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MULTI-AGENT ONLINE LEARNING IN TIME-VARYING GAMES

BENOIT DUVOCELLEf, PANAYOTIS MERTIKOPOULOS*,
MATHIAS STAUDICL®, AND DRIES VERMEULEN*

ABsTrRACT. We examine the long-run behavior of multi-agent online learning in games
that evolve over time. Specifically, we focus on a wide class of policies based on mirror
descent, and we show that the induced sequence of play (a) converges to Nash equilibrium
in time-varying games that stabilize in the long run to a strictly monotone limit; and
(b) it stays asymptotically close to the evolving equilibrium of the sequence of stage games
(assuming they are strongly monotone). Our results apply to both gradient-based and
payoff-based feedback — i.e., when players only get to observe the payoffs of their chosen
actions.

1. INTRODUCTION
Consider a repeated multi-agent decision process that unfolds as follows:

(1) At each stage t =1,2,..., every agent selects an action from some continuous set.

(2) Each agent receives a reward based on their chosen action and the actions of all other
players. These rewards are determined by a normal form game G; that evolves over time
and is a priori unknown to the players.

(3) Based on the reward that they received (and/or any other payoff-relevant information),
the players update their actions and the process repeats.

The main questions that we seek to address in this general context are the following: First,
are there online learning policies that allow players to track a Nash equilibrium over time
(or to converge to one if the stage games stabilize)? And, if so, what is the impact of the
information available to the players and the variability of the sequence of stage games?

Background. One of the most widely used policies for learning in games is the mirror descent
(MD) class of algorithms and its variants, cf. Bubeck and Cesa-Bianchi [13], Shalev-Shwartz
[54], and references therein. This family of first-order methods dates back to Nemirovski and
Yudin [43], and contains as special cases standard (sub)gradient descent methods, entropic
gradient descent [4], the “Hedge” (or exponential /multiplicative weights) algorithm in finite
games [3, 37, 67|, and, in games with a linear payoff structure, the “follow the regularized
leader” (FTRL) class of policies [55]. These methods have been applied to a wide range
of games — from min-max to potential games — leading to a vast corpus of literature that
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is impossible to survey here; for an appetizer, see [9, 29, 33, 36, 41, 44, 48] and references
therein.

In the single-player case, the standard figure of merit is the minimization of the learner’s
regret, i.e., the cumulative payoff difference between the player’s chosen policy and the “best
policy in hindsight” (static or dynamic, depending on the precise notion of regret under
consideration). In this context, when the payoff functions encountered by the learner are
concave, MD methods guarantee an O(v/T) static regret bound which is well known to be
order-optimal [1]; moreover, if the problem has a favorable geometry (e.g., when the learner’s
action set is a simplex or a spectrahedron), these bounds are “almost” dimension-free, a fact
which is of crucial importance in practical applications.

In view of these appealing guarantees, one might expect this picture to carry over
effortlessly to multi-agent decision problems as well. However, game-theoretic learning can
be considerably more involved because, in addition to the ezogenous variability of the stage
game G; as a function of ¢, the players’ individual reward functions also vary endogenously
as a function of the actions chosen by the other players at any given time ¢t. Moreover, the
standard solution concept in game theory is that of a Nash equilibrium — not the players’
regret (external, internal, or dynamic). As a result, even though the algorithms under study
are essentially the same in both single- and multi-agent environments, the analysis and the
results obtained in these two settings are often markedly different.

Our paper focuses on multi-agent problems and aims to analyze the equilibrium tracking
and convergence properties of MD-based policies in time-varying games. In so doing, we
seek to partially fill a gap in the existing literature on game-theoretic learning, which has
focused almost exclusively on the case where there are no exogenous variations in the players’
payoff functions — i.e., when the stage game G; remains fized for all . To provide the
necessary context, we begin by discussing below some relevant works, and we outline our
main contributions right after.

Related work. Starting with mixed-strategy learning in finite games, a “folk” result in the
field states that the empirical frequency of no-regret play converges to the game’s Hannan
set (also known as the set of coarse correlated equilibria). However, as was shown by Viossat
and Zapechelnyuk [66], the Hannan set of a game may contain strategies that assign positive
weight only to dominated strategies, a point which is clearly incompatible with Nash play.
More to the point, the impossibility result of Hart and Mas-Colell [26] shows that there are
no uncoupled dynamics leading to Nash equilibrium in all games: since no-regret dynamics
are unilateral by construction — and hence uncoupled a fortiori — it is not possible to establish
a blanket causal link between no-regret play and convergence to Nash equilibrium.

For this reason, deriving the equilibrium convergence properties of multi-agent learning
processes require a more specialized look, typically zooming in on specific classes of games. In
the case of mixed extensions of finite games, Leslie and Collins [35, 36] and Coucheney et al.
[16] showed that a variant of the exponential weights algorithm converges to an e-perturbed
equilibrium with probability 1 in potential and 2 x 2 X --- x 2 games. More recently, in
the case of continuous potential games, Perkins and Leslie [47] showed that a lifted variant
of MD-based methods converges weakly to an e-neighborhood of the game’s set of Nash
equilibria. Importantly, in all these works, convergence is established by first showing that
a naturally associated continuous-time dynamical system converges, and then using the
so-called ordinary differential equation (ODE) method of stochastic approximation [6, 7] to
translate this result to discrete time.

More relevant for our purposes is the recent work of Mertikopoulos and Zhou [39] who
focused on the class of monotone games, i.e., continuous games that satisfy the so-called
diagonal strict concavity (DSC) condition of Rosen [50]. Specifically, using the same ODE
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stochastic approximation tools discussed above, [39] showed that the sequence of play
generated by a specific version of the dual averaging algorithm of Nesterov [44] converges to
Nash equilibrium with probability 1, even with in the presence of noise and uncertainty. The
analysis of [39] was subsequently extended by Bravo et al. [12] to learning with payoff-based,
“bandit feedbak” — i.e., when players observe only the payoff of the action that they played.
At around the same time — and always in the context of monotone games — Tatarenko and
Kamgarpour [61, 62] used a Tikhonov regularization approach to obtain a series of comparable
results for “merely monotone” games (i.e., monotone games that are not necessarily strictly
monotone). Finally, in a very recent paper, Bervoets et al. [9] used stochastic approximation
methodologies to prove the convergence of a payoff-based, dampened gradient approximation
(DGA) scheme in two other classes of one-dimensional concave games — games with strategic
complements, and ordinal potential games with isolated equilibria.

Our contributions. In all the works described above, the game faced by the players remains
fized throughout the learning process, and the variation in the players’ individual payoff
functions is strictly endogenous —1i.e., it is only due to the other players’ evolving action choice.
By contrast, our paper seeks to tackle problems where the sequence of games encountered
by the players also evolves exogenously — i.e., players encounter a time-varying game.

In this general context, we consider two distinct regimes: (@) when the sequence of stage
games converges to some well-defined limit (in our case, a strictly monotone game); and
(b) when G, evolves over time without converging. In terms of feedback, we consider a flexible
oracle model which provides noisy payoff gradient estimates to the players based on the
actions that they chose at each stage of the process. We then show that, if the sequence of
stage games stabilizes to some well-defined limit, the induced sequence of play converges to
a Nash equilibrium of the limit game with probability 1, irrespective of the magnitude of
the noise entering the players’ gradient signals. On the other hand, if the stage games do
not stabilize, there is no equilibrium state to converge to (either static or in the mean); in
this case, we focus on the players’ ability to track the equilibrium of G; as it evolves over
time. More precisely, we show that the average distance from equilibrium vanishes over time,
and we provide an explicit estimate for this “tracking error” in terms of the variation of the
sequence of stage games (assuming they are strongly monotone).

Finally, to account for environments where gradient information is not available to the
players, we also consider the case of learning with payoff-based feedback. By considering a one-
shot gradient estimation process based on single-point stochastic approximation techniques
[12, 23, 59], we map the problem of payoff-based learning to our generic oracle model, and we
show that our convergence and equilibrium tracking results still apply in this case (though the
corresponding rates are reduced as a consequence of the players’ having even less information
at their disposal).

In terms of proof techniques, the exogenous dependence of G; on ¢t means that the
continuous-time limit of the players’ learning process is likewise non-autonomous (i.e., it
also depends on t). As a result, there is no longer a well-defined “mean field equation” to
approximate, so it is not possible to employ the ODE method of Benaim [6] that underlies
the series of papers discussed above. Instead, to establish convergence to an equilibrium
in the “stable limit” regime, we work directly in discrete time and we employ a mix of
submartingale limit theory and quasi-Fejér arguments. Finally, our equilibrium tracking
result relies on decomposing the horizon of play into batches of appropriately chosen length
and subsequently utilizes a batch comparison technique that was introduced by Besbes et al.
[10] to analyze the dynamic regret of single-agent online learning algorithms.
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2. PRELIMINARIES

2.1. Notation. Let X be a d-dimensional real space with norm ||-||, and let C be a compact
convex subset of X'. In what follows, we will write ) := X* for the dual of X, (y,z) for the
duality pairing between y € Y and = € X, and ||y|. = sup{(y,z) : ||z|| < 1} for the dual
norm of y € Y. We will also write ri(C) for the relative interior of C, bd(C) for its boundary,
and diam(C) = sup{||z’ — || : z, 2" € C} for its diameter. Finally, for concision, we will write
[a..b] ={a,a+1,...,b} for the set of positive integers spanned by a,b € N.

2.2. Continuous games. Throughout our paper, we focus on games with a finite number of
players and continuous action sets. Specifically, every player i € N = {1,..., N} is assumed
to select an action x; from a compact convex subset KC; of a finite-dimensional normed space
AX;; subsequently, every player receives a reward based on each player’s individual objective
and the action profile x = (v;;2—-;) = (1,...,%4,...,2xn) of all players’ actions. In more
detail, writing K = [[,c\ Ki for the game’s action space, we assume that each player’s
reward is determined by an associated payoff (or wtility) function u;: K — R. The tuple
G = G(WNV,K,u) will then be referred to as a continuous game.

In terms of regularity, we will assume throughout that the players’ payoff functions are
continuously differentiable, and we will write v;(x) for the individual payoff gradient of the
i-th player, i.e.,

vil@) = Vo, ui (i) 1)
or, putting all players together,
v(z) = (vi(2),...,vn(2)). (2)

In the above, we are tacitly assuming that u; is defined on an open neighborhood of K in
the ambient space & := [],.\ &; of the game; none of our results depend on this device, so
we do not make this assumption explicit. We will also adopt the established convention of
treating v;(z) as an element of the dual space V; = X} of X;. Finally, we will assume that
X is endowed with the norm [|z||? = >_,||x;||* where, for ease of notation, we write ||-|| for
the norm of each factor space &; and rely on the context to resolve any ambiguities.

2.3. Nash equilibria and monotonicity. The most prevalent solution concept in game theory
is that of a Nash equilibrium (NE). This is an action profile * € K that is resilient to
unilateral deviations, i.e.,

wi(zl;2,) > ui(a;2*,) for all z; € K; and all i € N. (NE)

The set of Nash equilibria of G will be denoted in the sequel as K* := NE(G).
By virtue of their definition, it is straightforward to check that Nash equilibria satisfy the
Stampacchia variational inequality

(w(x*),z—2") <0 foral ze K. (SVI)

As a result, finding a Nash equilibrium of a continuous game typically involves solving the
Stampacchia problem (SVI). This observation forms the basis of an important link between
game theory and optimization, cf. Facchinei and Pang [21], Facchinei and Kanzow [20],
Laraki et al. [34], and references therein.

Now, starting with the seminal work of Rosen [50], much of the literature has focused on
games that satisfy the diagonal concavity (DC) condition

(") —v(z), 2" —x) <0 forall z,2’ € K. (DC)
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Owing to the link between (DC) and the theory of monotone operators in optimization,
games that satisfy (DC) are commonly referred to as monotone games.! In particular,
mirroring the corresponding terminology from convex analysis, we will say that G is:

(1) Strictly monotone if (DC) holds as a strict inequality when =’ # z.

(2) Strongly monotone if there exists a positive constant p > 0 such that
(v(x") —v(z), 2’ —x) < —pllz’ —z||* for all z,2" € K. (3)

Obviously, we have the inclusions “strongly monotone” C “strictly monotone” C “monotone”,
mirroring the corresponding chain of inclusions “strongly concave” C “strictly concave” C
“concave” for concave functions.

Examples of monotone games include Cournot oligopolies [40], Kelly auctions and Tullock
competitions [42], signal covariance and power control problems in wireless communications
[18, 38], atomic splittable congestion games in networks with parallel links [46, 57], and
many other problems where online decision-making is the norm. For an extensive list of
applications in different contexts, see Facchinei and Kanzow [20] and Scutari et al. [52].

3. THE LEARNING MODEL

To account for the possibility of exogenous variations in the game-theoretic setup of the
previous section, we will assume that the players face a different stage game G; at each
decision opportunity. More explicitly, the envisioned sequence of play unfolds as follows:

(1) At each stage t =1,2,..., every agent i € N selects an action X;, € K;.

(2) Each player receives their associated reward based on G;, and they observe — or
otherwise construct — an estimate V;; € J; of their individual payoff gradients.

(3) Subsequently, players update their actions and the process repeats.

The core ingredients of the above framework are (a) the sequence of stage games G; encoun-
tered by the players; (b) the sequence of gradient signals V;, € V; observed (or inferred) at
each stage; and (c¢) the way that players update their actions as a function of the observed
information. We discuss each of these elements in detail below.

3.1. The stage game sequence. The only blanket assumption that we will make for the
sequence of stage games G; is that the players’ payoff functions are Lipschitz continuous and
smooth. More precisely, we will posit the following requirement for the players’ ¢-th stage
payoff field vi(x) = (v ¢(x))ien:

Assumption 1. The game’s payoff functions are C2-smooth; in particular, there exist constants
G, L; > 0 such that

lose(@)l. < G: (1a)
[vi,e(2") — vie(2) ||« < Lifl" — 2| (4b)
forallt=1,2,...,and alli e N, z,2' € K.

I'More precisely, Rosen [50] uses the name diagonal strict concavity (DSC) for a weighted variant of (DC)
which holds as a strict inequality when z’ # x. Hofbauer and Sandholm [27] use the term “stable” to refer to
a class of population games that satisfy a condition similar to (DC), while Sandholm [51] and Sorin and Wan
[57] respectively call such games “contractive” and “dissipative”. We use the term “monotone” throughout to
underline the connection of (DC) with operator theory and variational inequalities.
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For posterity, we will also write G = max; G; and L; := max; L;. Beyond this mild
regularity assumption, the sequence of stage games is assumed arbitrary. For instance, the
evolution of G; could be random (i.e., G; could be determined by some randomly drawn
parameter 0; at each stage), it could be governed by an underlying (hidden) Markov chain
model, etc. In particular, we do not assume that the stage game G, is revealed to the players
before choosing an action: from their individual viewpoint, the players are involved in a
repeated decision process where the choice of an action returns a reward, but they have no
knowledge of the game generating this reward. This “agnostic” approach is motivated by
the fact that the standard rationality postulates of game theory (full rationality, common
knowledge of rationality, etc.) are not satisfied in many cases of practical interest. We briefly
discuss two concrete examples of this framework below:

Example 3.1 (Repeated Kelly auctions). Consider a Kelly auction where a splittable resource
(advertising time on a website, a catch of fish in a fish market, etc.) is auctioned off, day
after day, to a set of N buyers [31, 65]. In more detail, each player can place a monetary
bid x; € [0,b;] to acquire a unit of said resource, up to the player’s total budget b;. Then,
once all bids are in, the resource is allocated proportionally to each player’s bid, i.e., the i-th
player gets a fraction p; = x;/[c + >, ;] of the auctioned resource (with ¢ > 0 denoting
an “entry barrier” for participating in the auction). Thus, if g; ; denotes the marginal gain
that the i-th player acquires per resource unit, the player’s prorated utility at the ¢-th epoch
will be
wip(wp o) = —2t )
Lt( 79 z) c+szij 7 ( )
Clearly, the players’ utility functions evolve as a function of the intrinsic value g; ; associated
to a unit of the auctioned resource. Since this value may be subject to arbitrary exogenous
fluctuations (for instance, depending on the traffic coming to the website at any given time
in the advertising example), we obtain a time-varying game as above. §

Example 3.2 (Power control). As another example, consider N wireless users transmitting a
stream of packets to a common receiver over a shared wireless channel [64]. If the channel
gain for the i-th user at the ¢-th frame is g; ; and the user transmits with power p; € [0, Ppax],
the user’s information transmission rate is given by the celebrated Shannon formula

9i,tPi
Rit(pisp—i) =log 1+ —=——, 6
ol ) O+ X2 9itP ©

where o > 0 denotes the ambient noise in the channel [56]. Since the users’ channel gains
evolve over time (e.g., due to fading, user mobility, or other fluctuations in the wireless
medium), we obtain a time-varying game where each user seeks to maximize their individual
communication rate. §

3.2. The feedback signal. The second basic ingredient of our model is the feedback available
to the players after choosing an action. In tune with the limited information setting outlined
above, we only posit that, at each stage t = 1,2,..., every player i € N receives — or
otherwise constructs — a “gradient signal” V; ; € );. Analytically, this signal will be treated
as if generated from a stochastic first-order oracle (SFO), i.e., an abstract mechanism that
provides an estimate of each player’s individual payoff gradient at the chosen action profile.
Specifically, if called at X; = (X14,...,Xn,1) € K, we assume that V;, is of the form

Vig = vie(Xe) + Zig (SFO)

where the “observational error” Z; ; captures all sources of uncertainty in the received input.
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To differentiate further between “random” (zero-mean) and “systematic” (non-zero-mean)
errors in V¢, it will be convenient to decompose the error process Z; ; as

Zit = Uit +biy (7)

where U; ; is zero-mean and b; ; denotes the mean of Z; ;. Formally, writing 7y = o(X1, ..., X})
for the natural filtration of X;, we set

by = E[Z; 4 | Fi and Uit = Ziy —big (8)

so, by definition, E[U; ; | ;] = 0. In this way, the oracle feedback received by each player
i € N can be classified according to the following statistics:

(1) Bias:
[63,¢]1 < B (9a)
(2) Variance:
E[IIUmllf | ]:t] < Uz‘2,t- (9b)
(3) Second moment:
E([[Viells | Fi) < M. (9¢)
Finally, to simplify notation later on, we will also consider the “signal plus noise” error bound
Sy = M7, + 07, (9d)

In the above, B;;, 0;; and M;; are to be construed as deterministic upper bounds on
the bias, variance, and magnitude of the oracle signal V;, that player i € N received at
time ¢t. We will also assume throughout that B;; is non-increasing while o;; and M;; are
non-decreasing. Finally, in obvious notation, we will write V4, b;, U; and so forth for the
corresponding profiles V; = (V; +)ien and the like.

Remark. To streamline our presentation, we will first present our results in a model-agnostic
manner, i.e., without specifying the origins of the oracle model (SFO); subsequently, in
Section 5, we provide an explicit construction of such an oracle from payoff-based observations,
and we discuss in detail what this entails for our analysis and results. §

3.3. Learning via mirror descent. The last element of the players’ learning process concerns
the way that players update their actions based on the received feedback. For concreteness,
we will focus throughout on the widely used family of algorithms known as mirror descent
(MD), which posits that players updates their actions by taking a “proximal” gradient step
from their current action.? Formally, this can be modeled via the basic recursion

Xit+1 = Pi(Xi;vit Vi) (MD)
where:
1. t=1,2,... denotes the stage of the process.
2. X, denotes the action chosen by player i at stage ¢.
3. V;. is the oracle signal of player ¢ at stage t.
4. ~;+ > 0 is a player-specific step-size sequence (assumed non-increasing).
5. P; denotes the “prox-mapping” of player i € N (see below for a detailed definition).
2The terminology “descent” alludes to the fact that (MD) was originally studied in the context of convex
minimization (as opposed to reward mazimization). We should also mention here that “mirror descent” is
sometimes used synonymously with the popular “follow the regularized leader” (FTRL) protocol of Shalev-

Shwartz and Singer [55]. The two methods coincide in linear problems, but not otherwise; in general, FTRL
requires access to a best-response oracle, so it is beyond the scope of this paper.
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Algorithm 1: Learning via mirror descent [player indices suppressed]
Require: prox-mapping P, step-size v >0

1: initialize X; < argminh # initialization
2: for t=1,2,... do

3 play X; € K # play action
4: get gradient signal V; # get feedback
5 set Xiy1  P(Xe;7Ve) # update action
6: end for

For a pseudocode implementation from the viewpoint of a generic player, see Algorithm 1.

Methods based on mirror descent have received intense scrutiny ever since the pioneering
work of Nemirovski and Yudin [43]; for an appetizer, see [4, 13, 39, 41, 44, 54, 63] and
references therein. For intuition, the archetypal example of the method is based on the
Euclidean prox-mapping

P(z;y) =Ic(z +y) = argrréin{\lx +y -3} = argrréin{@,w —a') + g’ — 2|3} (10)
x' e z' e

where Il denotes the closest-point projection onto a given convex set C. Going beyond this
familiar example, the key novelty of mirror descent is to replace the quadratic term in (10)
by the so-called Bregman divergence

D(z',x) = h(z') — h(z) — (Vh(z),2" — z), (11)
induced by a “distance-generating function” h on C. This function plays the role of the
squared Euclidean norm in (14) and, following Juditsky et al. [29], we define it as follows:

Definition 1. Let C be a compact convex subset of X = R?. A convex function h: X —
R U {oo} is said to be a distance-generating function (DGF) on C if
(1) h is continuous and supported on C, i.e., domh = {x € X : h(z) < oo} =C.

(2) his K-strongly convex relative to ||| on C, i.e.,
h(Az + (1= N)z') < Ah(z) 4+ (1 = A)h(z') — KA1 = A)||2" — z|? (12)
for all z,2' € C and all A € [0, 1].

(3) The subdifferential Oh of h admits a continuous selection, i.e., there exists a continuous
mapping Vh: dom dh — ) such that Vh(z) € Oh(z) for all 2 € dom dh.3

For concision, given a DGF h on C, we will refer to Cj, := dom 0h as the proz-domain of
h. The Bregman divergence D: C, x C — R induced by h is then given by (11), and the
associated proz-mapping P: Cp x Y — C is defined as

P(x;y) = argmin {(y,z —2') + D(2’,2)} forallx €Cy,y € V. (13)
z'eC

Finally, we say that h is Lipschitz if sup,cc, | Vh(z)[. < co. §

Throughout the sequel, we will assume that each player i € N is endowed with their
individual distance-generating function h;: K; — R. In obvious notation, we will also write
K; for the strong convexity modulus of h;, Kp, for its prox-domain, D;: K; x Kp, — R for
the associated Bregman divergence, and P;: Kp, x V; — K; for the induced prox-mapping.
For concreteness, we provide two standard examples below:

3We recall here that the subdifferential Ok of h at x is defined as dh(z) = {y € ¥ : h(z') > h(z) +
(y,x’ — z) for all 2’ € X}. The notation dom dh := {z € domh : Oh(x) # @} stands for the domain of
subdifferentiability of h and, by standard results in convex analysis, we have ridom h C dom dh C dom h.
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Example 3.3 (Euclidean projections). We begin by revisiting Euclidean projections on a

compact convex subset C of R?. The corresponding DGF is h(z) = 3| z|* for z € X, so
Cr, = C and Vh(x) =z for all x € C. Hence, the associated Bregman divergence is
D(a',z) = g3 - llel3 — (z.2" —z) = 3" — |3 (14)
and the resulting recursion x+ = II(x + yv) is just a standard projected forward step. §
d

Example 3.4 (Entropic regularization). Let C = Ag := {z € R% : 3°9_, #; = 1} denote the
unit simplex of X = R%. A very widely used distance-generating function for this geometry is
the (negative) Gibbs-Shannon entropy h(x) = Z?:I zjlogz; (with the standard notational
convention 0 - log 0 = 0). By inspection, the prox-domain of h is Cp, :=riC, and the resulting
Bregman divergence is just the Kullback—Leibler (KL) divergence

j=1

d /
D(z',x) = Dx(2/, 7)== Zx; log (zj) for all z € Cy, 2’ € C. (15)
j=1 J

In turn, a standard calculation leads to the prox-mapping
(z1e¥1, ..., xe¥n)
xr1eY1 + .- + x,eYn

P(ryy) = (16)
for all x € Cp, y € Y. The corresponding update rule 2+ = P(z;7v) is widely known in
optimization as entropic gradient descent [4, 32|, and as “Hedge” (or exponential /multiplicative
weights update) in game theory and online learning [2, 3, 24, 37, 67]. §

4. EQUILIBRIUM TRACKING AND CONVERGENCE ANALYSIS

We are now in a position to state our main results for the equilibrium tracking and
convergence properties of (MD) in time-varying games. For concreteness, we will focus below
on two distinct — and, to a large extent, complementary — regimes: a) when the sequence
of stage games G; converges to some limit game G = Go.; and b) when G; evolves over time
without converging. In both cases, we will treat the process defining the time-varying game
as a “black box” and we will not scruitinize its origins in detail; we do so in order to focus on
the interplay between the variability of the sequence G; and the induced sequence of play.

4.1. Stabilization and convergence to equilibrium. We begin with the case where the sequence
of stage games stabilizes to some monotone limit game G = G(N, K, u). Formally, it will be
convenient to characterize this stabilization in terms of the quantity

Rip = max]|vi(z) — vi(z)]s, (17)
and we will say that the sequence of games G;, t = 1,2, ..., converges to G if
tlim Riy =0 forallieN. (18)
— 0

To state our equilibrium convergence result, we will require two further assumptions. The
first is a technical “reciprocity condition” for the players’ DGF, namely

D(p,x¢) — 0 whenever x;—p (RC)

for every sequence of actions x; € K. This requirement is fairly standard in the trajectory
analysis of mirror descent algorithms [4, 14] and, taken together with the strong convexity of
h, it implies that x; — p if and only if D(p,z;) — 0 (hence the name).* In particular, if h is
Lipschitz, we have

D(p,x) < h(p) = hxr) + V(o) |«|lzr — pll = Oz — pll) (19)

“Indeed, D(p, zt) = h(p) — h(zt) — (Vh(zt),p — xt) > (K/2)||zs — p||2, so zt — p whenever D(p, zs) — 0.
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so (RC) always holds in that case. A further easy check shows that Example 3.4 also satisfies
this condition, so (RC) is not restrictive in this regard.

The second set of conditions concerns the players’ step-size sequence. First, we will assume
throughout that

oo
Z%’t =oo forallie N, (S1)
t=1

i.e., each player’s learning process cannot stop prematurely. Second, we will assume that the

step-size policies of any two players i,7 € N are mutually compatible in the sense that
(o]

Z|%’,t — Xijvit] < oo for some \;; > 0. (S2)

t=1
Informally, the compatibility assumption (S2) means that the players’ step-size policies
exhibit a comparable asymptotic behavior as ¢ — oo, i.e., v;¢/7;+ = ©(1) for all 4,5 € N.
The rationale for this is fairly straightforward: if a player employs a step-size policy that
vanishes much faster than that of all other players, this player would effectively become
a “constant externality” in the time-scale of the other players. On that account, it would
make more sense to consider convergence in a ‘reduced” game where this player has been
effectively removed from the game — and so on, until only the “slower” time-scale players
remain. Assumption (S2) rules out such cases and ensures that all players remain active
throughout the horizon of play.

With all this in hand, we have the following equilibrium convergence result:

Theorem 1. Let G; be a time-varying game converging to a strictly monotone game G. Suppose
further that each player i € N runs Algorithm 1 with a DGF satisfying (RC) and a step-size
policy satisfying (S1), (S2), and

oo o0
Z%‘,t(Ri,t + Bi,t) <oo and 2’7722,2552'2,15 < 0. (S3)
t=1 t=1
Then, with probability 1, the sequence of realized actions X; converges to the (necessarily
unique) Nash equilibrium x* of G.

In particular, if the feedback and stabilization metrics B; ¢, S;: and R;; behave asymp-
totically as B; ; = O(1/t%), S;, = O(t*") and R; ;, = O(1/t") for some b;, s;,7; > 0, we have
the following immediate corollaries:

Corollary 1. With assumptions as above, if each player follows Algorithm 1 with ~; 4 o< 1/tP
for some p > max{1 —r;,1 —b;,1/2+ s;}, p < 1, the induced sequence of play X; converges
to Nash equilibrium with probability 1.

Corollary 2. If Algorithm 1 is run with perfect oracle feedback and assumptions as above,
taking p > max; r; guarantees that X; converges to Nash equilibrium with probability 1.

To streamline our discussion, we postpone the proof of Theorem 1 until later in this
section and we proceed below with some remarks.

Learning in static games and stochastic approximation. The special case G; = G for all
t = 1,2,... can be seen as learning in a repeated, static game. As we discussed in the
introduction, this case has been extensively studied in the literature, usually via the so-called
ODE method of stochastic approximation [6-8]. In this literature, convergence of a learning
process is typically established by showing that an underlying “mean field” dynamical system
converges, and then using a series of asymptotic pseudotrajectory (APT) approximation
results to infer that the same applies to the discrete-time algorithm under study as well.
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In this direction, the closest result to our own is the recent paper of Mertikopoulos
and Zhou [39] where the authors showed that a specific, multi-agent version of Nesterov’s
[44] dual averaging algorithm converges to Nash equilibrium in static, strictly monotone
games. However, there is a number of key obstacles that arise when trying to adapt
the proof techniques of Mertikopoulos and Zhou [39] to our setting. First and foremost,
the prox-mappings P; are, in general, discontinuous across different faces of K;, so (MD)
cannot be seen as the discretization of an ODE (consider for example the Euclidean case
where P; is the closest-point projection to K;). An approach based on the theory of
differential inclusions (DIs) 7] could help overcome this obstacle but, even then, the exogenous
dependence of G; on t means that the DI approximation of the players’ learning process
would be likewise non-autonomous. Thus, given that there is no longer a well-defined
continuous-time system to approximate, it is not possible to employ a dynamical systems
approach as in [39].

Finally, we should also note that the use of player-specific step-size sequences compli-
cates the discretization landscape even further. In the stochastic approximation literature,
coordinate-specific step-sizes are usually treated within a multiple time-scales framework,
e.g., as in [11, 35, 36, 47|. However, in this case, the underlying ODE must also separate the
faster from the slower time-scales, which means that the players with the smaller step-sizes
end up being effectively removed from the game. This is an important part of the reason that
the literature on learning in static games has traditionally focused on learning algorithms
with the same step-size across players — and also an important reason that the stochastic
approximation approach of [39] does not apply in our setting.

Step-size requirements and tuning. In the literature on learning in games, a common choice
for the step-size of iterative methods is the policy 7,  1/¢, cf. Beggs [5], Bervoets et al.
[9], Cominetti et al. [15], Coucheney et al. [16], Erev and Roth [19], Hofbauer and Sandholm
[27], and references therein. In view of Corollary 1, if the players’ oracle feedback is unbiased
and bounded in mean square (i.e., b; = 0o, s; = 0 for all i« € N), this step-size policy
guarantees convergence to a Nash equilibrium as long as the game stabilizes at a power law
rate — i.e., provided that R; = max; R;; = O(1/t") for some r > 0.°> In fact, if (MD) is
run with +; , o< 1/(¢tlogt), convergence is guaranteed even if the game stabilizes at a slower,
sub-logarithmic rate R; = O(1/(logt)®) for some € > 0.

The policies ;¢ o< 1/t and 7, ; o< 1/(tlogt) should be seen as conservative “fail-safes™ it
stands to reason that, if more information about the asymptotic behavior of R; ; is available,
a more aggressive step-size policy (as per Corollary 1) might be more efficient. Specifically, if
we focus as above on the case where the players’ oracle feedback is unbiased and bounded in
mean square (b= 00, s = 0), the second-moment term y_, 77,57, will be subleading in (S3)
relative to the stabilization error term Zt Vit Fi + whenever p > r; for some i € N. Since
the summability condition (S3) further requires p > 1 — r; for all i € N/, this would suggest
taking p = min,; r; if min; r; > 1/2, and p larger than 1/2 by an arbitrarily small amount
otherwise.

By contrast, if no prior information on R;; is available, it is not clear how to choose the
exponent p in an optimal manner relative to the variability of G;. In particular, since r;
depends on the entire (infinite) tail of R;;, adaptive policies that rely on the (finite) history
of play up to time ¢t — e.g., in the spirit of Rakhlin and Sridharan [48] and Syrgkanis et al.
[60] — do not seem well-suited for this purpose. We are not aware of any way to circumvent
this difficulty in terms of almost sure convergence of the sequence of play.

5More generally, the policy 7i,+ o< 1/t guarantees convergence as long as the bias decays as B; ; = O(1/t%)
for some b; > 0 and the variance grows at most sublinearly (¢7, = O(t25?) for some s; < 1/2).



12 B. DUVOCELLE, P. MERTIKOPOULOS, M. STAUDIGL, AND D. VERMEULEN

4.2. Tracking Nash equilibria. We now turn to the study of time-varying games that evolve
without converging. In this case, any notion of convergence for X; is meaningless because
there is no equilibrium state to converge to, either static or in the mean. As a result, we will
focus instead on whether X} is capable of “tracking” the game’s set of Nash equilibria over a
given horizon of play.

To that end, let G; be a sequence of strongly monotone games, and consider the equilibrium

tracking error
err(T) =Y I Xe —af|> = > > | Xiw — 2},

teT teT ieN

2 (20)

where z} is the (unique) Nash equilibrium of G; and T = [Tstart - - Tend], Tstarts Tend € N,
denotes the playing window of interest.® By construction, if err(7") is small relative to
|7 = Tend — Tstart, the sequence of chosen action X; will be close to equilibrium for most of
the window of interest. However, if the variability of G; (and, in particular, of the equilibrium
x}) is too high, it is not reasonable to expect a tracking error that grows sublinearly in |77,
even in the single-player case.

To quantify this, we will also consider the game’s equilibrium variation (or drift) as

V(T) = llzf — il (21)

teT

where as before, T = [Tstart - - Tend] denotes the window of interest. For concision, if T is
of the form 7 = [1..T], we will simply write err(T") and V(T') instead of err(7) and V(T)
respectively. In this case, we will say that the equilibrium variation of G; is tame if

V(T) = o(T) as T — oo (22)

and we will seek to establish conditions under which Algorithm 1 guarantees err(T") = o(T)
when (22) holds. Our main result in this direction is as follows:

Theorem 2. Let G; be a sequence of strongly monotone games satisfying Assumption 1.
Suppose further that each player i € N runs Algorithm 1 with step-size v; 4 < t~Pi, p; € (0,1),
a Lipschitz distance-generating function, and feedback of the form (SFO) with B;; = O(1/t%)
and Szt = O(t%%) for some b;,s; > 0, i € N'. Then the players’ tracking error is bounded as

E[err(T)] — O(Tl—mini (pi—2s;) + Tl—mini b; + Tmax; pi+min, (p; —2s;) V(T)) . (23)

Corollary 3. Suppose that the players’ oracle feedback is unbiased and bounded in mean square
(b; =00, 8, =0 for alli € N). If the equilibrium variation of the game is V(T) = O(T") for
some r > 0, Algorithm 1 enjoys the bound

Elerr(T)] = O(T"~Pmin 4 T2Pmaxt7), (24)

where Ppin = min; p; and pmax = max; p;. In particular, if each player runs Algorithm 1
with ;1 1/t(1_r)/3, then

2+1‘)

Elerr(T)] = O(T s (25)

Theorem 2 is our basic equilibrium tracking result, so we proceed with some remarks:

6In games with multiple equilibria, the norm should be replaced by the Hausdorff distance of the
corresponding equilibrium sets; we focus on strongly monotone games to avoid such complications.
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Step-size requirements and tuning. If the players’ gradient oracle is unbiased and bounded in
mean square (b; = co and s; = 0 for all ¢ € ), Corollary 3 shows that equilibrium tracking
is possible as long as

1—
pi< —— " forallie N, (26)

Comparing this condition with the step-size requirements for equilibrium convergence (cf.
Theorem 1 and Corollary 1), we may infer that equilibrium tracking is more lightweight in
terms of prerequisites: specifically, since Theorem 2 does not require the step-size compat-
ibility condition (S2), each player can pick p; independently of one another. The reason
for this difference has to do with the fact that equilibrium tracking focuses on the players’
average behavior over the horizon of play; by contrast, the convergence of the sequence of
play depends on the entire tail of +y; ¢, so the asymptotic behavior of the players’ step-size
policies cannot be too different.

Equilibrium tracking and dynamic regret minimization: similarities. In our setup, the
dynamic regret incurred by the i-th player up to time 7" under the sequence of play X; € I,
t=1,2,..., can be defined as
T T
DynReg,(T) = Z[Ui,t(ii,t;X—i,t) —uit(Xe)] = Z[ﬂi,t(i‘i,t) — Ui (Xi )] (27)
t=1 t=1
where @; ; == u;(; X_; ) denotes the effective payoff function encountered by player i € N’
at stage t given the chosen action profile X_;; of all other players, and
T € argmax u, (23 X ;) = arg max @; ¢ (x;) (28)
z, €K, z, €K,
denotes the i-th player’s best response to X_;; in the game G, (the latter assumed fixed
as a sequence but otherwise arbitrary and unknown to the players). Obviously, if there
are no other players in the game, &; coincides with the Nash equilibrium of the ¢-th stage
game against nature, so a natural question that arises is whether the equilibrium tracking
guarantees of Theorem 2 can be related to a dynamic regret bound.
In this regard, a slight modification of the proof of Theorem 2 yields the following: if an
agent with a convex compact action set K runs Algorithm 1 with step-size v o« 1/t? against

a stream of concave — though not necessarily strongly concave — payoff functions u;: £ — R
with drift V(T), then

E[DynReg(T)] = O (T 277 + T'=0 + T2=2 V(T)). (29)

In particular, if V(T') = O(T") and the player’s oracle feedback is unbiased and bounded in
mean square (b = 00, s = 0), the choice p = (1 — r)/3 guarantees

E[DynReg(T)] = O(T*5"). (30)
For a precise statement and proof, we refer the reader to Section 6.2.7

Equilibrium tracking and dynamic regret minimization: differences. Going back to the
multi-agent case, the sequence &; = (£;);en With &;; given by (28) may be very different
from the Nash equilibrium sequence z;: the former best responds to the actual sequence of
play X, while the latter best responds to itself (so it depends only on G; and is otherwise
independent of X;). As we saw above, this distinction is redundant in the single-player
case, but it is crucial in the multi-agent one: the sequence ; may vary rapidly even if z} is
constant. For example, even if the sequence of base payoff functions u; ; does not depend on ¢

"The guarantee (29) is not a consequence of Theorem 2 because it concerns function values and it makes
no strong concavity assumptions for the payoff functions faced by the agent; the proof, however, is similar.
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explicitly (i.e., u;; = u; for all t), the effective payoff functions @; ¢ = u;(-; X_; ;) encountered
individually by each agent depend on ¢ implicitly via X_; ;.

This subtlety is also reflected on the strong monotonicity assumption in Theorem 2
which invites the question whether the bound (23) is tight. To wit, when faced with a
sequence of strongly concave payoff functions, Besbes et al. [10] showed that an adversary
can always impose DynReg(T) = Q(V(T)'/2T'/?). This bound is strictly better than
the O(T*~? + V(T)T?) guarantee of Corollary 3, suggesting that there may be room for
improvement. Nevertheless, there are two important roadblocks to achieve this:

(1) First, in the single-agent case, the key to attaining faster regret minimization is the
basic inequality

wief) = (@) < (wi(e).af — ) - Sl — o] (31)

where z denotes the (necessarily unique) maximizer of u;. As a result, the growth

of Gap(T') — which is driven by gradient terms of the form (v:(X3:),z; — X;) — is

mitigated by the quadratic correction terms: by balancing these two terms, it is

possible to obtain sharper bounds for DynReg(7T) when each wu; is strongly concave.
On the other hand, in a multi-agent, game-theoretic setting, (31) becomes

£l

2

Uit (0] 157 —) — wi(0) < (ie(@), ), — 25) — Sllw — x7, | (32)

where 2} now denotes the (necessarily unique) Nash equilibrium of the strongly
monotone stage game G; = G¢(N,K,u;). Arguing as in the single-agent setting
would indeed yield a sharper bound on the quantity

DD i@l Xoie) — wis(X0)] (33)
teT ieN
but, in general, the minimization of this quantity does not provide a certificate that
X is in any way close to equilibrium. In particular, in contrast to the single-agent
case, (32) could be either positive or negative, so it cannot act as a merit function
for tracking an evolving equilibrium.

(2) Second, the optimal static regret minimization rate in strongly convex problems is
attained when v; o< 1/¢. However, Besbes et al. [10] provide a counterexample where
this step-size policy produces linear dynamic regret. In view of this, achieving an
O(V(T)'/?T*/?) dynamic regret minimization rate would seem to require a different
approach and/or assumptions — for example, an adaptive policy in the spirit of
Jadbabaie et al. [28] in the case of perfect gradient feedback.

We mention the above to emphasize that bounding the equilibrium tracking error err(T")
is significantly different than bounding the dynamic regret of an individual agent in the
unilateral setting (even though the obtained guarantees look similar). It is reasonable to
conjecture that the bound (23) may be improved in games that admit a strongly concave
potential function, but the general case seems considerably more difficult.

Legendre DGFs. We should also note that the reciprocity condition (RC) has been replaced
in the statement of Theorem 2 by the stronger requirement sup,, ||Vh;(z;)|+ < oo which
rules out Legendre-like DGFs (such as the entropic setup of Example 3.4). This condition is
needed in Proposition 3, which requires a finite Bregman diameter D; := sup,., ,» Di(x;, z})
to bound the “regret-like” quantity Z;‘F:l@i,t(XtL x; — X; ). Orabona and Pal [45] recently

showed that (MD) may incur linear regret when run with a variable step-size in problems
with infinite Bregman diameter, so this requirement is not an artifact of the analysis.
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That being said, there are several ways to overcome this hurdle: First, the players could
run (MD) with a constant step-size over windows of a specified length and use a restart
mechanism to achieve a sublinear equilibrium tracking error; this approach was proposed by
Besbes et al. [10] for the minimization of dynamic regret and we discuss it in more detail in
Section 6.2. Another way is to add an “anchoring term” in the definition of the prox-mapping
‘P; and play the so-called dual-stabilized mirror descent policy

Xigp1 =argmin{v; o (Vi o, Xi s — 23) + Di(wi, Xit) + (Vg1 — g ) Di(wi, Xin) }

;€K
(DS-MD)
This policy was introduced by Fang et al. [22] who showed that (DS-MD) achieves sublinear
regret even in domains with an infinite Bregman diameter. Finally, another — and arguably
simpler — approach is to switch to the dual averaging policy of Nesterov [44] which instead
prescribes

¢
Xit41 = arg maX{Z<Vi,57 x;) — %,thi(xi)} (DA)

z; €K, s=1

This algorithm has the advantage of attaining order-optimal regret guarantees with the
Bregman diameter D; replaced by the range R; := maxh; — min h; of h; (which is always
finite since KC; is compact and the domain of h; contains ;). Either of these algorithmic
tweaks would ultimately yield a sublinear tracking error in domains with an infinite Bregman
diameter, but the details lie beyond the scope of our work so we do not discuss them here.

4.3. Proof of Theorem 1. The rest of this section is devoted to proving the results stated
above, starting with the proof of Theorem 1. The first key step in this direction is the
definition of a suitable “energy-like” function that is — on average and up to small, second-
order errors — decreasing along the trajectory of play X;. In the analysis of mirror descent
algorithms, this role is usually played by the Bregman divergence relative to the target point
under study (in our case, the Nash equilibrium of G). However, because each player i € N/
now learns at a different pace (as determined by their individual step-size policy 7; ), the
definition of a suitable energy function for Algorithm 1 is not as straightforward.

To that end (and with a fair amount of hindsight), we begin by introducing the player-
specific weights

/
A = (Hje./\/ /\ij>1 N for all i € N, (34)

with X\;; > 0, ¢,7 € N, given by the mutual compatibility condition (S2). As we show below,
these weights enjoy a decomposition property that is key for the sequel:

Lemma 1. Suppose that ;; satisfies (S1) and (S2). Then A;jj = X\;/\j for alli,j € N.
Proof. Our proof relies on the two intermediate claims below:

Claim 1: The weights \;j are uniquely defined. Indeed, suppose that (S2) holds also with
)\;j # \;j for some 4,5 € N. Then, for all ¢t = 1, we have:

Aij = Xigae = g = Mgl < Pvie = Aagviel + e = i (35)
80 [Aij — Ai;[7j, is summable given that both |v;+ — Aijy;¢| and |vie — Aj;7;.| are
summable (by assumption). This contradicts (S1) so our claim follows.
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Claim 2: The weights \;; satisfy the chain rule Xjp = XijAji for all 4,7,k € N. Indeed:

o0 (o]
Zh/i,t = Nij AVt = Z|%,t = Xij Vit + Aig Vit — Nij Ak Ve el
t=1 =1
oo o0
< Z|’Y¢,t — Xig Vil + Aij Zh/j,t = Njk Yt
t=1
<0 (36)

with the last inequality following from (S2). Our claim then follows from the
definition of \;; and our uniqueness claim above.

Thus, with these two claims in hand, we readily obtain

1/N
A —(HkEN ) = H( i/ Nje) N = H Al/N = (37)

) 1/N
A (TTken Aik) keN keEN
where, in the third step, we used the chain rule above to write A;; = A;x/A;j,. This establishes
our assertion and completes our proof. [ ]

This lemma shows that (S2) can be rewritten as Y o [vit/A\i — 7j.t/Aj| < oo, which in
turn implies that \; can be interpreted as the relative “learning speed” of player i € . In
view of this, we will consider the effective step—size

’71 t
16/\/ Ai

(38)

and the energy function

B(z) = Z M (39)

ieN

where z} € K; denotes the i-th component of the Nash equilibrium z* of G. We then have
the following quasi-descent inequality for F under (MD):

Lemma 2. Suppose that each player i € N runs Algorithm 1 with a step-size policy i
satisfying (S1) and (S2). Then the iterates By .= E(X:) of E under X; enjoy the bound

2
" Vi,
Eip1 < By + i (o(Xy), Xy — 27) %t it Xig =) + ) e Vil
— 2\ K;
ze/\f iEN
max; G; diam(lCi) Vit Vit
LA L 40
+ 5 > SRy (40)

i,jEN
with 14 = ;1 (X)) — v, (Xy).
Proof. By Lemma A.4 in Appendix A, the Bregman divergence D; ; := D;(z}, X; ) satisfies
the inequality
71 ,t

D11 <Diy+7ii(Vie, Xie — i) + HVthz (41)

Therefore, with V; ; = v; ((Xy) + Zio = vi(Xy) + 1ip + Ziy and Ei =3 ien )\lei’t, we get

i, ’Yz
Buvr < Bok 3 3+, Xi = (AP v -ALE (42a)
ieEN

+ 3 T (X)), X — ) (42D)
1EN Ai
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so it suffices to upper bound the term (42b) of the above inequality. To that end, we have

(42b) = 7 (0(X0), X — 27+ 3 (” %)m(Xt),Xi,t )

ieN Ai
< Y(o(X0), Xe =)+ 7; — |- Gy diam(K)
ien! 7
. G; diam(K;) Vit Vi
=o)Xt ¢ 3 SR S5 (2 - T
ieN JEN
i Gi diam(KC; i ,
< veo(Xe), Xy — 2%) + e fam (k) Z Tt it (43)
N 2N TN
i,jEN
Our claim then follows by substituting this bound back in (42). [ |

The importance of the energy-like bound (40) lies in that the “drift term” v (v(X}), Xp —z*)
provides a leading negative contribution to E; (since z* is a Nash equilibrium of G), while
all other terms become vanishingly small over time. The proposition below formalizes this
idea and shows that E; converges to some (random) finite value:

Proposition 1. Suppose that each player i € N runs Algorithm 1 with a step-size y; ; satisfying
(S1), (S2) and (S3). Then E; converges (a.s.) to a random variable Es, with E[Es] < oo.

Proof. We begin by decomposing each player’s oracle signal as
Vit =0it(Xe) +big + Uiy = (X)) + 70 + bt + Uiy (44)

and we set respectively

pit = (Tit, Xip — 27) pr = E /;y” Pist (45a)
ieN iVt
Bit = (bit, Xix — ) By = )’\m Bit (45b)
jen it
and
Yig = Uiy, Xig — x7) Yy = E /\%’t Vit (45c)
iEN it

with v, given by (38) and r;; = v; ((X;) — v;(X;) defined as in Lemma 2. The energy
inequality (40) then gives

2
« Vit
Erp1 < B4+ 7 (o(X0), X — 2™) + nlpe+ B+ ) +xe + ) 2Mf{ IViell2 (46)
ieN T
where we set G diam(KC,)
max; G; diam(K; Vit Vit
= — . 47
y a > |- (47)

i,jEN

Therefore, conditioning on the history F; of X; up to stage ¢ (inclusive) and taking expecta-
tions, we get

ARVl E]

ElE1 | Fi] SE|Ep 4 7 (v(Xe), Xp = 27) + ve(pe + Be + b)) + xe + Z 2N K

1EN

2
Vit 2

<FE :
< Ev+yilpe+ Be) + xe +z‘e/\/ N it
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where we used the definition (9¢) of M;, and the fact that a) z* is a Nash equilibrium
of G (so (v(Xy), Xt —x*) < 0); b) pr and f3; are both Fi-measurable (by definition); and
C) E[wt I./—"t] = <]E[Ut | Ft},Xt — $*> =0.

To proceed, note that

pit = (Tt Xig — 7)) < |riell«l| Xip — 27| < diam(K;) R, 4 (49)

and, similarly, 8; ; < diam(/C;)B; . The bound (48) may then be written as E[E;11 | ;] <
FE; + &4 where

%2,15
20K

e=3 ’YA” diam(K;) - (Ris + Biy) +
ieN

M7, |. (50)
Consider now the auxiliary process (; = Fyy1 + Zzit 41 €s- Taking expectations yields

E[G | Fi] < B+ + Z €s = By + Zéfs = (-1, (51)

s=t+1 s=t

e., (; is a supermartingale relative to F;. Moreover, since Y ;= & < oo by (S3) and
Lemma 1, we also get E[(;] < E[¢;] < o0, i.e., (; is bounded in L. Therefore, by Doob’s
(sub)martingale convergence theorem [25, Theorem 2.5], it follows that (; converges almost
surely to some random variable ¢ that is itself finite (almost surely and in L'). Since
Ey = (o1 — Y o0, es and limy, 0 > oo, £ = 0, we conclude that E; converges (a.s.) to ¢
and our proof is complete. [ ]

Moving forward, our next result shows that we can extract a subsequence of X; that
converges to a Nash equilibrium of the limit game G:

Proposition 2. With assumptions as in Proposition 1, we have liminf;|| X; — z*|| =0 (a.s.).
Proof. We begin by showing that, for all € > 0, the hitting time
Te =inf{t e N: || Xy — 27| > ¢} (52)

is finite with probability 1; formally, we will show that the event M. = {7. = oo} has
P(N;) =0 for all € > 0.

To do so, fix some € > 0 and let ¢. = —inf{(v(z),z — z*) : ||z — 2*|| > €}, so ¢z > 0 by
the strict monotonicity of G and the fact that v is continuous and K is compact. Then, with
notation as in the proof of Proposition 1, telescoping the bound (46) yields

2
Et+1 < El — Ce Z'Ys +ZV& Ps +Bs +ZX&+ZV&¢&+ZZ 2;1;{ ”sz,sHi (53)

s=1lieN
A,_/
I; I 1,

for all ¢t < 7.. We now proceed to bound each of the underscored terms above:

1. First, for the term I;, we have shown in the proof of Proposition 1 that

+(pr + Be) < Z Tit d1am ) (Rit + Bit) (54)
ZGN

80 > oy Ye(pr + Br) < oo by (S3). Condition (S2) further gives 72 x¢ < 0o, so I; is
uniformly bounded from above by Lo, := Y72 [v¢(pe + Bt) + x| < oc.
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2. For the noise term II; = Zi:l vs¥s, we have E[ip; | Fz] = 0, so II; is a martingale.
Furthermore, by (9b) and the step-size assumption (S3) of Theorem 1, we have

S VB | F) <D Al X — 2 IPEIUNIZ | Fi
t=1 t=1

< diam(K;)? Z’Yﬁt”it < 00. (55)
t=1

In turn, this implies that >, 77 E[¢7 | F;] < oo so, by the law of large numbers for mar-
tingale difference sequences [25, Theorem 2.18], we conclude that 22:1 Vst / 22:1 Y5 —>
0 (a.s.).

3. Finally, for the last term, let W;, = S0 2 [|V; ]
We then have

i so III; = ZieN(2)\iKi)71\I”ivt'

d

2R > Wi, (56)

t—1
E[Wis | Fo] = E|Y 27 lVisll? + 22 Vill2
s=1

= i1 + 77 E[[[Vig|

ie., U;, is a submartingale relative to F; (recall that V; is generated after X so it is
not F;-measurable). Furthermore, by the law of total expectation, we also have

Fi]l < Z%z,tht < 0. (57)

t=1

E[¥,; ] = E[E[T,,

This shows that ¥, is uniformly bounded in L' so, by Doob’s (sub)martingale
convergence theorem [25, Theorem 2.5], it follows that ¥, ; converges to some (almost
surely finite) random variable ¥; o, with E[¥; o] < co. We thus conclude that III; is
likewise bounded from above by Mo = >, (2N K;) 1, o < o0 (aus.).

Suppose now that P(N;) = P(7. = 0o) > 0. Then there exists a realization of X; such
that

L4100, +1I0 | <
Ey1 < E, — ca—% Y e forallt=1,2,... (58)
Doem1 Vs s=1

and, in addition, (I, + II, + III,) / S 7s — 0 (since we have shown that this last event
occurs w.p.1). However, by (S1), this gives lim; o, Et = —00, a contradiction which shows
that 7. < co w.p.1 for all € > 0. Hence, given that each N /k 18 a zero-probability event and
there is a countable number thereof, we conclude that

P(liminf; | X; — 2*|| = 0) = P(1y < oo forall k =1,...,00)
=p(O, e <oct) =1-P(U" Nip) =1 (59)

and our proof is complete. [ ]
With these two intermediate results at hand, we are finally in a position to prove Theorem 1:

Proof of Theorem 1. By Proposition 2, X; admits a (possibly random) subsequence X,
such that X;, — z* (a.s.). By the reciprocity condition (RC), this further implies that
liminf; . F; = 0 (a.s.). However, since lim;_,, E; exists (by Proposition 1), we conclude
that
IP’(lim thx*> :P(lim Etzo) :]P’(liminfEt:0> -1 (60)
t— o0

t—o0 t—o0
and our proof is complete. [ |
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4.4. Proof of Theorem 2. We now proceed to prove the equilibrium tracking guarantees of

Algorithm 1. To that end, given a sequence of action profiles X; € K, t =1,2,..., and a
window of interest 7 = [Tstart - - Tend], it Will be useful to consider the gap functions
Gap,,(T) =Y (vit(Xe), 2 — Xiy)  Gap,(T) =) _ Gap,,(T) (61a)
teT iEN
and
Gap;(T') = max Gap,,(T) Gap(T) = Y _ Gap,(T) (61b)
TR 1EN

and we will likewise write Gap,. (1), Gap,(T'), etc. when the window of interest is of the form
T = [1..T]. By the strong monotonicity of G;, we have u||X; — 2}||?> < (vi(Xy), 2} — Xy),

so Gap(T') will act as a surrogate for bounding the equilibrium tracking error err(7") of
Algorithm 1. In view of this, we begin with a technical bound for the gap under (MD):

Proposition 3. Suppose that player i € N runs Algorithm 1 with step-size v;, and oracle
feedback of the form (SFO). Then, for any window of the form T = [Tstart - - Tend], we have:

1 1 1
Gap,,(T) < Z ( - )Di(%’, Xit)+ Z<Zi,t7 Xit— i)+ 3K Z Vit

- Vil (62
Vit Vit—1 Py i fer

with the convention v; r,..—1 = 00 in the sum above. In addition, if v;+ is non-increasing,

then
Nirons + 2 diam(K5) Z Bi + oK, Z Vit Si (63)
Ten = P

E[Gap,(T)] <

where H;(x;) = SUD,r ey, D(z;,x}).

Proof. We first focus on the pointwise bound (62). To that end, since X, 411 = P(Xi+;vitVit)
for all t =1,2,..., invoking Lemma A.4 with Y} < ~; Vi, and oy < 1/, yields

1 1 1
Z<Vi,t7$i - X < Z( — )Dz‘(ﬂ%Xz‘,t) + Y Z%‘,t”Vi,tHi- (64)

s et Vit Yit—1 i et
By the feedback model (SFO), we have V; ; = v; +(X) + Z;+ so
Gap,, (T) = Z<Ui,t(Xt)»xi - Xit) = Z(Vi,t, z; — Xip) + Z<Zi,t,Xi,t —xi).  (65)
teT teT teT

Our claim then follows by adding (64) and (65).
For the bound (63), maximizing over x; € K; in (62) and taking expectations, we get

Z(l 1 )Di(xi,Xi,t)] (66a)

ieT Vit Vi, t—1
1

s O Vit BllIVill2] (66b)
Y teT

E[Gap;(T)] = E [max Gap,, (T)} <E

z; €EC;

_|_

+E

max <Zi,t7 Xi,t — .’L‘l>‘| (66C)
€K,

teT
With +; + non-increasing, the first two terms above are readily bounded as

(66a)§2< 1 _ 1 >Hi(mi)§Hi(xi)

teT Vit Vi, t—1 Vi, Tend

(67a)
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and
K; 9
(66b) < > %M, (67b)
teT
so we are left to bound (66¢). To that end, introduce the auxiliary process
Xips1 =P (Xis; —7i:Uis) (68)

with X; = X;. We then have
Z<Zi,t,Xi,t —z;) = Z<Zi,ta (Xt — th) + (th —x;))

teT teT
= Z<Zi,t7Xi,t - Xi,t> + Z<bi,t7Xi,t —x) + Z<Ui,t>Xi,t —z;) (69)
teT teT teT

so it suffices to derive a bound for each of these terms. This can be done as follows:

(1) The first term of (69) does not depend on x;, so we have

E|max 3 (Zio Xis - Xz-,t>1 = Y E[E(Zis Xix — i) | Fi|
teT teT
= E[(bie, Xiy — Xi )] < diam(K;)B; (70)
teT

where, in the last step, we used the definition (9a) of B;; and the bound
(bit X — Xie) < 1 Xie — Xotlll|biells < diam(KC;) bl (71)

(2) The second term of (69) can be bounded in a similar way as

z; €;
teT

(3) Finally, for the last term, Lemma A.4 with Y, < —v,; U;; and oy = 1/, gives
Z<Ui,taXi,t —x) = Z it Uity i — Xig)

E lmax <bi,t7 X“g — IJ] S E[dlam(lCz)Hbl,tH*] S dlam(lCl)BM (72)

teT teT

<Y ) D Kid) + g SolUZ (73)

= e ’Yi7t 'Yi,tfl 1y 2.t 2Kz e 7, 2,0 %

Thus, after taking expectations and telescoping, we obtain
- Hi(wi) | 1 2

E| max (U; ¢, Xit — x5 ] < + Vit 05 ¢ 74
l:m11€’C1< > Vi, Tena 2K2 ;— ot ( )
The bound (63) then follows by plugging back all of the above in (66¢). ]

We are now in a position to prove our equilibrium tracking result. Our proof strategy will
be to leverage the gap minimization guarantees of Algorithm 1 (as encoded in Proposition 3)
together with a batch comparison idea due to Besbes et al. [10].

Proof of Theorem 2. For the sake of the analysis (and only the analysis), partition the
horizon of play 7 = [1..T] in m contiguous batches Ti, k = 1,...,m, each of length A
(except possibly the m-th one, which might be smaller). We will prove the error bound (23)
by linking err(7x) to Gap(Tx) = > ;cpr Gap;(T) forall k =1,...,m = [T/A].

More explicitly, take the batch length to be of the form A = [T'?] for some constant
q € [0,1] to be determined later. In this way, the number of batches is m = [T/A] = ©(T*~9)
and the k-th batch will be of the form T, = [(k —1)A+1..kA] forall k =1,...,m —1 (the
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value k = m is excluded as the m-th batch might be smaller). Then, to bound the players’
equilibrium tracking error within 7y, the strong monotonicity property (3) for G; gives

pllXe = 27 ||* < (ol Xa), 27 — Xo) = (ve(Xe), & — Xo) + (ve(Xo), 2 — ) (75)
for every reference action profile & € IC and all ¢ € 7. We thus obtain the batch bound

perr(To) = p > Xy — ;| < D (vil(Xy), 27 — Xy)

teTx €Tk
= (W X0), & = Xp) + > (e Xy), 2} — &)
teTk teTk
< Gap(Te) + Y (0i(Xy), 2 — &) (76)
teTk
To proceed, pick a batch-specific reference action z; € K for each k = 1,..., m, and write
Ck = Z (vp(Xe), zp — Zn), (77)
teTk

for the last term of (76). A meaningful bound for C} can then be obtained by taking Iy to
be the (unique) Nash equilibrium of the first game encountered in the batch Ty, i.e., setting

T = T3, 1,- Doing this, we obtain the series of estimates:
Cr < Z loe (X)) ||« - l|lzf — Zkll {by Cauchy-Schwarz}
t€Tk
< Z Gllzy — Tkl {by Assumption 1}
€Tk
< GAmax||z; — & {term-by-term bound}
tE€Tk
<GAD ap, — = {by definition of &}
t€Tk
= GAV(T). (78)

Thus, plugging everything back in (76) and summing over all batches k =1,...,m, we get
the total bound

—_

Elerr(T)] < —E[Gap(T)] + GMA V(T). (79)

=

With this estimate in hand, let D; := sup,, D;(z;,x}) = maxy,ex, Hi(z;), so D; < 0o
by Lemma A.5. Then, with v, ; decreasing, summing the second part of Proposition 3 over
all i € N yields

m m T T
ZE[Gap(E)] < Z lz 2D + 2 diam(K;) ; Bi++ QLKZ ;'Vi,tszt‘|

k=1 ien Li=1 TikA
m T T
-0 (Amaxi pi Z Lmaxi pi + Z = min; b; + Z = min; (piQSi)>
k=1 t=1 t=1
-0 (Amaxi Di ml-}-maxi Di + Tl—mini b; + Tl—mini (pi—2si)) (80)

where, in the second line, we used the fact that v, = ©(1/tP"). Since A = O(T?) and
m=O(T/A) = O(T*79), we get

AmaXi pimleraxi Pi O(Tq max; p; T(lfq)(leraXi i) _ O(T1+maxi pifq) (81)
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In turn, this yields the error bound
E[EI‘I'(T)] _ O<Tl+maxi Pi=q | Tlfmini b; + Tlfmim (pi—2s;) + T V(T)) (82)

so the guarantee (23) follows by setting ¢ = max; p; + min;(p; — 2s;). [ ]

5. LEARNING WITH PAYOFF-BASED INFORMATION

In this section, we proceed to examine a “payoff-based” learning scheme, i.e., a method
that relies only on observations of the players’ realized, in-game payoffs (the so-called “bandit
setting”). The first step will be to introduce a payoff-based stochastic first-order oracle in the
spirit of Spall [58, 59]; subsequently, by mapping this oracle to the general feedback model
of Section 3, we will leverage the analysis of Section 4 to derive the algorithm’s properties in
time-varying games.

5.1. Payoff-based feedback and estimation of payoff gradients. Heuristically, the main idea of
the player’s gradient estimation process is easiest to describe in one-dimensional environments.
In particular, suppose that an agent wishes to estimate the derivative of an unknown function
f:R — R at some point x € R. Then, by definition, given an accuracy target J, the
derivative of f at x can be approximated by two queries of f as

R (AL ks (D)

Building on this idea, f/(z) can be estimated from a single function evaluation as follows:
let w be a random variable taking the value +1 or —1 with probability 1/2, and consider the
estimator

(83)

y = fletow) Jg o)y, (84)
In expectation, this gives:
1 1
E[V] = % (x4 0) — % (x —9). (85)

Thus, if f’ is Lipschitz continuous, we readily get E[V — f/(z)] = O(d), i.e., the estimator
(84) is accurate up to O(9).

This idea is the starting point of the so-called single-point stochastic approzimation (SPSA)
method that was pioneered by Spall [58, 59]. Its extension to a multi-dimensional setting
is straightforward: If an agent seeks to estimate the gradient of a function f: R¢ — R, it
suffices to sample a perturbation direction w uniformly at random from & = {#ey, ..., +eq}
and consider the estimator

V =—f(z+ dw)w. (86)

SRSY

The only difference between (84) and (86) is the dimensional scaling factor d which compen-
sates for the fact that each principal direction of R? is sampled with probability 1/d. Then
the same reasoning as above shows that E[|V — V f(x)]|] = O(9).

In the presence of constraints, a caveat that arises is that the query point & = x + dw
must remain feasible. To guarantee this, let C be a convex body in R%, and let f: C — R be
a function whose gradient we want to estimate at some point x € C. To avoid the occurrence
x + dw ¢ C, we first transfer = towards the interior of C by a homothetic transformation of
the form

xHxJEx—g(x—p) (87)
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Algorithm 2: Payoff-based learning via mirror descent

Require: step-size 7;; > 0; sampling radius J;; > 0; homothety parameters p; € K,
i >0

1: initialize X;; € Ky, # initialize pivot
2: for t =1,2,... do simultaneously for all :=1,...,N

3 draw W;, uniformly from {=e,...,=+eq,} # random perturbation
4 play Xis = Xis + 6icWie + (6i,0/7i6) (0 — Xire) # select action
5: receive ;¢ = wi(Xit; X i) # get payoff
6 set Vi = (di/dit) st Wi # estimate gradient
7: set X141 < Pi(Xit;7:,tVire) # update pivot
8: end for

where p € int(C) is an interior point of C and r > 0 is such that a) the ball B,(p) is entirely
contained in C; and b) §/r < 1. Taken together, these conditions ensure that the query point

i=a°+6w=1—-3/r)x+ (0/r)(p+rw) (88)

belongs itself to C (simply note that p + rw € B,.(p) C C).
With all this in mind, we obtain the following process for estimating individual payoff
gradients in the context of a continuous game G = G(N, K, u):

1) Every player i € N selects a pivot point x; € K; and draws a perturbation vector w;
uniformly at random from &; := {+ey,...,+eq, }. Subsequently, each player plays

&y = @i + 6w + (6:/1i)(pi — 4) (89)
and they receive the associated payoffs @; = u;(&1,...,2n), 1 € N.

2) Each player constructs the single-point stochastic approximation estimate

d; .
Vi = 3 U; + W; (90)
and the process repeats.

In the above, the sampling radius d; and the homothety parameters p; € KC;, r; > 0, are
chosen arbitrarily by each player i € NV, only subject to the requirements B,..(p;) C K; and
di/r; <1 (to guarantee that Z; is a feasible action). Also, when unfolding over the course
of a learning process, we will assume that players employ a variable sampling radius 9; ;
(similar to the players’ individual step-size policy 7; ;). In this way, the estimator (90) can
be seen as a payoff-based oracle which can be coupled with Algorithm 1 to generate a new
candidate action and continue playing. For a pseudocode implementation of the resulting
policy, see Algorithm 2.

Remark. Throughout this section, we tacitly assume that the players’ action spaces are
convex bodies, i.e., they have nonempty topological interior. This assumption is only made
for convenience: if this is not the case, it suffices to replace the basis vectors {+e;} with a
basis of the affine hull of each player’s action space and proceed in the same way. §

5.2. Analysis and results. The first step in the analysis of Algorithm 2 consists of quantifying
the statistics of the players’ gradient estimation process:

Lemma 3. The SPSA estimator (90) satisfies:
IE[V: = vi(@)]]l« = O(07ax/0) and  E[|[V;]Z] = O(1/87). (91)

where dmax = max; ;.
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Proof. The second moment bound E[||V;||%] = O(1/62) follows trivially from the definition
(90) of V and the boundedness of u;. As for our first claim, let

§i = 3y — xp = Sywi + (0i/7i)(pi — 1) (92)
and set £ = (&;)ien- Then, by the smoothness of u;, a first-order Taylor expansion with
integral remainder gives

Oq&

di .
V= 5—1 wi(£) - w; u cw; + 5, Z Vo, ui(z (93a)
JEN

+ Z / ac z U (»T‘f'tf)fk dt'wi (93b)
J,keEN
Hence, taking expectations, the first term above becomes
E[(93)] = = E[(vi(x), &) wi] + 5 > (Y, ui(2), E[;)) Elwi]

' A

1
2dl
= u(®@) (94)

where we used the fact that E[w;] = 0 for all ¢ € A and that w; and w; are independent for
alli,j €N, i 7é j. As for the second term, we have

E[(93b)] Zé&kEU (1-t)¢'v ”k »(x+t§)§kdt-wi}: (62.0x/0:),  (95)

j keN

d;

= d; E[(vi(x), w;) w [vie(x)er — vie(z)(—er)]
(=1

where we used the fact that K is compact and u; is C?-smooth over K. Our claim then
follows by combining the bounds (94) and (95). [ |

We are now in a position to state and prove our main result for the payoff-based learning
policy outlined in Algorithm 2:

Theorem 3. Let G; be a time-varying game satisfying Assumption 1. Suppose further that
each player i € N runs Algorithm 1 with step-size ;¢ < t~Pi and sampling radius §; y o< t~%
for some p;,q; € (0,1]. Then:

(1) If G¢ stabilizes to a strictly monotone game G at a rate R,y = O(1/t"), r; > 0, and
pi=p> max{l—7;, 14+ q; — 2qmin, 1/2+q;} for alli € N, the sequence of chosen actions
Xt, =1,2,..., converges to the Nash equilibrium of G with probability 1. In particular,
convergence to Nash equilibrium is guaranteed under the choice p; =1, ¢; = 1/3.

(2) If G, is strongly monotone and its drift is bounded as V(T) = O(T") for some r < 1, the
sequence of chosen actions Xt, t=1,2,..., enjoys the equilibrium tracking guarantee:

T
]E Z”Xt _ x:||2‘| — O(Tl_mini (pi_2q1) + T1+Qmax_2‘Zmin + Tr+ptxlax+min'i(pi_QQ'i)) (96)
=1

where z} denotes the (necessarily unique) Nash equilibrium of G¢, and we set Pmin / max =
min / max; p; and Gmin jmax = Min /max; ;. In particular, for p; = 3(1 —r)/5 and
q; = (1 —1r)/5, we get the optimized tracking guarantee:

T
E[zua Y
t=1

-0 (T“? ) . (97)



26 B. DUVOCELLE, P. MERTIKOPOULOS, M. STAUDIGL, AND D. VERMEULEN

Theorem 3 combines two regimes: Part (1) treats time-varying games that stabilize
to a well-defined limit, while Part (2) concerns the case where the game evolves without
converging. This is in direct analogy to Theorems 1 and 2 for the case of generic SFO
feedback and, indeed, Theorem 3 draws heavily on these results. However, there is now a
discrepancy between the actions X, chosen by the players and the candidate actions X; on
which the SPSA estimator (90) returns feedback. We explain this difference in the proof of
Theorem 3 below:

Proof of Theorem 8. Let X;, t = 1,2,..., be the sequence of pivot points generated by
Algorithm 2: specifically, X; is given by (MD), but the players’ realized action profile X,
is given by (88). Then, by Lemma 3, it follows that the SPSA estimator V; of (90) returns
feedback of the form (SFO) on X, with bias and variance bounded as B, = O(d;,,) = O(1/t%)
and M7 = O(1/67,) = O(t*%) respectively. Since the sequence X; is generated via the
prox-rule X;;1 = P(Xy;v: Vi) of Algorithm 1, we have:

(1) If G; stabilizes to a strictly monotone game G, invoking Corollary 1 with b; = s; = ¢;
shows that the sequence of pivot points X; converges (a.s.) to the (necessarily unique)
equilibrium of G as long as p; = p > max{1 —r;,1 — ¢;,1/2 + ¢;} for all i € . Since
| X; — X¢|| = O(;,) and 6; ; — 0, our claim follows.

(2) If G; is strongly monotone with drift V(T') = O(T"), Theorem 2 gives
E[err(T)] _ O(Tlfmini(pi72qi) + T1+q[nax*2Qmin + T;Dmax+mim (pi—2¢:) V(T)) (98)
where, by virtue of Lemma 3, we set s; = ¢; and b; = 2¢min — ¢; in (23). However, by

(88) and the compactness of K, we also have || X; — X;|| = O(8; ;) = O(1/t9n), implying
in turn that

T T T
1 % * % *
3 DI —afl < D OIX = X+ ) I1X — 2P
t=1 t=1 t=1
T
= O(T'20=n) + 3 || X, — a7 1% (99)
t=1

Putting all this together, we conclude that E[ZthlﬂXf - xj”ﬂ is bounded as per (96), and

our proof is complete. |

As a special case, Part (1) of Theorem 3 implies that the sequence of play induced by
Algorithm 2 in a fized strictly monotone game G; = G converges to Nash equilibrium with
probability 1 as long as p > max{l — ¢,1/2 + ¢}. In this way, we recover a recent result
by Bravo et al. [12] who used a different form of the SPSA estimator (90) to establish
the convergence of payoff-based no-regret learning in constant, monotone games. It is also
possible to undertake a finer analysis for the method’s rate of convergence in the case where
the limit game G is strongly monotone, but this lies beyond the scope of this work.

6. FURTHER RESULTS AND DISCUSSION

In this section, we proceed to discuss some extensions and applications of our results that
would have otherwise disrupted the flow of our paper.
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6.1. Games with randomly evolving payoffs. We begin by discussing some applications
of our results to games that evolve randomly over time — i.e., when G; is determined by
some randomly drawn parameter w; describing the “state of the world”. Randomly evolving
games of this type are commonly referred to as stochastic Nash games in the mathematical
optimization, control and engineering literatures [17, 49|, where they are sometimes analyzed
within a more general framework featuring joint coupling constraints. For example, in
the wireless communications problem we described earlier (Example 3.2 in Section 3), this
would correspond to the case where the users’ channel gains g; ; fluctuate randomly between
transmission frames — the so-called “fast-fading” channel model [64].

To define this game-theoretic setting in detail, suppose that the players’ utilities are
determined by an ensemble of random functions of the form @;: IC x £ — R where 2 has the
structure of a complete probability space and each @;(x;w) is assumed to be a) measurable
in w; b) C?-smooth in z with uniformly bounded derivatives; and ¢) individually concave in

the ¢-th component of z. Then, at each stage t = 1,2,..., an i.i.d. state variable w; is drawn
from €2 according to P, and the players face the game G; with payoff functions
wit(z) = i (z;wy) for all i € N (100)

Given the randomness involved, it is meaningful to consider the associated mean game
G = G(NV, K, u) with payoff functions

ui(z) = E[t;(z;w)] for alli e N (101)

where the expectation E[-] is taken relative to the (common) law of the state variables wy. It
is then natural to ask whether the players’ behavior under Algorithm 1 approaches a Nash
equilibrium of the mean G as the game unfolds. Our next result provides a positive result in
this direction under the assumption that the players’ individual payoff gradients have finite
variance, i.e.,

B[V, @i (7;w) — Vi, ui(2)]2] < 22 for all x € K. (102)
Under this assumption, we have the following equilibrium convergence guarantee:
Theorem 4. Let G;, t = 1,2,..., be a sequence of random games as above, and assume

that the mean game G is strictly monotone. Suppose further that each player i € N runs
Algorithm 1 with a DGF satisfying (RC) and a step-size policy satisfying (S1), (S2), and

oo oo
Z%}tBiﬂf < oo and Z’thSit < 0. (S3)
t=1 t=1

Then, with probability 1, the sequence of realized actions X; converges to the (necessarily
unique) Nash equilibrium x* of G.

Remark. There are two distinct and conditionally independent sources of stochasticity in
Theorem 4: a) the randomness coming from w; (which determines the t-th stage game G;);
and b) the randomness in the players’ oracle feedback. In particular, we tacitly assume here
that the filtration F; underlying the definition (9) of the players’ feedback process refers to
the joint history of X; and w;, and the statement “with probability 1”7 likewise refers to both
sources of randomness taken together.

Proof. Let ;(z;w) = Vy,4;(z;w) and v;(x) = Vg, u;(z). Then, by differentiating under the
integral sign, we have E[0;(z;w)] = E[V,, @i (z;w)] = V4, E[9;(z;w)] = v;(x), so the players’
oracle signal may be decomposed as

Vii = 0i(Xg;wp) + Upe +bip = 0i(Xy) + Uiy +big (103)
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where Ui,t =U,; ¢ + vi(Xy;wi) — v;(Xy). Then, in a slight abuse of notation, we obtain
ElUis| Xt,..., X1] = E[E[Ui, | F]] = 0+ E[v;(Xy500) — v:(X)] =0 (104)
and, furthermore
E[|Uil3 | XKoo Xa] S 2E[Us I + llvs (X5 00) = 0i(X) 12| Xe -, X3
< 207, 4257 = O(S7)). (105)

Finally, letting b; ; = E[b; 4], we also get bi.¢|l« < B by definition. Accordingly, given that
EViel Xy,.... Xq] = vi(Xy) + bi ¢, our claim follows by applying Theorem 1 to the sequence
of (strictly monotone) games G; = G for all t > 1. ]

Even though Theorem 1 plays a major role in the proof of Theorem 4, the latter is
conceptually distinct from the former because it provides an equilibrium convergence result
in a setting where the sequence of stage games does not stabilize over time. Analogous
results for equilibrium tracking or payoff-based learning (in the direction of Theorem 2 or
Theorem 3 respectvely) can also be derived, but this would take us too far afield, so we do
not carry out the detailed analysis here.

6.2. Regret bounds. We close this section with a precise statement and derivation of the
dynamic regret bound (29) that was alluded to in Section 4.4.

Proposition 4. Suppose that a single player runs Algorithm 1 against a sequence of concave
payoff functions uy: KK — R with a Lipschitz DGF and step-size and oracle feedback parameters
as i Theorem 2. Then the player’s dynamic regret is bounded as
E[DynReg(T)] = O(T*2s7F + T1=0 4 T?P=2: V(T))). (29, redux)
In particular, if V(T) = O(T") and the algorithm’s feedback is unbiased and bounded in mean
square (b = oo, s = 0), the player enjoys the bound E[DynReg(T)] = O (TP + T?*7).
Hence, for p= (1 —1r)/3, the player achieves
E[DynReg(T)] = O(T%). (30, redux)
Proof of Proposition 4. As in the proof of Theorem 2, partition the horizon of play T =
[1..T] in m contiguous batches Ty, k = 1,...,m, each of length A (except possibly the m-th
one, which might be smaller). We then have

DynReg(Ti) = Y _ [us(x}) — ue(Xp)] < Y (wi(Xe), 2} — Xy)

teTk teTk
=Y X, dk — X))+ D (X)), 7))
te€Tk teTk
< Gap(Te) + Y (ve(Xy), 2} — i), (106)
teTs
where 2 € K is a test action specific to each batch &k = 1,...,m. Then, repeating the series
of arguments leading up to (79), we get the dynamic regret bound
E[DynReg(T)] < E[Gap(T)] + GAV(T) (107)
and our claim by invoking the bounds (80) and (81). [ |

Dynamic regret guarantees of the form (30) already exist in the literature. Specifically,
Besbes et al. [10] obtained a similar bound by exploiting the following meta-principle: (i) first,
break the horizon of play into batches of size A; (i) over each batch, run an algorithm that
guarantees low static regret relative to A; then (i) finetune these steps in terms of the
horizon T and the variation V(T') of the agent’s payoff functions in order to get low dynamic
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regret. In our setting, if Algorithm 1 is rebooted every A ~ [T/ V(T)]?/? iterations and is
run with constant step-size v ~ 1/ VA between reboots, the meta-principle of Besbes et al.
[10] guarantees the dynamic regret bound

E[DynReg(T)] = O(T*3V(T)'/?). (108)

Besbes et al. [10] further showed that this bound is unimprovable under the blanket feedback
model (SFO), so (30) is tight in this regard.®

A disadvantage of this restart approach is that (¢) the batch length A must be chosen
carefully relative to the total variation of the sequence of payoff functions encountered; and
(#) at every reboot, the algorithm begins tabula rasa, essentially forgetting all knowledge it
had accumulated up to the point in question. Besbes et al. [10] already discuss some possible
ways to avoid restarts, and we are aware of at least two related approaches in the literature:
Jun et al. [30] proposed a meta-aggregator based on coin betting, while Jadbabaie et al. [2§]
and Shahrampour and Jadbabaie [53]| take an approach based on optimistic mirror descent.
Importantly, both policies achieve DynReg(T') = O(V(T)*/2T"/?) without prior knowledge of
V(T): since V(T)'/2T1/2 = V(T)/3V(T)/T/2 = o(V(T)/3T?/3) whenever V(T) = o(T),
these guarantees would seem to contradict the optimality of the bound O(T?/3V(T)/3).
The resolution of this apparent incongruity is that Jun et al. [30] and Jadbabaie et al. [28]
assume access to a perfect gradient oracle, while the discussion above only assumes access to
a stochastic one.

To the best of our knowledge, the perfect oracle requirement cannot be relaxed: if the
players’ gradient feedback is noisy, successive oracle calls cannot provide reliable information
about the variation of the agent’s payoff functions from one stage to the next, so the learning
process cannot adapt to V(7T'). Designing a policy that provably interpolates between the
stochastic and deterministic regimes is a very fruitful question for further research, but one
which lies beyond the scope of this paper.

7. CONCLUDING REMARKS

There are many interesting points for future research. A particularly promising one
is to bridge the gap between the step-size policies that guarantee an optimal equilibrium
tracking error and the policies that guarantee convergence to a Nash equilibrium in the case
where G; stabilizes to a well-defined limit. As we saw, these considerations are not always
in tune: when the rules of the game fluctuate constantly, players can use very different
step-sizes, and still track the game’s equilibrium on average; by contrast, when the game
stabilizes, convergence to Nash equilibrium requires a certaing compatibility between the
players’ step-size policies (and requires finer tuning). Balancing these two objectives in an
adaptive, context-agnostic manner is a rich and promising direction for future research.

While on the topic of adaptivity, it should be recalled that players with access to perfect
gradient information can achieve better rates of dynamic regret minimization, without any
prior knowledge of the game’s drift over time [28, 53]. Whether this is still possible in the
stochastic (or, worse, bandit) case is another fruitful open question for further research.

APPENDIX A. BASIC PROPERTIES OF BREGMAN PROXIMAL MAPPINGS

In this appendix we collect some basic technical facts on distance-generating functions
and prox-mappings. These results are not new, but given the range of conventions and
definitions in the literature, we find it useful to provide here precise statements and proofs.

8Strictly speaking, Besbes et al. [10] define V(T) as V(T) = ST lut+1 — utlloo, but this distinction is
not important for our purposes.
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For a detailed discussion, we refer the reader to Juditsky et al. [29], Nemirovski et al. [41],
and references therein.

In what follows, h will denote a distance-generating function on a compact convex subset
C of an d-dimensional normed space X = R? with dual Y = X*, as per Definition 1. We
begin with a basic subgradient comparison lemma:

Lemma A.1. For allp € C and all y € Oh(x), x € Cp,, we have:
(Vh(z),x —p) < (y,x = p). (A1)
Proof. By continuity, it suffices to show that (A.1) holds for all p € riC. To show this, fix
p €riC, and let
o(t) =h(x+tlp—x)) — [A(x) + (y,x + t(p—x))] forall t e [0,1]. (A.2)

Given that h is strongly convex and y € 0h(x), it follows that ¢(t) > 0 with equality if
and only if ¢ = 0. Since () = (Vh(z + t(p — x)) — y,p — ) is a continuous selection of
subgradients of ¢ and both ¢ and v are continuous over [0, 1], it follows that ¢ is continuously
differentiable with ¢’ = ¢ on [0, 1]. Hence, with ¢ convex and ¢(t) > 0 = ¢(0) for all ¢ € [0, 1],
we conclude that ¢'(0) = (Vh(z) —y,p — x) > 0, and our proof is complete. [ |

We continue with a basic property of Bregman divergences known as the “three-point
identity” [14]:

Lemma A.2 (3-point identity). For all p € C and all z,2’ € Cp,, we have:
D(p,x) = D(p,z') + D(z',2) + (Vh(z) — Vh(z'), 2’ —p). (A.3)

The proof of this lemma is a straightforward expansion, so we omit it. Below, we employ
this identity to estimate the Bregman divergence relative to a base point p € C before and
after a prox-step.

Lemma A.3. Fiz some p € C and consider the recursive update rule

o = P(aiy) (A.4)
forxeCp, ye ). Then:
D(p,$+) < D(pax) —D({E+,$)+ (y,x+ _p> (A5a')
1
< D) + (2 — ) + 5l (A.5b)

Proof. By the definition (13) of P, we have y + Vh(z) € Oh(xt). This means that z+ €
dom Oh = Cp, so the three-point identity (Lemma A.2) applies. We thus get

D(p,z) = D(p,z™) + D(z",z) + (Vh(z) — Vh(zt), 2T — p) (A.6)
or, after rearranging:
D(p,z%) = D(p,x) — D(z*,2) + (Vh(z™) — Vh(x),z" — p). (A7)

Since Vh(z) +y € Oh(z'), Lemma A.1 yields (Vh(z™), 2" — p) < (y+ Vh(z),zt — p), so
(A.5a) follows by plugging this bound back to (A.7).
For the second part of the lemma, first rewrite (A.5a) as

D(p,z%) < D(p,z) + (y,x —p) + (y,at —a) — D(a™, z). (A.8)

By Young’s inequality, we also have

1 K
(w2t = o) < sl + Sl - af? (4.9)
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so (A.8) becomes
1 K
Dp.#%) < Do) + (1,2~ 1) + 5z 9l + 2™ 2l - D@t a). (A0)

Then, by the strong convexity of h, we obtain D(z ", z) = h(z") — h(z) — (Vh(z), 2+ —z) >
(K/2)||lz* — x||?, and our claim follows. [

This basic lemma allows us to derive the following “template inequality” for processes of
the general form (A.5):

Lemma A.4. Consider a sequence of dual vectors Yy € Y, t=1,2,..., and let

X1 =P(Xe; Y2) (A.11)

with X1 € Cy, initialized arbitrarily. Then, for all x € C and every nonnegative sequence
ay > 0 defined over the window T = [Tstart - - Tend], we have

1
Zat<Yt7$ —Xy) < Z(@t —ap-1)D(z, Xy) + oK ZatHYtHi’ (A.12)
teT teT teT

with the convention that a,,.,—1 = 0 in the above sum.
Proof. Let Dy = D(x, X;). Then (A.5b) readily yields
1
Der < Do+ (¥ X = 2) + 5|1Vl (A1
so, after multiplying by «; > 0 and rearranging, we get
a
(Y, o — Xy) < at(Dt—Dt+1>+§IIYH3. (A.14)

Therefore, by bringing (Y;, X; — ) to the left-hand side and summing over t € T, we get

1
Z%(Yt,ﬂﬁ - Xy) < Z%(Dt = Diy1) + K Z%HYHi

teT teT teT
1
= (= 1)Di = arpy Drpun + 5= > e[ V2. (A.15)
2K
teT teT
Since D7, +1 = 0, our claim follows. [ |

Finally, we will make frequent use of the following straightforward result:
Lemma A.5. Suppose that h is Lipschitz. Then sup,cc ec, D(z,2") < 00.
Proof. For all x € C and all 2’ € Cp,, we have:

D(z,2') = h(z) — h(z') — (Vh(z'),z - 2') < h(z) — h(') + VAo — ']l (A.16)
By assumption, L = sup,,||Vh(z')||« < co. Hence, with C compact, we readily get

D(z,z") < h(xz) — h(z") + L diam(C). (A.17)
Since h(z) — h(z') < maxh —minh < co, our assertion follows. |
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