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A Gramian-based observer with uniform convergence rate for delayed
measurements

Juan G. Rueda-Escobedo, Rosane Ushirobira,
Denis Efimov, Jaime A. Moreno

Abstract— The problem of designing an observer for a linear
time-invariant system with delayed measurements of the state is
revisited in this paper. The delay is assumed to be time-varying
with finite unknown lower and upper bounds. A Gramian-based
observer is proposed with a fixed-time convergence rate to a
ball. The efficiency of the obtained solution is illustrated by a
numerical comparison with linear observers (one of which is
tuned under the assumption that a nominal value of delay is
available).

I. INTRODUCTION

State estimation is a well-studied problem in the theory of
control systems and related domains [1], [2], [3], [4]. There
are many estimation algorithms proposed for linear models
[5], as well as numerous adaptations of these approaches
to nonlinear cases [1]. Frequently, for an observer design
some canonical forms are used in both scenarios, linear and
nonlinear. The main issues that have to be analysed when
designing an observer, include estimation error convergence
rate [6], [7], robustness with respect to disturbances and
measurement noises [8], [9], [10], overshooting and picking
phenomenon of the errors [11], complexity of tuning, etc.

The problem becomes much more complicated if the
output is available for measurements with delays, constant
or time-varying, known or uncertain [12]. The complexity
comes from difficulties in the stability and performance anal-
ysis for time-delay systems [13]. The reasons are originated
by the fact that with time-delay, the system dynamics become
infinite dimensional, and to find a Lyapunov-Krasovskii
functional, to check stability or optimize performance, is
a tricky problem even in the linear case [13]. In addition,
the stability of a system independently in delays or with an
augmented convergence rate (e.g. finite-time) is a complex
and, frequently, nonlinear issue [14], while delay-dependent
stability conditions are hardly applicable in practice since
they need some evaluation of the admissible delay values
and the rate of delay variation, which can be unavailable.

In the present work, we propose a direct application of the
observer structure introduced in [15], [16] to the problem
of observer design for a stable linear time-invariant plant
with delayed measurements. In the nominal case, i.e. in the
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absence of delay or any other disturbances, this structure
provides finite [16] and fixed-time [15] rates of convergence.
In this work, it is assumed that the delay is time-varying
and bounded, without restrictions on the speed of variation
of the delay value. The upper and lower bounds for the
delay are also assumed to be unknown, and not needed
for the design. Under these hypothesis, an estimator is
proposed, which use Gramian information calculated online
demonstrating a uniform (fixed-time) rate of convergence of
the estimation error to a ball (whose diameter is proportional
to the uncertain delay). Despite the fact that the problem
of designing fixed-time and finite-time converging observers
became more popular recently [17], [18], [19], [20], [21],
[22], [23], their advantages for observation in time-delay
systems are not fully investigated yet.

The paper outline is as follows. The problem statement is
given in Section II. Some preliminary results are discussed
in Section III. The observer equations are introduced in
Section IV. The analysis of the properties of the estimation
error is carried out in Section V. The results of numerical
experiments and a comparison with a linear observer are
shown in Section VI. The final remarks and discussion are
collected in Section VII.

Notation: The set of real numbers is denoted as R. For
a symmetric matrix A ∈ Rn×n, λM (A) and λm(A) denote
the maximum and the minimum eigenvalues of A. For s ∈
R its absolute value is denoted as |s|, while for a vector
s ∈ Rn its pth norm is denoted by ‖s‖p for any p ≥ 1,
and ‖s‖2 = ‖s‖; in addition, ‖s‖p ≤ ‖s‖ ≤ n

1
2−

1
p ‖s‖p for

p ≥ 2 and any s ∈ Rn. The corresponding matrix norm
of a matrix A ∈ Rn×n is denoted by ‖A‖p, and ‖A‖2 =√
λM (A>A) in particular. For a scalar argument s ∈ R

and p ≥ 0, we use the notation dscp = |s|psign(s), and
it is applied elementwise in the case of a vector argument
s ∈ Rn: dscp = [|s1|psign(s1) · · · |sn|psign(sn)]>.

II. MOTIVATION AND PROBLEM STATEMENT

Let us consider a linear time invariant system with a time-
varying delay τ(t) in the output:

ẋ(t) = Ax(t) +B u(t),

y(t) = C x(t− τ(t)),
(1)

where x(t) ∈ Rn and y(t) ∈ Rp are the state and the output
vectors, respectively. In order to design a state feedback
controller for (1), one must reconstruct the current state
vector value x(t) from the delayed output y(t). To this end,
introduce a conventional condition to design an observer:



Assumption 1. The pair (C, A) is observable.

Denote by x̂(t) an estimate of x(t). The classical way to
handle the problem is to use a copy of the system model
with an injection of the output error delayed by τ(t):

˙̂x(t) = A x̂(t) +B u(t)− L
(
C x̂(t− τ(t))− y(t)

)
, (2)

which requires the value of the delay τ(t) to be known.
Defining the estimation error as e(t) = x̂(t) − x(t), its
dynamics results in

ė(t) = Ae(t)− LC e(t− τ(t)), (3)

which correspond to a time-delay linear system. The stability
of the previous system can be related to the matrix A−LC
being Hurwitz, and the feasibility of an algebraic Riccati
inequality for a constant delay τ [24, Chap. 2]. Although the
feasibility of such an inequality can be efficiently tested for a
given L, using it for designing the gain may be difficult. For
an arbitrary large τ it may not be possible to find a suitable L,
then delay-dependent stability conditions and gains L come
to the focus. This problem can be avoided if the estimation
is done by small steps as in [25] for constant delay, or as in
[26] for time-varying ones, but the number of observers to
be implemented may increase drastically. In order to use (2)
for constant delay, one must know the length of the delay a
priori and store past data from the observer. If the delay is
time-varying, the restrictions to be met by A−LC becomes
harder, and the delay, frequently, has to be known at each
time instant.

Another solution is to apply the undelayed observer state
in the output injection:

˙̂x(t) = A x̂(t) +B u(t)− L
(
C x̂(t)− y(t)

)
, (4)

which skips the requirement on availability of the delay
value, then

ė(t) = (A− LC) e(t) + L (y(t)− C x(t)) , (5)

and the boundedness of the estimation error e(t) follows
the same property of the term y(t) − C x(t) (the matrix
A − LC can be taken Hurwitz by a proper selection of
L due to Assumption 1). In such a case the delay can be
assumed to be uncertain, time-varying and bounded. The
issue of this scheme is that increasing the convergence rate
(by augmenting L) usually leads to a loss of precision (since
the perturbation term is also proportional to L):

Lemma 1. Let PL = P>L > 0 and QL = Q>L > 0 be
solutions of the Lyapunov equation

(A− LC)>PL + PL(A− LC) = −QL
for the given L. Then in (5) the error e(t) stays bounded for
all t ≥ t0 ≥ 0 and

lim
t→+∞

‖e(t)‖ ≤ ‖L‖

√
λM (QL)λ3M (PL)

λm(QL)
sup
t≥0
‖y(t)− C x(t)‖.

Therefore, the previous approaches realized by (2) and
(4) present some disadvantages. The objective of this note is
to present a methodology to design a state observer, which

alleviates most of these problems having a bounded error
(the error upper bound has to be proportional to the delay),
under the following hypothesis:

Assumption 2. For all t ≥ t0 ≥ 0: 0 ≤ τ(t) ≤ τ? < +∞.

These bounds for the delay are not restrictive comparing
to the existing results in the literature.

Assumption 3. For all t ≥ t0 ≥ 0:

‖u(t)‖ < +∞, ‖y(t)− C x(t)‖ < +∞.

For example, the conditions of Assumption 3 are satisfied
if the matrix A is Hurwitz, or if the control u(t) ensures
boundedness of the system trajectories. Thus, the last con-
dition may restrict (1) to be asymptotically stable. In such
a case, one can use as an observer just a copy of the plant,
without output injection and having an exponentially stable
error dynamics. However, in this design there is no control
over the convergence velocity, and one has to relay on the
intrinsic properties of the system inscribed in A. In this
work a more sophisticated design is proposed allowing the
convergence rate of the estimation error to be adjusted, but
due to the lack of knowledge about the delay, the price to
pay is to have a steady-state error in the estimation.

III. PRELIMINARIES

In this section some developments that are used for the
observer design are introduced and discussed. The main topic
is how to use a Gramian-like construction to get an implicit
undelayed state estimation error, which can be injected in
the observer to improve the convergence rate.

To explain our idea, consider again the system (1) with an
output feedback gain K ∈ Rn×p assuming that there is no
delay (τ = 0):

ẋ(t) =
(
A+K C

)
x(t) +B u(t)−Ky(t). (6)

Since the only difference between (1) and (6) consists in the
output injection, then both systems are observable through
the output y(t) = C x(t) and in the absence of delay [27].
The reason for introduction of (6) is that now the matrix K
represents a degree of freedom in our hand, which we are
going to exploit for the convergence speed adjustment and for
a Gramian calculation below. The constructibility Gramian
M(t) of (1) can be obtained online by implementing the
following matrix differential equation:

Ṁ(t) = −A>M(t)−M(t)A+ C>C, M(t0) = 0.

The solution of the previous equation is unbounded if there
is any stable mode in (1), since in the adjoint system ż(t) =
−A>z(t) this mode becomes unstable. Now consider the
analogous equation for the constructability Gramian N(t) of
the system (6):

Ṅ(t) = −
(
A+KC

)>
N(t)−N(t)

(
A+KC

)
+ C>C,

N(t0) = 0.
(7)



Since the pair (C, A) is observable by Assumption 1, the
pair (−A>, C>) is controllable and one can chose K to
make −(A + K C)> Hurwitz, and the solutions of (7) are
uniformly bounded. Furthermore, since the observability of
(6) follows the same property of (1), then N(t) becomes
invertible for all t > t0.
Remark 1. The online computation of N(t) can be avoided
using its final value

N∞ =

∫ +∞

0

e−
(
A+KC

)>
t C>Ce−

(
A+KC

)
tdt,

derived from the algebraic Lyapunov equation (7) for Ṅ(t) =
0: (

A+KC
)>
N∞ +N∞

(
A+KC

)
= C>C.

The error introduced by such a substitution disappears expo-
nentially fast, leaving the result unaltered.

Now consider the relation ψN (t) = N(t)x(t), where the
variable ψN (t) has the following dynamics:

ψ̇N (t) =−
(
A+K C

)>
ψN (t) +

(
C> −N(t)K

)
C x(t)

+N(t)B u(t); ψN (t0) = 0,
(8)

which is obtained by taking the time derivative of ψN (t) =
N(t)x(t) and substituting the relation itself. Using N(t) and
ψN (t), which are both variables available for measurements
by their construction, a state estimate can be recovered as

x̂(t) = N−1(t)ψN (t).

Unfortunately, such a direct inversion has some drawbacks.
First, N(t) can be ill conditioned for t close to t0; second,
from the time derivative of x̂(t) it is clear that there is no
control over the convergence rate; third, such an operation
can be computationally costly. Instead, the variables N(t)
and ψN (t) can be used to create a correction term as

N(t)x̂(t)− ψN (t) = N(t)
(
x̂(t)− x(t)

)
.

Since N(t) becomes invertible for all t > t0, the correction
term vanishes only if the estimation error is zero.

Until now, it has been assumed that the output is available
for measurements without delay. Since this is not the case in
our study, let us consider (8), but with the delayed output:

ψ̇(t) =−
(
A+K C

)>
ψ(t) +

(
C> −N(t)K

)
y(t)

+N(t)B u(t); ψ(t0) = 0,
(9)

Denote by ∆y(t) = y(t) − C x(t) and by eψ(t) = ψ(t) −
ψN (t) the error introduced by the delay, its dynamics is given
by

ėψ(t) = −
(
A+KC

)>
eψ(t) +

(
C> −N(t)K

)
(y(t)− C x(t))

= −
(
A+KC

)>
eψ(t) +

(
C> −N(t)K

)
∆y(t). (10)

Since −(A+KC)> is a stable matrix by design, then N(t)
by construction is bounded and converges to a constant, and
the error eψ(t) will remain bounded if the difference ‖y(t)−
C x(t)‖ is uniformly bounded (Assumption 3). Furthermore,
one has a certain degree of control on the size of the ultimate
bound of eψ(t) by means of K:

Lemma 2. Let PK = P>K > 0 and QK = Q>K > 0 be
solutions of the Lyapunov equation

(A+KC)>PK + PK(A+KC) = QK (11)

for a given K. Then in (10) the error eψ(t) stays bounded
for all t ≥ t0 ≥ 0 and

lim
t→+∞

‖eψ(t)‖ ≤ ‖C> −N∞K‖2
λ0.5M (QK)λ1.5M (PK)

λ0.5m (QK)
sup
t≥0
‖∆y(t)‖.

Now, we are in position to introduce the structure of the
observer and its properties in the following section.

IV. MAIN RESULT

In this section we will use the relation ψ(t) = N(t)x(t)+
eψ(t) developed in the previous section to correct the esti-
mate of the internal state. Let x̂(t) be the estimate of x(t).
The term N(t)x̂(t)− ψ(t) is indeed a measure of the error
perturbed by eψ(t):

N(t)x̂(t)− ψ(t) = N(t) (x̂(t)− x(t))− eψ(t).

Thus, this expression can be used in the observer instead of
the classical output injection term C x̂(t−τ(t))−y(t), which
is responsible for introducing the delay in the equation.
Additionally, a priori knowledge on the size of the delay is
not needed to build the proposed term, and it is proportional
to the whole state and not only output variables. Now,
consider a copy of the plant plus two correction terms
represented in the following observer equation:

˙̂x(t) =A x̂(t) +B u(t)− P−1N(t)
(
k1
(
N(t)x̂(t)− ψ(t)

)
+ k2

⌈
N(t)x̂(t)− ψ(t)

⌋p)
,

(12)

where the signals N(t) and ψ(t) are computed as in (7) and
(9), respectively; k1 > 0, k2 > 0 and p > 1 are tuning
parameters to be chosen, and an invertible matrix P is a
solution the following Lyapunov algebraic equation:

Assumption 4. There exist P = P> > 0 and Q = Q> ≥ 0
such that P A+A>P = −Q.

We are in position to formulate the main result of the
paper.

Theorem 1. Let assumptions 1–4 be satisfied for (1), and
consider the observer (7), (9), (12) for K ∈ Rn×p such
that −(A + K C)> is Hurwitz, with k1 > 0, k2 > 0 and
p > 1. Under these conditions, the estimation error e(t) =
x̂(t) − x(t) is ultimately bounded, admitting the following
asymptotic estimate:

sup
t≥Tη

‖e(t)‖ ≤ η γ‖C>−N∞K‖2
√
λM (QK)λ3M (PK)

λm(QK)

× sup
t≥0
‖y(t)− C x(t)‖,

with

γ = max

 1√
k−1
1 λm(Q) + λ2m(N∞)

,
p+1
√

2pp [2ppp+1 + 2]

(p+ 1)λm(N∞)

 .



This bound is reached globally in a uniform time Tη > 0
(independent on initial conditions) for any η > 1.

The main feature of (12) consists in the gain k2 > 0,
which ensures entrance of all trajectories in the ball around
the origin proportional to supt≥0 ‖y(t)− C x(t)‖ in a fixed
time. In other words, the nonlinear term with exponent p
gives to the algorithm a very nice property. Usually, for
any convergent algorithm, when the initial error grows, the
time needed to reach any bounded region of zero goes to
infinity. This does not happen with the algorithm (7), (9),
(12). The uniformity with respect to the initial error means
that the convergence time may increase, but there is a finite
upper bound reached at infinity. To the best knowledge of the
authors, this property is new for this class of problems. The
gain of the linear term, k1, controls the rate of convergence
in the neighborhood of zero, whereas k2 improve it far from
this region.
Remark 2. The main advantage of the proposed approach is
that the convergence rate can be assigned arbitrarily using k1
and k2, which do not influence the asymptotic precision of
the observer, in contrast to the classical approach (2), where
making the real par of the eigenvalues of A − LC more
negative might result in instability, or (4), where increasing
of L leads to the accuracy loss.

In the next section, the convergence analysis will be
presented, together with the proof of Theorem 1.

V. ERROR ANALYSIS AND SKETCH OF PROOF OF
THEOREM 1

To study the convergence of the algorithm, and to show
the properties given in the previous section, the dynamics
of the estimation error e(t) = x̂(t) − x(t) is going to be
analyzed:

ė(t) = Ae(t)− k1P−1N(t)
(
N(t)e(t) + eψ(t)

)
− k2P−1N(t)

⌈
N(t)e(t) + eψ(t)

⌋p
.

(13)

To establish a convergence region, let us consider the
positive definite function V (e) = e>P e. The derivative of
V along (13) is

V̇ (t) =− e>(t)Qe(t)− 2 k1 e
>(t)N(t)N(t)e(t)

− 2 k2e
>(t)N(t)

⌈
N(t)e(t) + eψ(t)

⌋p
− 2 k1e

>(t)N(t)eψ(t).

(14)

The term inside semi-brackets can be split in two, one de-
pending only on the observer error and other depending only
on the error committed in the calculation of ψ. Specifically,
the next inequality is going to be used:

ν>
⌈
ν + δ

⌋p ≥ 0.5‖ν‖p+1
p+1 −

2pp2p+1 + 2 pp

(p+ 1)p+1
‖δ‖p+1

p+1, (15)

which is valid for any ν, δ ∈ Rn and p > 1. Due to space
limitations, the proof of (15) is omitted. Combining (15) and
(14), one gets:

V̇ (t) ≤− e>(t)Qe(t)− k1‖N(t)e(t)‖2 − k2‖N(t)e(t)‖p+1
p+1

+
2 k2p

p
[
2ppp+1 + 2

]
(p+ 1)p+1

‖eψ(t)‖p+1
p+1 + k1‖eψ(t)‖2.

Because the system is instantaneously observable, N(t)
is invertible for any t > t0 (in the case of N(t), its
maximum eigenvalue can be obtained from its final value
N∞), the last inequality can be transformed into (given that
V

1
2 (e)/λ

1
2

M (P ) ≤ ‖e(t)‖)

V̇ (t) ≤ −
λm(Q) + k1λ2m(N(t))

λM (P )
V (t)−

k2λ
p+1
m (N(t))

n
1
2
− 1
p+1 λ

p+1
2

M (P )

V
p+1
2 (t)

+
2 k2pp

[
2ppp+1 + 2

]
n

1
2
− 1
p+1 (p+ 1)p+1

‖eψ(t)‖p+1 + k1‖eψ(t)‖2.

Since (p+1)/2 > 1, one can conclude that the convergence
of the system to a compact region containing the origin
is uniform with respect to the initial value [28] (in other
words, the time needed to reach the compact region accepts
a constant upper bound which is independent from the initial
value). In addition, V̇ (t) < 0 provided that ‖e(t)‖ >
γ ‖eψ(t)‖, with γ as in Theorem 1. The required bound
follows taking into account the result of Lemma 2.

VI. SIMULATION EXAMPLE

In this section, the proposed observer is going to be
designed for the system

ẋ(t) =

[
−0.5 2
−1 0

]
x+

[
0
1

]
u(t),

x(0) =
[
30, −5

]>
,

y(t) =
[
1 0

]
x
(
t− τ(t)

)
,

(16)

with input u(t) = 5 sin(2 t)− 3 sin(3 t). A delay of τ(t) =
α sin(4 t)+0.35 is introduced. This modeled a nominal delay
of 0.35 perturbed by α which take values: 0.05, 0.15, 0.25.

The proposed observer is compared with a delayed Luen-
berger observer (2) and the undelayed version (4). The first
one is designed considering the nominal delay of 0.35. The
second one ignores the presence of the delay completely.

In the following, the parameters for each observer are
presented:
- Proposed observer:
• K = [7.5, −5]> such that the eigenvalues of −(A +
K C)> are λ1 = −3 and λ2 = −4.

• The matrix P was selected to meet the equation P A+
A>P = −I, i.e.

P =

[
1.5 −0.25
−0.25 3.125

]
.

• The exponent p was chosen as 2. Both gains were set
in ki = 10.

- Delayed Luenberger observer:
• L = [1.3, −0.6]> with eigenvalues of A−LC at λ1 =
−1 and λ2 = −0.8.

• The error dynamics satisfy [24, Theo. 2.2] for τ? =
0.35, ε = 3, α = 2, and

X =

[
2.627 0.2818
0.2818 0.556

]
.

- Undelayed Luenberger observer:



• L = [1.3, −0.6]> with eigenvalues of A−LC at λ1 =
−1 and λ2 = −0.8.

The initial conditions were set in zero. In the case of the
delayed Luenberger observer, the initial function x̂ = 0 for
t ≤ t0 was chosen. The following plots show the norm of
the estimation error ‖x̂(t) − x(t)‖ for the different values
of α and for the different observers. Notice that the error

0 10 20 30 40 50
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5
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Delayed

Undelayed

Fig. 1. Error behavior for τ(t) = 0.05 sin(4 t) + 0.35.
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Fig. 2. Error behavior for τ(t) = 0.15 sin(4 t) + 0.35.
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Fig. 3. Error behavior for τ(t) = 0.25 sin(4 t) + 0.35.

bound does not change consistently with α for the proposed
observer and for the undelayed Luenberger observer. This
happens because in these cases the error depends on the size
of the difference y(t) − C x(t) and not on the size of the
delay itself. The delayed Luenberger observer can estimate
correctly the internal state for the nominal delay, but in the
perturbed case the error grows with α.

Now, to illustrate the fixed-time convergence to a region,
the initial condition for the proposed observer was increased
so that it have values in the order of 102, 104, 106, and 108.
α = 0.25 was set in this case. As can be seen in Figure 4,
the convergence is accelerated as the initial error is increased.
The final region is reached at almost the same time in all the
cases. In contrast, attempting to increase the convergence rate
by increasing the gain in the undelayed Luenberger observer
results in a lager error. In the case of the delayed Luenberger
observer, increasing the gain may result in instability.

5 10 15 20 25 30
t

100

105

108

x-x

Fig. 4. Logarithmic plot to illustrate the fixed-time convergence.

VII. CONCLUSIONS

In this note, a methodology to design observers for sta-
ble linear time-invariant systems with an unknown time-
varying and uniformly bounded delay in the output was
presented. To design the observer, no a priori knowledge
of the delay is needed. In contrast, only convergence to a
compact region of the estimation error is achieved, since
the lack of knowledge about the delay complicates the
convergence to zero. The design of the observer only involves
the specification of a positive definite matrix, and requires to
solve a set of Lyapunov algebraic equation. The boundedness
of the estimation error is guaranteed for any finite delay,
and for any observer gain. However, the size of the error
bound increases while increasing the observer gain. The
radius of the ball depends on the difference between the
nominal output and the delayed (available) one, and not
directly on the size of the delay and/or its derivative. The
proposed new estimator is compared with the behavior of a
standard Luenberger observer for delayed systems by means
of numerical simulation. It was observed that the ultimate
bound of the estimation error with the Luenberger observer
increases drastically when the nominal value of the delay
is perturbed, whereas for the proposed observer, designed
without knowledge of the delay, it remains the same.
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