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Modélisation Mathématique et Analyse Numérique

CONSTRUCTION AND ANALYSIS OF FOURTH ORDER, ENERGY
CONSISTENT, FAMILY OF EXPLICIT TIME DISCRETIZATIONS FOR
DISSIPATIVE LINEAR WAVE EQUATIONS.

JULIETTE CHABASSIER!, JULIEN DiAz! AND SEBASTIEN IMPERIALE?

Abstract. This paper deals with the construction of a family of fourth order, energy
consistent, explicit time discretizations for dissipative linear wave equations. The schemes
are obtained by replacing the inversion of a matrix, that comes naturally after using the
technique of the Modified Equation on the second order Leap Frog scheme applied to
dissipative linear wave equations, by explicit approximations of its inverse. The stability
of the schemes are studied using an energy analysis and a convergence analysis is carried
out. Numerical results in 1D illustrate the space/time convergence properties of the
schemes and their efficiency is compared to more classical time discretizations.

1991 Mathematics Subject Classification. 00A71, 35L05, 85A20, 33C55, 65M60.

October 12, 2018.

1. INTRODUCTION

Many imaging techniques, such as non-destructive testing, seismic probing and medical imaging,
rely on the transient simulation of linear wave equations in complex media. The question of an
adapted and efficient time discretization of the underlying Partial Differential Equation naturally
arises, and turns out to be a bottleneck in terms of computational burden. In this work, we focus on
the formulation of the wave equation that involves a second order time derivative, and we investigate
the case of dissipative media. Without being exhaustive, one can distinguish, among existing explicit
methods, multistep (as the Leap Frog scheme [1] or Adam Bashforths schemes [15]) and multistage
(as Explicit Runge Kutta schemes [14], or fourth order Modified Equation schemes [10]) methods.
They exhibit different stability properties, different costs in terms of numbers of matrix/vector
products and therefore different efficiencies. On the one hand, the stability conditions of Runge
Kutta or Adam Bashforth methods are obtained by quantifying the extent of the imaginary axis
which belongs to the stability region of the method formulated at the first order in the complex
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LF| AB3 | RK4 | ME

cost 1 1 4 2
efficiency | 2 | = 0.65| 0.7 | 1.7
’ order \ 2 \ 3 \ 4 \ 4 ‘

TABLE 1. Comparison of methods efficiencies for non-dissipative media. LF: Leap
Frog, AB3 : Adam Bashforth order 3, RK4 : Runge Kutta order 4, ME : fourth-
order Modified Equation scheme.

plane. The associated efficiency can be defined as the ratio between this value and the number
of matrix/vector products needed by the method at each time step. On the other hand, methods
that preserve a discrete energy, which is consistent with the physical energy, such as Leap Frog
or the fourth order Modified Equation scheme, do exhibit explicit stability conditions based on a
CFL-condition. The efficiency of these methods can be defined in the same way. In the context
of non-dissipative media, the explicit fourth order Modified Equation turns out to be the most
efficient scheme, as shown in table 1 where we present the efficiency of Leap-Frop, third order
Adams-Bashforth, fourth order Runge Kutta and fourth order Modified Equation.

In the presence of dissipative terms, the stability conditions of Runge Kutta or Adam Bashforth
methods are given by an implicit formula, which is not easy to fulfill a priori. This is not the
case of the energy-preserving methods that we present here, which still exhibit an explicit CFL-
condition. However, the direct application of the Modified Equation technique on the dissipative
wave equation does not lead to an explicit scheme (even if finite elements with mass lumping or
discontinuous Galerkin methods are used), which greatly hampers the efficiency of the method.

In this article, we aim at circumventing this difficulty. We design a family of explicit fourth order
scheme, based on the Modified Equation technique, which can account for physical attenuation in
the medium while preserving a discrete energy identity. Our schemes are based upon the use
of the first terms of an adequate Neumann series, in order to deal with the implicit part of the
obtained equations. To be able to evaluate the efficiency of our approach, we compare the obtained
algorithm, first, with results obtained by the standard modified equation scheme, second, with a
fourth order time discretization using the explicit Runge-Kutta method. We show that the solution
of the modified equation is well approximated and that, in practical applications, our scheme is
roughly ten times more accurate for the same computation cost. The paper is organized as follows.

o Section 2 is dedicated to the presentation of the scheme and its formal derivation.

o In Section 3 we study the stability of the scheme by energy techniques.

o In Section 4 we provide a space-time convergence results of our schemes towards the solution
obtained by the modified equation.

o Section 5 is devoted to the presentation of one-dimensional space-time convergence results
and cost efficiency analysis.

o In Appendix A we discuss an extension of the method to dispersive and dissipative materials
in electromagnetism such as Lorentz’s materials.

o Finally, in Appendix B, we provide a more dedicated stability analysis for one of the newly
derived scheme. It is done using eigenvalue analysis.

In the following, the method we develop is applied to dissipative linear wave equations in a
bounded domain 2. An example of such equations is the following viscous acoustic wave equation,
where u : RT x  — R is a pressure, f : RT x Q — R is an acoustic source and R : Q — R is a



TITLE WILL BE SET BY THE PUBLISHER 3

damping function.
0%u ou
— + R(x)— - A , €, 1
RS - Au=], 1)
completed by boundary conditions u(xz) = 0 for z € 9Q. Any solution to this equation satisfies the
so-called energy identity

/R ( ) /f— where 5(::):3/52(881:)2+;/52Vu|2. (2)

2. THE EXPLICIT MODIFIED EQUATION

This part is devoted to the introduction of a new explicit fourth order time discretization, for
dissipative linear wave equations of the form of (but not restricted to) (1).

In order to approach the complexity of the propagating medium and its geometry, the space dis-
cretization is assumed to be done, for instance, with high order finite elements, based on a small
parameter h devoted to tend to zero, which parametrizes a sequence of finite dimensional spaces
{Vi}n. In the sequel we identify any element w; € V}, and its vectorial representation in a well
chosen basis of V}, that we still call u;. Once the spatial discretization is fixed, we get a differential
equation of the kind: Find uy(t,-) € V3, such that

d2 duh
B,— + A 3
2 " 1B, o T Anun = i, (3)

My,

where M), is the mass matrix, Bj the dissipation matrix and Ay is the stiffness matrix. We
assume here that the chosen space discretization method is such that M, is easily invertible, i.e.,
diagonal or block diagonal. This can be achieved for instance thanks to Finite Difference methods,
Finite Element methods with mass lumping (in particular Spectral Element methods [7], [8], [9]) or
Discontinuous Galerkin Methods [16]. These types of methods also guarantee that By, is diagonal or
block-diagonal as well. Moreover, we require M}, to be positive symmetric and Ay, to be non-negative
symmetric. For dissipative problems, it is very likely that By, is also non-negative symmetric, but
we shall not use this property until the numerical analysis.

Since M, is positive symmetric, Eq. (3) can be rewritten as

1 1
d*M2u _1 _1dM?u _1 _1 1 1
s My B M M AL M M = M (4)

.

_1 _ -1 -1
Obviously, matrix M, > A, M, ? (resp. M, >ByM, ?) possesses the same properties of symmetry
and of positiveness as Ah (resp. By). Hence, replacing Mzuh by un, M, fh by fn, M, B;LM
by Bj, and M, AhM 2 by Ay, we can consider the simpler formulation
Puy, duy,

o2 +Bhﬁ + Apun = fn, (5)

without any loss of generality.
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A very robust and efficient time discretization for this equation is the centered and second order,
explicit, finite difference scheme known as the Leap-Frog scheme (see [1])

’LLZ-H —2up + uZ_l B uZ‘H — uZ_l
At? "TTaAL

+ Apuy = fi (LF)

where f7' = f5(t") with " = nAt. In order to preserve the precision obtained with high order
finite elements in space, we wish to design higher order time discretizations, while preserving some
interesting mathematical properties as the dissipation of a discrete energy and an efficiency close
to the one observed for the second order scheme. More precisely, if By, is diagonal, scheme (LF)
only requires the inversion of a diagonal matrix at each time step.

We propose to design these high-order time schemes thanks to the technique of the Modified Equa-
tion for linear equations [10]. It is based on the evaluation of the truncation error of a scheme,
and the use of the semi-discrete equation in order to replace some chosen terms. Let us write the
truncation error L, of the scheme (LF), for the solution uy, to the semi-discrete equation (5), which
is supposed as regular in time as needed (the source term is also supposed as regular as needed)

uh(tn'H) — 2uh(t") + uh(tn_l) uh(tn'H) — uh(t"_l)

Ly = A2 + By, SAL + Ahuh(t") — f;? (6)
= [dfuh(t”) + Bhdtuh(t") + Ahuh(t") — fh(tn)]
At?
+0 [d? fr(t") + Brdiun(t™) — Apdiun(t")] + O(At?)

The first bracket vanishes because uy, is solution to (5). The remaining terms are of order At?,
which is the order of the scheme. Equation (5) can be differentiated with respect to time once and
twice, in order to replace the terms involving derivatives of uy,. This gives

Ly = e7(up) + O(AY) (7)
At?
e (up) = T2 [—Bhdiun(t") — (ByAp — ApBy) dyun (t™) + Afun(t")

+dF fr(t") — Anfa(t") + Budy fu(t")]

Out of linearity, it is possible to substract to scheme (LF) a term consistent with €7 (uj,). This
approach leads to the following scheme, fourth order accurate in time, referred to as “Modified
Equation Scheme” (ME) in the literature.

At2 n+l 2™ n—1 At2 n+l _  n—1
<Ih + 123}21) h U F Uy, + | Bp + T (BrAn — AhBh)} o -

At? 2A¢
At? -
+ Ap, <Ih - 12Ah> up = f (ME)
where the source term needs to be modified as follows,

N 2
In=fut") + % [d7 fr(t") 4+ Brdy fr(t") — Anfn(t™)] . (8)
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The above scheme is implicit. Indeed, it can be rewritten as

3 n+l _ n—1
At Uy up

- At?
Bj + = (BrAj — AhBh)) —xp A (Ih - 12Ah> up,

I, +—B
h+ n+ 21

.
2 12
At? %) T T

+2 <1h + 15 B < ()

Even if By, is diagonal, Aj, and By, do not commute in general, unless the eigen sub-spaces of Bj, are
invariant by Ap, which is a strong condition on Ay, generally not satisfied. Therefore, the matrix
to invert,

2 3
I, + %Bh + %B}QL + AQ% (BhAn — ApBy) , (10)
is not diagonal, nor even block diagonal, hence the resulting scheme is implicit. Of course, a natural
method would be to use an iterative solver to inverse this non-symmetric matrix. Such solvers rely
on an arbitrary stopping criterion, related to some norm of some residual, that allows to stop the
algorithm after at a finite number of iterations. Eventually, the algorithm provides an approximate
solution that depends non linearly on the solution to the linear problem, which makes it difficult

to analyze mathematically.

To deepen the mathematical analysis, the main idea of this paper is to approximate the inverse
of the matrix (10) by a truncated Neumann series. The resulting algorithm will require a given
number of matrix-vector multiplications, which leads to an explicit algorithm, and can be seen as
a linear version of an iterative inversion process with an a priori given number of iterations. The
main difficulty will be to prove that this approach does not deteriorate the consistency and stability
properties of the resulted scheme.

Let us introduce

—~ At At?
My, :Ih‘i’?Bh‘i’ﬁszL and (), :BhAthhBh, (11)
such that we have
At At? At3 —~ At3 —
In4+ —Bj+—B)+ — (ByA, — AyB) =M, (I, + — M, 'Cy, ) . 12
nt 5 Bt 45 h+24(hh nBn) h(h+24hh> (12)
Denoting || - ||z the induced euclidian matrix norm, we assume that At3||MglCh||2 < 24 for At

small enough (a rigorous formalization of this statement will be done in the next section of the
article), the matrix Ij, + At3 M, h o, /24 is invertible, and its inverse can be written as a convergent
Neumann series,

Atg . —1 +oo At3 — k
<1h + 5 M, 1C’h> = Z (_24Mh 1ch> . (13)
k=0

Note that, since M, n is diagonal or block diagonal, its inverse satisfies the same property. Therefore,
truncating the series up to order M, defines a family of “Explicit Modified Equation schemes”
(EME-M) that are given by
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~ - At? e
M, [AtQ (f;; — Ay (Ih - 12Ah> u2> +2 (Ih + 1232) (ujf — ul} 1)} (EME-M)

3. ANALYSIS

Intuitively, the higher M is, the more accurate the scheme should be, but the higher the compu-
tational cost is. A compromise must therefore be found and another criterion for us is the possibility
to conduct a mathematical analysis for stability and convergence. For this purpose we perform the
following assumption throughout the paper unless specified.

Assumption 1. The matriz Ay, is positive definite and the matrixz By, is symmetric, non-negative.

Wave equations analysis partially relies on the derivation of an energy identity that shows how
the energy, which is generally a semi-norm for the solution, varies in time. It is somewhat natural, in
terms of consistency, to construct a discretization that preserves a consistent version of this energy
identity. It turns out that the discrete energy identity also provides a so-called CFL condition
on the discretization stability, but is also a tool to show the space-time convergence of the fully
discrete scheme. In our case, since By is assumed symmetric, the symmetry of A; implies that
Cy, = BpA, — Ap By, is skew-symmetric, hence, it is possible to show that the classical implicit
fourth order centered scheme (ME) satisfies the following energy relation ,in the absence of source.

5}7;+1/2 . 82—1/2 _ g, UZ+1 _ u271 . uz+1 _ qul (14)
At 2At 2At ’
where
2 2 2 n+1 n n+1 n
nti/2 _ L ALB2_ALA ]_ALA Up —Up Up  —Up
En 2<h+12 b Ty T At At
1 At? T T 1

+§Ah (Ih—mAh> h 5 h . Zh 5 h (15)

The energy terms 5,7;“/ % are positive as soon as the CFL condition is satisfied, which is given in
this case (the Modified Equation, see) [5]

IAnll2\? At 3
=A = A? <1. 1
aimae (14 L Afls, s (16)
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Since By, is non-negative, the right-hand-side of Eq. (14) is non-positive and the energy 5n+1/ 2
decays with n. The stability of the scheme in L? norm can be deduced (see [6]) from the decay of
the energy, which is not necessarily a norm for the solution.

We prove in the next section that the schemes (EME-M) ensure a discrete energy relation of the
form

€:+1/2 . 6}?_1/2 _ 3 uz-‘,—l uz,—l UZ+1 uz—l (17)
At MM A 2At
where EnH/ % is defined as in (15) and is therefore positive with the same CFL condition as for

the standard modified equation scheme (ME). In the following, we focus on the first four schemes
which present the following properties:

e (EME-0). This is is the lowest order of approximation, its cost is close to twice the cost of
the Leap-Frog scheme and B, o = By, therefore the discrete energy is dissipated.

e (EME-1). In that case, we will show that the scheme is a fourth order scheme under some
conditions on the matrices By, and Aj,. We will show that By, 1 has no sign and therefore
exponential blow up may appear. We will prove that these blow-ups, which are illustrated
numerically in appendix B, are of the form exp (¢t CAt) with C' > 0 independent of h and
At and are therefore not observable on usual time scales.

e (EME-2). A similar behavior to the one of scheme (EME-1) can be observed except that
fourth order convergence may be obtained in more situations and the exponential stability
estimate is more favorable. We will not study this scheme in detail here.

e (EME-3). This scheme provides all the good properties one can expect: it has the max-
imum order of accuracy and is dissipative. It is however the most expensive in terms of
computational cost, among the schemes we analyze, yet its efficiency is better than the
scheme RK4.

Remark 1. Because of Assumption 1, the matriz Mh defined by

— At At?
My, = In + Bh+ 7Bh

is symmetric and invertible, and its inverse is sparse (diagonal or block diagonal). Moreover Mh 18
a positive symmetric perturbation of the identity and therefore | M, *||2 < 1 and also HMh_l/2||2 <1.
We also have,

At[[Bulls , AP Byl

M,lls <1
([Mpll2 <1+ 5 12

3.1. Energy relation

In order to prove that the Explicit Modified Equation (EME-M) schemes described above ensure
an energy relation, we want to rewrite them similarly to the modified equation scheme (ME). One
way to obtain such a centered formulation is to compute the inverse of

3 (ra)

k=0

Mt (18)
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Notice that if
Atg Nfl
Sl < 1, (19)

then the inverse of the matrix given in (18) can be expressed thanks to a Neumann series. This
motivates us to introduce a second time step restriction. To do so we define

B = At||Bpl|2

and give the following lemma
Lemma 3.1. Assume that « <1 (i.e. the CFL condition (16) holds). If 8 < 1, then (19) holds.

Proof. We have, because of Remark 1,
1M}, Crlla < M 2 [|Callz < [IChllo-
Moreover, since Cy, = B Ap, — Ap B, we have

At3

C <2|A B = -
[Crllz < 2[|Apll2 || Brll2 51

—~ At3
132, Call2 < 5 I4nllz | Bl

Since we assumed that (16) holds, ||At?Ap||2/12 < 1 and

At3

S 1M Cull2 < At |[Bul2 = 5.

which concludes the proof. O

As a consequence of Lemma 3.1 we have the following equivalence theorem.

Theorem 3.2. Assume that « <1 and 8 < 1. Then, for M € {0,1,3}, the scheme (EME-M) is
equivalent to

At? ut Tl — oy 4t At? ulttt — gt
T B2 h h h B C h h
( AT h) A2 A R TR 2AL
At? -
+ Ay (Ih - 12Ah) up = f', (20)
where

B0 = By, Ch,o=0.

+oo 2%k+1 = 2k
By =By + AitQ Z (At3> <Oth_1>2k+1 Cns Cna= Z (At?)) (Cth_l)Zk -

12 24 24
k=0 k=0
A2 £ 7 A3 3 | 4k+3 120 /A 2R — N4k
Bua=Bu+ =35> ( E7y > (M) Cn Cra=3 (24) (i) e
k=0 k=0
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Proof. Algorithm (EME-M) can be rewritten as
M

A~ N\
> (-5 iita)

k=0

Then, writing

o

algorithm (EME-M) is actually equivalent to

At? T Ry L At? ~
(Ih + 123%) h Atg h +Mh’M7h SAL h + Ay, (Ih — 12Ah> 'U,Z = }TLL (22)

Let us now consider the different cases M =0, 1 and 3.
o When M = 0, we have
2 [~ At
— (M, -I,-—=—-B}) =B
At ( P h) "
which implies Bp, o = By, and Cp 9 = 0.
o For M =1 we need to express the inverse of the second term of (22) as a series. We have

P AtB — -1 . +oo Atg — k
My oM, [Ih - S M Ch] — Mh;o (24Mh Ch> , (23)

and therefore

~ At? 2 — XA g

My1=Bp+—Ch+ —M, —M;'C

h,1 n+ D h+At hkz—g n Cnl

from which we deduce the expression of Bj ; and C}1 given by in the theorem’s statement by
identifying skew-symmetric and symmetric part in the matrix above.

o For the case M = 3, we will use the property that, for any matrix Dy, such that ||Dpll2 < 1 we
have

[I, — Dy + D} — D3] ™" = [(In = Dp)(In + D})] ' = (In+ D}) "' (In — D) ™"

= (In+Dp) "(In — D)~ " (In + Dp) "' (In + Dp) = (In — Dj) "' (In + Dy)
therefore

+oo
[In — Dy + Dj, — D}] o= (Z D#) (In + D). (24)
k=0
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Using (24) with Dy, = At?’M}:lCh/M one can show that

— Af2 2 [~ AP \IX /A8 "
M3 =DB —Ch+ — | M+ —C — M, 'C
h,3 h+ 2 h+At< h+ 21 h);(% h h) )

we obtain the last result of the theorem by identifying symmetric and skew-symmetric part of the
above matrix. 0

3.2. Stability

This section is devoted to the stability analysis of the modified equations schemes. We first give
an energy estimate for a large class of schemes before applying to the specific case of the (ME) and
(EME-M) schemes.

3.2.1. General results

To continue the analysis, we need an intermediate result showing that the energy norm is a semi-
norm for the solution. Such a result is inspired from [6]. We recall here the statement and give a
sketch of the proof for the sake of completeness.

Proposition 3.3. If the CFL condition (16) is satisfied, then the functional ESH/Q defined by (15)

satisfies
2

+(1-a?)
2

2
2

n+1 n
Ll —uy

4 At
Proof. If the CFL condition (16) is satisfied, then, recalling that A is symmetric,

n+1 n
A2 Uh + up
3

2
0 S Ah(l - 042) S Ah <Ih — Al;Ah> .

Moreover, from Assumption 1, By, is symmetric and non-negative and we have, by inspection of (15),

oA 2
1 Ot g At At 2

(Ih AP At AQ) uptt =g uptt —up (1—a2) up ™ g up ™ <ogmti?,
Since the minimum of the positive polynomial 1 — x/4 + 22/48 is reached at z = 6 and is equal to
1/4, we get the desired result. O

We address now one of the main results of this paper, which establishes a general stability result
for schemes of the following form: for 1 <n < N

n+l _  n—1

At? uttt — oy ot ~ < 1u u
I 2% g2 U h h [B C } h h
( AT h) INE En 2AL

AtQ n m %~n
HAn \ In = 5 An | up = fi + Aggh,  (25)

where By, and C, are respectively symmetric and skew-symmetric matrices that may depend on At.
The stability analysis of the generic scheme (25) is a preliminary step, not only to the stability proof
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of schemes (ME) and (EME-M) that we perform in the next paragraph, but also to the convergence
analysis that we detail in the next section and which will give appropriate values to f,’; and g;. We
assume that the source terms f,? and g; are approximations of smooth functions of time compactly
supported in (0,7") (hence f}? =0 and g = 0). Moreover, initial data are assumed equal to zero:

uy) =up =0, (26)

Theorem 3.4. Assume that (26) holds, that o < 1 and that there exists 0 < cg < 1/(4 At) such
that for all vy, we have

Buup - vn > —cgllonll3, (27)
then solutions of (25) satisfies the following energy estimate, for all 0 <n < N,

)

g —g!
At

«

N
T < 0aus (3], g il

where the positive scalar C' is given by
C=2V2yeN0D (28)
and where the amplification factor v > 1 is defined by

1+4At03

VT T T 4Atey

n+l _ rL 1)

Proof. Multiplying equation (25) by (uj /2At we obtain the following energy relation

n+1/2 n—1/2 n+1 n—1 n+1 n—1 n+1 n—1
&, - &, x u, = =

1 u — U U — U
— n A2gn) . _ B h h h h
At (Fi + A3 a7) 9AtL YN 2AL

Using Eq. (27), we have the estimation

n+1 n12

Up — —Up
2At

5}7;"1‘1/2 o 5}7;—1/2 u’n+1 _ ,n—1
A2 ~n h
At < (i + ARah) -

2

Writing ™ — uf ™! = (upt — uf) + (u}f — u} ") and using Prop. 3.3, we find that

n—12
Up — Uy,

At

n+1 n—1
Uh — U

2
1
h _
2AL *

< 2% T U
= 2

< n+1/2 n—1/2
N 4(5 + & ) (29)

DN | =

2 H un+1 n

2 2 2

hence " .
(1—4ALep) €Y — (14 4ALep) €2 Y2 < AL(fr + AZgp) - & 2;:’1
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Using the definition of the amplification factor we have

n+1 n—1
v At upt —up

nt1/2 on—1/2 A2”"
& TS T LAty VR ARG T gy

Therefore, one can show, using the above equation recursively, that, for 1 <n < N,

n+1/2 1/2 n = 35k UZH - Ufﬁ '
& SAMET ALY TR (fE 4+ ARGR) - A7 (30)
k=1

Note that, to obtain the above equation, we have used 1/(1+4cp At) < 1. Note also that, because
of (26), we have 8;/2 = 0. Moreover, one can show that

k+1 k—1 1 n+1+uh

n
koA~ u —u o~
ALYy RARG Tt =T R AL
k=1

n—1 _k_1~k+1 k+1 +’U’Z

A Tl R T
+ At Z -A?
£ At 2

The above result is a discrete by-part integration in time, the objective being to exchange discrete
time derivative of the solution with multiplication by the square root of Ay, of the source term. This
is a standard strategy at the continuous level when one studies the stability of the wave equation
with source term in dual spaces (for instance H~!(Q)). Coming back to our estimation, we have,
after using Cauchy-Schwarz inequality and the results of Proposition 3.3,

k+1 k—1
D SRR T S M aapn L B TRV
2At T V1= a2

k=1
n—1 k— ~
\fﬁt 19}7‘;‘-"-1 ~y k;}lj 1)2 ( 1)
1/ 2 Z A vV —h ’
1 (% t )

Since u; = ug = 0, the term involving f}’f is first written as follows

k+1 k—1 k+1 K
Atz,y—k fk Up — — Uy — ,y—ng ~}7LL . Up — —Up
— 2At 2 At
n—1 _ k1 Fk+1 —k 7k k+1 k
Y n Y w —uy
At .
+ Z 2 At

k=1
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from which we deduce the following estimation, using again Cauchy-Schwarz inequality and Propo-
sition 3.3,

k+1 k—1

_ witt —u
AtZ’V kfk h 2Ath
k=1

—k—1 fk+1 —k 1k
O T e 1 U2 (39)

n—1
<V2ALYT Rl ET 4 2v2 ALY

2
k=1 2
Combining (30), (31), and (32) we obtain
7 \[7 1/2
et < | atvay ||fi g gty
h — Y \/177 H 9n ||2 h
n—-1 —k—1 fk+1 —k £k —k—1zk+1 —k=k
2 _
frary S o 4| RV Lo e el B )
k=1 2 V 1-— a2 At 9
We define now
D:= sup [AtvV2~y Hf H g .
ke[0,N] ( g \/7 H hH2
Using Young’s inequality 2ab < a? + b2, one can show that forall 1 <n < N
1 n+1/2 1 n k+1/2 [ ok+1/2
R AtZd VETE,
k=1
where
—k—1 fk+1 —k fk —k—1xk+1
A2 92 gl fn " V2 5 Y gttt —y7FgE
2 V1 — o2 At )
Now, remark that v > 1 implies, for all 1 <n < N,
A" < en(r=1) < eN(’Y—l)7
we can then deduce for 1 < n < N the inequality
1 / 1 n—1 ;
n+1/2 N(y— k k+1/2
3én TS 5D e DALY " ar 2y e, (33)

k=1

that is still valid for n = 0 since 5,1/ S—) Inspired from the proof of [22], we apply standard
arguments to prove a discrete Gronwall’s lemma and we introduce, for 1 <n < N,

5n+1/2 <]_-n+1/2 D2+26N(7 1)Atzdk+1/2 /5;]f+1/2.

k=1
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Note that F, /2 implies D = 0, meaning that when the source terms are zero, the solution is

n+1/2

also zero. Therefore, without loss of generality we assume that F, > 0. One can see that

n+1/2 n—1/2
Fi / - F, / — 9 NO=1) gn-1/2, [ gn—1/2
At h

< 2€N(7—1)dn—1/2(\/}-}7+1/2 n \/F}TLL—l/Q).

which implies

n+1/2 n—1/2
\/]:h — \/‘Fh < 9eNG=1gn—1/2.

At
Hence, for 0 < n < N, we have
N-1
\/€n+1/2< \/]_.n+1/2< \/]_-1/2+26N(7 1) Atzdk-i-l/Z (34)
k=0

To finish the proof we need to estimate the terms ]-",}/2 = D and d*t1/2. First,

D < V2~ At Hf H ——— sup ||g 35)
Z " mkelN]H il (
Since v > 1, one can show, writing ngr1 (g,’fJrl — g;f) + QZ and using triangular inequalities that

dk+1/2 1 grtt — gk 1 1—971Y\ .
R R e Rt R et G L8
V27 1—a? At ) 1—a At
hence
Atzdk+v2<2\mm2 7]+ Boa) L (1m0 ey
P h \/1—042 At ) 1—a? At hil2 |-
(36)
Finally, combining (35) with (34) and (36), we obtain the result of the theorem using the definition
(28) of the scalar C. O

3.2.2. Stability of the schemes (ME) and (EME-M)

In this section, we specify how Theorem 3.4 can be used to study the scheme (ME) and each
scheme (EME-M), M € {0,1,3}. We first state Proposition 3.5 that gives the value of cp of
Equation (27) for (ME), and (EME-M) with M = 0 or M = 3. In particular it is shown that
c¢g = 0 and therefore no exponential growth occurs in the stability estimates for schemes (ME),
(EME-0) and (EME-3). This is not the case for the scheme (EME-1), for which we establish
Proposition 3.6 giving the value of c¢p is given in that particular case.

Proposition 3.5. For allvy, € Vi, Byovn-vy > 0. Moreover ifa <1 and 8 < 1, then By 3 vy vy >
0. Therefore, Theorem 3.4 can be applied for (ME), (EME-1) and (EME-3) with ¢g = 0.
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Proof. The first statement comes from the non-negativity of Bj ¢ = Bj. The second statement
comes from the expression of By, 3 given by Theorem 3.2. Indeed, each term of the series is non-
negative:

4k+3
) Chop-vp 20,

(ChM,:l
since C}, is skew symmetric. O
Proposition 3.6. If a <1 and 8 < 1, then for all v, € V},

262 ~ 432
Bpivp vy = Bpop - vp — %Mh Up - Up = —%thng (37)

Proof. Using the expression of By 1 given by Theorem 3.2,

At2 +oo Atg 2k+1 . okt 1
Bh,lvh *Up = Bh Vp * Up + H (];O <24> (Cth 1) Ch Vp - Up. (38)

— —~1
Since Mj, is symmetric positive, we can define its square root M,;? and write that

A2 (A3 2T —~ 1\ 2k+1 2 [ABNFT?E 1 —~ .\ 2k+1 ~_ 11
12(24) (cnar) " an = At<24) MM (Gl ) O,
9 [ABNFTE 1 0 a2kt2
_ At<24> M (Mh2Cth2) MZ.

Denoting by S the set of eigenvalues of the non positive symmetric matrix
ABB— 1 1\?
(24Mh 2 Cth 2) 5

we have that

+o00 1 At3 4 . 2k+2 a1 +o0 Atg a1 . 2k+2 a1 a1
> My (24Mh *Cn M, 2) My vn-vn = ) (24Mh *Cn M, 2) Mt oy - Mjfop
k>0 k>0

= —1 —1

> rglelg plans Mz vy - M7 op,
k>0
and therefore
2 = — —
Bhvh * Up Z Bhvh - Vp + Kt I)\IIGIE /\k+1 M}1L/2vh . M;/Q’Uh. (39)
k>0

We now have to find a lower bound to {\nl‘rslz A1 Remark that
c

~_ 1~ 1\2 ~_1 o~ 12 1
(01 bt )" < |38, Bt 2 < 1ady 21wl <l
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1/2

since ||M l2 <1 from Remark 1. Therefore, following the proof of Lemma 3.1 we have

2
p<<A24M 20, M, ))gﬁQ and S cC [-p%0],

which implies, since 5 < 1, that

—mlnz Aol — A 2 max || > — 25%
At \es At AeS 1-— )\ = At aes At

Combining this last inequality with Eq. (39), we obtain the first inequality of the proposition.
Morevoer since 3 < 1, we have from the definition of M, given in Remark 1 that HMhHg <
19/12 < 2, therefore omitting the positive term By, vy, - vy, in (37) we obtain the last result of the
proposition. O

The result of Proposition 3.6 may seem not sharp enough since, in regards of the stability estimate
given in Theorem 3.4, an exponential growth of the energy may occur. The exponential factor is of

the form A ,
8Atc 45
N(v-1) ith =B ds = —.
e wi ~y T iAtcs andso  cp = —
We will see however, in the applications we consider, that § is proportional to At and therefore,
for At small enough we have cg < 1/(4At), which is a necessary condition to apply Theorem 3.4.

Thus,

(40)

-1 ~ A#?
v At—0 ’

meaning that, if 7= NAt is the final time of simulation, the exponential growth is of the form
exp(C TAt), with C a positive scalar independent of At), so that the scheme can still be qualified
as convergent and stable. In Appendix B we show that estimate (37) is not optimal in specific
situations. However, we illustrate numerically in appendix B that an exponential growth may
indeed occur for some discretization parameters.

4. CONVERGENCE ANALYSIS

In this section we treat “partially” the space and time convergence analysis of our scheme. By
partially, we mean that we only prove a space and time convergence result of the solutions of explicit
modified equation schemes (EME-M) towards the solutions of the modified equation (ME). We first
give an abstract error estimate before tackling the particular case of the wave equation.

4.1. Abstract error estimate

We consider now a family of problems parametrized by a family of positive numbers A that converge
to 0, meaning that we consider a family of matrices {4} and {Bj} that may act on larger and
larger spaces as h goes to zero. We assume that the time step is given by the CFL condition (16).
More precisely we assume a < 1 fixed and set

120 \?
At = () .
| Anll2
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With the above equality, the time step At can be seen as a function of h. Indeed, in the cases we
want to consider, Aj approximates an unbounded operator and ||Ap||2 blows up when h goes to 0,
which implies that At goes to 0. Therefore, the space time convergence can be studied be letting h
tend to 0. Now we denote by {u} } the sequence of iterates obtained by solving the modified equation
scheme (ME) and {uj ,,} the sequence of iterates obtained by solving (EME-M), formulated as in
(20), and we define

€, = Up — Up -
Our objective is to show that ey, ,, goes to 0 for a given h—dependent norm when & goes to 0. By

simple computations one can show that the error term ey ,, satisfies the explicit modified equation
scheme (EME-M) with source term depending on u}l. More precisely we have, for 1 <n < N,

A# 5\ b — 26 + At Chont ~ Choat
1 —_p? d ’ J B _ M nM
( n+ 19 h) A2 + | Bh,m + 1 Chm

12 ’ 2At ’
with
At?
Dy v = Bupoy — B + ﬁ(ch,M — Ch).
Applying Theorem 3.2 we find
At?
Dpo=—— 42
h,0 12 Ch7 ( )
and for M =1or M =3
INZ ABNT K
Dhi = oo il ( M—l) 4
M= g > < 24> CaM,, ") Ch, (43)

with
Ny =N* N;={4k -1k e N}U{4k|k € N*}.

To continue the analysis, a simple way to proceed would be to apply Theorem 3.4 with
and gy =0. (44)

It is easy to obtain an estimation of (u} ™" —u}'~')/2At using the stability of the (ME). However,
if the function R(x) is discontinuous, which happens frequently in the context of weve propagation,
the term || Dy, as|2 goes to 0 as kM. This behavior will be illustrated numerically in the next section.
Hence, even with M = 3, we will not be able to prove the fourth order convergence of the scheme.
An alternative is to write the right hand side of (41) as

upt — !

3 n : ~n -5 -3 5 “ZH — “271 ~0
Dh’]\/[T = Aﬁ gh Wlth gh = (Ah zDh7MAh 2) <A’2l 2At> 5 gh = O (45)
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and to apply Theorem 3.4 with g" given above and f" = 0. For this, by inspection of the estimation
of Theorem 3.4 we need to estimate

n+1 n—1 ~n—1 n+1 n n—1 n—2
U —u ar —q 1y —ul —u +u
h h and h Az h h h h

2At At 2A¢?

A;ZEDh,MAh s G = A2 (46)

The next three lemmas aim at estimating these 3 terms successively.
Lemma 4.1. Assume that 3 <1 and M =1 or M = 3. Then, we have,

AtD -
288 1 —

_1
HA}L2Dh>MAh ||2 —= h2||2'

_1 _1
Note that the above Lemma gives an estimation of A, 2Dy pA, 2 (for M =1 or M = 3) in

_1
terms of C, A, >. We explain in Section 4.2 why we expect that this operator, in the case of the
wave equation, has good behavior as h goes to 0 and it is illustrated numerically in Section 5.1.

Proof. Observe that, by definition of Dy, s given by (43), we have
12 1 1 1 A3\ * ~ N\ 1
@Ah ZthMAh 2 = Ah 2 Z ﬂ (Cth ) Ch, Ah 2

A3 1 —_1 ABN\Y 1 k) — 1 1
MAhZCth2< Z <24> (MhZCth2> )MhZChAhZ.
k+1€N

Following the proof of Lemma 3.1 one can show that

AT /1 1Nk o s AsN\F M1
> (22) (Mh *ChM,, 2) < > <2i> ICwll5 < Z ph = ﬂ
5 k=M-1

k+1eN s k=M-—1

we deduce that

1 At5 M-—1
2 2 2
147 DA < S T e 10T 6
At gM-1
< — A, 3 A, 5 .
S || Chll2 ICh A, * |2
Finally, since HA}:%C}LHQ = ||(A}:%Ch)T||2 = HC’hA,:% |2 we obtain the result of the Lemma. O

Lemma 4.2. Let u} be the solution of (ME) with o < 1, u} = u}, =0, and fho = f,} = 0. Then,

foralll<n<N
N

36
< At
<y

k=1

n+1 n—1
Up — — Up

2At

T

At

J+

2
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Proof. We set

n uh — ’U’Z '
Uy, = y
At
then we subtract the scheme (ME) written at time n and at time n — 1, we obtain, after dividing

by At, the following equation, valid for all 2 <n < N

n+1 n n—1 n+1 n—1
At? vh+ — 2Uh + Up + |B, + Aitgc vh+ ~Un
At? 2At
(0 -y P (47)
PP T )T T A
Thanks to the hypothesis f,% = 0, we have u% = 0 and thus v} = vfb = 0. We can then apply

the stability Theorem 3.4 with g = 0 and f” = (ﬁ? — ::l*l)/At Because By, is non negative by
assumption, we have cg = 0. Then, thanks to Proposition 3.3 we have for all 1 <n < N

1—a? n+1/2
\/ - (4 <\/5 <9fAt;

where the energy 5,?“/ s given by (15) with v}" instead of u}!. We obtain the result of the lemma
by replacing v;' by its value in terms of uj. (|

n+1
Lo, vy
h 2

=

At

)
2

Lemma 4.3. Let u}} be the solution of (ME) with o <1 and

up=up =0, R=fi=1i=

A2 "'H —up —up 4 uZ_Q 36 AtzN: Jﬁ“ - 2]?,’;_1 + ﬁf_z
2At? 2 T V1 — a2 At? )
Proof. We set
up — T up va*l
vy = 7Ath and wy = 7Ath ,

where v} is defined in the proof of corollary 4.2. Subtracting scheme (47) written at time n and at
time n — 1, we obtain, after dividing by At, the following equation, valid for all 3 <n < N

At? wpth — 2wl 4wy At? wl T —r !
I 7B h h B h h
( nt h) INE [ nt C"} 2At

fom2fi v R

A2 (48)

At?
+ Ay (Ih— Ah) wh =

Using the assumption fh = fh =0, we deduce that v} = v? = v} =0 and therefore wi =wi =0,
so that we can apply the stability Theorem 3.4 with g = 0, fh = (fh - 2f ” 1) /At? and,
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once again cg = 0. Then, thanks to Proposition 3.3 we have

1 —052 n+1 -|—’LU /2 f 2']/0\77,71 _’_}-\n72
Az h < /gnJr / <9 At h h h
V2 2 ) v Z At? ’
k=2
where the energy €n+1/ % s given by (15) with wﬁ instead of uj. We obtain the result of the
corollary by replacmg wy by its value in terms of uj. (|

It is now possible to state the following theorem on the estimation of the error term ej ), for
schemes (EME-M) (with M € {0,1,3}).

Theorem 4.4. Assume a <1, § < 1/6 and

0 1 0 1 70 71 )
up =up =0, uppr =up =0, Ih=rh=Ihn=

Then, the error ey \ = up — hy \, satisfies, for 1 <n <N,

n+1

n+1 n
1€ — €nm 9 1ey vt ey
- || 1 — A2’7’
Al +(1=a?) 2
2 2
N _ _ _
< apm thAtZ M ﬁf—2ﬁfl+ﬂf2
- ’ At At? ’
k=1 2 2
with
12 1 1 2 Atd 1
Qh,0 ZAtQ 1,Oé2||Ah2ChAh2H2’ Qp,1 = { ) ||ChA 2H2 64Nﬂ 5
bho =1, b1 =1+32N B2
and s
At
ans = 7= 8 Cadt, I3,
bh,3 = 1)

Proof. Because of our assumption on the initial data we can apply Theorem 3.4 on scheme (41)
with fi' =0, gi given by (45) and by g := 0, and by

~ ~ A
By, =B v, Ch=—7Chum.
12
Denoting E,?HN the energy given by (15) written with e, instead of uy, we get, forall0 <n < N,
11/2 Sy g —g !
&) < Cyp At M h + sup |[gF]l. .
y S (S bt ey | B )4 2 it
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with Cs = 2v2 3 VO™ =1 and where 79 = 1, 73 = 1 and using (40),

SAtep . 432 32 32
=14 — th =— = =1+ ——-.
=TT T A, T BT =t T T

Note that ~; is greater than one and is bounded because of the assumption S < 1/6. Using the
definition of g given by (46) we can show the following estimation

N
Va2 < Cua Ay (
k=1

where C)s o is given by

& k-1
— 4

At

all, +

>+CM,Q sup ||an]l,-  (49)
9 ke[1,N]

Crto = 2|4, Dy 4y |
M, 1— o2 h h,MAp = ||2-
Moreover, thanks to Lemmas 4.2 and 4.3, we have
Nl 726 7k—1
sup ||¢ —At el | I
kel1,N H h”2 1T — a2 ; At ,
N N || 7k Fk—1
- 36 N At fy =1
Aty llall, < S==at 3 |||
k=1 l-a® o t 2

N

acyZ|

k=1

~k ~k 1 J’CZLC_2J¢/?}ZE—1+J’E]I;—2

36 N At
<
At?

= )
) l—« 2

Combining these estimates with the energy estimate (49), one gets

1 Tk Tk—1 Tk—2
ntl/2 1 L=y N AL At - fh NA fw =2+ 1y
\VE, Cita ( A ) At + At? ’
k=1 2 2
where
& _36Cy 0
M, — /71 — a2-

The result of the theorem is obtained, first using Proposition 3.3 that bounds by below the energy
with respect to semi-norms of the errors, second using the recursive definition of the constant
Cw,ay Cir,o and Oy as well as 'y, third using the estimation of

_1 _1
||Ah 2Dh»MAh ? ||2

given by Lemma 4.1 for the cases M = 1 and M = 3 or Eq. (42) for the case M = 0. Finally, note
that because of the assumption on 8 we have

11 <1+643% and 1 —~;' <3282
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4.2. Application to wave equations

Our objective is now to apply the results we have obtained to the specific case mentioned in
introduction, namely the wave equation (1) with zero initial data. We consider the family of
semi-discrete problem of the form (3) and if one consider the total discretization by the modified
equation technique (ME) it is natural to expect - if sought solutions are regular enough - a space-time
convergence of order 4 of the solution given by (ME) to the solution of (3). Finally, the convergence
of (3) to the continuous solution of (1) is an application of the finite-element convergence theory
and to restrict the scope of our analysis we assume convergence at the right order is guaranteed,
ie.,
sup up — up(t")|[5 < B* Cy.
tnel0,T]

for some C, > 0 independent of h. Such results was proved in [6] in the case R(z) = 0 for
a family of implicit or explicit fourth order schemes. We assume here that adding dissipation
does not deteriorate the convergence if the scheme (ME) is used (such result is suggested by the
computation of the truncation error (6) and (7)). In the light of the previous equation we seek for
fourth order estimation of the error term ej ,,. The proof given in [6] relies, naturally, on regularity
properties of the source term. In our context we need equivalent regularity properties and the
corresponding assumption reads

Assumption 2. For anyT > 0 and At given by (16) with o < 1 independent of h and N = |T/At],
there exists a scalar C'y independent of h > 0 such that

N

+>

2 k=2

fh fh fh_th +fh

At Z < Cy.

k=1 2

In ordee to obtain more specific results in relation with our applications, we also need to assume
a given behavior for the norm of the matrices Ay, and By,. It is clear that || A |2 is equivalent to h =2
when h tends to 0, since it corresponds to the discretization of a second order differential operator.
Moreover ||Bp,||2 should be bounded independently of h because it corresponds to the discretization
of a zero order differential operator. These observations are turn into assumption in what follows

Assumption 3. We assume that there exist three scalars ca, C4 and Cp, independent of h, such
that

Ca
< Aul < 53 and | Bl < Cn
Note that, because of the CFL condition (16), the maximum allowed time step At is proportional
to h. As a direct consequence, we have that

12
[ Anll2

h—0

8= B(h) = AL||Bulls < a ( ) Cp < alp (22) B, hemce  A(h) —s 0.
A

Therefore, for h sufficiently small, § < 1, and the schemes (EME-M) will be well defined (recall
that we have assumed that a < 1).

1 1
Discussions on the norm of C,A, > . An estimation of the norm of CjA, * is required to
deduce a space-time convergence result from Theorem 4.4, since the norm of the operator may
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blow-up, which is the case in practice as we show numerically in Section 5. A dedicated estimation
of the norm of this operator is out of the scope of this article. Instead, in what follows, we define
reasonable assumptions on the behavior of the operator with respect to h, by analogy with the
continuous setting. We have the following equality

_1
[Cndyt s = sup [nCrA"unl - i Coonl

e = - (50)
wewn onll2 l[unllz wwon o, |15 | AZ wp 1o

1
Note that || A7 wp]|2 can be regarded as some approximation of the H'-norm of the function repre-
sented by wy. If one considers the wave equation (1), we have that C}, is some approximation of
the operator C : H}(Q) — H~(Q) defined, for R € W1 by

(Cw,v) := (RAw — A(Rw),v) = —(V - (wVR),v) — (VR - Vw,v)
= (w, VR- V’U)Lz(g) — (VR -Vw, U)LQ(Q) (51)

where (-,-) denotes the duality product in Hg(2) and (-, )12 is the standard L? scalar product.
Then, in light of equation (50) one can expect that an estimation of the term

[(Cw, v)]|

vl L2 w71 ()

(52)

1
will give a precise idea on how to obtain an estimation of ||C, A4, *||2 as soon as accurate enough
finite elements approximations are used. We consider below a piecewise smooth function R. To do
so, we introduce a partition of € into L bounded Lipschitz sub-domains

Q= ﬁg, QeNQ =0, k#L,

Cr

{=1

and define the following subspace of W of piecewise regular functions
WL (Q) = {u € WH™(Q),ulg, € C*(Q) NW>>(Qy), [=1.L}.

Theorem 4.5. There exists Cq > 0, depending on 0 and on the Q4 only, such that, if R €
W2°(Q), then, for all (v,w) € Hg(2)?

[(Cw, v)|
< Ca (AR L=(0) + VR L= (), (53)
vl 2oy llwll 71 (o) ( L= () L))
and if R € lem(Q)
&z 3
[(Cw, v)| olldn ey
<C VR| e + AR| 7 14— 54
o]l 22 @ 1]l a1 () Q(H ) + Y IAR|L (QE))( ) )

1
=1 Hv||22(9)
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Proof. To prove inequality (53) observe that, if R € W2°°(Q), we have
(Cw,v) = —(ARw,v)12(0) — 2(VR - Vw,v).

Two applications of Cauchy-Schwartz inequality lead to the estimation (53). To prove (54), observe
that, from the right hand side of (51) we have, using Green’s formula on each £y,

L
(Cw,v) = =(VR - Vw,v)12(0) — Z (VR - Vw,v)r20,) + (ARw,v)12(q,))
=1

L
+ Z(VR . n’lU,U)Lz(aQe),
{=1

where n on 99, denotes the outward unitary normal to Q,. Remark that the function VR - n is
well defined on 99, and

VR - 1| po00,) < IIVR Lo (0,)-

We can then deduce the following estimation

L
[{Cw,v)| < 2| VR| oI Vwll2@llvll2@) + w2 llvliL2y Y | IAR]| Lo,
/=1

L
+ ) VRl L@ lwll 22000 0] 22 002,) - (55)
=1

The last term of this estimation can be bounded using the following inequality, which is a direct
consequence of Theorem 1.5.1.10 of [21].
There exists Cy depending on Q, only such that for all u € H'(Q,) we have

1 1
lullz2oan < Cellulm@y  and  Jullzzoa, < Celulld o lull 22,

Using these inequalities into (55), one can show that there exists a constant Cg, independent of v,
w and R, such that

L
1 1
l(Cw, )| < C(IVRIz=@) + D IAR @ ) Il o) (Il z2c0) + 1ol o 10l 2 )
=1

Estimation (54) follows then easily. O

_1
Theorem 4.5 shows that one can expect |Cy A, 2|2 to be bounded by a term proportional to

L 1 1
(IV Rl + Y N8R~ @p) [ 1+ sup [[A7oal3 ), (56)

(=1 ”Uh |2=1
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which leads to a conclusion remarking that, thanks to Assumption 3 we have,

Ca

1
AR vnll2 < [[onl2-

Moreover, if we introduce the space
L=(Q) = {u € L®(Q),ula, € CO() NWH=(Q,), [=1.L},

then, in view of (56), it appears that one can extend the results obtained in the case R € L™ ().
Considering a well chosen smooth function R, € Wl’“(Q) that converges towards R in some well
chosen norm, then, by inverse inequality (see Section 4.5 of [3]) one can expect to “lose” a power of
h. To sum-up, it seems reasonable, to perform the following assumption, which will be confirmed
by numerical results in section 5.1).

Assumption 4. We assume that there exists a constant Cpa, independent of h, and 0 < r < 3/2,
such that
Cpa
hr -
Remark 2. Note that it is expected that if R belongs to W2°°(R2), the Assumption 4 holds with

r=20,i R € /W/l’oo(ﬂ), then Assumption 4 holds with r = 1/2 and finally if R € L*(RQ), then
Assumption 4 holds with r = 3/2.

1
ICh AL * 2 <

Discussions on the norm of A;%ChA,:% . As previously the norm of A;%ChA;% must be
estimated in order to deduce a space-time convergence result from Theorem 4.4 in the case M =
0. Following the above discussion, we end-up to the following assumption by analogy with the
continuous setting.

Assumption 5. We assume that there exists a constant Cpa independent of h and 0 < r < 1/2

such that
_1 _1 CBA
||Ah ZChAh 2 H2 S 7

_1 _1
Indeed, with the same arguments as before, one can see that an estimation of the norm A, *Cj A4, *
should be obtained from an estimation of

[(Cw, v)|

”wHHl(Q)HU”Hl(Q)

(57)

and we have the following theorem.

Theorem 4.6. There exists Cq > 0, depending on Q and on the Qy only, such that, if R €
Whee(Q), then, for all (v,w) € HE(Q)?

[{Cw, v)]

HU||L2(Q)H’LU||H1(Q)

< Cal|VR| L= (q), (58)
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and, if R € L(Q) and (v,w) € (HH(Q) N HA())*,

L 3 3
Cow,v lolFray ol
(G0l oy (Rl + 3 IV RImy) | | 14—t ) ) (5)
leller@liell = lwline vl @)

where (-,-) denotes here the duality product in H}(Q) N H?(2).

Proof. From (51), one can see that if R € W1>°(Q), then estimation (58) is a consequence of
Cauchy-Schwartz inequality. Moreover, assuming R € L (), (v,w) € (H}(Q) N H? (Q))2 we have

RAw — A(Rw) € (H(Q) N HA(Q))'
and one can deduce that
(Cw,v) = —(RAv,w)2(0) + (RAW, v) 12 (0)-

Then, if R € EOO(Q) , introducing the partition of  into sub-domains ), one can use Green’s
formulae on each sub-domains 2, to obtain

L
(Cw,v) Z (VR -Vv,w)r2(q,) — (VR-Vw,v)r2q,)
=1

L
+ Z(RVU) “n,0) 200, — (RVV-n,w) 1200, (60)
=1

Then, using standard trace inequalities (see again Theorem 1.5.1.10 of [21]), one can show that

1 1
(RVw -1, 0) 1200 | < Co |1 Rllz ) [0 ey 0l 2 ) 03 )

Therefore, using the above estimation in (60) together with standard Cauchy-Schwartz inequality,
we have

L
|(Cw,v)| < Cq <||R|L°°(Q) +y ||VR||L°°(Q[.))

=1
(190220 Il 2@y + IVellp2(oy o2y
1 1 1 1
+ ||w||1%12(9) ||w||12{1(9) ||U||H1(Q) + ||vH[2—[2(Q) HU”;—Il(Q) ||7UHH1(Q))a

from which we deduce the estimation (59). O
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1 1
Using the result of Theorem 4.6, we expect the norm of A, >Cy A, * to be proportional to

L 1 i
Apwy |2 A v || 2

(HRHLW)+z||m||mm)> (2 VT TN )
2 2

=1 Afwnl A7l

if one admits that || Apwy||2 is an approximation of the H?()-norm of the function corresponding
to wy. This justifies Assumption 5 since

N

C
h

1

Apwp |3 L1
IAwonlls < yaty <
A7 wnl|3

Nl

Remark 3. Note that it is expected that if R belongs to WH>°(Q) then Assumption 5 holds with
r =0, if R € L™(Q) then Assumption 4 holds with r =1/2.

Main result. Our main result is obtained as a corollary of Theorem 4.4 that takes into account
the assumptions 2 to 5.

Corollary 4.7. Let T > 0 and At given by (16) with o < 1 independent of h and N = |T/At].
Let assumptions 2, 3, 4, and 5 hold. Assume that

720

0 __ .1 _ 0 .1 _ _ 72
up =up =0, wppy=up =0, fp=[ ==

Then, there exists C > 0 such that for h sufficiently small we have
HA"‘ ”HH < C(1+T)m(h; M,r),

where m(h; M, r) are decreasing functions of h given by
m(h;0,7) = h®>""  for 0<r<1/2
and
m(h;1,7) = e“TPh5=2"  and  m(h;3,7) =h""*"  for 0 <r <3/2.

Proof. Note that, for h sufficiently small, we have 8 < 1/6 and we can apply Theorem 4.4. This
shows that

n+1
Ch,nr €h M

At

n+1 n
Al Lepar tehm

2

1

1 + (1 -a?)

2

< ap,m (bn,m Cp + T Cy), (61)

2

where we have used Assumption 2 to estimate the source term contribution and where the value
of ap pr and by ps are given by Theorem 4.4. Using Assumptions 4 and 5, the right hand side of
(61) can be bounded by C (1+T) m(h; M, r) for some constant C' independent of h. Then, one can
observe that it -
Aol A2ehM+ehM gAZGhM_ehM
h h M — 2 At
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and because of the CFL condition (16) we have At||A}%L||2 < 12. Therefore, by the triangular
inequality,

n n+1
en,M — CnMm

At

n+1 n
A% €np o T €n

6
h 2 +

2

1
147 €5 hrll2 <

2

Then, up to the definition of another constant C' > 0, we can deduce from equation (61) that
1AZ epthllz < C (1 +T) m(h; M, r)

which concludes the proof of the Corollary. |

5. NUMERICAL RESULTS

For the numerical investigation of the schemes (EME-M), we use the following 1D dissipative
wave equation as a model problem.

0%u ou  0%u

W—i_R(x)g_@_fa $€(071), tE(OvT)a

u=0, z€{0,1}, te(0,7), (62)
ou

u=0, Z=0, ze(0,1), t=0.

The source term f is given by

_(33—330)2 . u(t) )
fat)=e \ 10 ) ¢ ult) =1 u(t):(tto) . (63)

T

In practice, we set z9 = 0.8, ro = 0.025, {p = 0.3, 7 = 0.08 and oy = 100. In the following, we
investigate two different behaviors for the dissipative function R(x): either R(z) = Ro(z) € L>=(Q),
R(z) = Ri(z) € WH*°(Q), or R(z) = Ra(z) € C>(Q2), with Ry and R, given by

r—|lr—=x
Ro(z) =0 l[O,xl](x)a R1($) =0 1[£1—T1,$1+7"1](‘r) - |T‘1 1|

and Ry given by

(6751 r — I
RQ(QE) = 0'1[_171]8($) exp <OZ1 + W) s S(x) = —.

In the above expressions, we set r; = 0.2, 1 = 0.3 and a; = 10. The positive scalar o corresponds
to the maximum value of the dissipation profile and is a parameter for the numerical investigation.

The discretization in space is done using fourth order spectral finite elements method [7] leading
to a diagonal mass matrix.
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5.1. Numerical investigations of ||C,A, ?||2 and |4, 2CrA4, ?|2

In this section, we investigate numerically the validity of Assumption 4 and Assumption 5. To do
so we assemble finite element matrices constructed with fourth order finite elements on a uniform
mesh of [0,1]. Denoting h = 1/N the space step, we display in Figure 1 the euclidean norm of

Ap, Cn, Cp A2 and A2 € A2

for decreasing values of h, with the three different dissipation profiles introduced before (with
o=1).

We observe a perfect agreement with Assumption 4 and Remark 2 by looking at the black curves
with plain circles HChAgl/Q’ _If R € L™(Q) , we observe in Fig. 1(a) that Assumption 4 holds
with r =3/2;if R € Wl’oo(Q), we observe in Fig. 1(b) that Assumption 4 holds with r = 1/2; and

if R belongs to W2°°°(£2), we observe in Fig. 1(c) that Assumption 4 holds with r = 0.
Finally, we observe a perfect agreement with Assumption 5 and Remark 3 by looking at the red

curves with stars HA;l/zChAgl/Q‘ If R € L°°(9), we observe in Fig. 1(a) that Assumption 5 holds

with r = 1/2. and if R belongs to W°°(Q) or W2°°(Q), we observe in Fig. 1(c) and Fig. 1(b) that
Assumption 5 holds with r = 0.

——  lAnll [IChll

—o—||Cy A, P 14, oA |

— wlwww T T 108 DS
R N SN B S
2 100 | 1 1 100 ]

1

T
105 . x\x\il\x A X\x\x\xj
1.5 10% 1" |

107

==
103 : 10 o=
05 == 102 oo oo
1
10t | *\*\*\*7 0 | A —
| ! Lol 10 | ! Lol 1007\ ! R
1073 10—2 10-? 10~2 1073 10—2
h h h
(a) R= Ro (b) R=Ry (C) R = R>

FiGURE 1. Norms of Ay, Cy, ChA;1/2 and A;1/2ChA;1/2 with respect to h with
o =1 on a uniform mesh of [0, 1] using fourth order finite elements.

5.2. Convergence of (EME-M) towards (ME)

In this section, we illustrate numerically the results of Theorem 4.4 in the context of wave
equations, for which we have investigated the values of r in Assumption 4 and Assumption 5. All
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these results are summed up in Corollary 4.7. In Fig. 2 are displayed the H'-norms of the error
between the solution to (ME) and the solution to (EME-0), (EME-1) and (EME-3), as h goes to
zero. We keep the CFL-number « equal to 0.9, therefore At is asymptotically proportional to h.
We choose to test two different values of o € {1,100} for each dissipation profile R;, i € {0,1,2}.
The parameters of the simulations are the same as in the previous subsection, and the final time is
set to T' = 3.

First, let us observe the convergence of scheme (EME-0), displayed with + signs in blue in Fig. 2.
Corollary 4.7 predicts a convergence in h2~", with r depending on the regularity of the dissipation
profile. The observed convergence are in perfect agreement with the corollary and Remark 3. We
observe second order convergence for the profiles Ry and R;, which was expected since r = 0 for
Ry and Ry, which belong to W°(Q). For the profile Ry, we observe a convergence at order 3/2,
which was also expected since r = 1/2 for Ry, which belongs to L ().

Now, let us focus on the convergence of scheme (EME-1), displayed with o signs in red in
Fig. 2. Corollary 4.7 predicts a convergence in e“7"h®>=2" with r depending on the regularity of
the dissipation profile. The observed convergence are again in perfect agreement with the corollary
and Remark 2. We observe a convergence at order 5 for the profile Rs, as expected, since = 0 for
R € W%>°(Q). For the profile Ry, we observe a convergence at order 4, as expected, since 7 = 1/2
for Ry, which belongs to WI’OO(Q). Finally, for the profile Ry, we observe a convergence at order
2, again as expected, since r = 3/2 for Ry, which belongs to Lo ().

Let us then observe the convergence of scheme (EME-3) displayed with e signs in black in
Fig. 2. Corollary 4.7 predicts a convergence in h’~2" with r depending on the regularity of the
dissipation profile. The computed values of the errors are very small (close to machine precision),
which illustrates that this scheme is very accurate. Consequently, for these values of dissipation
amplitudes, it is difficult to assess the asymptotical regime, except for the profile Ry with o = 100.
In this last case, the observed convergence happens at order 4, which is in perfect agreement with
the corollary and Remark 2 since r = 3/2 for Ry, which belongs to L ().

Finally, we have represented in Figure 3 the convergence of scheme (EME-3) for large values of
o with a coarse discretization in the cases R = R; and R = R, in order to observe the convergence
regime. We see that in both cases the convergence is better than a convergence of order 6 which is
in agreement with Corollary 4.7 and Remark 2 when considering dissipation profiles in W1°°(Q).

5.3. Space/Time convergence analysis

For the space/time convergence analysis, we choose N larger and larger (N € [10,400]) and we
choose 99% of the largest allowed time step, i.e. @ = 0.99. Four different schemes are compared:

o The Leap Frog scheme (LF). The maximum allowed time step is 2/1/p(Ap).

o The Modified Equation scheme (ME). The maximum allowed time step is 2v/3/+/p(An).

o The explicit Modified Equation scheme (EME-M). The same time step than for (ME) is
used.

o The explicit 4th order Runge-Kutta scheme (RK4). Without dissipation, the maximum
allowed time step is 2v/2 /v/p(Ar). With dissipation, the maximum allowed time step must
be implicitly deduced from the stability region and the spectral properties of the semi-
discretized equation.

Remark 4. The spectral radius of symmetric real matrices can be efficiently computed using the
power iteration algorithm. No such simple algorithm exists to estimate if the eigenvalues of mnon



Relative H!-error

Relative H!-error

10~

10~

10~

10~

10!

1071

101

(a) R=Rg,0=1

10!
1072

1

(d) R = Ro, o = 100

2

TITLE WILL BE SET BY THE PUBLISHER

4

6

8

0L

2 |

4 1

1073 1072
h

1071

1
15[ #

=1 11 1 A1 11 111 A 1 I M1 =

03 1072
h

107!

—— EME-0 —e— EME-1
—e— EME-3

1072

10°

10~7

107?

10711

1071

10715 | Lol Ll
1073 1072 1071

h
(b) R=Ry,0=1

T
1072
1074
1076
1078

10—10

10—12 [

10_14‘# Ll Lt
1073 1072 107!
h
(e) R =Ry, o = 100

1072 T T T T TTTTT T T T TTTTT

10~4

106

1078 1

10710 - -

10712 L

10—14 [

| Ll Ll
1073 102 10~1
h

(c) R=Rp,0=1

1

1073 | 2[#
1075
1077
1079
10—11 L

10—13 - |

| Ll Ll
10-* 1072 107!
h

(f) R= Ry, 0 = 100

FIGURE 2. Convergence of schemes EME-0,1 and 3 to (ME) w.r.t. the space step h.
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FIGURE 3. Convergence of schemes EME-3 to (ME) w.r.t. the space step h for
R = Ry or R = R, with o large.

symmetric matrices lie in a given region of the complex plane. This is why, in practice, for Runge-
Kutta methods, one tries a time step and reduces it in case of numerical instability. Note however
that, in the erxamples presented below, Runge Kutta schemes were stable even in the presence of
dissipation when the time step was was set to 2v/2//p(Ap).

We assume that initial data are zero and that the source term is a compactly supported regular
function in space and time. A reference solution is computed using an explicit 4th order Runge-
Kutta scheme on a fine grid. We plot in Figure 4(a) and 4(b) the relative L? error in space, L™
in time obtained when R = Ry and ¢ € {1,100}. In Figure 4(c) and 4, we plot the error obtained
when R = R; and o € {1, 100}.

We observe that, if the damping profile is smooth enough, then the explicit modified equation
scheme (EME-1) gives results similar to the modified equation scheme (ME). This nice property
is lost if the damping profile is discontinuous and we expect that a loss of space/time convergence
could occur in this case. Note however that the method, in the tested parameter range, gives
relatively accurate results. Since, in realistic applications, we expect the damping amplitude to
be small, we believe that even in the case of discontinuous damping profiles the scheme (EME-1)
is interesting. To assess more accurately the efficiency of our scheme, we plot on Figure 5(b) and
4(b) the error obtained with respect to the complexity of the algorithm. We compare the Leap
Frog scheme, the explicit Modified Equation scheme and the Runge-Kutta 4 scheme applying the
following rule: for each iteration in time, we count the number of multiplications by the sparse
finite element matrices (A, Ch, By and M},). For each scheme we obtain

(LF) Only one operation is counted: 1 multiplication by Ay,.

(EME-M) 2+M operations are counted: 2 multiplications by A, and M by Cj,. We have assumed
that a multiplication by C}, is as costly as a multiplication by Aj; which is a pessimistic
estimation in regards of the presented numerical results and for the implementation choice
we made.
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FIGURE 4. Relative error for LF, ME, EME, RK4, w.r.t. the space step h.

(RK4) At each stage of the 4 stages method, a multiplication by Aj needs to be computed: 4
multiplications by Ay are counted in total.

Note that the Modified Equation is not compared since it requires the inversion of a matrix, that
could be done efficiently by iterative methods, but whose complexity is hard to assess.
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FicURE 5. Relative error for LF, EME, RK4, w.r.t. the numerical cost.

APPENDIX A. EXTENSION OF THE METHOD: APPLICATION TO LORENTZ’S
MATERIALS

We are interested in the propagation of electromagnetic waves in Lorentz’s material that are
governed by the following system of equations (see [19] section 4.4 ) set in a domain (2

{ OPE +eQ20?P +rot L rotE =0 (64a)
O?P + a,0,P —E =0 (64b)

where € and p are the permittivity and the permeability constants, and the vector field P is an
additional variable that accounts for non-local dissipative and dispersive effects in the material.
These effects are governed by the non negative parameters 2. (responsible for dispersion) and «,
(responsible for losses). Assuming adequate boundary conditions along 9 (E xn = 0 for instance),
it is standard to show that the following energy identity holds

1d
—— </ a|8tE|2dx+/u1|rotE2dx+/5Qi|8t2P|2dx,> :—/5@693\@2P|2dx.
2dt \Ja Q 0 Q

Setting @ = 2 0; P, one obtains

e 0?FE +eQ.0,Q + 1ot =t rotE = 0, (65)
65

£0?2Q — eQOE + € .0,Q = 0.
Note that a discretization of system (65) would lead to an algebraic system of ODEs of the form
given by (5), but the matrix By, would be not symmetric. Even if our analysis was done for the



TITLE WILL BE SET BY THE PUBLISHER 35

FIGURE 6. Source term and solution of system (66) (with zero initial condition)
w.r.t. time.

case where By, is symmetric, algorithm (EME-0) does not rely on the positivity properties of By,.
We test our scheme on the corresponding simple ODE problems

£0?e +eQ.0,q+ N2pu~te = f, o6
{ £02q — Qe + e ediqg = 0, (66)
where e(t) and ¢(t) are the scalar unknowns, f(t) is the source term (see Figure 6) and we choose
zero initial condition for both variables. In the following, we represent the obtained results, as
well as the relative error with respect to time for different values of parameters: following [19], we
choosee=pu=1,Q, =1, a. = 0.1 and A = 1. For the discretization parameters, we set At = 0.05
and T = 100. The reference solution is obtained using the Leap Frog scheme with a time step
1000 times smaller. We compare the solution obtained with the Leap Frog scheme, the Modified
Equation scheme and the explicit Modified Equation scheme (EME-1). The relative errors on e(t)
in the supremum norm over t € [0, 7] are 8.6 x 10~ for the (LF) scheme, 2.5 x 10~7 for the (ME)
scheme and 1.3 x 10~7 for the (EME-1) scheme. A plot of the solution and the source term are
given in Figure 6.
The obtained numerical results show the applicability of the method for dispersive equations like
the propagation of electromagnetic waves in Lorentz Material. However, the stability analysis is
more complicated since the energy relation can not be easily obtained for the (ME) scheme or the
(EME-1) scheme applied to system (66).

ApPPENDIX B. STABILITY OF (EME-1) BY EIGENVALUE ANALYSIS

The previously obtained result shows that one may obtain exponential increasing behavior of the
solution in the energy norm. Our estimate ensures that if 5 is proportional to At, this exponential
instability in time is of the form exp (CTAt) (with C a positive scalar independent of At) .
Although it can be satisfactory for some applications, we show in what follows that this result can
be improved asymptotically for small At or if Cp = ||Bp||2 is small enough. For the following
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analysis we introduce the notations

~ By,
B, =—, e=CpAt.

S, B
Our result is based upon an asymptotic analysis in the parameter € and is inspired from the work
of [17] and of [18]. We consider the homogeneous version of the algorithm (EME-1) (i.e. without
any source term) written as a first order system. To do so we introduce the variable v}f“ = uy.

One can see that the unknowns (uZ‘H, UZH) are computed using (u},v})). More precisely,

(1) =0 ()

where we get, from the scheme (EME-1), that

2 2
Du(e) O\ (o1, + B2 -arrd, —2(5+ B2 0 I
Ah(&): h+12 h h h+12 h n ,
0 In I 0 0 0
with
~_ A2 — |~ A (B4 4B
Di(e) = My (6) — e 5 My (€) O My (2), Ch = (Brdn — 41By).
5 g2 and ~ At?
Mh(g):Ih+§Bh+ﬁB}2“ Ah:Ah (IhmAh) .

Note that we have
2 Ih — At2 Ah —Ih
An(0) =
I, 0

The eigenvalues of A, (0) can be deduced from the eigenvalues of Aj. Let us denote by A" a positive
eigenvalue of A;, and by ¢! a corresponding eigenvector. Since the matrix Ay, is real and symmetric,
the vectors {¢?} are real and can be chosen as an orthonormal basis of RV for the euclidian norm
(N}, is the number of degrees of freedom of the underlying finite element space V},). In particular,
this implies that all eigenvalues are semi-simple (their algebraic multiplicity corresponds to their
geometric multiplicity). Now, we first remark that we have, for each ¢ € {1,--- , N},

At? )\?)
12 7

)

A Ay ¢l =l ¢, with  pl(A) = A2 AP (1 —

Thus, the set {¢!'} is also a basis of eigenvectors of At? A, associated to the eigenvalues {ul}.
Then, it can be shown that, for each i € {1,---, Nj,}, such that p? # 0 and p? # 4, we have

ol ¢y
A0) | 1, | =al| 1, | withn! =nly or gl =gl
777@ —5 %

s
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h plo
m‘izl—éig\/ﬂ?(‘l—#?)- (68)

Theorem B.1. If for alli € {1,---, N} we have pl* # 0 and pl* # 4 then the spectrum of Ay (0)
is the set {nﬁfi} and all these eigenvalues are semi-simple.

and

If the CFL condition is satisfied (i.e. a < 1), then 0 < ,u? < 4. In that case we find that
Inl' L (At)]* = 1. Moreover, according to the previous theorem, if 0 < pf* < 4 the scheme (67) is
stable for ¢ = 0 since the amplification matrix A, (0) is diagonalizable (all its eigenvalues are semi-
simple) and its spectral radius is exactly equal to 1. Such a situation occurs if the CFL condition
is satisfied strictly (i.e. a < 1) and thanks to Assumption 1.

To study the spectrum of Ap(g), we use the perturbation theory of linear operators [13]. More
precisely, we use Theorem 5.4 of [13] to compute the derivatives, w.r.t. &, of each eigenvalue nffi
of Ap(g) at € = 0. A first step is to remark that Ap(e) is continuous for small €, and to compute
dAp(e)/de at € = 0. Observe that

d g2 d ~ d ~_

By,
Taking into account the fact that Mh and Eh are diagonal or block diagonal matrices, we deduce
that ~
d By, At? ~
—D;H0) = ——* — ——C).
z0n 0 2 u "
Finally, one can compute that

d (B 26, o) (20— A4, -2
ZAN(0) = =3 12
< 0 0 0 0

Denote by n = 772 + a complex eigenvalue of Aj,(0) associated to some real p = p? that satisfies
0< u? < 4 (the case n = 772_ is treated similarly). As previously shown, 7 is semi-simple and we
assume that its multiplicity may be greater than 1. We denote by ¥(u) the set of numbers such
that u? = p for all j € X(p). The dimension of () is equal to the multiplicity of the eigenvalue
1 of At2A,. For all j € (), we denote by ¢§L,R and wﬁL the right and left eigenvectors of A (0)
constructed as follows

o] ¢/
Pr=l1, | amdel =1,
;¢j 7(/5]

Remark that, since the eigenvectors gb? are orthonormal for all j € ¥(u), the same property holds
for the eigenvectors 11);?. With all these properties at hand, one can construct the eigenprojection
matrix P(n) defined as follows

1
P(n) = S oylpull

1— -2
K JES(1)
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We can show that P(n) is a projection operator that commutes with A (0), and
P(n)AR(0) = An(0)P(n) = P(1)An(0)P(n) = nP(n).

We can now apply Theorem 5.4 of [13]: Any eigenvalue n(e) of A (¢e) is differentiable at € = 0, and
there exist an eigenvalue 1 of A;(0) and an eigenvalue 7 of

P (4(0)) PO

in the subspace spanned by the family {sz}jeE(H), such that, for ¢ sufficiently small, we have

n(e) =n+ei+o(e).

To continue this analysis, note that, since C}, is skew-symmetric, we have

PO (4 0)) Pl = —5 2552 B,
with

Bu(w) = D ol | Bu| D oheh)”
JEX() JEZ (1)

1

Since || = 1, we have n~! =7 and because of (68) we have n> — (2 — u)n + 1 = 0. Therefore,

2—pu—2n"t -1
— = — =1,
1—n=2 n="n

which implies that any eigenvalue 7(e) behaves, for € small enough, as
n(e) =1 (1 —ean) +O(e?)

where 7 is an eigenvalue associated to some p and ay, is one of the non-negative eigenvalues of éh(u).
If the eigenvalues of éh(u) are positive for all u, one can deduce, by continuity of the eigenvalues
n(e) with respect to e, that |n(e)| < 1 for all 0 < e < gq, for some € depending on Ay (). For these
values of €, the scheme is stable. These observations are summed up in the following theorem

Theorem B.2. Assume that Assumption 1 and assumptions of Theorem B.1 hold. Then, if
(¢1)" Bug} > 0

for all eigenvectors ¢§P of AtQEh, there exists €9 > 0 such that the scheme (67) is stable for all
0 < e <¢eg. Fquivalently, all eigenvalues of Ap, are semi-simple and of module lower or equal to 1.
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Theorem B.2 gives a sharper result compared to what was obtained in the previous section thanks
to an analysis by energy technique, in the case of a small enough damping or a small time step.
Note that a stronger result would be obtained if one could guaranty that (¢?)T§h¢? > 0. Such
a property depends on the spatial discretization process and some pathological cases may arise,
corresponding to situations where eigenvectors with compact support exist. Note however that, in
a one-dimensional setting, the eigenvectors (;S? are equidistributed in the domain if a uniform mesh
is used (see [20]).

We present now some numerical results to illutrate the theoretical results obtained above. We
consider the same discretization parameters as in the above section (with either N = 10 or N = 20).
The discrete system of equations for the (EME-1) scheme is written as a first order induction relation
as in equation (67) and we compute the eigenvalues when o varies. The largest eigenvalue amplitude
is plotted w.r.t o in Figs. 7(a) and 7(b). In Fig. 8, the trajectories of the eigenvalues, with respect
to o, are plotted. One can see that the amplitude of the eigenvalues indeed decreases for small
values of o, as predicted by Theorem B.2.

1.01 : 1.25 : \ \
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FI1GURE 7. Evolution of the largest eigenvalue amplitude w.r.t. o, N = 10, 20.
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