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3D-Multiple Scattering Problem by Small Spheres

Incident field (E", H"™)
with wavelength A

(Es, Hs) Scattered field

Exterior domain Qs ¢ R®

~7@

Asymptotic assumption : § < A
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Model Problem

(E° Hi) Time-harmonic Maxwell equations

/E‘ H {CUI"Eg—/IiHaZO in Qs

(Es.Hs) curlH; +ikEs =0  inQs

° ° with k2 = w? (= + 2), (k) > 0
%) @Ck .
Qs C R o g Boundary condition

nxEs=-nxE™  onaQs

@ Time-harmonic domain

@ Homogeneous & isotropic medium Qs
@ Perfect conductors B(ck,d) , « =1

Silver-Mdller radiation condition

r(Hs x X — E;) — 0 unif. in?:%
r—oo

-+ Nops

Mathematical well-posedness [Phillips (1973)]

For any E™ € Ho(curl , Q;) there exist a unique solution (E;, H;) € Hioc(curl , Q5)? to
the exterior Maxwell problem.
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Approaches and Objectives

/ Born approximation )
Asymptotic models J
\ Foldy-Lax approximation |

ﬁ H. Ammari, M.S. Vogelius, D. Volkov (2001)

Asymptotic formulas for perturbations in the electromagnetic fields due to the presence of
inhomogeneities of small diameter II. The full Maxwell equations

ﬁ D.P. Challa, G. Hu, M. Sini (2013)
Multiple scattering of electromagnetic waves by finitely many point-like obstacles

ﬁ D.V. Korikov, B.A. Plamenevskii (2017)
Asymptotics of solutions for stationary and nonstationary Maxwell systems in a domain with small holes
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Approaches and Objectives

/ Born approximation )
J \
Foldy-Lax approximation J

ﬁ H. Ammari, M.S. Vogelius, D. Volkov (2001)

Asymptotic formulas for perturbations in the electromagnetic fields due to the presence of
inhomogeneities of small diameter II. The full Maxwell equations

Asymptotic models

ﬁ D.P. Challa, G. Hu, M. Sini (2013)
Multiple scattering of electromagnetic waves by finitely many point-like obstacles

ﬁ D.V. Korikov, B.A. Plamenevskii (2017)
Asymptotics of solutions for stationary and nonstationary Maxwell systems in a domain with small holes

Numerical solution ] High-order spectral method J

B M. Ganesh, S.C. Hawkins (2009)
A high-order algorithm for multiple electromagnetic scattering in three dimensions

ﬁ H. Barucq, J. Chabassier, H. Pham, S. Tordeux (2017)

Numerical robustness of single-layer method with Fourier basis for multiple obstacle acoustic scattering in
homogeneous media
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Motivations

X High computational cost with
classical numerical methods

X Mesh refinement
v/ High-order spectral method

Numerical Solution }
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Motivations

X High computational cost with
classical numerical methods

X Mesh refinement
v/ High-order spectral method

Numerical Solution J

Superposition
principle

Born approximation )

X High computational cost

X volumical methods
~ boundary element methods

v/ High-order spectral method
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Motivations

X High computational cost with
classical numerical methods

X Mesh refinement
v/ High-order spectral method

Numerical Solution }

Superposition
principle

Approximation

Born approximation ) Asymptotic models J
X High computational cost X Restricted to small obstacles
X volumical methods v/ Low computational cost

~ boundary element methods
v/ High-order spectral method

v/ Meshless method
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Motivations

X High computational cost with

classical numerical methods v/ Interactions ta.ken into account
X Mesh refinement v/ Low computational cost
/ High-order spectral method 7/ Meshless method
Numerical Solution } Foldy-Lax model )
Superposition Multiple
principle scattering

Approximation
_—

Born approximation ) Asymptotic models J
X High computational cost X Restricted to small obstacles
X volumical methods v/ Low computational cost

~ boundary element methods
v High-order spectral method

v/ Meshless method
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Outline

1. Asymptotic expansions for the single electromagnetic scattering
@ First terms of the asymptotics
@ Numerical results

2. Multiple electromagnetic scattering by small spheres
@ Born approximation
@ Foldy-Lax approximation
@ Preliminary numerical results

3. Conclusions and perspectives
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Outline

1. Asymptotic expansions for the single electromagnetic scattering
@ First terms of the asymptotics
@ Numerical results
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Approximation for Single Scattering

Method of matched asymptotic expansionsJ

inc inc
_ N (B H) (Es,Hs)
@ Domain decomposition
@ Local approximations

@ Matching procedure

- 2 .
6

640 —0
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Approximation for Single Scattering

Method of matched asymptotic expansionsJ

Emc‘ Hinc
. - ( ) (Es, Hs)

@ Domain decomposition

@ Local approximations

@ Matching procedure

o

Scaling
—

— X
X=15

Asymptotic expansions J

Far field expansion in Q* = R®\ {0}

\L&ao l6~>0

- - Near field expansion in Q = R® \ B(0,1)

Foldy-Lax Model in Electromagnetism
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Approximation for Single Scattering
Method of matched asymptotic expansionsJ

@ Domain decomposition

@ Local approximations

(Emc‘ Hin(:)
@ Matching procedure

(Es,Hs)

Do
5
Scaling q 3
— Asymptotic expansions
X=X
Kl
l& — 0 lé — 0

Far field expansion in Q* = R®\ {0}

Near field expansion in Q = R®\ B(0, 1)
=

Near field
J. Labat, V. Péron, S. Tordeux (EPC Magique 3D)
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Near Field Expansion |

E;s(6X) = Eo(X) + 6E((X) + 6°E2(X) + . ..
Hs(6X) = Ho(X) + 6H (X) + 62Ha(X) +

0-order (static dipole)

Ho(X) = —%X‘S (a(e, -H"™(0))e, — H‘”°(0))

1-order (static quadrupole + static dipole)

E — 1 sym inc
E, (X) = — |X‘4 {[( Emc(O) > 2|X‘4 (er .UEmc(O)er) r 2‘X|2 H (0) X er
H1 (X) = W’yt <J;¥$( )er> — |X‘4(er ;IIH\nc( )er)Er + WE'”C(Q) x ey

with ysu = u — (e, - u)e, and J¥™ =} (J+J") symmetric Jacobian
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Near Field Expansion Il

2-order (static octupole + static quadrupole + static dipole)

= 1 2 in 1
Ea(X) = W{g(e,.e,THEmc(O)e,)e,—f— 2 (e -E™(0))e, — 1vi(e] Hew(0)e))

I'If m i m
— ger X Jﬁ,{nc(o) 5 ’Yf(EnC(O))} |X‘3ef X ‘H:ymc(o) €r

- &%F,{Einc(o) ~ 3(e, - E‘mC(O))er} 2|X\ {Elnc(o) + (er- Einc(o))er}

~ 1 1 2 i 3

H2(X) = W{ - *(er . e,T HHinc(O) er)er - i(er . an(o))er + g'Y[ (e,T HHmc (0) er)
ix sym 3 inc ik sym
— & x I (0)er + 557 (H (0))} 2qu, x J2(0) e

& {S(e, -H™(0))e, — Hi”C(O)} X {H'”C(O) (e - Hi”C(O))e,}
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Far Field Expansion |

Es(x) = 6°Es(X) + 6°Es(X) + . ... Hs(x) = 6°Hs(X) + 6°Hs(X) + ...

3-order ( time-harmonic dipole)

Bt = 5 e x50~ 2P o) 22 PL 0 o o
3 (M.
Ha(x) = —<°n" (kr)er Ei”°<0)+'"2jh1 ,-,fffr)%H‘”%O) oh ,,fr Ve H (0))e,

with h{) spherical Hankel of 1st kind and 772”(2) = hﬁ')(z) + zhﬁ”l(z)
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Time-Harmonic Electromagnetic Dipole

Ideal configuration |
o E «d
_— 2 > (I)

d € R3, € small parameter

jaip electric current
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Time-Harmonic Electromagnetic Dipole

jaip electric current

—1 —1

Ideal configuration |
_ed E ed
_— 2 > 6

d € R3, € small parameter

—0.5f —0.5 € — O

> 0 > 0

@ Ponctual charges with g = 1

1
: :
[ 1
08 «—L o Filiform current (d, )
1

0.5

(I
—1-05 0 05 1

1 Q -
-1 -05 0 05 1 @ Charge conservation [ = —iwqg

X X

Time-harmonic electric potential V and magnetic
potential A (x-component) in the xy-plane
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Time-Harmonic Electromagnetic Dipole

Ideal configuration
_ 2 >

0

. . d € R3, ¢ small parameter
jaip electric current

—1

T T T
—0.5f = —0.5

'. — > 0

0.5 = 0.5

@ Ponctual charges with g = 1
<« o Filiform current (d, )

e—0
:
1
1

1 ) 5 ! . .
—1-050 05 1 —1-050 05 1 1 @ Charge conservation [t = —iwq
1

X X

Time-harmonic electric potential V and magnetic
potential A (x-component) in the xy-plane

. Magnetic dipole
E35°1d] = ~VV + inA = 39 1d] — 5
HGp'[d] = curl A ! TR
! £529[d] = —H5°[d]
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Far Field Expansion |l

Es(X) = 6°Es(X) + 6°Es(X) +
3-order ( time-harmonic dipole)
Es = £35°[47E™(0)] + E55°[-27H"(0)]

dip

5-order ( time-harmonic dipole + time-harmonic quadrupole)

E5(X) 3H 83:3(:[4 ElnC( )]( ) 3%82:;9[ on Hln(:( )]( )
$HO (k 4
- %h&‘ (erjer x B0, — 50 (pamoe,) — 2202 (g, e e

Collected dipolar model

3K26°
10

dip

ES(x) = (5 +

2¢5
JesEianE O)(x) + (5 - FgT )2 (0))
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Far Field Expansion Il

Hs(x) = 6°Hg(X) + 6°Hs(X) +

3-order ( time-harmonic dipole)

Hs = 335" [4nE"™(0)] + 3G [-2H" (0)]

5-order ( time-harmonic dipole + time-harmonic quadrupole)

32
10

%3!30[4 Elnc( )]( ) 3ig_cmag[ ‘HinC(O)](X)

H5(X) 5 dip

Kt ) (k1)

K4 ) (1)
. (1) Sym Sym
h (Hr)er ><‘.|IE|nc( )ef+ Tt (‘H i (O)E’) + 3 inr

6 9 inr Hine

(er : .]IHmc (O)er)er

Collected dipolar model

3K24°

0 HTB[—27H"™(0)](x)

dip

HE (x) = (53 n 3&265)

)IHEAmE™(0)](x) + (8° -

5
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Simulation Description

Small parameter

3D Whole domain 1
§e {W’ p=0.5:0.1 :4}

Physical parameters

@ec=p=10, 0=0
@ A=5.0,

Incident plane wave
o E™ = Gexp(—ik - x)
o H™ = Lcurl E™
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Simulation Description

Small parameter

Near field domain 1
s {

Physical parameters
@ec=p=10, 0=0

e \=5.0,
w:m:%z1.26

Incident plane wave

o E™ = Gexp(—ik - x)
o H™ = Lcurl E™
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Simulation Description

Small parameter

Far field domain 1
6 € {W, p:0501 4}

Physical parameters

@ec=p=10, 0=0
e \=5.0,
w=K= % ~ 1.26
Incident plane wave
o E™ = Gexp(—ik - x)
o H™ = Lcurl E™
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Numerical Convergence |

Near field approximations

UL s A ) s e e L1 1 3 e e MR
09 000
009 590
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.ooooé‘wo‘ = = o0 10-3 - ooo‘>"°4|°°°| =770°
5000¢ T T o° 1354 7 Lo o
o 15y
5| e o a o) o
10 : o
DDEID OOO/ 3 ga? 0 s
= o
DZ? Q 1 =) o 3
o o o2 ©
oy 1 OO DDD OO
= o° 10=7 - o T @ -
10-8- o° - d e
Oo OO
o® 0+ 1-order EF OOO -+ 1-order MF
o £ 2-order EF 59° £ 2-order MF
10— 00° ©- 3-order EF | 1o—11| ©© © 3-order MF ||
Y R YT R A Nk o s e s Y R UTY BRSO 1 o e m 5
104 10-3 10-2 101 104 10—3 102 101
5 5

Figure: Relative L2(Q§‘S)-errors for electric near field (left) magnetic near field (right)
1-order EF - [|Es — Eo(5)ll 2(a2s, /IIEs 22,
2-order EF ¢ |Es — Eo(5) — 5E1(§)\|L2(Qgs)/||55\|L2m§5)

3-order EF : [|[Es — Eo(g) - 5E1(3) - 52E2(3)\|L2(Q§5)/||E5\|L2(Q§5)
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Numerical Convergence Il

Far field approximations

10—t [T T T 7 o1 T T —
B
B
o8
Ll
o
105 - 10=5 |~ g -
6
109 B 10-9F |
o 5eorder EF 5-order MF
o Collected EF S Collected MF
o
; o 6-order EF coabdeoo’ 0 6-order MF
10= 18 ) T ———— — 10=13 | L j———mEts =
103 102 101 103 10-2 10~1

Figure: Absolute L2(Q2*)-errors for electric far field (left) magnetic far field (right)

5-order EF : ||[Es — 63E3||L2(Q§\>\)

6-order EF : ||Es — 8°Es — 6%Es|l 22
A
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Outline

2. Multiple electromagnetic scattering by small spheres
@ Born approximation
@ Foldy-Lax approximation
@ Preliminary numerical results
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3D-Multiple Scattering Problem by Small Spheres

Incident field (E™, H")
with wavelength \

(Es,Hs) Scattered field

Qo o
Qo @ o

Exterior domain Qs C R® (% )

T

Nobs
Qs =R°\ | B(cx, )

k=1
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Born Approximation

Nops Nobs
Es°"(X) = ) Esk(X) HE"(x) = >~ Hs (x)
k=1 k=1

@ Each obstacle is modeled as a dipolar source around ¢
Es(X) = £65°1d5 1] (x — ) + €57 ] (x — c)
Hi s (X) = FCEE71d5 41 (x — o) + HE A ] (x — c)
@ The directions d5 , and dj , depend on the nature of the obstacles

J. Labat, V. Péron, S. Tordeux (EPC Magique 3D) Foldy-Lax Model in Electromagnetism (mzop)v Congress, Bilbao

20/24



Born Approximation

Nops Nobs
Es°"(X) = ) Esk(X) HE"(x) = >~ Hs (x)
k=1 k=1

@ Each obstacle is modeled as a dipolar source around ¢

Esx(X) = €§1S°[d§.k](x —Ck) + Ecrjnisg [d5 ] (x — cx)

Hs (X) = FEE° (A5 ] (x — ) + H7[d ] (x — cx)

@ The directions d5 , and dj , depend on the nature of the obstacles

Case of perfectly conducting spheres

@ 3-order approximation
. . Important restrictions
dE —4 53E|nc c dH —_2 63H|nc c

ok 7 (G do i (c) @ Very small obstacles

@ Corrected dipolar approximation @ Small number of obstacles
3(k0)2\ i @ No interaction taken into
d5 x = 4no° (1 I+ %)Em(ck) account

2 .
di, = —27'(53(1 - 73(’;5) )H'”C(ck)
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Foldy-Lax Approximation

Nobs Nobs
EFOIdy(x) _ Z E5 k H§O|dY(x Z HE k
k=1

@ Each obstacle is modeled as a dipolar source around ¢
Ess k(%) = £55°[d5 4] (X — &) + £57(d 4] (x — c)

H(s,k(X) = }fs:gc[ E_k](x — Ck) + g‘fz:sg [d@ % (X - Ck)

Case of perfectly conducting spheres
@ 3-order approximation

Nobs Nobs

d;k = 476° (Einc(Ck) + ZE[;,@(C;()) df;',k = _218° (HinC(Ck) + ZH‘S’Z(C’())
2k o

@ Corrected dipolar approximation

d5, = 4 53(1 + 3("‘5) )(E'"°(c )+ ZE5 g(Ck)) di, = —2n 53(1 3(”5 )(H'”c(c )+ isﬂg o(cx )

e;zk Z;z’k

v
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First Numerical Results
13 obstacles ; dx ~ 1.0 ;0 =0.4

Born approximation
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First Numerical Results

13 obstacles ; dx ~ 1.25 ;6 = 0.1

Born approximation

0.5

ﬂ
ﬂ
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Outline

3. Conclusions and perspectives
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Conclusions and Perspectives

Conclusions and on-going works

@ Single scattering

v/ Derivation of first terms of asymptotics for one sphere
v Numerical validation

ﬁ J. Labat, V. Péron, S. Tordeux (Inria Research Report n°9169, 2018)
Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres Perfectly Conducting.

@ Multiple scattering

Born approximation

Foldy-Lax approximation

High-order spectral method

Numerical validation of Born and Foldy-Lax models

IERERNAN

Perspectives

@ Single scattering

X Justification of matched asymptotic expansions
X Extension to obstacles of arbitrary shape

@ Multiple scattering

X Justification of Foldy-Lax approximation
X Justification of the high-order spectral method
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