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A MICRO-MACRO METHOD FOR A KINETIC GRAPHENE
MODEL IN ONE-SPACE DIMENSION

NICOLAS CROUSEILLES, SHI JIN, MOHAMMED LEMOU, AND FLORIAN MEHATS

ABSTRACT. In this paper, for the one space dimensional semiclassical kinetic
graphene model introduced in [20], we propose a micro-macro decomposition
based numerical approach, which reduces the computational dimension of the
nonlinear geometric optics method based numerical method for highly oscillatory
transport equation developed in [6]. The method solves the highly oscillatory
model in the original coordinate, yet can capture numerically the oscillatory
space-time quantum solution pointwisely even without numerically resolving the
frequency. We prove that the underlying micro-macro equations have smooth (up
to certain order of derivatives) solutions with respect to the frequency, and then
prove the uniform accuracy of the numerical discretization for a scalar model
equation exhibiting the same oscillatory behavior. Numerical experiments verify
the theory.

1. Introduction

Graphene is a two-dimensional flat monolayer of carbon atoms that displays un-
usual and intriguingelectronic properties arising from the bi-conically shaped Fermi
surfaces near the Brillouin zone corners called Dirac points. In this material, the
electrons propagate as massless Dirac Fermions travellig with the Fermi velocity v,
which is 300 times smaller than the speed of light vp ~ 555 ~ 10 m.s~1, and their
behavior reproduces the physics of quantum electrodynamics but at much smaller
energy scale. After the work of [22] where the graphene was produced for the first
time, one has seen vast amount of works on this material, including applications in
carbon-based electronic devices [I8], mathematical analysis [11] 12], and numerical
simulations, see e.g. [13] and references therein.

We are interested in the description of the transport of electrons in a single
graphene layer, which is described by a two-dimensional Dirac equation (|1} [3, 21])
of a graphene sheet in the presence of an external potential. This model consists
of a small parameter i directly related to the Planck constant, thus its solution
is highly oscillatory and computationally too expensive. Semiclassical methods,
based on asymptotic models valid for small A, are often more afforable for com-
putation [I5]. In this paper, we study such a model, developed in [20]. Unlike
a typical geometric optics type approach, this model, based on approximation us-
ing the Wigner transform and Weyl quantization, evolves the entire Wigner matrix
thus retains the off-diagonal entries of the Wigner matrix responsible for interband
quantum transition information such as Berry connection and Berry phase, in ad-
dition to the Landau-Zener transition probability. In particular, we are interested
in efficient numerical approximation method for this asymptotic model, aimed at

developing a numerical method uniformly accurate in all frequencies—it can obtain
1
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accurate pointwise numerical solution— even without resolving numerically the high
frequency.

Our approach begins with the nonlinear geometric optics (NGO) based method
introduced in our previous work [6] which achieves a uniform numerical accuracy by
combining a nonlinear geometric optics ansatz, which introduces an extra indepen-
dent variable representing the oscillatory phase, and a Chapman-Enskog expansion
induced initial data such as the resulting NGO equations give non-oscillatory so-
lutions (to certain order of derivatives) in space and time. While this method can
be directly applied to the kinetic model under study in this article, and even with
random band gap [7], the aim of this paper is to further reduce the computational
cost of this NGO method via the micro-macro decomposition, which has found suc-
cess in multiscale kinetic simulations |2} [17, [I9]. Note that this approach has been
recently introduced in [5] for highly oscillatory (in time) systems. This allows us
to design a numerical scheme on the original kinetic coordinate—without the extra
dimension for the phase— which can still capture the space-time oscillatory solution
pointwise even without numerical resolving the high frequency. Comparing with
previous surface hopping based numerical method [I0] (see a related model and
mathematical study in [I6]), which does not need to resolve the oscillations numer-
ically and can capture the Landau-Zener transition probability, our method, based
on the semiclassical model of [20)], gives more accurate quantum phase information.

The article is organized as follows. In section [2| we introduce the semiclassical
kinetic model for graphene, introduced in [20]. The micro-macro decomposition
based numerical method is introduced for the kinetic model in Section [3] We prove
the boundedness of the solution (up to certain derivatives) in terms of the frequency
in section ] Numerical approximations, as well as the proof of the uniform numer-
ical convergence in the frequency for the time discretization, are given in Bl In [0]
we conduct numerical experiments to verify the theoretical results and numerical
accuracy. The paper is concluded in section [7}

2. A semi-classical model for graphene

Consider the following kinetic model in two space dimension describing the trans-
port of electrons in a graphene layer:

L.V, V ,
Oy fs % Vafi— VoV Vyfs = #’W% ((p1 +ip2) fi), (2.1)
2i|p ,pJ- -V.V z'pl V.V .
Ofi — ViV - Vpfi = — 8’ |fi + ZWJ% + 5T(pl —ipa)(f+ — f-),

(2.2)

where & = (z1,22), p = (p1,p2), p~ = (—p2,p1) and the unknowns are fi(t,z,p) €

R, f_(t,z,p) € R, the electron and hole Wigner functions, and f;(¢,z,p) € C the
off-diagonal part of the Wigner matrix. Here V (¢, ) is an external potential that
modifies the crystal periodic potential. & is the imaginary part.

The model (2.1)-(2.2)) was derived in [20]. Let us recall the main lines of its deriva-
tion. The original quantum model, written in physical variables, is the following
von Neumann equation

ihdyo = [vpHo + eVoy, o], (2.3)
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where ¢ is the density operator of the particles, og is the 2 x 2 identity matrix and
the free Hamiltonian is Ho = A(hD), D = —iV,, A being the matrix

0 p1—ip2
Alp)=0c-p= . .
(») b (Pl +1p2 0
Let us write this system in dimensionless form. Introduce a characteristic length
L of the device, a characteristic energy FE, a characteristic density n, choose the

characteristic time T = % and set

r_ X , eV ’ t / 0
T E’ Y
The von Neumann equation (2.3)) reads as follows (dropping the ’ in the functions
and the variables)

ie0ro = [A(eD) + Voo, o], (2.4)
where the dimensionless parameter ¢ is given by
oo
EL’

Then we introduce the following orthogonal and Hermitian matrix

1 1 p1 erQ
Op) = —7% | pitip P
V2 \Bp -l
which diagonalizes A(p):

O(p)Alp)O(p) = Alp) = <|g| —(I)p|>

and consider the associated density operator
0=0(eD)pO(eD).
The Wigner transform of a density operator g is defined by

— _n M\ —ipn/e
W(o) /R2,0(:v 2,fc+2)e dn,

where p denotes the integral kernel of p. The inverse Wigner transform of a symbol
w(t, x,p), referred to as the Weyl quantization, is the operator acting on ¢(z) as

W) = o [ w (T ) e dpay

Introducing the Wigner function

(5 1) -mave

the matrix f(¢,x,p) satisfies the following equation

of = - [ + AW, f], (2.

where [a,b], =axb—bxa,
U'(z,p) = O(p) x V(z) »O(p),
and where x denotes the Moyal product
axb=WW Ha)W1(b)).
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The Moyal product can be expanded formally as a series in ¢

ie\" (=18l
a*b(z,p) = Z Z <2€> (=1) 8?85&(1‘,;0)858;()(2?,])), (2.6)

131
n=0 0,6, || +|l=n ol

where @ = (a1, a2) € N? is a multi-index, |a| = aq + a2, al = aqlag!, 9¢ = 021932

and similarly for 8. Using the first terms of this serie, one obtains formally
i€
[Aa f]* = [A7 f] - E{vav vxf} + 0(62)7
where {A, B} = AB + BA, and
U, fly =ieV,V - vpf+ [[@ V,0 - V. V], fl + O(?).

Inserting these expansions in (2.5) and dropplng the O(e) terms yields (2.1)), (2.2).

3. The micro-macro formulation of the semi-classical model in one
space dimension

In one space dimension (i.e. where all the quantities depend only on z € R, ¢t > 0
and two-dimensional momentum space p = (ps, py) € R?), the model (2.1)-(2.2)) for
graphene reads [20), [10]:

oft+ ot~ Eo, = LLESKR),

| p|?
o -1 ‘a o f ™ — By, [~ = ‘p?rgE S(pfi). (3.1)
atfl Eapwf’b__ Lp| i1 ‘ |2Efl_;|pz(3E (f _f7)7

where F = 3,V € R given. With a slight abuse of notation, we shall identify the
complex p = p,+ipy to the element p = (ps, p,) € R System (3.1]) is supplemented
with the following initial conditions

(f*0,2,p), f~(0,2,p), fi(0,2,p)) = (fir,(, D), f;n (2, D), fin(,p))- (3.2)
Let us introduce a phase function S(t, z, p) designed to follow the main oscillation
of this model. We consider the phase S(t,x,p) solution to

oS — E0,, S =2|p|, S(0,z,p) =0, (3.3)
and rewrite system (3.1)) in terms of f* and g(t,z,p) = exp( m’p ) fi(t,z, p):
oSt + %’azﬁ B0y, [+ = ‘pT’gE S(pe /),
— - p —i
o.f ‘ el = By [ = 1 g E S(pe S2g), (3.4)

. D i p B .
8tg—E8pxg: ZﬁE _iﬁEp(f+_f )ezS/s.

In the following Proposition, we reformulate (3.4]) into a micro-macro model whose
solution is smooth (in a sense we will precise in the next section) with respect to .
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This micro-macro model will be discretized by a numerical scheme which enjoys the
uniform accuracy with respect to €. The Proposition is stated in the homogeneous
case (F is contant) while the non homogeneous case E(z) will be considered in

Appendix [A]
Proposition 3.1. [ Formal reformulation of (3.1))-(3.2)) ]

System (3.1)) with initial conditions (3.2) satisfied by (f*, fi) is equivalent to the

following micro-macro system satisfied by (Foi, Go,h*,h,S):
the macro model for (Fi,Go) reads

HFS +TTES = 0,

oy +T F, = 0,
Dy Py E?
8tG0 — EapIGo = _ZWEGO — 284|p‘5 Go,
with T+ = +p,/|p|0s - E0,,;
the micro model for (h*,h) reads
2ep. B ek
(O, + T = R - 5’;3 RIiGo] + 51 RliGo)
epyE < 5pyE> EPs
——~—RI[Go] | 1+ - R[i0.G
2y M\ G ) g )
2ep. B . E .
(@ +T )b~ = —RIh]+ — 222 R[iGo) — —— R[iGo]
| 2|p|
z’;‘py 5pyE EDx
+ R[G| (1 + ) —= R[i0,Go),
2[p? 4lpl* ) 2Ip)?
3€pmpypE2 iS/ + _ py B ipyPE g
Oy — Ed, )h = ——=—¢€"W/¢(F —F h— eS/e(pt
( 13 pz) 4‘]?’6 ( 0 0 ) ‘p’2 2|p’3 (
9 72
ip2p*E 28z EpyPzpE i —\_iS/e
- _ PP S (B 4+ F
T ¢ 0T g U T

with R[] = @%E R (pe*is/s');
the equation for the phase S reads

0SS — E0p,, S =2|p|;
the initial conditions for the micro-macro model (3.5))-(3.7))-(3.8) are

epyFE .
FE0,2,p) = fin(z,p)F 2|;’4 S(ipfin(z,p)),
epypE -
GO(vaap) = fin+ 4‘yp’4 ( z'—;(x7p)_fin(x?p))v
2 12
Py _
hi(o,x,p) = :F€2 8l|/p’6 (f;l(x,p) _fin(xvp))’
pipE?
bO0.2.0) = S i fun(e.).

S0,z,p) = 0.

(3.7)

—h)
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Indeed, from the solution (FOi,GO,hi,h,S) of the micro-macro model, we can re-
construct the solution (f*, f;) of the original model (3.1]) as

(2, p)=F(t,z,p) + S(ipe 1= Go(t, 2, p)) + hE(t, z, p), (3.14)

ilt 2, p) ="/ Go(t, 2, p) - fjﬁf (B () = Fy (t0,p) + ¢/ h(t,2,p). (3.15)
p

Proof. First, as in [6], we introduce the augmented unknowns (F'*,G)(t,z,p,T)
satisfying

FE(t 2, p) = F* <t,w,p, W) . glta,p) =G <t,x,p, S(tfp)) , (3.16)

with f*, g solutions of (3.4). One then has:

OFT + f"”'a Ft— B, F* = 2’p|a Ft+ |pT3E I(pe " Q),
p
or -1 |a L F~ — B9, F~ = 2’1"6 P |p’3E I(pe~ " G), (3.17)
_ _ 2l o _; Py +_ p-
0G B0, G = —=20:G —ir PEG i Pe in(Ft — F).

Because of the presence of an additional variable, this system needs a suitable ini-
tial condition (F*(0,z,p,7), F~(0,2,p,7),G(0,2,p,T), not only to be well-posed,
but also in order to provide a sufficiently smooth solution, that is a solution with
time and (z, p) derivatives uniformly bounded with respect to €, up to some desired
order (see [4, [8 [9]). This will be achieved by an appropriate asymptotic expansion
(the so-called Chapman-Enskog expansion), which will be also used to derive the
asymptotic model.

Chapman-FEnskog expansion
We consider a micro-macro decomposition. To do so, we introduce the average
operator II defined for some periodic function u(7) on T as

1 2T

Hu=g- | u(6)do

and denote Lu(1) = 0;u(7) (see |4, 8] for more details). The micro-macro decom-
position of the unknown (F*,G) reads

F*=Ff+FF  and G=Gp+Gy,
with Fjf = TIF* Gy =1IG, Ff = -I)F* G =1 -T)G. (3.18)

Inserting these decompositions into (3.17)) and applying successively IT and I — II
leads to a micro-macro model for (FSE, F[,Gp,G1). An expansion in € of the micro
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parts Fljt7 G1 leads to

-y

" "5 - Fy) ) + O

2[p)3

Ff =1 <pyE\9( ”Go)>+0(52),

2|p| Ip3
- € Dy —ir 2
Fr=—— 1" ES Go) ) + O(£?).
L= g (rp|3 (pe °)> ()

Note that L is invertible on functions of zero average with respect to 7 and
L~1(e*™) = Fie™™™. Then we obtain the first order expansion of F* G

G=Go+ G =Go— EpypE eT(F = Fy ),

Alpl*
E .
Ft=Ff +FF =F + 52]‘9;4 S(ipe~Gy), (3.19)
epy B ,
F~=Fy +F =F; — 27]?;'4 S(ipe ™ Gy).

Derivation of the macro model

Injecting the decompositions (3.19)) in (3.17)) and applying IT leads to the following
macro model

OFT + ’|8F+ E0, F = ’p|y3EH(( e (Go+G1)))

OFy — HaF— E0, Fy = |§T’3EH(( e 7 (Go + G1)))

Gy — E0,,Gy = —i-—5 EGy — i=—=EpIl (e (Ff + Fi" — Fy — Fy)).

(3.20)
Let us focus on the three right hand side terms including the operator II. First,

using (3.19)), we get for the equations on FSE

IL(S(pe™"(Go + G1))) = 11 (S(pe™7Gh)) =

! 2 2| \3

epy B2 _
4|y‘4 (pp(F+ FO )) =0.

Then, using again (3.19)), we get for the last term of the equation on Gy
E . .
%H (e'"S(ipe™"Go)) -
p

From ([3.20)) and the previous computations, we recover the macro model ((3.5]).

I(e"(Ff + Ff—Fy —F)) = T("(Ff—F)) =

Derivation of suitable initial data
We impose the Chapman-Enskog expansion (3.19) at (¢t = 0,z,p,7 = 0) to be
consistent with the original initial condition , that is

FE(0,2,p) + FE(0,2,p,0) = f(z,p) and Go(0,z,p) + G1(0,2,p,0) = fin(z,p).
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Using (3.19)), we obtain

epypE _
Gol0.2.p) = L (R (0.20) = Fy (0p)) = fulep). (321)
+ epyl +
F() (OaIE?p) + 2|p‘4 \Y(ZpGO(Oa:E?p)) = fin(x7p)’ (322)
. epy B . _
Fy (O,x,p) - 2’;;‘4 %(ZPGO(Oava)) = fin(xap)' (3.23)
Considering the difference between the two last equations leads to
- epyll . _
F(;’—(Oaxap) _FO (vaap) = - ’py|4 %(ZpGo(O,:I:,p))+f;;(x,p)—fm(x,p)

Injecting this in (3.21)) to get (after ignoring the O(g?) terms)

fln(x7p) = GU(O,I’,p) - efzypﬁf(FJ(Oa'rap) - F(;(O,Cl?,p))
= Go(0,2,0) — L (f (2, ) — f7:(2,p).

Alpl|*
Hence we deduce (3.10]). We now consider (ipGo(0,z,p))
. . epy B _
S(/LPGO(())xvp)) = %(lpfln(xap)) + 4|;|2 (f;l(l“,p) - f@n(xvp))a

which injected in (3.22)) and (3.23]) enables to recover (3.9). To determine the initial
condition of the micro model, we simply consider (3.15]) at ¢ = 0 and use the previous
computation for FOi(O,x,p) and Go(z,p) to get (3.11) and (3.12)).

Derivation of the micro model
From the Chapman-Enskog expansion (3.19) and relations (3.16]), we can write

the following micro-macro decomposition of the original unknown

E .
fE(ta,p)=F (t,z,p) + 627;‘4 S(ipe ¥ Go(t, x,p)) + hE(t, z, p), (3.24)

epypE
4fp|*
These relations impose in particular that A and h are of order £2.

To derive an equation for h*, we apply the operator (9; +7 %) to (3.24). For h™,
we get

g(t,a;p):Go(t,w,p) - (F(;'—(tvxap) - F()_(t,JZ?p))eiS/E + h(t,:l},p) (325)

E .
@+ TH =@+ T = @O+ THE - @0+ T") (gﬂz%pe-zs/m) -

From equation (3.1)) on fT, we have

OFT It = DB Sf) = B S (pe o) = GBS (pe o (Go+ Gr+ 1)
with G given by (3.19) and where we used f = e~*/¢g. With the help of the macro
equation (3.5) on F” and the above computations, (3.26]) then becomes

A E ;
O T = BB (e iS5Gy + G-+ 1)@+ T ) (7 Sline 6.
(3.27)
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Let us compute the first term on the right hand side, which can be decomposed
as R[Go| + R|G1] + R[h] with R[] = %E R (pe_is/a-). The term R[G1] vanishes

since, using (3.19)

2 172
b —1 Ep E 15/e 7
R[Gl] ‘ Z|J3E <p€ S/aGl) — 4’;‘7 & (pe S/ (F+ Fy ) S/a) —0.

Let us consider the last term C := (9; + T ) ( ‘Z| (ipe*iS/EGO)) of (3.27):

2|p|*
y —i
+(225)s (zpao;e—zs/ff(a +7)5), (3.28)
with BT = (9;+T™) (‘527;4 Since S does not depend on z, 9,S+T TS = 2|p|; then
the last term is equal to —R[Gy] and the equation ([3.27) on h* can be rewritten as
€
(8,5 + 7.+) = R[ ] (8t + T+) ( 2]‘)Iy)|4 ) (zpe lS/EGQ)
(B o (5 —iS/e
<2‘p’4) ) ((@ + T (ipGo e ) (3.29)

The last term in (3.29) can be written more explicitly using the macro equation

on Gy. Indeed, using the notation DF := & ((9; + T ) (ipGo)e /%), we get
Dt = 9 (Goe—is/f(at + 7'+)(ip)) +9 (ipe_is/a(ﬁt +7)Go)

Ip|

& | g p—1S/e Pz -ﬁszQ T —iT
+3 | ipe mﬁxGo—me? IT (" S(ipe ™" Go))

= —FE% (ZG e ’S/a) + ip ’lj (pG e ’S/5>

Pa g eplE? s
1 S@0:Goe™ /£) + m%(pGgeﬂ /), (3.30)
since II (e”%(z’pe*”Go)) = p/2 Gy. Finally, we compute
epy B epy B 2ep.py B>
8+T+<y>:—E8T<y>: —, 3.31
(@ o ) = 5% (g Ip|® (331)

which, inserted in ([3.29) leads to the following equation on h™

E - E
(O +THht=R[h - (8, +TT) (%) S(ipe=/2Gp) — <€2]Ty‘4> D, (3.32)
p p
with DV given by (3.30). This enables to recover the model on h™ stated in the
Proposition.
Similar computations leads to the micro equation on A~

E : E
Oy + T )h™ =—R[h] + (8 +T") <€2]|);|4> S(ipe"/°Go) + (82]‘9;4 > D™, (3.33)
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where D~ is given by

D~ = (Goe ZS/‘EZE> (ppyEQGO —15/€>
|
+3 (z‘pezS/E (—ﬁax(;o 2 ;@;'7 I (e”%(z’pe”G@))) : (3.34)

Then, injecting (3.34) in (3.33)) enables to recover the equation on h~ written in the
Proposition.
We now apply (0 — E0p,) to (3.15)), to get the following equation on g

epy & i
0~ B0,)g = (0~ E0,)Go— 450~ £0,) (57 - Fy)e)

+(0r — EOp, )h. (3.35)
Using (3.1)) and the relation f = e~*/¢g, the left hand side gives

ipy B 1Pl _
(atiEapz)g = - |];'J|2 g— QTJZ9|3 65/€(f+7f )

E
272 .
_ipyE pypE i, + - ipy
PP 0t e /€(F° S
pE
Zpyp ZS/E(F+ F(;)

2|p|?
2 =702
ipypE g i B zpypE - s
g @ ) = e S ipe oG,
where we used the expressions (3.19) of Fli, G1. The first term on the right hand

side of ([3.35) gives, using (3.5))

= 2E2
(0 — Bd,,)Go = _wp;oy T (7S (ipe ™7 Gy)) — P2
| |
The second term on the right hand side of (3.35) gives
epyF ipypE L
B0~ 50, (g - F)e¥) = BELRS — Fy )
ep, E? D : € pE ,
- p‘i d, <’p‘4> (Fyf — Fy)edle — %ﬁ? O (Fyf + Fy)eld/=.
Then, we obtain from the previous computations injected in (3.35)
D =72 .
P pE g . zpyE
(8, — B9y Yh = e—L——S/5(FF —F;) — h
" 4fp[® 0T pf?
. 2
ip,PE . _ ippE
_ 2‘yp|3 ezS/zs(h-‘r —h)—¢ 2Z,i - ZS/E(\(lpe zS/aGO)
2E2 ) .
iT . —iT
+ie 2|p|7 IT (" S(ipe ™" Go))

2 — —
epyE p +  p\iS/e  EPyPaDE + oy .iS/
—— Op, <|p| > (Fy — Fy)e™’s — e Ox(Fy™ + Fy )e™/e.
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We now focus on the two terms (which we call A; and A3) which involve G. Their
sum gives
ipf/ﬁEQ

A1+ Ay = —¢
2|p|7

[eiS/sg(ipe—iS/EGo) —1I (eiTS(ipe_iTGo))}

2 2

ipypE* [1 1 gige~ 1
= — ~pGo + =pe*S/5Gy — =pG

€ 21p[7 [217 0+2P6 0~ 5PGo
ip2p* E?
Afp|”

Finally, after some simplifications, we get the equation for A written in the Propo-
sition.

= —¢ e?512@y.

O

Note that in this context of homogeneous field E, we can solve explicitly the
equation on the phase S (the non homogeneous case is treated in Appendix |A)).
Indeed, from ({3.3]), one gets, using the method of the characteristics and integrating
on [0,¢]

t
S(t,x,pr — Et,py) — S(0,2,pz,py) = 2/ \/(pz — Es)? + pids
0

2 r(Et—pz)/py
_ 2];2/ V1 + 2du.

pz/py
From the relation [’ V14 v2do = 1¢(u) with (u) = uv1+u? + In(u + V1 + u?),
we finally obtain
2
p Dz pe + Et
S(t7$7px7py) = Ey |:_§ () + £ <>:| . (3.36)
Dy Y

In the non homogeneous case, the phase S does not depend on zx.

4. Uniform estimates of the micro unknown derivatives

In this section, we prove some uniform smoothness of the solution of the model
stated in Proposition . More precisely, we show that the derivatives (in ¢, z, p,)
of the micro unknown h*,h are uniformly bounded with respect to €. It is clear
that the macro unknown (Foi, Gy) and the phase S are smooth since their equations
do not contain any stiff terms in e.

First we rewrite in an abstract way the micro equations (3.7)) as

OH+TH = (A" 4 Ae /%) H +e(ae™/® +ae /%) +¢(8e¥5/% + Be2%/°) 4~ H,

(4.1)
where H(t,z,p) = (h*,h=, R(h), S(h))(t, z,p), A(t,z,p),(t, 2, p) are complex 4 x 4
matrices, a(t,x,p), B(t,z,p) € C* and S(t,p) € R is the phase solution of (3.3).
Moreover, we define T H as

P2, ht — Ed,,h*

Pl

P - -
TH — maxh E0, h

—E0,, R(h)

—E8p,3(h)
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Note that A, a, 8,y depend on the solution of the macro equations (3.5]) (as such,
they depend on ¢), which are uniformly bounded with respect to € since there is no
stiffness in the macro equations. We will assume in the sequel that A, «a, 5, and
their derivatives (up to the second order) are bounded.

The initial condition H (0, z,p,) is given by (3.11)) and (3.12) and, assuming the
initial conditions ( fij,i, fin) bounded and C? with respect to z, p,, we will simply use
in the following that H(0,z,p,) = O(¢?) in the L3, norm.

Theorem 4.1. Let H be the solution of on [0,Tp] with initial data H(0)
satisfying HH(O)”L%Z = 0(£?). Let A, 3,7 be C? functions with respect to t, x, p,
which are W with respect to x,p,. We assume in addition that py # 0. Then,
we have the following estimates for H: for all t € [0, Tp],

1H (), < C?, 0H (1)L, < Ce, and [|07H(#)] Lz, < C,

Sra Zpa
10y, H (t)||250,, < Ce, and |05 H(t)||rs,, < C,
105H ()| g, < Coe®, for £=1,2,...,
where the constants C > 0,Cy > 0 are independent of € and t.
Proof. As in [6], we consider the following change of unknown
W(S(t,p),z,p) = H(t, ,p), (4.2)

where S satisfies (3.3). Observe that, for all p, € R, the phase S(¢, (pz,py)) is an
increasing function in ¢ (recall that E does not depend on x, so S does not either).
This means that the map t — s = S(¢, (px,py)) can be seen as a change of variable
in time. Then W (s, z, p) satisfies

1 1 . . c ) )
oW+ —TW = — Aet/e 4 Ae S/OVW 4+ — (ets/e + qei5/¢
2|p| 2\19!( ) 2\p|( )
£ 2s/e | A,—2is/e Y
+ Be + Be + —W, 4.3
2|p|( ) 2[p| (4.3)

with the initial condition W(0,x,p) = O(g?) since S(0,p) = 0 and H(0,x,p) =
O(g?). In the following, we will use a standard lemma to prove that the derivatives
of W with respect to s, x, p,, solution of , are uniformly bounded in the space
LZ,, of bounded functions of z and p;.

Lemma 4.2. Consider the following partial differential equation

8syE+A-Vx,py€ _ (Aeis/a+Ae—is/a)ya+(aeis/a_i_@e—is/a)
+(Be2is/s +B€—2is/5) +ef+n~y ys’
Vs,z,p € [0,T] x R xR, 4°(0,z,p) = y(z,p), (4.4)

with y°,& (resp. « and B) : [0,T] x R x R + R* (resp. C*), the vector field
A= (A1,..., Ay) is such that A, : R? — R2 k = 1,...,4 are Lipschitz functions
in L, and A~y are 4x4 matrices whose coefficients are complex valued functions
of (s,x,p). Assume that there exists a constant C > 0 independent of € such

that — [[A(s)l|Lge, 1€(9)]Lgs, » lae(s) | zgs, » 0sx(s) | Lgs, s I Ve par(s)lLes, 18() Les, -
10s8(s)lLge,s [[VapB(s)lLge,, 1V(s)lleee, < C, Vs € [0,T]. Then, we have
1= ()l zse, < Cr(e + ||Y5llLge,), Vs € [0,T1], where the constant C > 0 depends on
T but is independent of €.
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Proof of Lemma[f.3. To prove the Lemma, we first define the characteristics equa-
tion by introducing Z(s) = (x(s),p(s)) € R?

Z(s) = Ax(Z(s)), Z(0) = (z,p),

whose unique solution is written as Z(s;0,x,p) (thanks to the Lipschitz character
of Ay). Then, one can write the k-th component of (4.4) as

0 (vils. Z(s:0,2.p)) = [(A™/" 4 AeT/o)y7 4 (ae™* 4 Ge )
(8% 4 Be %) 2 4| (s Z(s:0,2.p)).

Then, denoting by (s, 2) := y;.(s, Z(s;0,x,p)) leads to (using the same notations
for A, o, 8 and )
asg _ (Aeis/s + jefis/s)g + (deis/a + Oiéefis/E) + (Be2is/s + 56721'5/5) + 854- A7

We now integrate in time between 0 and s to get the following estimate (using
assumptions on A, «, 5,§ and )

S
()12 < y(0) 2= +C /0 (o) | o do + Ce.

To get the last term, we performed integrations by parts for the source terms, for
instance

/ G(0,2)e"" do = —ie[a(s, 2)e"/" = (0, 2)] + ie / Dsii(0, 2)e™/*dor.
0 0

From 0sa(0,2) = [0sa + (V) Agl(s, Z(s;0,2,p)) and the assumptions on «,
we ensure that the last term is uniformly bounded. Using now Gronwall’s lemma
enables to prove [[§(s)|zee < Cr(e + [|y(0)|lrge,) so that [[y*(s)[lrge, < Crle +
196l zse,), Vs € 10, T 0

Thanks to this lemma, we will successively prove that the derivatives in s, x, p,
of W, the solution of (4.3)), are uniformly bounded.

Estimate of W/e2.
Dividing (4.3]) by ¢ leads to the following system satisfied by W = W /e (still using
the same notations)

. 1 . 1 . _ . . 1 . .
oW+ —TW = — Aezs/e + Ae_zs/a W+ — aezs/a 4 de—zs/a
2|p| 2\1)!( ) 2\19!( )
1 2i 7,—2i T 4
+ /36 is/e + ,36 is/e + W,
2!p|( ) 2|p|

with the initial condition W (0,z,p) = O(¢). By using Lemma we get
[W(s)llge, < Ce for all s € [0,T] uniformly in e from which we deduce
Wz, < Ce.
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Estimate of (9,W) /2.
Using the same strategy as before, i.e. differentiating (4.3) with respect to z and
dividing by e leads to the following system satisfied by W = (9, W) /e

b1 1 I 1 . _ . 1 ) B ) 5
oW+ —TW = 7<8m146w/5 + 61146_28/5)[ + 7(14628/5 n Ae_ZS/E)W
2lp| 2[p| e 20l
1 . ) 1 ‘ - '
R avaezs/a + ax@efls/s 4+ axﬁe%s/s + axﬂefhs/s
205/ )+ 3 )
Oy W Yo

—+ W, 45

2lpl € 2[p| (4.5)

with the initial condition W(O, x,p) = O(e). Then, thanks to the previous uniform
estimate on W/e?, we can use Lemma to conclude that [[W(s)|[rge < Ce so

that [|(0:W (s))/&2| g, < C uniformly in €. Note that the same strategy ensures

the uniform boundedness of (04W)/e2, ¢ = 2,3,..., since the derivation with
respect to x does not generate 1/e terms in the right hand side.

Estimate of (9,,W)/e2.
Using the same strategy as before, i.e. deriving |) with respect to p, and dividing
by € leads to the following system satisfied by W = (9, W) /e

o, + 2|1p|TW _ (8px(2‘1mA)eis/5 4 apx(QtJA)eis/s)V:
+2|1p|(Aeis/€ + AT 4 (apz(2|1p|a)eis/€ +o z(2’1p|a)eis/€)
Oy (A + 0 (e )
Oy () W = 20, () 70w (46)

with the initial condition W (0,s,p) = O(¢) and where the matrix J is given by

10 00
0 -1 0 0

IJ=10o0 0o (4.7)
00 00

Let us remark that the last term in (4.6) comes from the transport part p/|p|0s

which, after differentiation in p,, generates a source term éﬁpz(ﬁ)j 0, W and a

transport term for the equation on W. Such a source term did not appear in the
previous equation (4.5) on (0;W)/e since in this study E does not depend on z
(let us remark that in this step, the case of a space dependent E can also be dealt
with). Then, thanks to the above estimates on W/e%, 0,W/e2, we can use again
Lemma to conclude that [[W(s)|[rge < Ce so that H(apzW(S))/52”L;?pz <C

uniformly in . The same strategy ensures the uniform boundedness of (8£m W)/e?)
0=23,....
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Estimate of 0sW/e.

Considering divided by €, and using the above estimates, we directly obtain
100sW (s))/¢llzgs,, < C-

Estimate of (82, W) /2.

Differentiating with respect to = and dividing by ¢ leads to the following
equation satisfied by W = (82, W)/e

. 1 .
OsW + —TW = rhs,
2|p|
with W (0) = O(§2) and where rhs depends on the derivatives in z,p, of A, «, 8,7~
and on 9,W /e, W,02W/e. Then, we can use Lemma and the above estimates
to get 92, W(s)/ 1z, < C.

Estimate of (02,W)/e (resp. (852,pr)/5)'

From (4.5) (resp. (£.6)) and from the estimates on 9,W/e,d, W/e* W/, we
directly obtain ||8§$W(s)/e||L;?px < C (resp. H@gngW(s)/sHLg?m <C).

Estimate of 0°W .
Differentiating (4.3)) with respect to s leads to the following system
1 1 ] - is/e . _ j—is/e
aEW +——TOW = 7(6514628/8 + Ale + asAe—zs/s _A 1€
2|p| 2|pl 2 €

Jr(Aeis/s + Ae—is/E)asW

YW

1 | | | |
+——(£050€™/% + ie™/® + eae™/5 — @ie™/%)

2|p|
1 . A . L
+2’p‘ (58866215/6 + 22',36218/8 + 68556—215/6 o QiBB_QZS/E)
057 2
Py S OsW, 4.
+2’p|W—|—2|p|8W (4.8)

with W (0, s,p) = O(g?) and 9sW (0, s,p) = O(g). Thanks to the previous estimates,
we have 92, W, 02, W, W/e, dsW, W uniformly bounded. Then, we deduce directly

» Yspe
from (4.8) that 92W is uniformly bounded. Let us remark that if we differentiate
(4.8) with respect to s again, some stiff term in 1/¢ will appear in the third and
fourth terms of the right hand side.

Conclusion.

We then use the following relations between W and H
O H (t,z,p) = OS(t,p)0sW(S(t,p),x,p),
OPH = (0,5)*02W + 02S0:W,
OH = W, £=1,2,...,
Op,H = 0,,50W + 0, W,
RH = (8,,59°0°W + 0, SOW +8,,805, W+, W,
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where S(t,p), given by (3.3) with £ independent from z, has its derivatives in ¢ and
P uniformly bounded. The above estimates and the relations between H and W
conclude the proof.

O

5. Numerical scheme

5.1. A model equation and the proof of uniform numerical accuracy in
time.

For simplicity, our numerical results are restricted to the case of an homogeneous
field E. To present our numerical scheme, we shall concentrate on a model equation
of the form

Au+ %@;u — By, u = eStr/E (ca(t, z, py) + B(t, T, pa)u) (5.1)

with initial condition u(0) = up = O(£?) (see (3.11))-(3.12), and assume the initial
conditions ( fi, fin) bounded and C? with respect to x,p,), and with coefficients
a, B € C* with respect to t,x,p; such that, vV 0 <t <Tj

|0F0 0 (t)l|rss,, + 0[O0 B(D) 1z, <C, forall kmeN,  (5.2)

with C independent of € but may depend on k, ¢, m. Then, using Theorem the
solution u of satisfies the following estimates uniform in ¢,
2
1 K k L g
3 62—7,6(”@ w(t)ll e, + Hszu(t)HLg?pz) + 0kt <C, for £=0.1,...
k=0
(5.3)

This scheme can be easily adapted to the macro model , which contains no
stiff term, and to the micro equations which are in a form close to (5.1)).

We shall only describe a semi-discrete scheme in time. The z and p, variables
are further discretized on a domain with periodic boundary conditions. The fast
discrete Fourier transform is used to deal with advection term in the spatial variable
x, which ensures spectral accuracy in this direction (thanks to the previous estimates
on 9%u). However, in the p, variable, we do not have enough smoothness. Then, we
integrate exactly the transport in p,,using characteristic variables, by introducing
the unknown v(t, x, py) = u(t, z, p, — Et) which solves the equation

Dz — Et
’(px - Et,py)|
where we have denoted

S(tapw) :S(t>p$_Et)a &(tvxapz) :a(taxvpm_Et)a ﬁ(tax7px) :ﬂ(tavam_Et)
Then, p, is a parameter in and the scheme will be exact with respect to this
direction. However, when one wants to reconstruct the original solution u(t, x, p;) =
v(t, z, py + Et) at the final time ¢ and on a mesh in p,, one needs to interpolate v at
pz + Et. This can be done using trigonometric interpolation which leads to second
order uniform accuracy in p, since only %zu for £ < 2 are uniformly bounded.
To avoid this restriction, we propose to use a staggered mesh in p, on which w is
computed so that the interpolation is exact and does not introduce error. To do
so, we first truncate the p, domain by considering the interval [—vmax, Umax] With

o + Opv = S (it py) + Bl o pa)v), (54)
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Umax > 0 and we define the following mesh (on which the solution v of is
computed): pj = —Vmax + jAp for j =0,..., N, (N, € N*) with Ap = (2umax) /N,
the mesh size. Then, we introduce ¢ € [0,1] as ¢ = f—; — L%J, and consider the
following staggered mesh in p, (on which the function u solution of will be
computed): ¢/ = —Umax + (¢ —t)Ap ({ =0,...,N,). Assuming periodic boundary
conditions, this ensures that the original solution u is computed exactly on the
staggered mesh.

Let At > 0 and t" = nAt < Ty. We split into two parts and use the Strang
splitting scheme. To analyze the splitting we rewrite as

O + alt, p)Byo = SEPIE (@t 2, p) + Bt 2, po)),

with a(t,p) = mpf;f;y)'. To overcome the non autonomous character, we introduce
an additional variable w(t) = t so that we consider the following system satisfied

by y = (v,w)

iS(w,pe)/e( s
8ty — at ( v > — < _a(w7p)8a:v+e (wpe)/ (5a(w,x,px) +B(w,x,p$)v) ) ,

w 1
(5.5)
with the initial condition: v(0) = wg, w(0) = 0. Then, the splitting we consider
reads
v\ [ —a(w,p)oyv
()G e
and

o, ( v > _ ( eSP/E (G (w, 2, py) + Blw, 2, pr)v) > _ (5.7)

w 1

To reach second order accuracy in time, a Strang splitting is used. Let us detail in
the following the steps to pass from the initial condition y" = (v, w") at time t"
to y"t! = (vt w"tl) at time "+

(i) First, on [t", t"+1/2], we solve

O = —a(w,p)oyv =0, dw =0, (5.8)

with initial data (v™,¢™), which has the following explicit solution since during this

step, w(t) = t" so that a(w,p) = a(t™,p) = ; pe—FEt"

pe— Bt py)|’
At p,— EI"
7= (¢ /2 :v"(:z:— ad ) 5.9
" 2 (5. — "7y 59
(ii) Next, on [t?, "], we solve
Bpv = eiSwpa)/e (6&(w,w,pm) + E(w,:v,pm)v) , Qw =1, (5.10)

with initial data (v™,t"). Obviously, the second equation gives w(t) = ¢, t €
[t",t"T1]. For the equation on v, we use an exponential scheme based on the follow-
ing Duhamel formulation of (5.10) (where for simplicity we omit the dependency in
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x and p; of the unknowns and coefficients):

,U(tn—l-l) _ U(tn) +/

t’VL

S@rtty 1 N o )
=" et S a(S (s “Ls)w(ST (s s
‘ )+/§<t"> 2|(pe — ES—1(s),py)| (5 (577(s)) + B(S™(5))v(S™( )))d

tn+1

eiS(r)/e <65¢(7’) + E(T)U(T)) dr

S(tm)
where we have denoted

S@n+1y _ _
=o(t") + / e/ f(S7Y(s), v(S71(s)))ds (5.11)

F0:0) = 5 gy (30 + B(00)

and where we used the fact that 0;S(t,p.) = 0;S(t,px — Et) = 2|(px — Et,py)|.
Hence, our scheme for is the following. In the first step, we make the predic-
tion

S(tn+1/2)

eSIEF(7, 0 ds = T + an (17, ), (5.12)

Y2 =g 4 /
S(tm)

with o
S(t™ ~ ~
an = / ( )eis/sds = —i¢ (eis(tn+1/2)/€ — eis(tn)/€> .

S(tm)
Then in the second step, set

St
ot :5”+/ 6is/s f(tn+1/27’1~)%+1/2)

S(t”)

+(S_§(tn+l/2)) _ _

f(tn+1/2,ﬁn+1/2) _ f(tn,gn) s
S(tn+1/2) _ S(tn)

=T+ (b + ) fET2,TZ) — e f (17,77, (5.13)
with _—
S@n ~ ~
bn = / ( : eiS/EdS = —1€ (6is(tn+1)/€ - eis(tn)/E) )

S(tr)

1 Sty ~
Ch = = = / /% (s — S(t"Y?))ds

S(tn+1/2) — §(tn) J5(n)

3

S(tn+1/2) _ S(tn) S(tn+1/2) _ S(tn) x
(eig(tnﬂ)/g(g(tn—i-l) _ g(tn-&-l/Z)) + eig(t")/a(g(tn-i-lﬂ) _ g(t”))) )

) oSt ) e _ 4iS(t") /e

(iif) Finally, on [t"t1/2 ¢"+1] (5.8) with initial data (2”1, w(t"*1)) can be solved
exactly with the characteristics:

At p, — Bt

ot =t <x I — > . 5.14
2 [ — BT, py)] (5:14)

The global error of this semi-discrete approximation of ([5.1)) has two contribu-
tions. First, the error of the Strang splitting scheme is O(At”) uniform in ¢ (as we
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shall see in the Proposition , since S is independent of x and since, by ,
the second derivatives in x of «, 8 and u are uniformly bounded. Secondly,
the error of the exponential scheme is O(At?), uniform in € (as we shall see in the
Proposition . One of the key arguments lies in the uniform boundedness of the
second derivatives in ¢t and p, of «, 8 and w.

Let us start with the error on the exponential scheme .

Proposition 5.1. Let v(t") be the solution at t = t"™ of (5.10) and v™ is the time
approzimation of v(t"™) given by the second order exponential scheme (5.12))-(5.13]).
Under assumptions (5.2)-(5.3), the exponential scheme to (5.10) is second order

accurate uniformly in e: there exists C > 0 independent of € such that
[0 = v(t")||Lge, < CAL?, VnAt < Ty.
Proof We con81der ~Using a Taylor expansion (with integral remainder) of
V(S71(s)) := (S~ ( ) u(S7(s))) at s = (S("T1/?)), we get
(s — S(™/%)
S(tn+1/2) — §(tn)
+(s = SET)(SETE) = S(1M) %

V(STH(s) = V@) + V(" H12) = v ()]

/ (L (V0 FYEE2) 1 o(S) - ()t
0

+(s — S(E2))? / =V 0 BB + ol — B,
0

First, thanks to Theorem the second time derivatives of the solution are uni-
formly bounded ; second, the function S is also smooth with respect to €, so are a,
B. Hence, the solution v(t) satisfies the scheme ({5.13]) up to the following remainder
term R

Ro= (s=S"/A))(S@E %) = S(t) x

/ 1(1 —1)(V o STH(SEFV2) 4 4(S(t™) — S("HY2)))dt
0

+(s = S22 / LV 0 5YEEH) 1 t(s — SEH) .
0

Then, the remainder satisfies the following estimates

Sty - ~
Rl < C [ [IS—S(t”+1/2)I(5(t”+1/2)—5( ™)+ |s = SE"H2)* | ds
S(tm)
< CA#,

since the derivatives of o, 8 and u are uniformly bounded. Define the error E"*+1 :=
[o(t" 1) ="+ e . Then, the error £ satisfies the following estimate

EMTL < EM(1 + CAL) + CALE™Y2 4 CAL, (5 15)

To get an estimate on the error £"T1/2 associated Wlth the prediction step ,
we perform a Taylor expansion of V(S~1(s)) := f(S~1(s),v(S71(s))) at s = S(t”)

_ S(tn+1/2) N
VETE) =V [ e ST s
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Then, the error £"1/2 performed after the prediction step (5.12) satisfies Entl/2 <
E™(1 + CAt) + CAt? so that (5.15) becomes

EMTL < EM(1 + CAL) + CAL,

which produces uniform second order accuracy at final time T' = NAt using the
discrete Gronwall Lemma. O

Then, we prove that the Strang splitting is second order, uniformly in €.

Proposition 5.2. Let v(t") be the solution at t = t" of 1 and v™ be the time
approzimation of v(t") given by the Strang splitting (5.9 - Under the
assumptions (5.2))-(5.3), the Strang splitting applied to 1 i 18 Second order accurate

uniformly in e: there exists C' > 0 independent of € such that
[0 = v(t")||Lee, < CAL?, VnAt < Ty.

Proof. Following [14], to estimate the local error of the Strang splitting, we need to
compute the following brackets [f, [f, g]l(y) and [[f, ], g](y) where f(y),g(y) € R?
are two vector fields and [f, g](y) = (0yf)(y)9(y) — (Oy9)(y)f(y) where we recall

y = (v,w). For the splitting (5.6)-(5.7)) considered above,

) = ( aa(va)&,;v ) and g(y) = < fg(w’pz)/s(f&(w,xmx) + Blw, 2, pe)0) > |

Hence, we compute the following quantities

0y f(y) = ( aaax(-) aa“’aaﬂ”” ) and  9,9(y) = ( SiS/Eﬁ gwgl(y) ) 7

where 0,91 (y) denotes the w-derivative of the first component of g
Ougi(y) = 50,8 (& + 2B) + /(0 + v, D). (5.16)

We have
[, l(y) = < —a@x(eig/s(s& + Ev)) — Owa0yv + eig/sgaamv >

I

0
< —eig/a(ea(?x& + cwaxg) — OpaOyv >
0 )

Thanks to the estimates (5.2)) and ([5.3)), this term is uniformly bounded with respect

to e. Now, we consider [f,[f,g]] = (Oyf)W)[f, gl(y) — (Oy[f, 9])(y) f(y). First, we
compute Jy[f, g](y) f(y)

. f(y) = <5€"§/€a8x5—8waax<-> gw[f,gmy))(aaaxv)

( 815/58335@2(%@ + adypad?v ) 7 (5.17)

where Oy, [f, g]1(y) denotes the w-derivative of the first component of [f, g]
dulFah(v) = —Fi0, (a0, + Lad,F)
—iS/ £0 (ea0y 0 + avdyB) — 02 ad,v. (5.18)
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Second we compute (9 f)(y)[f, g](y)
@, )W al(y) = < —ad,(-) —Owadyv > ( —€15/% (ead,@ + avdyB) — Owadyv >

0 0 0
( geiﬁ/eax@aaxm a0, B) + adad?v ) , (5.19)

Finally, we compute [[f, 9], 9]

([fs9l,9] = Oylf, gl(w)a(y) — Byg(W)Lf, 9l ()
- 8’0 [f7 g]lgl + 8w[f7 9]192 - 81191 [fu g]l - awgl [f7 9]2 (520)

In the above expressions, the terms 0,[f, gl1g1 and 9,¢1[f, g]1 are clearly uniformly
bounded. 9y[f,gl192 and Oyg1[f, g2, however, have to be discussed since they
involve v/e terms (see and (5.16)). But we proved in Proposition that
v/e is uniformly bounded, then we conclude that the term [[f,g¢], ¢] is uniformly
bounded. Thanks to the previous estimates, the quantities (5.17)), (5.19) and ([5.20])
are uniformly bounded, which ensures that the Strang splitting is uniformly second
order accurate in time. O

5.2. Numerical scheme for the full system (3.4)).

To summarize, model can be solved from its micro-macro formulation as
follows
e solve the macro system with initial conditions —.
This enables to get (Foi(t, z,p), Go(t, x,p)).
e solve the micro equations with initial conditions —.
This enables to get (h*(t,z,p), h(t,z,p)).
e solve the phase equation using .
e reconstruct the solution (f*,¢)(¢,z,p) to the original problem using
the micro-macro decomposition —.
This micro-macro formulation is the basis on which we designed a uniformly accurate
(UA) numerical scheme. Note in particular tha, unlike in [6], here t no additional
variable 7 is used. Some numerical experiments are reported in the following section
to demonstrate the efficiency of our approach.

6. Numerical results

We now present some numerical experiments for model (3.4). For the first test,
the initial data are:

F1(0,2,py) = L@
™

f*(07$apz) - 0,
2(1 41
fi(o,a:,px) = (TFJFZ)64(1+2)24(p11,3)2

)

and p, = 0.5 is a parameter in the model, E = 4, while the domain in (z,p,) is
[—2m,27]?. The number of grid points in x is N, = 128 and in p, is N, = 128.
The final time is £y = 0.2. In Figure|l} we have plotted in logarithmic scales the L'
error on fy, f— and f; as a function of At, for 7 values of €. In Figure [2] we have
plotted the error as a function of € for 6 values of At. It appears on these figures



22 N. CROUSEILLES, S. JIN, M. LEMOU, F. MEHATS

that our scheme is Uniformly Accurate of order 2. Note that the reference solution
is computed using a direct splitting method for with At =107% N, = 512 and
N, = 2048 when ¢ > 102 whereas for e < 1072 the reference solution is obtained by
solving the micro-macro model derived in Propositionwith At =10"% N, = 512
and N, = 512. Note that the micro-macro numerical solutions v are computed at
the final time by using the staggered mesh strategy in p, (see Section [5| for more
details).

10
—a—g=1
—a—¢e=0.1
3 €=0.01
10 "H —=—¢-0.001 ]
—=—£=0.0001 .
£=0.00001 -
- 107l £=0.000001 // |
=] ~
= ~
: o
[
107 :
/ slope 2
10—67 / d
_7
10 :
107° 1072
At

Figure 1: Error as a function of At for e =107, k=0,...,6..

10
107 1
e
-4 — |
S 10 e s s e ////
= -
5 =
- S
~_
10°°} T
A PR o
10—6 5 a8 8 4&3//// i
-7
10 : :
107° 107 107 10°
€
Figure 2: Error as a function of ¢ for At =27% x 1072, k =0, ...,5. Lower curves

correspond to bigger k.

For the next simulation, the number of grid points in = is N, = 64 and in p,
is N, = 128. The time step is At = 0.02, the final time is ¢y = 1 and ¢ = 0.005.
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The initial data, p, and E are the same as above. In Figure E’l, we have represented
Rfi(ty, —2.16,p,) as a function of p,: in blue, the reference solutions and in red the
solutions computed with the above parameters. In Figure [ we have represented
Rfi(t,—2.16,—1.18) as a function of time: in blue, the reference solutions and in
red the solutions computed with the above parameters. The solution in red fits well
with the one in blue, even if the mesh in p, or in t is coarse and does not resolve
the oscillations. Here, the micro-macro numerical solutions u are computed using
an interpolation in p, (see Section |5 for more details).

0.8r

-4 -3.5 -3 -25 -2 -285 -28 -275 -27 -265 -26 -255 -25
Pz Pzx

Figure 3: For e = 0.005: R(f;)(tf, —2.16,p;) as a function of p,. The right figure is
a zoom of the left figure.

0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.55 0.6 0.65

Figure 4: For e = 0.005: R(f;)(¢t, —2.16,—1.18) as a function of ¢. The right figure
is a zoom of the left figure.

We present the last test, for which the initial data are

4 _ 2_ _ 2
f+(071'apx) = ;6 Hz+2)"—4(p2—13) 3 f*(oaatapx) = 07 fz(oa:l:?pm) =0.
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and py, = 0.25, ' = 4, the domain in (z,p,) being the same as above. The number
of grid points in = is N, = 64 and in p, is N, = 128. The time step is At = 0.005
and the final time is £y = 1. We observe the transition of mass between f; and f_:

_ J -ty @, pa)dadp,
ff+(0,l’,px)d:ﬂdpx

and have plotted in Figure [5|in logarithmic scales the transition rate as a function
of €, compared with the theoretical Landau-Zener transition rate

2
7pr
TrLandau—Zener = €Xp | — .

ek

The two curves coincide well which shows two interesting facts: this semiclassical
model for transport in graphene reproduces very well the Landau-Zener transition
rate and our scheme is able to capture this coefficient for a wide range of ¢, with
fixed numerical parameters.

transfert coefficient

10 10 10

Figure 5: The Landau-Zener probability. Red crosses=numerically computed trans-
fert coefficient. Blue curve=theoretical coeflicient.

7. Conclusion

In this paper, we propose a micro-macro decomposition based numerical ap-
proach for the one space dimensional semiclassical kinetic graphene model intro-
duced in [20]. Comparing with the nonlinear geometric optics method based nu-
merical method for highly oscillatory transport equation developed by the authors
in [6], this new method does not increase the dimension of computational domain,
yet can still capture numerically the oscillatory space-time quantum solution point-
wisely even without numerically resolving the frequency. The underlying micro-
macro equations have been proved to be smooth (up to certain order of derivatives)
solutions with respect to the frequency, and the proposed numerical time discretiza-
tion are proved to have a uniform accuracy for a scalar model equation exhibiting
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the same oscillatory behavior. We carried out several numerical experiments to
verify the theory.
In the future, we will extend the method for the two-space dimensional model.

Appendix A. Non-homogeneous E(x) case

In the case E = E(x), we need to compute additional terms in the micro model
derived above in the homogeneous case. Let us recall the definition of £*

£ = olp| + 2 4,5.
|p|

Note that the phase now depends on =x.
In this case, the Chapman-Enskog expansion now reads

i
G=Go+G1=Go— EZZDITL; e (Fy — Fy),

E .
w:w+w:m+gwwWW%% (A.1)

epy b

%(z’pe*”Go),

where FOjE =IIF*,Gy = IIG. The same computations as in the homogeneous case
leads to the following macro model for (F5, Go)

WFy +THES = 0,
WFy +T F, = 0, (A.2)

=2 2
_ Py _ppy BT (1 1 i (i —iT
8tG0 — Easzo = 7EG0 — Z€W <S+ + Si 1I (6 %(zpe Go)) ,

—1i
pl?
with the following initial conditions

epy b

FROep) = fu@n) F grpSinfu(@.p), (A.3)
epypE _

Go(Owp) = fnleop) + (i) = flwp)), (A4

h*(0,2,p) and  h(0,z,p) such that holds at ¢t =0, (A.5)

S(0,z,p) = 0. (A.6)

Micro equation on h*. From the Chapman-Enskog expansion (A.1]) and relations
(3.16]), we can write the following micro-macro decomposition of the original un-
known

epy B
pPE*

fE(t 2z, p)=F5 (t,z,p) £ S(ipe /EGy(t, x,p)) + hE(t, z, p), (A.7)

epypLE _ i
g(t7x7p):G0(tax7p) - 4|p|4 (F(;i_(t7x7p) - FO (t,(l,’,p))e S/ + h(t7$7p) (Ag)
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These relations impose in particular that h* and h are of order £2. To derive an

equation for h*, we apply the operator (9; + T+) to (A.7). For hT, we get

epy ;
Qe+ TR = +THfT = (O +THF — (0 +TH) <|p1|)§’6+ %(ipe—ZS/EGO)) ,
(A.9)
and we need to compute the last term (which we called C given by (3.28)) in the
homogeneous case) which in the present non homogeneous case reads

E ,
C = BYS(ipe5/°Gy) + <|€Iy)§/5+> S (&1 + TH)(ipGo)e™F%)
e’fpy G zS/a( + T+)S (A 10)
‘p|35+ Zp 0 t ? :
where BT is now given by
E epyF Da epyE epy B
e e () - (2E) () o (2
(9 \ippes ' Ipl?’g+ pl ™ \ [P+ P\ IplPEF
. 5pxpyEa:cE prpy 2
i
EPxD
+ ‘p|4£f72 (S+8£EE - E(p:c/’p‘ a:%‘s))
Ep
~ppEre (Bdp, Elpl*€™ — 8pa[p*E? — (Ip|* + 2p2) E*0:8 — E?palpl*0% ,, )
EDy epzpyE0,E0,, S
= .E— FE0, FE
e i 0eF ~ o) = s

ep2pyEO2S  ep,E?
p|pE+2 p|rE+2

(8pz + 025(1 — 2p2/Ip|?)). (A.11)

Moreover, we can compute Dt := I ((9; + T+)(ipGo)e /) (given by (3.30) in
the homogeneous case)

+ — x4 —iS/e py —iS/e
D ES (zGoe ) + PP (pG e )
p iS/ z%EQ
P (s —w/e
+=S(ipd, Goe )+ pPETE-

Ip|

so that, the micro equation on At in the case F(x) reads

%(pGOe_iS/E%

O+ THR* = R[] + B R[iGo] + 2|E| [iGo/p]

epy 2epy B EPz .
— 1 — - A12
Gl (1+ 5257 ) - Rl (12

with R[] = 25 E S (pe=*9/¢.) and B* is given by (A.I).

[p[®
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Micro equation on h™. Defining as before the quantity B~ as

_ _ [ epyE epyE Pa epy B epyE
e e (BE)-a (5E) o (2E) o
@+ T7)\ ppe- ppe) % \ppe=) = 7 (e
_ _epapyBOE epapyE” o
- T s i,
EPxP _
_‘p|45—y,2 (€70 E + E(pa/|p| 8:%5))
_eEp,

(0. EWIPE™ = 8p.|pPE + (1pl* + 2p2) EO,S + Ep, lpl*62,,5]).
(A.13)

pl6e—2

The micro equation on A~ in the case E(x) then reads

eE
(8 +T )h~ = —R[h]+B R[iGo] — Tl R[iGo/p]
EDy 2€pyE . EPz .
T |3R[GO]< 5—’25+> glppp M0l (A1

with R[] = 24 E S ( _ZS/E-) and B~ is given by (A.13).

P

Micro equation on h. The micro equation on h can be easily derived in the non
homogeneous case

3€pmpy]3E2 g _ ipy B
Oy — Edy,)h = IRV SR — Fy) — =2 h
( t p ) 4’p|6 ( 0 0 ) ‘p|2
L )
_ipypE g/ W o Zpyp E? 28/ ch
TR )~ epeTe- 0
€ pE
—%’ﬁf Ou(Fy + Fy)e's/e. (A.15)

We observe that when E is a constant, the phase S does not depend on z.
Note that in this context, we can solve explicitly the equation on the phase S

0yS — E(x)0p,5 = 2|pl, S(0,2,pe,py) = 0. (A.16)

Using the method of the characteristics, we get

d
ZIS(tx,p; — Et,p,)] _2\/ v — Et)? + p2,

and integrating on [0, ¢] leads to

t (Et—pz)/py
S(t7m7p$_Et7py)_S(07;U?p:l‘apy) - 2/ \/(p.T - ES +pyd$ =2-= y / V 1 + u2du.
0

pz/py

From the relation [ 1+ u2du = $&(u) with €(u) = uv1+ w2 + In(u + V1 + u?),

we finally obtain

S(t,x,pz, py) :pg/ [ §<];””> +¢ <p”““;Et)] : (A.17)

Y Y
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