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About Parallel Variants of GMRES Algorithm

Solving large sparse linear systems is at the heart of many numerical simulations Simulation of the velocity field on the Greenland inlandsis, with Elmer/Ice model Image :
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h ik = v T i p 6: p = p -h ik v i 7:
end for 8: Generate the basis vectors [Reichel 1990, Bai et al 1994] Orthogonalize the basis [JE 1995, Sidje 1997, Demmel et al 2011] Compute the basis block by block [De Sturler 1994, Hoemmen 2010] Preconditioning issues 

⇒

GMRES ... practical issues

Arnoldi process 1:

v 1 = r 0 / r 0 2 2: for k = 1, m do 3: p = Bv k

4:

for i = 1 : k do 5:

h ik = v T i p 6: p = p -h ik v i 7:
end for 8:

h k+1,k = ||p|| 2 9: v k+1 = p/h k+1,k 10: end for ⇓ BVm = V m+1 Hm
Granularity issues in parallel algorithms ⇒ Communication-avoiding strategies Generate the basis vectors [Reichel 1990, Bai et al 1994] Orthogonalize the basis [JE 1995, Sidje 1997, Demmel et al 2011] Compute the basis block by block [De Sturler 1994, Hoemmen 2010] Preconditioning issues 

⇒

GMRES ... practical issues

Arnoldi process 1:

v 1 = r 0 / r 0 2 2: for k = 1, m do 3: p = Bv k

4:

for i = 1 : k do 5:

h ik = v T i p 6: p = p -h ik v i 7:
end for 8:

h k+1,k = ||p|| 2 9: v k+1 = p/h k+1,k 10: end for ⇓ BVm = V m+1 Hm
Granularity issues in parallel algorithms ⇒ Communication-avoiding strategies Generate the basis vectors [Reichel 1990, Bai et al 1994] Orthogonalize the basis [JE 1995, Sidje 1997, Demmel et al 2011] Compute the basis block by block [De Sturler 1994, Hoemmen 2010] Preconditioning issues 

⇒

practical issues

Arnoldi process 1: v 1 = r 0 / r 0 2 2: for k = 1, m do 3:

p = Bv k

4:

for i = 1 : k do 5:

h ik = v T i p 6: p = p -h ik v i 7:
end for 8: 

h k+1,k = ||p|| 2 9: v k+1 = p/h k+1

4:

for i = 1 : k do 5:

h ik = v T i p 6: p = p -h ik v i 7:
end for 8: 

M -1 RAS = D k=1 (R 0 k ) T (A δ k ) -1 R δ k
Setup the submatrices (ILU or LU factorization).

Solve iteratively the preconditioned system using GMRES. Variable block size s j and Krylov size l 1 = s 1 , l j = l j-1 + s j , j ≥ 2 [Imberti and JE 2017] Build a basis W l j of the Krylov subspace K l j for 1 ≤ j ≤ J Build an orthonormal basis V l j +1 of the Krylov subspace K l j +1 get the Arnoldi-like relation BW l j = V l j +1 H l j

Minimize the residual in the Krylov subspace x = x 0 + M -1 W l j y implies r = r 0 -BW l j y = V l j +1 (βe 1 -H l j y )

Solve the least-squares problem: min

y ∈R l j βe 1 -H l j y
Test convergence at each step j

Restart if not converged at step J with l J = m Build a basis W l j of the Krylov subspace K l j for 1 ≤ j ≤ J Build an orthonormal basis V l j +1 of the Krylov subspace K l j +1 get the Arnoldi-like relation BW l j = V l j +1 H l j
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VGMRES

Block computation and orthogonalization with VGMRES(m,s)

Step j of VGMRES(m,s)

Initialization: r 0 = b -Ax 0 , β = r 0 , v 1 = r 0 /β, W 0 = ∅, V 1 = [v 1 ]
Block j of size s j , with 1 ≤ j ≤ J with an adaptive choice of s j such that s j ≤ s First step: s j matrix vector products Compute the block C j as a basis of Ks j (B, u) with u = v l j-1 +1

Compute the block BC j

Parallel preconditioning t = M -1 u then parallel matrix-vector product At Define the Krylov basis by

W l j = W l j-1 , C j
Second step: orthogonalization 1997, JE 1995] ] or TSQR [Demmel et al 2011] By induction, get the Arnoldi-like relation 

BC j = V l j +1 S j RODDEC [Sidje
v 1 , BW l j = V l j +1 R l j +1 , BW l j = V l j +1 H l j
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Communication issues

The number of messages is related to the number of steps J Objective: reduce the number of steps 
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  multilevel methods to deal with large systems Schwarz preconditioning [Atenekeng Kahou et al 2007, Dufaud+Tromeur-Dervout 2010, Giraud+Haidar 2009,..] Filtering and Schur complement [Li et al 2003, Grigori et al 2011] Multilevel parallelism [Nuentsa Wakam et al 2011, Giraud et al 2010, ...] Complexity and stagnation issues with restarted GMRES(m) ⇒ deflation to recover possible loss of information Deflation by preconditioning [JE et al 1996, Burrage et al 1998, Baglama et al 1998, ...] Deflation by augmented basis [Morgan 1995, Morgan 2002,...] Strategy Combine 'communication-avoiding' GMRES ... and Deflation ... and Domain Decomposition preconditioners [Nuentsa Wakam et al 2013, Nuentsa Wakam and Pacull 2013, Nuentsa Wakam and JE 2013]
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  Number of steps SGMRES(m,s): J = m/s steps VGMRES(m,s): J steps with l J = m and J = J 1 + J 2 FibGMRES(m,s): Fibonacci sequence capped at s J 2 = O(m/s), J 1 = O(log φ (s
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  a small nonsymmetric matrix Nonsymmetric matrix CAGE10 of size n = 11397 and nonzeros nz = 150645 Convergence curves with m = 48 and s = 16 a small nonsymmetric matrix Nonsymmetric matrix CAGE10 of size n = 11397 and nonzeros nz = 150645 Condition numbers of AW with m = 48 and s = 16
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  a large nonsymmetric matrix Nonsymmetric matrix (PR02R + 1000 I) with n = 161070 and nz = 8185136 Condition numbers of AW with m = 96 and s = 16 or s = 32 a large restarting parameter Nonsymmetric matrix (PR02R + 1000 I) with n = 161070 and nz = 8185136 Convergence curves with m = 192 and s = 16 or s = 32 a large restarting parameter Nonsymmetric matrix (PR02R + 1000 I) with n = 161070 and nz = 8185136 Condition numbers of AW with m = 192 and s = 16 or s = 32 r) and AGMRES(m,r) Combined DD preconditioning with m-step GMRES and deflation Parallel efficiency and fast convergence with a large number of subdomains Difficult choice of the restarting parameter m VGMRES(m,s) and FibGMRES(m,s) s-step algorithm with a variable block size s j Relationship between convergence rate and condition numbers of the blocks Numerical experiments with a Fibonacci sequence Future work Adaptive variation of s Blocks computed via a Newton basis Combined DD preconditioning with variable s-step GMRES and deflation Parallel computations
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