¢f,(0)) < f’ ( g( —u)) and using Remark [10((1) we have
Ve > 0,3A, : 0, f(z) < Ace™
Choosing € := (f(o9) — A')/2, we obtain

[

t = \ 0

Combining the three estimates, we have proved the result.

We used the fact that

a. a* JC '4e —u) =\
£ (0)) - f(¢97u(0))’ 40 < ACy o (1 — )N TN

and we deduce that

Ho(u)ue()‘/“)“du e Nt = De M.

7 Long time behavior with constant drift

The goal of this section is to study the rate of convergence to the invariant probability measure when J = 0
(no interaction). We use Laplace transform techniques to characterize the convergence. We state here the

main result of the section.

Proposition 28. Grant Assumptions@ @ andl Let (Y,"")i>0 be the solution of . driven by a constant
current (a;) = a, a > 0; starting at time s = 0 with law v. One can find a constant \: € (0, f(o,)] (only

depending on b, f and a) such that for any 0 < X < A% it holds

vt =0, |Ef(Y;") —(a)l SD@‘”/OOO [1+ f(@)][v — ve®[(da),

where D is a constant only depending on f,b,a and \. Moreover, one has
L

}/tl/,a _> l/
t—o0
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Remark 29. In the above result, A% is explicitly known in term of f,b and a (see ils expression ) and
is optimal (see Remark @ Note also that states explicitly the dependence on the initial distribution v
through its distance to the invariant measure v3°

7.1 Study of the Volterra equation

In the case where (a;) is constant and equal to a, the Volterra equation is a linear homogeneous
convolution Volterra equation. If moreover the initial condition v is &y, the kernel r,(t) := E f(Y; ")

satisfies
r,=K,+ K, *r,, (33)

For such equations, it is very natural to use Laplace transform techniques as convolutions become scalar
products with this transformation. Furthermore, the “kernel” K, and the “forcing term” K} are non-
negative. Volterra equation with positive kernels have been studied in the context of Renewal theory. The
main reference on this question is a paper of Feller [I7]. We refer to [I7, Th. 4] for this method. However,
in our case the rate of convergence is exponential. In order to achieve the optimal rate of convergence, we
use general methods from the Volterra integral equation theory, and especially the so called “Whole-line
Palay-Wiener” Theorem.
Along this section, we grant Assumptions [2] [3 and [

Definition 30 (Laplace transform). Let g : Ry — R be a measurable function. The Laplace transform of g
1s the following function

i) = [ e g
0
defined for all z € C for which the integral exists.

Note that the Laplace transforms of H, and K, are well defined for all z € C with R(z) > —f(0,). This
follows from the fact that VA < f(0a), sup;sqH,(t)e* < co. The same holds for K. Integrating by parts
the Laplace transform of K, shows that

Vz€C, R(z) > —f(0a) = K,(z) =1—zH,(2). (34)
It is also useful to introduce the following Banach space

Definition 31. For any A € R, let Ly = {f € B(R4+,R) : ||f|]x1 < oo} the space of Borel-measurable
functions from Ry to R, equipped with the norm

1121 :/R |f(s)|eds.

The long time behavior of r, is related to the location of the poles of 7,. Equation gives

2)

VR(z) >0 Tu(z2) = I/(S =

This suggests to study the location of the zeros of 1 — K, (2) = zHa(z)

7.2 On the zeros of f-f\a
Lemma 32. Vz € C, R(z) >0 = H,(z) #0.

Proof. Remark first that H, being a real-valued function, H,(2) = 0iff Hy(2) =0, so it is sufficient to locate
the zeros of H, in the region J(z) > 0. Next, it follows from for the non-negativity of K, that

|f<a(z)|g/ |e_tz|Ka(t)dt</ K, (t)dt = 1if R(z) >0
0 0
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It yields R(z) >0 = H,(z) # 0. Moreover, following [17] proof of Theorem 4, (b), if z = iy, y > 0 then

~

iyHa(iy) = 1 — Ko (iy) = /0 h (1 — cos(yt)) K, (t)dt + i /O h sin(yt) K, (t)dt.

~

Consequently, K,(iy) = 1 for some y > 0 would implies that for Lebesgue almost every ¢ > 0, (1 —
cos(yt))K,(t) = 0, that is, a.e. K,(t) = 0. It obviously contradicts the assumption f(z) > 0 for > 0. It
follows that Vy > 0, H,(iy) # 0. Finally for z = 0, we have H,(0) = [~ H,(t)dt # 0. O

Lemma 33. The zeros of ﬁa are isolated.

Proof. This directly follows from the fact that H, is an holomorphic function on R(z) > —f(0,) and thus
its zeros are isolated. O

Lemma 34. For all z € C, it holds that

|Ka(2)] <

$a(R(2))
3(2)]
where for all v € R, ¢po(x) := [|K] |1 and Koz (t) := e "' K, (t), K ,(t):= LK, 0(t).

tha,
Consequently, the zeros of H, are within a “cone”:

~

V2 € C, R(z) > —f(0a), 2= a+iy, Ha(z) =0 = |y| < gu(a).

Proof. Let z =2 +1iy,y > 0,2 > —f(0,). We have

R 0o 0o ) oo —iyt
Ra(z) = /0 e K (t)dt = /O eV, o (t)dt = /0 K., (t)dt.

Y

The last equality follows by an integration by part. It yields

RN
[Ka(2)] <
[yl
We deduce that for |y| > ||K], ,||1, we have Kq(z) # 1 and also H,(z) # 0. O

Consequently, from Lemmas and we can define the abscissa of the “first” zero of H, a:
;= —sup{R(2)| R(z) > —f(0a), Ha(z) =0}, (35)
with the convention that A\! = f(o,) if the set of zeros is empty. We have proved that
0< A < flog) < 0.

The parameter A\’ is key here as it gives the speed of convergence to the invariant probability measure. It
only depends on a, b and f.

7.3 Convergence with optimal rate

Our goal in this section is to prove the following proposition

Proposition 35. The equation has a unique solution r, of the form:
ro,=v(a)+& with VYAe€[0,)\), &q € L.

The constant \i > 0 is defined by .
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This result can be deduced from general theorems of the Volterra equations theory. For instance, one can
apply [20, Th. 2.4, Chap. 7]. However, this last result is written for general measure kernels in weighted
spaces and its proof is somehow difficult to follow. In our setting, the proof given by [20] simplifies a lot and
we give it here for completeness. We use the following so-called “Whole Line Palay-Wiener” Theorem which
is one of the most important ingredients of the convolution Volterra integral equations theory.

Theorem 36 (Whole-line Palay-Wiener). Let k € L*(R,R). There exists a function x € L*(R,R) satisfying
the equation

Yt >0, x(t) = k(t) + / k(t — uw)z(u)du
R
if and only if
Yy € R, E(zy) = / e Wik(t)dt # 1.
R

Note that here %(zy) is actually the Fourier transform of k evaluated at y € R.
Proof. See [20] Th. 4.3, Chap. 2]. We prove later, in details, an extension of this theorem (see Proposition.

O
Proof of Proposition[35 Let o_ and o be any real numbers such that:
AN <o_<0<o4 <oo.
We first extend r,, K, and H, to the whole line by defining: Vt € R, r,(t) := 7,(t)1>0y, K, (1) =
K,(t)1>0y and H,(t) := H,(t)1{¢>01. We have from
VteR, r, /K (t —uw)r, (u)du. (36)

For any A€ R, we also deﬁne Tan(t) = e 2r, (t), Kua(t) = e 'K, (t). Note that K,, € L'(R) and
that Yy € R, I?a,gf (iy) = Kqo(o— +iy) # 1 (by definition of A\¥). We can apply Theorem ﬁ there exists
oo € L*(R) such that

VER, Euy (1) = / Kao (t— 0wy (u)du (37)
We define &4 (t) := €7~ "¢, 5 (t). We have [ [&4(u)le”7*du < co and reads

VtER, &(t) = /K (t —u)q(u)du

Remark 37. The function &, is not null on R_ (see formula Just below).
We have, using equalities and

— K,
oo € LYR), &uo_(iy) = | (iy+o_),
(R) (iy) _ i ( )
_ K, _
Ta,o eLlRa Ta,oy (1Y) = — | (ty +o4).
or €LNR), Tug (iy) L_Ka< +)

We can now use the Fourier inverse formula for L!(R) functions to get

—

1 . K,
fa,o, (t) — 7/ ezyt 1
27 Jr 1-K,

1 [ K,
(iy+o_)dy and 71,4, (t) = —/e”’t l —
R K,
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or after the changes of variable z =iy + o_ and z = iy + o:
1 o_+1i1T [? 1 O’++iT [?
&u(t) = lim — / e”%dz and 7rg(t) = lim —/ e”ﬂdz.
o_—iT 1-— Ka(Z) T—ro0 278 oy —iT 1-— Ka(z)

Let 't be the closed curve in the complex plane composed of four straight lines that join the points o_ —iT,
o_ 41T, o4 +1iT, and o4 — ¢T in the anti-clockwise direction. It follows from the residue theorem that

ztm 7 = eZtM z = Wil?a(()) = 2miy(a
e Tl B it il .

The last equality follows from

.(0) :/OOO Ha(t)dt:/ooo exp (— /Otf(goZ)du>dt ﬁ

By Lemma for all z in the strip R(z) € [o_,04], z # 0, we have

7> $a(0-)
[Ka(2)] < ~
3(2)]
We deduce that o R
g4 11
lim eZthz =0.

ToEoo Jo_ pir 1—K,(2)
Therefore we can take the limit T — oo in and obtain
Vt € R, ry(t) =(a) + &a(?). (39)
The proposition is proven by choosing o = —A\. O

Remark 38. The speed of convergence obtained in this result is optimal if X < f(o,) (i.e. H, has at least
one complex zero with R(z) > —f(04)) in the sense that

YA > AL, e —y(a) ¢ L.

To see this, assume that A} < f(oq) and choose o_ such that —f(o,) < o_ < —X:. The previous proof can
be mimicked except that the residues of equation now involves terms of the order e=*at - corresponding

to the roots of ﬁa with real part equal to —\}.

7.4 Long time behavior starting from initial condition v: proof of Proposition

We now come back to the general case where the initial condition can be any probability measure satisfying
Assumption [4] and we give the proof of Proposition

Proof of Proposition[28 Note that, we only consider here the convolutions on [0,¢] denoted by  (and no
more the convolution on R). Let r%(t) = E f(Y;}"*) with £(Yp) = v. The function rY is the unique solution

of the Volterra equation
re =K/ + K, *r.

If we choose v to be the invariant probability measure v2°, we get y(a) = Ky + K, *v(a) and
e —a) = K = Ko* + K, * (r; —(a)).
We can solve this equation in term of r,, the “resolvent” of K, (using Lemma and obtain

=) = Ky = K (K - EGE)
= Ky = K G (K = K)o y(a) (K = K
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where r, = &, + 7(a), see , is the solution of the Volterra equation r, = K, + K, *r,. Using , we
have v(a) * K¥ = v(a)(1 — HY) and thus

re —(a) = K — Ko +7(a)(Ha" — Hy) + & = (K — Ka* ).

We now write © any constant only depending on A, f,b and a and which may change from line to line. It is
clear that for any 0 < A < f(0,)

|H:5°—Hg|<t>§/ Hs<t>|v—us°|<dx>s/ Ha<t>|u—u3°\<dx>s®e-”/ v — v (dx).
0 0 0
Similarly, for any 0 < A < f(o,),

Y — K5 |(1) < / F(o (@) HE (1) — v (dr) < / f&+ CROH, (b)|v — v (dx)

< Cy /Ooo [+ f(2) + F(CEt) Ho (D) — v (dz) < ©e™ /OOo (14 f(@))lv — ve°|(dx).

We used here Assumption Let now 0 < XA < A%. Using £, € L, it holds that

€k (¥ — K2\ (1) < / €alt —w)||E — KX | (u)du < O / T fa@) - 0| ().

Combining the three estimates, one deduces that
ra () —v(a)| < @e_”/ (1+ f(2))lv = vg°|(dz).
0

It remains to prove that lim; o £(Y;"*) = v$°. The process (Y;"*);>0 is the solution of with with
b(z) = b(x) + a and J = 0. Obviously, 0 solves . Applying Proposition |27| ends the proof. O

8 Long time behavior with a general drift

In this section, we generalize the results obtained in Section [7] to non constant currents. We consider the
process driven by a current (a;) assuming to converge exponentially fast to a. We seek to prove that the
jump rate of this process is converging to y(a) and estimate the speed of convergence. This “perturbation”
analysis will be useful to study the long time behavior of the solution of the non-linear McKean-Vlasov
equation with small interactions. We consider a non-negative continuous function (a;);>o such that

Assumptions 39. 1. sup,>qar < a for some constant a > 0.
2. There exist a > 0, C > 0 and X\ € (0, min(\}, f(00))), where o9 and \: are defined by and (35)),
such that
Yt >0, |az—a|l < Ce . (40)

Note that the values of C' and A are important in this analysis. Any mention of C' and A in this section
refer to these two constants.

Let 7,y (t,s) =E F)) where Yi(*) is the solution of () driven by the current (a;) and starting
at time s with law v. The goal of this section is to prove that if C' is small enough, then there exists an
explicit constant D such that

vt >8> Oa |TE/a.)(t7 S) - ,Y(a)| < De_A(t_S) ;

where v(a) is given by . Note that the exponential decay rate A is preserved. We make efforts to keep
track of the constant D and to relate it to C. As in Section [7] it is useful to split the study in two parts:
the case where the initial condition is a Dirac mass at 0 and the general case. We thus consider the unique
solution T(a) of the following Volterra equation:

T'(a_) = K(a.) + K(a') * T(a_). (41)

It is also useful to introduce a Banach space adapted to this non-homogeneous setting.
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8.1 An adapted Banach algebra
Definition 40. A function K : (Ry)? — R is said to be a Volterra Kernel with weight X € R if: K is Borel
measurable, Vs >t : K(t,s) =0 a.e. and ||K||x1 < oo with

[[K|[x1 = esssup/ K (t, 5)| X9 ds.
>0

Ry

We define Vy the set of Volterra kernels with weight \. We also define for K € Vy:
1K 300 = esssup [K (t,5)e*7*)| € Ry U {+00}.
t,5s>0
Proposition 41. The space (Vx, || ||a1) is a Banach algebra. Furthermore, for all a,b € Vy, [la *b|[x1 <
llallx 1[Il ]x.1-
Proposition |41] is proved in [20], Theorem 2.4 and Proposition 2.7 (i) of Chapter 9.

Lemma 42 (Connection with the time homogeneous setting). Let g € Ly. We define
VtwgeR-‘rv g(tvs) = g(t_s)ﬂtzs-
Then g € Vx and [|g[[x1 = [13][x.1-

This result allows us to consider elements of L) as elements of V). Note that the algebra L, is
commutative whereas V), is not.

8.2 The perturbation method

Define K a) = K, ,—K,and H(a.) =H H

( (a.) (a.) = Ha

Lemma 43. Grant Assumptions[3, [3 [ and[34 Then, there exists a continuous non-negative and integrable
function n such that for allt > s >0, one has

Ky (t,s)| < Ce Mt —s),
[Hy)(t,5)] < Ce Mn(t — s).

The function n only depends on b,a, f and X (in particular it does not depend on C). Furthermore, we can
choose 1 such that ||n||1 is a non-decreasing functions of a.

Proof. Here, to simplify the notation, we write <p§7as') for Lpgls')(O). We have

_ t t
R (t:5) = F(o1%)) exp (— / f(<p£°f;3)dU) (gt exp (— / f(wi,s)dU>

t
B o ()] < |F(0) — (o) exp < / f<s05:f;2>du)

#1060 o (= [ 166l —ex (= [ st

= Ml + Mg.

Assumptions and give

t
£ = £e8.)] < P — 9l < F(CRlE = 9)C, [ o~ aldu
6)\(1578)
A

t
< fl(Co(t — s))qoc/ e Mdu < Ce M (Ot — 5))C,,
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Moreover choosing X' € (), f(0¢)) and using the fact that f(©%) — f(og) as u — oo, one obtains

eXp( / Fol) dU> <exp< / F(@0 dU> = (—/Otsf(sog)du>

< Db, f,X)e (=),
for some finite constant D(b, f, \'). Let a(u) := D(b’ff’)‘,)e_(’\/_)‘)“f’(C,_fbu)C’«,7 we have
M, < Ce Ma(t - s),

and o € L'(R,). Moreover, for A, B > 0, we have [e™4 — e~ B| < e=min(4.5)|4 — B|. So,

t—s
M, < f(4f )exp( ; fsoudU>

/ ) = F(ot)du

t

< F(CE(E =)D, [, X)e NI (Ot —5) | [l — @5 ldu.

One has

t t u t u
/ |<P£f;) — Py sldu < C’w/ / lag — aldOdu < CCw/ / e Mdodu < Ce™ . %(t — 5)ert9),

Consequently My < Ce ™ MpB(t — s) with

/ - N
Blu) = D(b, f,\)e™ XV (Cu) [/ (Chu)—Fue.
It holds that 3 € L'(R,) and setting 1 := « + 8 completes the proof for K (@) The same computations give
a similar result for H (a)" O

These estimates are sharp enough to give the following result:

Lemma 44. Grant Assumptions[3,[3, [4] and[39 Let n be the function given by Lemma[{3 Denote by 1 the
kernel 14>5. Then

1 K,y €Vx and [|K,,|[x1 < Cllnl)s.
2. K(a.) *1.€Vy and ||I_<(a.) «1[x1 < Clnlls-

The exact same estimates holds for f_I(a_) and ﬁ(a.) x 1
Proof. Using Lemma [3] we have

t
IR ol = s [ 150502 S)ds<it>118 / Ce™(t  5)ds < Clll:

proving point 1. For point 2, we have Vt > s > 0, (If((a.) f K t u)du. And Lemma |43 gives

t
1By * lxe = Sup/ K qy * 12, 5)eM ™ ds < Sup/ Ce™|[nl|1e** = ds = Clln|1.
t>0 J0 t>0 Jo

O

Proposition 45. Grant Assumptions@, @ , Assume (ai)i>0 satisfies Assumption and that the constant
C is small enough:
a:=Clnll1 (14 (a)) < 1. (42)

Define Ak := I?(a.) + &, * I_((a_) — v(a)ﬁ(a_) and let A, be the solution of the Volterra equation

Then
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1. Ag € V) with ||Ak|x1 < a and Ag x1 € Vy with ||Ag *1||x1 < a.
2. Ap € V\ with [|Ar]|x1 < 7% and Ay x 1 € V) with ||Ay x 1|[x1 < 195

-«

3. Consider r(, (t,s) the jump rate associated to the current (ai)i>o. Then
Ta) =Ta T Ar+ Ay xr,.
Consequently, we have r, = y(a) 4 &) with

§la) =&a T Ar +Ar 5 +7(a)(Ar 1) € V.

Furthermore,

«
oIl < Eallng + o[+ ll&allr + ()]

(44)

Proof. By Lemma we have ||[Ag||la1 < a < 1. Consequently equation admits a unique solution

A, € V), satisfying [|A;|[x1 < 7% . The kernel A, 1 satisfies the following Volterra equation

Arxl=(Ag*x1)+Ag x (A, x1)

(45)

with Ag x 1= (K, ) *1)+& * ([7((&) *1) +'y(a)(fl(a') x1). It follows from Lemma |44 that Ak *1 € V) and

[|Ag *1]|a1 < a. From [|Ag||a1 < 1, one gets that equation has its solution in V) and

A 1€V, 1A %1 < ——.
l—«

It remains to check that r(, ) given by is indeed the solution of ({I]). Let r :==r, + A, + A, xr,. One

has

Agxr=Agxr, + (A, —Ag) + (A, — Ag) x7,
=Axr, + A — Ag

=r—r, —Ag,

i.e. r satisfies
r=r,+ A+ Ag *r.

Using Proposition [35| and , we have Ag = f((a_) + 7, * K(a_). Equation gives
r— (K(a_) + 7, * K(a_)) kT =Tq + K(a.) + 1, * K(a_).
We multiply this equation by K, on the left and obtain, using that K, xr, =7, « K, =r, — K:
Ka*r—ra*K(a_) xT =T, —Ka—&—ra*f_((a').
The relation I_((a‘) = K(a.) — K yields
K, xr—r, *If((a') xr =7, *K(a.),

or equivalently
Agxr = Kyxr—raxKqg,.

We substitute this equality in and finally obtain
r=Kgy+Kgy*r

By uniqueness (Lemma |18 with v = ¢dy), it follows that r =r ) The end of the proof follows easily.

(a.
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Remark 46. Let us explain how the formula was derived. The algebra Vy does not have any neutral
element (in fact the neutral element would be a dirac distribution) but assume for the sake of this heuristic
that I is a neutral element of the algebra (i.e. kI =1xk =k Vk € V)). Equation can be rewritten as

(I=Kg))*T+rg)) =1 (47)
In particular (taking (a:) = a), we have (I — K,))« (I +7,) = ([ +r,)* (I — K,) = I. Furthermore,
I— K(a.) = (I - Ka) * (I - (I + Ta) * R(a.)%

with R(a.) =K, — K, € V. Equation becomes (I — K,)« (I — (I +1,) * [7((&.)) * (I 4+ r(a.)) =1. We
multiply by I +r, on the left of each side, and we get (I — (I +r,) * K'(a_)) (I +rg)) =1+r,.
We now expand this equation - the neutral element I disappears and obtain:

Ty = Kq)y T ra % Kig)) #14) =1q + Koy + 7% K, ).

Using the definition of Ag we obtain Ta) =Tat Ay * gy + Ay . Solving this equation in term of A, the
resolvant of Ax we have Tay =Ta T Ag + A x(r, + Ag). It gives the desired formula.

We now come back to an arbitrary initial condition v and prove the main result of this section.

Proposition 47. Grant Assumptions@ B and . Let (Y;s’”’(a'))tZS be the solution to the non-homogeneous
equation driven by current (a;)i>0 and with distribution v at time s. Let r(, |(t,s) = ]Ef(Yts’V’(a')).
Assume (ay) satisfies Assumption and that the constant C' satisfies the inequality for some o € (0,1).

Then it holds that
Vt>s2>0, |r(,,(ts) —(a)| < De=Mt=9),

with

_ 1+ ov(a) +[[Sallrn
[0

D:
1_

Gy oo + (@) [HE |3 c0-

Proof. The kernel r(”a.) solves the Volterra equation r(”a.) =K E)a‘) + K (@) * r(”a.). By Lemma its solution is
oy = Koy T 7@y * Koy
Using Proposition [45, we know that Tla) = y(a)+&(a.y, with §,.) € Vx. Furthermore using that y(a) *Kéja.) =
v(a)[1 — H(, ], we deduce that:
Tzla.) = V(Q) + Kéla.) + f(a.) * KEIaA) - ’Y(Q)H(Va)

Using that A < f(og) (Assumption we find

e)\(t—s)

HHE/a)| < 00.

A,c0 = SUp H(Va.)(tv s)e/\(t_S) < o0, ||Ké/a,)||>\,00 = sup Kzla.)(tv s)
t,s t,s
We obtain
t
Vi > s, [l (ts) = 1(@)[e ) <K, [[neo +7(@)[[HE, ) In00 + X7 / € (an (8, w) K(, o (u, s)du
S

t
<Kyl + (@ HE 300 + ||K(Va.)\|A,oo/ (a8, w) e ™ du
< K Gy llxee +Y(@)H{G ) Ixee + (K ) xool €@ a1

Using the estimate of [[{(4.)[|x,1 given by Proposition we deduce the result. O
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9 Long time behavior for small interactions: proof of Theorem [7]

9.1 Some uniform estimates

We now turn to the proof of Theorem [7] It is convenient to first extend the results obtained in Section [7} we
need uniform estimates in the input current a. In this section, we grant Assumptions and [4

Lemma 48. Let a > 0. It holds that

inf A% > 0.
a€l0,a]

Proof. We define the function g related to the first zero of I;Ta by
Va e [0,a], g(a):=—sup{R(z)| Ha(z) =0, R(2) > —f(00)}-

By convention, g(a) = f(oo) if H, is not null on R(z) > —f(co). By definition of A* and by the results of
Section [7| we know that g(a) € (0, A%]. So, to prove the lemma, it suffices to show the following result
Claim g is lower semi-continuous, that is

Yao € [0,al, liargg;fg(a) > g(ag).
Proof of the claim. Choose ag € [0,a]. We have g(ag) > 0. Fix A € (0, g(ag)). Thanks to Lemma one can
find R > 0, such that for all a € [0, a], for all z with R(z) € [-A,0] and J(2) ¢ [-R, R], we have H,(z) # 0.
Denote U = {z € C,R(z) € [-A,0],|3(z)| < R}. By definition of g(ag), we have H,, # 0 on U and the
continuity of z — ﬁao (z) yields inf ¢y |ﬁa0(z)| > 0. Moreover, (a,z) — H,(z) is continuous on [0,a] x U,
so one can find & > 0 such that for all |a — ag| < 8, z € U, we have |H,(2)| # 0. and so g(a) > A. We have
proved that VA € (0, g(aop)), liminf,_,4, g(a) > A. It ends the proof. O

Proposition 49 (Whole-line Palay-Wiener, an extension). Let a > 0 and for all a € [0,a, let k, € L*(R,R).
Assume that

1. In e LY(R,Ry) s.t. Va € [0,a], VO < € < 1,Vt € R, |ko(t) — kot — €)] < en(t).
2. 30 € LNR,R,) s.t. Ya € [0,d], ¥t € R : |ko(t)] < 0(t).

3. Ya € [0,a], Vy € R let kq(iy) = Jo € ¥k (t)dt. We assume that

inf 1— k,(iy)| > 0.
ae[Ol,g],yER | 0l

Then for all a € [0,al, there exists a function x, € L*(R,R) satisfying the equation x, = ko + ko * 1, and

sup ||zal|pr < oo.
a€(0,a]

Proof. We follow the proof of Theorem 4.3 in [20, Chap. 2] and emphasis on the differences. Let ((t) :=
—L-(1 — cos(t)) be the Fejer kernel; its Fourier transform is ((iy) = (1 — ly)L{y)<1}- For any p > 1, set

(p(t) == pC(pt) and Va € [0, 4],
k(1) 1= kg — Cp * Ko

Claim 1 There is an integer p > 0 such that Va € [0, a], V]y| > p, we have

1k <1/2  and kS (iy) = kaliy).
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Proof of the claim. It is clear that with this choice of ¢, V|y| > p, %go(zy) = Ea(zy) Moreover, using

Jg Cp(s)ds = 1, we have
el ‘/ ’/ Fa(t — )G (s)ds| dt

/g /|k: t77)|dtdu

We used the Tonelli-Fubini Theorem (everything is non-negative). Let R > 0 such that fR\[f rR C (u)du <

1
m. It follows that

11520 11 <1/4+/ /|k t—7)|dtdu

< 1/4+/_R (/R|Z|77(t)dt> du

R2
<144+ — |l

p

The claim is proved by choosing an integer p > 4R2||n||1:1.
Along the same idea, we define 3(t) := 4¢(2t) — ((t) = -5 (cost — cos2t). Note that V|y| < 1, we have
E(zy) = 1. Then for all § > 0, we set 85(t) = 5(dt) and
Vo ERVE> 0, kU0 (1) = / (Bs(t — 8) — Bs(£))e™0 =k, (s)ds.
R

Claim 2 Given € > 0, one can find a constant § > 0 such that: Vyo € R, Va € [0, a],

Vly = yol <6, kaliy) = kaliyo) + ki (iy) and ||k s

l\')\m

Proof of the claim. By definition of k%% it holds that

Vy € B, K2 (i) = By (iCy — 0)) (Ra(iy) — Ralio))-

Moreover, B\g (iy) = 1 if |y| < § and consequently the first point of the claim is satisfied. Furthermore,

Y0,0 S —08) — s
/R k903 (1) i < / o (5) / 1B(t — bs) — (1) ded
< [ ote) [ 18t - 55) — po)deas.

The right hand side does not depend on yg nor a and goes to zero as ¢ goes to zero. This proves the second
point of the claim.

It follows from Claim 1 that Va € [0, a], the equation 25° = k, +kS°+25° has a unique solution ° € L'(R)
with ||23°]|rr < 2||0]|z:. Moreover, we have

k(i)

_ ooy (
Va € [0,a],V|y| > p, Z°(iy) = ——=——.
[0,a], |yl = p (iy) T haig)

Similarly, we define € := inf,e[o,a),yer |1 — (zy)\ > 0 and apply the second claim. Given yy € R and

a€[0,a], let A% = —1 —— We have 1 — ko (iyy) = 1 — kq(iyo) — k20 (iyy) = —5 (1 — AV KL 5(13/)). So,

1—kq(iyo)

Ay(]

Eo(iy)  APk(iy)

V|y - y0| S 57 /(\ i — .
—ka(iy) 1 APEEO (iy)
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Using ||A¥k¥09| ;1 < 1/2, we can define the solution of 2% = A%k, + AYo kY09 x 2% and we have
Yo 2
latellzs < 211l

Consequently, for all y with |y — yo| < & we have

ka(iy)
1-— ka (Zy)
Furthermore, still following [20], one can find an integer m > 0 such that: Va € [0,al, Vj € Z, |j| < mp, there
exists a function z2/™ € L'(R) with ||x]/m\|L1 < 2{|0||11 such that

TY° (iy) =

i/m ka
Vly —j/m| < 1/m, x?/ (zy):%

We define ¢;(t) = Le~"t/™((t/m). We have ||1);||1 = 1. Its Fourier transform is given by

g i |y — j/m| > 1/m
V;(iy) = { 1—m|y—j/m| otherwise.

We set
= > @ =) +a

[7]<mp

It is clear that z, € L'(R) and that

2
sup ||zallpr < mp <€||9|L1 +2|9||L1) +2||0]|L: < 0.

a€(0,a]
With this choice of ¢, Yy € R, Z,(iy) = lkﬁk\(ié’})) and by uniqueness of the Fourier transform, we conclude
—RallY
that x, is the solution of z, = k. + kg * 2. O

As a consequence of the previous result, we have

Corollary 50. Let a > 0, define \* = infucjo.a) A, (A > 0 by Lemma |48). Let 0 < A < X\* and consider r,
the solution of the Volterra equation r, = K, + K, *r,. By Proposition it holds that r, = v(a) + &, for
some &, € Ly. Then we have sup,,¢(g 4 ||€allx1 < 0.

Proof. Recall (see proof of Proposition that &,(t) = e &, _(t) and so ||€a|[x1 = [|€a.—xl|z1- We now
prove that Proposition Fi_gl applies to &, ,—x. Indeed, it solves

ga,*)\ = Ka,f)\ + Ka,f)\ * gﬂa*>\7

with Ka7_)\(t) = MK o(t)1{>0y- It remains to show that K, _, fulfills the assumptions of Proposition

1. We use sup,cjo,a) Ka(t) < f(#7(0))Ho(t) and sup,eo,q) 680 )) — ¢t c(0)] < €Cy.
2. For all t > 0 and a € [0, a], we have

Ko _\(t) S 0(t) = M f(CF) Ho(t)1r, (1) € L'(R).

3. We have K _\(iy) = Ko(=X+ iy). We conclude by Lemmas 48] and O
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9.2 Proof of Theorem
We are now ready to give the proof of the main theorem.
e Step 1 Recall that equation gives

d

ZES(X) < SIF(I) - E® f(X4)),

N =

where (X¢);>0 is the solution of the non-linear equation (2)) and the function J — 7(J) is non-decreasing.
Using Proposition [21| with & := J7(J) 4 1, there is a non-decreasing function J — a(J) such that:

VJ,s >0, V(at)i>s € C([s,00),Ry), [supa; < a(J) and Jv(f) < a(J)] = supJr(,,(t,s) < a(J).

t>s t>s
Moreover, it holds that VJ > 0, J7(J) < a(J).

e Step 2 We define
A= inf
a€l0,a(Jm)]

where J,,, > 0 is defined in Proposition[6] Lemma [48]gives A* > 0. We now fix A such that 0 < A < A*.

*
a’

e Step 3

— Using Corollary [50} we know that the solution of the Volterra equation r, = K, + K, * r, is
r, = v(a) + & with £, € Ly and that:

§°(J) = sup |[&allr1 < o0
a€0,a(J)]

It is clear that J — £°°(J) is non-decreasing (as J — a(J) is).
— One can find a function k&% : R, x Ry — R, non-decreasing with respect to its two parameters,
such that for all (a;) € C(R4,R;) we have:

supay €@ = [|K{, oo < K% (W(1).8) < o0,
t>

Moreover, one can find a constant > (only depending on A, b and f) such that for all (a;) €
C(R4+,Ry), we have

HH {300 < B
These two points follow from A < f(og), Assumption 2, Remarks [10|(2]) and

— The function n; of Lemma [43] satisfies
[Inall1 < oo, @+ ||nall1 is non-decreasing,

and consequently the function J — [[nz(s||1 is non-decreasing.

— Finally the normalization v is a non-decreasing function of a (see (31))) and it follows that

Va € [0,a(J)],~(a) < ~(a(J])).

e Step 4 Let v be a probability measure such that v(f) < 7(J,,) + 1. Remind that for all J € (0, .J,,)
the equation ay~!(a) = J has a unique solution a*(J) € [0, a(J,,)]. We now apply Proposition 47| with
a = 1/2. Define:

- 1

 20man (X +€=(T) + y(a(])))

D(J) :=2(1 +~(a(J)) + £ (I)DEZ (7 (Jm) +1,a(J)) + 7(a(J)h>.

c(J)
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From Step 3, it is clear that the functions J +— oli J) and J — D(J) are non-decreasing. Consequently,
we can find a constant J* € (0, .J,,) such that

v.J € [0,

<1

Propositiontells us that for every 0 < J < J*, given any (a¢)i>0 € C(Ry,Ry) with sup,5qa; < a(J)
and such that
Yt >0, |a; —a*(J)| < C(J)e ™,

it holds
VE >0, |[Jrf, (t,0) —a*(J)| < C(J)e ™.

Step 5 Let now J € (0, J*] be fixed (the case J = 0 is already treated by Proposition [28)). We assume
the initial condition v of satisfies Jv(f) < a(J) and that v(f) < #(J,,) + 1 (we shall come back to
the general case in Step 6). We define recursively a” € C(R4,Ry) by

Vvt >0, a®(t):=a"(J) and VYn>0, a""(t):= Jr(n (¢, 0).
By Step 4 and by induction, it holds that:
Vn >0, Vt >0, |a"(t) — a*(J)| < C(J)e M.
We deduce that:

vt >0, [E f(Xi) = (" ()] < |EF(Xe) = r{n (£ 0)] + %Ia"“(t) —a*(J)|

1 c(J
< L1rE s - e+ Cen
J J
The Picard iteration studied in Part [£.4] shows that
W0, lim [JE (X))~ a"(t)] =0,
We have proved that
W)

vt >0, |Ef(Xy) — (™ (J))] <

e

J

Step 6 We now prove that there exists s > 0 such that E f(X,) < mln(aE]]),T(Jer) +1). By Step 1,
we have limsupE f(X;) < 7(J). Since 7(J) < a(J)/J and since 7(J) <7 (Jy,), the conclusion follows.
Consequently, Step 5 can be applied to the process (X;):>s starting with v = £(X). This proves the
convergence of the jump rate.

The convergence of the law of X; to the invariant measure then follows from Proposition This ends the
proof of Theorem [7}

Remark 51. There is some freedom in the above construction of the constants A and J*. We can choose any
A in [0, \*) and the value of J* depends both on A and on a parameter o € (0,1), here chosen to be equals to
1/2 (see Step 4). We may optimize this construction to get either J* or \ as large as possible.
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