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Expansions at Cusps and Petersson Products in
Pari/GP

Henri Cohen

Abstract We begin by explaining how to compute Fourier expansions at all cusps of
any modular form of integral or half-integral weight thanks to a theorem of Borisov—
Gunnells and explicit expansions of Eisenstein series at all cusps. Using this, we
then give a number of methods for computing arbitrary Petersson products. All this
is available in the current release of the Pari/GP package.

1 Introduction

In this paper we consider the practical problem of numerically computing Peters-
son products of two modular forms whenever it is defined. In some cases this can be
done using the Rankin—Selberg convolution of the forms, but in general this is not
always possible nor practical.

We will describe three methods. The first is applicable when both forms are cusp
forms, and is a variant of the well-known formulas of Haberland. The second is a
modification of the first, necessary when at least one of the forms is not a cusp form.
Both of these methods need the essential condition that the weight k be integral and
greater than or equal to 2. The third method is due to P. Nelson and D. Collins. It
has the great advantage of being also applicable when k = 1 or k half-integral, but
the great disadvantage of being much slower when k is integral and greater than or
equal to 2.

All of these methods require the possibility of computing the Fourier expansion
of f|y for an arbitrary 7 in the full modular group. The method used in Pari /GP
is to express any modular form (possibly multiplied by a known Eisenstein or theta
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2 Henri Cohen

series) as a linear combination of products of rwo Eisenstein series, which is al-
ways possible thanks to a theorem of Borisov—Gunnells [1] [2], so we will begin by
studying this in detail here, so that the formulas can be recorded.

2 Eisenstein Series

2.1 Introduction

In the sequel, we let y; and > be two primitive characters modulo N; and N, re-
spectively. For k > 3 we define

21(d)x2(c/N1)
(ct+d)k

Gr(x1,%2)(7) = % Y

Nl ‘C

and for k =2 and k = 1 we define Gy by analytic continuation to s = 0 of the same
sum with an extra factor |cT 4 d|~ (Hecke’s trick). We will always assume that
21%2(—1) = (—1)¥, otherwise the series is identically zero.

Ifk#2 ork=2and y and ), are not both trivial, then Gy € My (Ig(NiN2), X1X2)
(if k =2 and yx; and y, are both trivial we have a nonanalytic term in 1/3(7)). The
Fourier expansion at infinity is given by

—2m'>" o(%1)
Ny ) (k—1)!

@%wﬂﬂ=( Fe(x1,x2)(7)

where g(%) is the standard Gauss sum associated to ¥,

L, 1—k .
% + Z Gk*l(%h%%n)q )

n>1

Fi(21,%2)(T) = Oy, 1

where 6 is the Kronecker delta, and

o 1(xaxn) =Y, du(d)xa(n/d) .
djn, d>0

By convention, we will set Fy = 1.

An important theorem of Borisov—Gunnells [1] [2] says that in weight k > 3,
and very often also in weight 2, any modular form f € My (Iy(N),x) is a linear
combination of Fy(x1,x2)(eT)Fi—e(X].x5)(€'T) for suitable characters , ¢, e and
e.

If we are in the unfavorable case of the theorem (only in weight 2), or in weight
1, we can simply multiply by a known Eisenstein series (of weight 1 or 2) to be

in a case where the theorem applies. Similarly, if we are in half-integral weight,
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we simply multiply by a suitable power of 8 € M, /,(I(4)) to be able to apply the
theorem.

For us, the main interest of this theorem is that the Fourier expansion of Fy|;y
as well as that of 6, /27 can be explicitly computed for all y € I', the full modular
group, so this allows us to compute f]|;y for any modular form f, and in particular
find the Fourier expansions at any cusp.

2.2 Expansion of Fy |y

As usual we denote by N; and N, the conductors of x; and y». For simplicity
of notation we will set F(x1,x2,€)(7) := F(X1,X2)(eT) and N = N1 Nze, so that
Fe(X1,x2,¢) € Mi(Io(N), x1X2). Note that in the application using the Borisov—
Gunnells theorem N will only be a divisor of the level.

We now let ¥ € GL; (Q) be any matrix with rational coefficients and strictly
positive determinant. We want to compute the Fourier expansion at infinity of
F(X1,X2,€)|xy. For this, we first make three reductions. First, trivially the action
of v is homogeneous, so possibly after multiplying y by a common denominator we
may assume that y = (4 8) € M5 (Z). Second, by Euclid we can find integers u, v,
and g such that gcd(4,C) = g = uA +vC, and we have the matrix identity

AB\ (A/g—v\ (g uB+vD

CD) \C/g u 0(AD—-BC)/g) "’
where we note that the first matrix is in I". Since the second one is upper triangular,
its action on a Fourier expansion is trivial to write down, so we are reduced to the

case where yeI'.
The third and last reduction is based on the following easy lemma:

Lemma 2.1. Let y € I'. There exist € Io(N) and m € Z such that

(et

withC | N, C >0, and N | B.

Since the action of § = (¢4) € Iy(N) on My(I5(N), ) is simply multiplication
by x(d), and since once again the action of the translation 7" is trivial to write down
on Fourier expansions, this lemma allows us to reduce to y € I" with the additional
conditions C | N, C >0, and N | B.

To state the main result we need to introduce an additional function needed to
express the constant terms:

Definition 2.2. Let y be a Dirichlet character modulo M, let f be its conductor, and
let xr be the primitive character modulo f equivalent to . We define
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Su(2) = 01/ al) 2P (1- 2522

where as usual Bi()) is the x-Bernoulli number.

Note that S; () = —(2(k— 1)!M* /(=27i)*)L(x, k), but we have preferred to give
it in the above form to emphasize the fact that it belongs to a specific cyclotomic
field.

We are now ready to state the main result, where we always use the convention
g° = e*™™ when x € Q:

Theorem 2.3 Set N = eN\N, and let y= (4 8) € I be such that C | N, C > 0, and

N | B. Set g = ged(e,C), g1 = ged(N1g,C), and g» = ged(Nag,C). If (k, x1,x2) #
(2,1,1) we have

F o€ ay 51g2”/N
k(X1 22,€) |y = i 0.C ngf)
where
1.
(21, 22,C) = 2(Nae/g2)" " (e/2)a(TN)8(Ta) »
2. Forn>1
ay(n):geil(g'&/c)" ) sign(m)m*~'c(n,m),  with
m|n, meZ
c(n,m) = Y 21((n/m—(Nig/g1)s1)/(C/g1)):
sy mod C/g
(N1g/g1)s1=n/m (mod C/g1)
Y Za((m — (Nag/82)s2) /(C/82)) G 078 2.
sp mod C/g
(N28/82)s2=m  (mod C/g2)
3. Set
St BB aelesmn)  Cls=m,
Ti(x1,22) = - Na(g2/g)k ! (~Ae/e)STi) / :
0 ifC/g # N .
We have
) T(xx2) fk>1,
ay(0) = oy
Ti (01, x2) + T (X2, X1) fk=1.

Note that (k, x1,X2) = (2,1, 1) corresponds to the quasimodular form F (or E,)
which can be easily treated directly thanks to the first matrix identity given above
applied to y = (¢ <5).
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2.3 Rationality Questions

To use this theorem in algorithmic practice, we need to make a choice. As can be
seen on the expression of ay(n), the coefficients of the expansion belong to the large
cyclotomic field Q(y, §y(y)), Which is in fact also the field which contains Gauss
sums of characters modulo N. When N is not tiny, say when N is a prime around
1000, this is a very large number field, so it seems almost impossible to work with
exact elements of the field. In our implementation we thus have chosen to work with
approximate complex values having hopefully sufficient accuracy (note that this is
sufficient in the application to Petersson products). At the end of the computation
of f|ry we may however want to recover the exact algebraic values. This can of
course be done using LLL-type algorithms, with an a priori guess of the field of
coefficients. But this can be done rigorously by using the following results.

First, assume that gcd(N/ ged(N,C),C) = 1, or equivalently (N,C?) = (N,C) (so
that the cusp A/C will be regular). We then have the following two results:

Lemma 2.4. Assume that gcd(N/ gcd(N,C),C) =1, and set g = gcd(N,C) and Q =

Ox y

N/g. There exist an Atkin—Lehner matrix of the form Wy = ( N Q)’ a matrix 6 =

(‘; Z) € Iy(N), and an integer v, such that
= 1/Qv/0
Y_WQ5( 0 V/l ) )
and we have d = Q~'D (mod N/Q), where Q~\ is an inverse of Q modulo C.

As usual, since the action of 6 on M, (Iy(N), ) is multiplication by x(d) and
the action of an upper triangular matrix on Fourier expansions is trivial to write,
we are reduced to computing the field of coefficients of f[;Wy. This is given by a
theorem essentially due to Shimura and Ohta, and extended to cover half-integral
weight as well. We first define a normalizing constant C(k, x, W) as follows. First
recall that if gcd(Q,N/Q) = 1, which is the case here, we can write in a unique way
X = XoXn/o With g defined modulo Q and y/o modulo N/Q.

Definition 2.5. Let Wy = (%’z‘ éz) be a general Atkin—Lehner matrix.

1. We set s(k,Wp) = 1 unless k is a half integer, in which case we set s(k,Wp) =
i=1/2 if Q is odd, and s(k,Wp) = 1+ (—1)F¥/2; if 4 | Q (note that we cannot
have Q =2 (mod 4)).

2. We define C(k, 1, Wp) = s(k,Wp)/(8(x0)0"/?).

The theorem is as follows:

Theorem 2.6 Let F € M (Io(N), x) with k integral or half integral, set K = Q(F),
let Q||N be a primitive divisor of N, and let Wy = (%z( é) be a general Atkin—
Lehner matrix. We have Q(C(k, x,Wo)F|Wg) C K.
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In the general case we cannot use Atkin—Lehner involutions, but again using
the Borisov—Gunnells theorem F. Brunault and M. Neururer recently proved the
following theorem, and we thank them for permission to include it here. Their proof
is given in the appendix to this paper.

Theorem 2.7 Let ¥ = (é g) € I', denote by M | N the conductor of ¥, and as
in the previous theorem set K = Q(F). If f € My(Io(N),x) with k integral the
Fourier coefficients of f|iy belong to the cyclotomic extension K(Cg), where R =
lem(N/ ged(N,CD),M/ ged(M, BC)).

2.4 Expansion of 6|, oy

For completeness, we also give the expansion of 8| /2Y which is needed in the half-
integral weight case. Thanks to the first two reductions above (the third is not neces-
sary) we may assume that y = (4 B) € I'. We recall that the theta multiplier vg(y)

is given by
4\ 2/
V@(}/): (3) (B) ;

where we always choose the principal branch of the square root. The result is then
as follows:

Proposition 2.8. 1. If4 | C we have
I‘l2
0l12Y="e(7)0 =ve(7) <1+22q ) :
n>1

2.IfC=2 (mod 4), set ¢ = (235 B). Then

n 2
0127 =2vg(cx) ) gt

n>0

3.If21C, let A =—-D/C (mod 4), and set D' = D+ AC, B' = LA, and o =
(:gl,’é). Then

n>1

1—1 a2 a2
6|1/2')/: TVg(a) <1+ZZZ A q /4> .

2.5 Fourier Expansion of f |y

We need to recall some notation relative to the Fourier expansion of f|;y fory e I'
and f € My(Io(N), x). It is easy to show that it has the form
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7er(®) = g“P ¥ aylmg D,

n>0

where w(7y) is the width of the cusp y(ie) and o/(7) is a rational number in [0, 1],
which by definition is different from O if and only the cusp is irregular. For y =
(C D) these quantities are given by the formulas

N
gcd(N,C?)

; ANC
and ¥ =y (1 +
ged(

W(Y) = c N,Cz)

) — 2(1+AC(Y))

In addition, note that the denominator of a/(y) divides ged(N,C?)/gcd(N,C), and
that w(y) and o (y) only depend on the representative ¢ of the cusp y(ieo) =A/C, so
we will denote them w(c) and ¢(c).

2.6 Computation of all f|iy;

In the application to Petersson products we will need to compute all the Fourier
expansions of f|y; for a system of right coset representatives of Ig(N)\I', i.e., such
that I = | |;_; Io(N)y;. Although the formulas that we will give are independent of
this choice, for efficiency reasons it is essential to do it properly.

Let C be a set of representatives of cusps of Ig(N) (which is much smaller than
the set of cosets: for instance if N is prime we have N 4 1 cosets but only 2 cusps),
and for each ¢ € C let 9. € I' such that ¥,(ice) = ¢, and as above let w(c) be the
width of the cusp c. We claim that the (Y%.T").cc, 0<m<w(c) form a system of right
coset representatives of Io(N)\I". Indeed, let y € I', and let ¢ be the representative
of the cusp 7y(ieo). By definition this means that there exists 6 € I5(N) such that
Y(iee) = 8(c) = 6¥e(ieo), so Y = 67.T™ for some integer m, and by definition of the
width %. 7% -1 € I5(N), so we can always reduce m modulo w(c), proving our
claim since Y .ccw(c) = [I" : Io(N)].

Thus, we simply compute

f|k% — Z a% n/w 7

n>0

and we deduce that

f|k(,ych)( ) mea Za% Cnm n/w(c)

n>0

with ) = ¢2m/w(€) 5o we only need to compute |C| expansions and not [I :
Io(N)].
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3 Petersson Products: Haberland-type Formulas

Now that we know how to compute the Fourier expansion of f|;y for any y € I
(and even y € GLZ+ (Q)), we apply this to the computation of Petersson products.

3.1 Preliminary Formulas

Although this has been explained in several places, for instance in [4] and [5], it is
necessary to reproduce the statements and proofs, since we will need some impor-
tant modifications. In this section we always assume that k is an integer such that
k > 2, so that (X — 7)*~2 is a polynomial.

In what follows, f and g will denote two modular forms in the space My (Ig(N), x),
and as above we denote by (¥j)i<j<, a set of right coset representatives of the
full modular group I modulo I5(N), so that I' = | |;_; Io(N)y;. Finally, we set
fi=flevy and g = gliy;.

It is clear that for any ¢ € I there exist an index which by abuse of notation we
will write as o( ), and an element §;(c) € I5(N) such that y;a = §;(@)Yy(;), and
the map j — a(}j) is a bijection of [1,r].

Definition 3.1. For any j € [1,7] and Z; € $ we define
f— k=2 g
6/zi0 = [ s@c-n) 2.
j
Note that this function is essentially an Eichler integral of g, so will have quasi-
modularity properties in weight 2 — k. More precisely:
Proposition 3.2. Keep the above notation. We have

(Gj(Zj:t) -k a)(7) = % (8j(@)) (Gar(j)(Zau(j): T) — Py (@i 7))

where as usual ¥ ((¢ %)) = x(d), and P; is the polynomial in T

Pj(a;t) = gi(n)(t—-0)dn; .

/’“l (Ze109)
Jz;
Corollary 3.3. Keep the notation of the proposition. For any A and B in §) we have
B -0.(B) B
(/A - /(X(A) ) 1§grfj(T)Gj(Zj;T)dT = /A 1§’§rfj(r)Pj(a;r)dr .

The main theorem proved for instance in [5], but which is an immediate conse-
quence of Stokes’s theorem, is the following:
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Theorem 3.4 Let H be some subgroup of I' of finite index s = [[" : H|, and let
D(H) denote a fundamental domain for H whose boundary d(D(H)) is a hyperbolic
polygon. Then for any choice of the Z; we have

rs(2) 1 < f.8 >rw) / Y £(0)G(Z1)dr .

l<j<r

Note that the subgroup H can be chosen arbitrarily. To simplify, we will choose it
so that d(D(H)) is a hyperbolic quadrilateral (A;,A,,A3,A4) such that there exist an
element o) € I" sending [A1,A3] to [A3,A;] and o € I sending [A3,A4] to [A1,A4].

We thus have
(053] Az (0% A4
Froan = U o )+ U= L)
d(D(H)) A A

Applying the above corollary and the theorem we deduce the following.

Definition 3.5. The forms f and g being implicit, we define

G,(A,B;C,D) = //f,

Corollary 3.6. We have

rs(2) ! < fig =Y, i(f.8)+Ti(f.8)),

1<j<r

(t—) 2dtds, .

where
1(f,8) =Gj (A1,A2;Zj=af1 (Zaf'(j)))
Ji(f,8) =G, (A3,A4;Zjua271 (Za;‘(j))) '

3.2 The Cuspidal Case

We now distinguish whether both f and g are cusp forms or otherwise.

Assume first that f and g are both cusp forms. As in [5] we choose H = I"(2),
which has index 6 in I', and we can take for D(H) the hyperbolic quadrilateral
with A| =1, Ay = ieo, A3 = —1,and A4 =0, so that oy =T 2 = (} ;*) and ot =
(19). We also choose Z; = 0 for all j, so that a{l(Zagl(j)) = o, '(0) = 0, hence

Pj(op;T) =0, so that J;(f,g) = 0 for all j. On the other hand

2
Per) = [ g(@)(r-B)2am,

so that
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6r2)* ' < f.g>pm= Y. Gj(1,i0,2).

1<j<r

Shifting both 7 and 7, by 1 gives the following:

Corollary 3.7. Assume that f and g are both cusp forms. We then have

6r(2i) ' < fig>p = Y. Gj(0,is0;—1,1)

1<j<r

joo
/ / 7)8( 12 (t— rz)k 2dtdn,
1<j<r

= Z Z (_1)n<k;2>lkZn(ovioovfj)lﬂ(_lvlvgj)v

1<j<r0<n<k-2

where we have set

B
1(A,B, f) = /A v f(t)de

The essential advantage of this formula is that we have reduced the computation
of a Petersson product, which is a double integral, to a small finite number of single
integrals, which are essentially the periods associated to f and g; this is in fact
exactly the statement of Haberland’s theorem.

The main problem is that, even though the Petersson product is defined when
only one of f and g is a cusp form, we cannot apply the above formula since the
period integrals will diverge for non cusp forms. We thus consider the general case.

3.3 The Noncuspidal but Convergent Case

We now assume that f and g are in My (I5(N), ), not necessarily cusp forms. For the
Petersson product to converge it is necessary and sufficient that at each cusp either
f or g vanishes. Equivalently, for each j € [1,r] either f; or g; vanishes as T — ico.
We denote by E the subset of j € [1,7] such that f; vanishes as T — ieo, so that if
J ¢ E then g; vanishes as T — ieo. Consider now 7' = (0 1) the usual translation by
1. As usual ;T = 6;(T) ¥y ;) for some bijection j — T'(j) and 6;(T) € IH(N). Thus
filkT = x(6;(T))f |T , and it follows that both E and its complement are stable by
the bl_]eCtIOIl induced by T.

For simplicity, we are going to choose H = I', and as fundamental domain the
usual fundamental domain of the modular group, which has the advantage of having
a single cusp on its boundary. Thus as above, setting as usual p = e¥™/3 we have
Al=p+1,Ay=icc, A3=p,and Ay =i, withoy =T "and op =S = (? o)

We will choose Z; =i if j € E and Z; = ie if j ¢ E. With the notation of Corollary

3.6 we have )
Joo
=] HOPT e,
p+1
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with —
T(HTH——— k=D —
gj(Tz)(T—Tz)k Zd’L'z.

Pi(T™ 1) = /

Jz;
Note that if j € E there is no convergence problem since f;(7) tends to 0 exponen-
tially fast. On the other hand, if j ¢ E we have chosen Z j = ieo, and we also have

T(j) ¢ E by what we said above, so P;(T~!; ) vanishes in that case. We thus have

Y Ii(f.8) =Y Gilp+1issii+1),

1<j<r J€E

and we can again expand this by the binomial theorem as a linear combination of
products of two simple integrals, since the integral of f;(T) converges at ico.
Similarly, we have

e = [ f(0P(S:T)dt

with

—1/zy;) e
R,'(S;‘L'):/ ! gj(Tg)(T—Tz)k 247 .

Z;

Here we must distinguish four cases.

L. If j € E and j € S(E) (or equivalently S(j) € E) then Z; = i and Zg(;) = i so
—1/Zg(;) = i, hence P;(S;7) = 0.

2. If je E and j ¢ S(E), so that S(j) ¢ E we have Z; = i, Zg(;) = ie, so P; is an
integral from i to 0 hence J;(f,g) = G;(p,i;i,0). Note that since S(j) ¢ E by
assumption gg(;) vanishes at ieo, or equivalently g; vanishes at 0 so the integral
makes sense.

3. If j¢ E and j € S(E), we have Z; = i, Zg(jy = i, 30 Jj(f,8) = Gj(p,i;ic0,i) =
—Gj(p,i:i,is).

4. If j¢ E and j ¢ S(E), we have Z; = ico, Zg(j) = ico, 50 J;(f,8) = G(p,i;i=,0).

The changes of variable 7 S(c) and 7, — S(%,) show that G;(p,:4,0) =
Gs(j)(p+1,i3i,i%). Thus

Y Ji(fe)= )Y Gilp+1,iic).

JEE, j¢S(E) JEE, jeS(E)
Combining with (3), it follows by transitivity that
( Y + ) )b‘(f,g): Y, Gilp+1,psisic0).
JEE, j¢S(E)  JEE, jES(E) JEE, jES(E)
We have thus shown the following:

Theorem 3.8 We have
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r2i) < f.8 > =S1+52+S3
with

S1=Y Gj(p+1,ie0si,i+ 1),
JEE

So= ), Gjlp+1,psiyiee),
J#E, jeS(E)

S3= ), Gj(p,isies,0),
JEE. j¢S(E)

and each G can be expressed as a linear combination of products of two convergent
single integrals by using the binomial theorem.

Note that if f is a cusp form we have E = [1,r] and only S; contributes, and if
both f and g are cusp forms, we can either use this theorem or the formula given in
Corollary 3.7.

3.4 Computation of Partial Periods

In all of the above formulas, using the notation of Corollary 3.7 we need to compute
integrals of the form I,(a,b, fj) and I,(a,b, g;) for specific values of (a,b) in the
completed upper half-plane. Putting them together for 0 < n < k — 2, this means
that we must compute the partial periods

b

P(a,b,F)(X) = / (X — 1) 2F (1) dr
Ja

for F = f; and all j. For future reference, note the following important but trivial
identity:

Lemma 3.9. For any y € I we have

P(a, b, Flxy)(X) = P(¥(a), Y(b), F)l2-«¥(X) -
We also have the following immediate lemma:

Lemma 3.10. Let Ry »(X) = Yo<p<k_2X"/n! be the (k—2)nd partial sum of the
exponential series. For all m > 0 we have

(k—2)!

Wkaz(ZTle‘(X — Ll)) .

/lOo (X _ T)k72627rmir dt = _627rmia
a

We consider several cases. Keep in mind that in all the formulas that we use for
computing Petersson products the endpoints of integration are either cusps or points
in $ with reasonably large imaginary part (at least v/3/2).
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1. Ifa € ) and b = ieo (or the reverse), we write as usual fj(T) = Y, ay(n)g*(€) /()
(where ¢ = ¥;(ie)), so that

/b( X — 1) 2f;(t)dt = Y ay(n / X — 1)k 2 2male) i/t g

n>0

and the inner integral is given by the lemma. The dominant term in the resulting
series is e2%(@(c)tn/w(c))ia go the convergence will be in ¢~ 273(@)n/w(e),

2. If a € $ and b is a cusp (or the reverse), we choose ¥ € I' such that b = y(ieo),
make the change of variable 7 = ¥(7'), and we are reduced to (1) with f,(;
instead of f;.

3. Ifaand b are in ) we simply write [* = [ — [/ and use (1).

4. If a =0 and b = ieo (or the reverse), we write the integral as [i° 4 j,;:’ The

second integral is treated as in (1), so with convergence in e~ 2™0"/*(¢) In the

first integral we make the change of variable 7 — S(7) = —1/7, and we again

treat the resulting integral as in (1), with convergence in e~ 27(1/0)2/w(S(€)) where

w(S(c)) is the width of the cusp S(c) = 7;(S(ie)). To optimize the speed, we thus

choose o = (w(c)/w(S(c)))!/2, so that the convergence of both integrals will be

in e~ 27/ (wW(epw(S(e))'/?.

5. Finally, if @ and b are both cusps, we use the well-known Manin decomposition
of a modular symbol as a sum of Manin symbols. More precisely, we proceed as
follows. Write @ = A/C and b = B/D with gcd(A,C) = ged(B,D) = 1. Then if
AD—-BC=1wesety= (A B ) and using Lemma 3.9 we transform our integral
into an integral from 0 to ieo, so we apply (4) (similarly if AD — BC = —1).
Otherwise, setting A = AD — BC and using « and v such that uA +vC =1, we

write
AB\ (A-v\(luB+vD\ (1B
cp) = \cu)lo Ao )J="0a

for B = uB+vD, where y € I'. Let (p;/q;)—1<j<m be the convergents of the
regular continued fraction expansion of B'/A with p_;/qg_1 =1/0and py/qm =
B'/A, and let M; be the matrix

(=1)"'p; P'l)

M; = N er
’ ((—1)’ "9 qj1

It is then immediate to show that

P(A/C.B/D,F)(X)= Y, P(0,ico, F|e(yM;))l—4(¥M;)”" (X),

0<j<m
s0 once again we can apply (4).

Note that in Theorem 3.8 we need to use (1), (3), and (4), while in Corollary
3.7 we need to use (4) and (5), and in (5) we have (a,b) = (—1,1) so the Manin



14 Henri Cohen

decomposition consists here simply in writing fil = fi)l + fol, both integrals being
then sent to integrals from O to i by suitable y € I".

In practice, the computation of these integrals forms only a very small part of the
computation time. Almost all of the time is spent in computing the Fourier expan-
sions at infinity of f|y;, for instance using products of two Eisenstein series as we
do in this package. Note that there is of course no need to rationalize the expan-
sions, and to compute all these expansions at once we use the specific choice of the
¥; explained in Section 2.6.

4 Petersson Products: The Method of Nelson and Collins

4.1 The Basic Formula

Recall that the completed zeta function A(s) defined by A(s) = 7~/2I"(s/2){ ()
satisfies A (1 —s) = A(s). Nelson’s method, completed by Collins, is based on the
following proposition, essentially due to Rankin:

Proposition 4.1. Let F () be a bounded measurable function on §) invariant by the
modular group ', and such that for some fixed o > 0 we have F (x+iy) = O(y~ %)
for almost all T = x+ iy with y > 1. Denote by a(0;F)(y) the constant term of the
Fourier expansion of F(t) and by 4 (a(0;F))(s) = [;"y'a(0,F)(y)dy/y its Mellin
transform. For any § > 0 we have

[ Fodn= /SK syl DACIA @O~ 1)ds,

where du = dxdy/y? is the usual invariant hyperbolic measure.

Proof. Recall that the standard nonholomorphic Eisenstein series of weight O is
defined by E(s) = Yyer\r 3(¥7)*, and its completed function &(s) = A(2s)E(s)
satisfies &(1 —s) = &(s) and has only two poles, which are simple, at s = 0 and
s = 1 with residues —1/2 and 1/2 respectively. Standard unfolding shows that

[ EO@F @)y = /O Ty /O Pt iy) dxdy

The inner integral is equal to a(0; F)(y) so that

E(s)(0)F (1)du = 4 (a(0:F)) (s~ 1).
s
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On the other hand, by the residue theorem if Cg is the infinite vertical contour whose
vertical sides are R(s) = —0 and R(s) = 1+ 8, by the residue theorem we first have

1
—/ $&(s)ds = Ress—s& (s) +Resg—1 s8(s) =1/2,
27i Jeg

and on the other hand, since & decreases exponentially when |3 (s)| — oo and &(1 —
s) = &(s), this integral is equal to

1
—,/(‘)7 (2s—1)&(s)ds .

Zﬂl.% s)=

Multiplying the resulting identity by 2F (7) and integrating on I"\ $) gives

1

— 4s—2)A(2 E(s)F(t)dsdu = F(7)du ,

5 oo 4572400 [ EWF@dsdu= [ F()an
hence

1
F d:—/ 4s —2)A(2s) A (a(0;F))(s—1)ds,

Jo P =5 [ s DA A0~ 1)ds

proving the proposition. a

Corollary 4.2. Let G be a subgroup of finite index of ', let C(G) be a system of
representatives of the cusps of G, and for each ¢ € C(G) let Y, € I such that Y, (ie0) =
c. If F(7) is a bounded measurable function invariant by G we have

1
F(z)d :—/ (45— 2)A(25) a(0;F |3.))(s — 1)ds
/G\ﬁ ()du 2mi sx(s):prg s § ZW %)) (s — 1)ds

ceC

where w(c) is the width of the cusp c.

Proof. Immediate by applying the proposition to Fi = Yyeq\r F |y, noting that
Jrs Fi(T)du = [\ 5 F(7)du, and that a(0; F|y.) = a(0; F| ) for any ¥, such that
Yelioo) = Yelice) = c. o

4.2 Collins’s Formula

We are of course going to apply the above corollary to the function F (1) =
f(7)g(t)y*, with y = 3(7). Recall from Section 2.5 that we have expansions

f|k,}, Z ay n/w(c and g|k7 Z b n/w(c

n>0 n>0

with the same o(c) and w(c). It follows that the constant term a,(0; F) is given by
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ay(0,F) =3* ¥ ay(n)by(n)e—4m@(crtn/vc)

n>0

so that

I'(s+k) y ay(n)by(n)
(4m)stk = (ale) +n/w(c)) st

We must now be careful about convergence of the Petersson product. When k > 1,
the necessary and sufficient condition is that at every cusp either f or g vanishes,
or equivalently that for every ¥ at least one of the forms f|;y and g|yy vanishes
at infinity. In these cases, if &¢(c) = 0 we have necessarily a,(0)b,(0) = 0, which
means that we omit the term n = 0, while if a(c) # 0 we must keep it.

However the Petersson product also converges without any condition on f
and g if k = 1/2. In that case, if a(c) = n = 0 the contribution to a,(0;F) is
ay(O)Wyl/ 2, and although the Mellin transform is divergent, we will need to
take a limit as we will see below.

We deduce from the above corollary and the explicit expression of A(2s) the
following temporary result:

A (ay(0;F))(s) =

Proposition 4.3. Keep the above assumptions and notation. We have

B ; wlc ay. (”)b% (n) .
<P = T " B et /(o

L/ (45— )F(S)F(k—i-s—l)C(Zs)
270 JR(s)=1+8 (42 (a(c) +n/w(c)))*

There are now two ways to continue, and we consider both.

First, we write {(2s) = ¥,,~; m~ %, so that the integral is equal to the sum from
m =1 to oo of the inverse Mellin transform at x = 42m?(ot(c) + n/w(c)) of the
function (4s —2)I"(s)I" (k+ s — 1). Since this inverse Mellin transform is equal to

D20l 2K (2012) — Ky g (26172))
we obtain our final theorem, due to D. Collins, although in a slightly different form:

Theorem 4.4 Let f and g be in My(Iy(N),x) such that either fg vanishes at all
cusps or k = 1/2, and keep all the above notation. We have

Y wlo)

ceC(G)

4(8m)~ k=1

<18>50) = T )

' Zo ((a(j)%inn)fx((:))))kl We(dm(a(c) +n/w(c))'?)
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where Wi (x) = ¥=1 (mx)* ! (mxKy_» (mx) — Ki—1 (mx)). In the special case k =
1/2, o(c) =0, and n = 0, the term (n/w(c))1/2W1/2(47r(n/w(c))1/2 is to be inter-
preted as its limit as n — 0, in other words as 1/(4(2m)"/?).

We will study the function W (x) and its implementation below.
But there is another way to continue. Assume for simplicity that a(c) = 0 (so
that the sum starts at n = 1). We can write

ay, (n)by, (n) Ay (N
(g y eilt) 5 2D

n>1 N>1

with
Ap(N) = Y m*® Day (N/m?)by (N/m?) .
m?|N

Once ay, (n) and by, (n) computed, the computation of Ay, (N) takes negligible time.
The advantage is that (2s) has disappeared, and we now obtain a formula in-
volving only the term m = 1 in the definition of W, i.e., the function Vj(x) =
X (0K 2 (x) — Ky (%))

When a(c) # 0 a similar but more complicated formula can easily be written.
Since anyway as we will see the function W (x) can be computed essentially as fast
as the function Vi (x), we have not used this other method.

4.3 Computation of the Function Wy (x)

First note that Wy (x) is exponentially decreasing at infinity, more precisely thanks
to the corresponding result for the K-Bessel function it is immediate to show that as

X — o we have
Wi(x) ~ /7 /261267

To compute W (x) we introduce the simpler function Uy (x) = ¥,,,~ (mx)* K} (mx),
and thanks to the recursions for the K-Bessel functions we have W, (x) = Uy (x) —
(2k — 1)U (x), so we must compute Uy (x). We distinguish between k half-integral
and k integral. For k half-integral we have the following easy proposition which
comes from the fact that K}, is an elementary function:

Proposition 4.5. Define polynomials Pi(x) by Py(x) = 1 and the recursion Py (x) =

x((k+ 1)Pe(x) — (x = 1)P{(x)) for x > 0, and set S(x) = P(x)/(x— 1)**1. For all
k > 0 integral we have

T xkij (k + J) ! X
Uir12(x) = \/;Oékwskj(@ )
S)s

This makes the computation of Uy, /z(x) essentially trivial.
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We now consider the slightly more difficult problem of computing Uy (x) when
k is integral. Since Kj(mx) tends exponentially fast to O we could of course sim-
ply sum (mx)*Kj (mx) until the terms become negligible with respect to the desired
accuracy, using the Pari/GP built-in function besselk for computing K-Bessel
functions. But there is a way which is at least an order of magnitude faster. First
note the following lemma, which comes directly from the integral representation of
the K-Bessel function:

Lemma 4.6. We have
xk o0
Uk(x) = 5 / Si(e"°"M) cosh(ke) dr

where the functions Sy are as above.

Note that as t — oo the function ¢*°°*"() tends to infinity doubly exponentially,
and since Si(X) = Py(X)/(X — 1)k*1, the integrand tends to 0 doubly-exponentially.
This is exactly the context of doubly exponential integration, except that here there
is no change of variable to be done. The basic theorem, due to Takahashi and
Mori, states that the fastest way to compute this integral is as a Riemann sum
hY_n<j<nRi(jh), where Ry is the integrand and & and N are chosen appropri-
ately (we do not need the theorem since we compute the errors explicitly, but it is
reassuring that we do not have a better way). An easy study both of the speed of
doubly-exponential decrease and of the Euler-MacLaurin error made in approxi-
mating the integral by Riemann sums gives the following:

Proposition 4.7. Set Ry (x) = Si(e**M")) cosh(kt), where Sy is given by Proposition
4.5. Let B> 0 and set C = B+klog(x)/log(2)+ 1, D=Clog(2) +2.06, E =2((C—
1)log(2) +log(k!))/x, T =log(E)(1+ (2k/x)/E), N = [(T /m*)(D+1log(D/%?))],
and h =T /N. There exists a small (explicit) constant cy such that

Ur(x) = X*h(Re(0)/2+ Y Ri(hj))| <c27®.
1<j<N

Note that in practice, since we need both, it is faster to compute Ui(x) and
Uk—1 (x) simultaneously.

4.4 Conclusion: Comparison of the Methods

After explaining how to expand f|;y using products of two Eisenstein series, we
have given two methods to compute Petersson products. The first is limited to inte-
gral weight k > 2, while the second is applicable to any k integral or half-integral. In
fact, the second method is applicable to more general modular forms, for instance to
modular forms with multiplier system of modulus 1 (such as 11(7) and more gener-
ally eta quotients), since the only thing that we need is that f(7)g(7)y* be invariant
by some subgroup of I". For instance, this implies formulas such as
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m 1

m>1, m=+1 (mod 6) Ean/\/E -1 12°
which can easily be proved directly.

In both methods we need to compute the Fourier expansions of (f|;}.)ccc for a
system of representatives ¢ of cusps, the Fourier expansions of f|;7; for a complete
system of coset representatives, necessary in the Haberland case, being trivially ob-
tained from those. This will be by far the most time-consuming part of the methods.
The computation of the integrals in the Haberland case, or of the infinite series in-
volving the transcendental function W (x) in the Nelson—Collins case will in fact
require little time in comparison.

The main difference between the methods comes from the speed of convergence.
In the Haberland case, we have seen that the convergence is at worse in e 2mn/N
(when the width of the cusp is equal to N, for instance for the cusp 0), and for this to
be less than e, say, we need n > (E/(27))N, proportional to E. On the other hand,
in the Nelson—Collins case the convergence is at worse in e 4m(n/N )1/2, so here we
need n > (E/(4m))?N, proportional to E2. Thus this latter method is considerably
slower than the former, especially in high accuracy, hence must be used only when
Haberland-type methods are not applicable, in other words in weight 1 and half-
integral weight.

As a typical timing example, in level 96, weight 4, computing a Petersson product
at 19 decimal digits (using Haberland) requires 1.29s and at 38 decimal digits 2.27s.
On the other hand, in level 96 weight 5/2, computing a Petersson product at 19
decimal digits (using Nelson—Collins) requires 3.56s, but at 38 decimal digits 16.2s.
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