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LOSS OF STRONG ELLIPTICITY THROUGH HOMOGENIZATION IN 2D
LINEAR ELASTICITY: A PHASE DIAGRAM

ANTOINE GLORIA AND MATTHIAS RUF

ABSTRACT. Since the seminal contribution of Geymonat, Miiller, and Triantafyllidis, it is
known that strong ellipticity is not necessarily conserved through periodic homogenization in
linear elasticity. This phenomenon is related to microscopic buckling of composite materials.
Consider a mixture of two isotropic phases which leads to loss of strong ellipticity when
arranged in a laminate manner, as considered by Gutiérrez and by Briane and Francfort. In
this contribution we prove that the laminate structure is essentially the only microstructure
which leads to such a loss of strong ellipticity. We perform a more general analysis in the
stationary, ergodic setting.

1. INTRODUCTION

Consider a @ = [0, 1)%periodic heterogeneous linear elastic material characterized by its
elasticity tensor field L : R? — (RdXd)gym (symmetric fourth-order tensors). Assume that L is
pointwise very strongly elliptic, i. e. M-L(x)M > A|M|? for some A > 0, all M ¢ R‘Sj;g], and almost
all € Q. Let D be a Lipschitz bounded domain of R%, and ug € H'(D). Then the integral
functional Hj(D) 3 u~ Z.(u) := [ V(u+ug)-L(<)V(u+ug) I-converges for the weak topology
of H'(D) to the homogenized integral functional Hj (D) > u+ L. (u) := [, V(u+ug)-L.V(u+up),
where L, is a constant elasticity tensor that is very strongly elliptic with constant A, see for
instance [16, 11, 9, 14].

If instead of pointwise very strong ellipticity, we only assume pointwise strong ellipticity,
i.e. M-L(x)M > \M|? for some A > 0, all rank-one matrices M = a ® b e R, and almost all
x € Q, the story is different. In an inspirational work [12], Geymonat, Miiller, and Triantafyllidis
indeed showed that three phenomena can occur:

(1) Z: is not uniformly bounded from below, and there is no homogenization;

(2) Z. is uniformly bounded from below, there is homogenization towards Z,, and L, is
strongly elliptic (that is, non-degenerate on rank-one matrices);

(3) Z. is uniformly bounded from below, there is homogenization towards Z,, and L, is
non-negative on rank-one matrices, but not strongly elliptic (there exists a ® b # 0 such
that a®b-L.a®b=0).

The third phenomenon is referred to as loss of strong ellipticity through homogenization. To
avoid confusion we will say that a fourth-order tensor L is strongly elliptic if M - LM > 0 for all
rank-one matrices, and that it is strictly strongly elliptic if in addition there exists A > 0 such
that this inequality can be strengthened to M -ILM > A|M|* for rank-one matrices M.

There is essentially one single example in the literature for which one can prove that strong
ellipticity is lost through homogenization in dimension d = 2, to which we restrict in the third
(and main) section of this article. The associated composite material has a laminate structure
made of two isotropic phases (a strong phase and a weak phase). Loss of strong ellipticity
occurs when the strong phase buckles in compression (it is somehow related to the failure of
the cell-formula for nonlinear composites, cf. [15, 12]), and has been rigorously established in
[13, 5].

Date: September 19, 2018.



2 A. GLORIA AND M. RUF

Buckling is a one-dimensional phenomenon, and it seems unlikely from a mechanical point of
view that a material could lose strong ellipticity in every rank-one direction. This elementary
observation suggests that assuming the isotropy of L, may prevent loss of strong ellipticity
through homogenization. In the two-dimensional periodic setting, this fact was proven by
Francfort and the first author in [10]. However, a closer look at the argument reveals that the
loss of ellipticity is indeed prevented by the connectedness of the weak phase rather than by
isotropy of LL,. The aim of the present contribution is to investigate the interplay between the
connectedness of phases and the loss of strong ellipticity through homogenization, in the more
general setting of stochastic homogenization.

Denote by L' and LL? the two isotropic elasticity tensors that may lead to loss of ellipticity
through periodic homogenization, cf. [13, 5]. Let us state our main results in the periodic setting
first, in which case I = xIL! + (1 - x)IL2, where y is the [0, 1)%-periodic characteristic function of
the strong phase. We assume for simplicity that the level sets of L are locally flat (see Section 3
for more general geometric assumptions), and consider three classes of microstructures:

Class A: The weak phase L? is connected in R?, that is {x = 0} is connected;
Class B: The strong phase L! is connected in R?, that is {x = 1} is connected;
Class C: Neither of the phases are connected in R?.

Examples of such microstructures are displayed on Figure 1 below.

5|5l le

FI1cURE 1. Periodic microstructures. The strong phase is shaded in gray. From
left to right: Class A, Class B, and Class C (non-laminate, laminate).

Our main result states that among these three general classes of miscrostructures (up a
technical geometric assumption on the level-sets, which we need for B and C to establish the
solvability of an overdetermined elliptic equation on R2, cf. (5.10)), only laminate structures
(thus a specific subclass of class C) with volume fractions 6 = 6, = % (that is, precisely Gutiérrez’
example) lead to loss of ellipticity, cf. Table 1.

91#92 91=92=%

Class A no loss no loss
Class B no loss no loss
Class C — laminate no loss loss

Class C — non-laminate | no loss no loss

TABLE 1. Loss versus no loss of ellipticity through periodic homogenization
depending on the geometry of the microstructure and the volume fractions of
weak and strong phases.

We perform our analysis in the general stationary ergodic setting (which is significantly more
general than periodic microstructures and requires us to slightly revisit the linear theory [12]). In
this generality, our results are not as definite as in Table 1 (due to a drastic lack of compactness).
The rest of this article is organized as follows. In Section 2 we recall basic facts on stochastic
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homogenization, and extend the elegant theory of Geymonat, Miiller and Triantafyllidis [12] to
the random setting (by introducing a notion of random Bloch wave decomposition). The proofs
are displayed in Section 4. Section 3 is dedicated to the main results of the paper: the estimates
of the ellipticity constants for a mixture of Gutiérrez’ isotropic phases for various microscopic
geometries, the proofs of which are postponed to Section 5.
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2. STATIONARY GMT THEORY

We refer the reader to [14, Chapter 12| and [8] for standard background on stochastic
homogenization in linear elasticity. We let (2, F,P) be a probability space, where we see €2
as the set of uniformly bounded measurable elasticity tensor fields w : R? — (]RdXd)gym (set
of symmetric fourth-order tensors). We assume that our measure P (which characterizes the
microstructures) is invariant by integer shift, which means that for any A € F, and all z € z4,
P(A) =P(T,A) where T,(A) = {w(-+2) |w e A}. We also assume that P is ergodic in the sense
that if for some A € F we have T, A ¢ A for all z € Z%, then P(A) =0 or P(A) = 1.

We then let L be a random field distributed according to P — note that L is simply another
name for w. We use the standard redundant notation L : R?x Q — (RdXd)gym, (z,w) » L(z,w) =

w(x) for the field, and the standard notation L(- + z,w) = L(-,w(- + 2)) = L(z,T.w) for the
shifted version of L by z € Z¢.

A random field v : R? x Q — R" (n ¢ N) is a jointly measurable function of w and z (or
equivalently of L and x). We say that v is stationary if for all translations z € 7%, we have
v(-+ z,w) =v(-, T,w), P-almost surely.

We start by recalling the standard stochastic homogenization result under the very strong
ellipticity assumption. To this aim, we define Hilbert spaces of (jointly measurable) stationary
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functions

90 = {ve LR LA(QR) |v(z + 2,w) = v(w, Tw)

for ae. weQxeR? 2 € Zd},

GH {v eHlloc(Rd,L2(Q,Rd))‘v(:c+z,w) =v(z, T,w)

for a.e. weQ,x e Rd,z € Zd},

endowed with the norms

lolly = E| [ loGe)Pda. ol = B[ [ (o) 90 )P de]

where here (and in what follows) we denote by Qr = (-R/2, R/2)? a cube with side-length R
and @ = Q1. The above spaces coincide with L?(Q) and le)er(Q) in the case when P charges
Q-periodic maps.

Theorem 2.1. Let D be a bounded Lipschitz domain of R?. Assume that P only charges very
strongly elliptic tensor fields in the sense that there exists 0 < A <1 such that for all M ¢ R%¢

sym
and for almost every x € R we have
(2.1) AMP? < M-L(z,w)M < |M*

Fiz ug € H'(D) and set Ky, = {u+ug,u € HY(D)}. Then the (random) integral functional
I. : Ky, > Ryu v [ Vu-L(%,w)Vu D(L?)-converges to the (deterministic) integral functional
Z, Ky, - Riuwr fD Vu-L.Vu as € | 0 almost surely, where L. is a very strongly elliptic
constant elasticity tensor characterized by

(2.2) M-L.M = infE[fQ(M+w)-L(M+w)].

vefHl

0

Remark 2.2. If P is a Dirac measure on some periodic tensor field L then (2.2) is the standard
(periodic) cell-formula. Although the minimizer is attained at a periodic deformation field
uyy for a periodic tensor field L, it is not attained in $} in general for (genuinely) random
tensor fields (due to the lack of compactness related to the absence of Poincaré inequality in $}
— indeed, the latter would essentially imply a Poincaré inequality in H'(D) with a constant
independent of the size of D, contradicting the scaling of the inequality). O

We now turn to the extension of the GMT theory (cf. [12, Section 3]) to this random setting.
We no longer assume that P only charges very strongly tensor fields, but only require the lower
bound in (2.1) to hold for rank-one matrices M = a ® b (the upper-bound is unchanged). We
introduce the following main measures of coercivity:

-IL
A = E| e JeVeLvul
ueCF (R4,R4) /]Rd |Vu|2

E|l/,(a®b+Vv)-L(a®b+ Vv)

Ay = inf [fQ ] a,beRd,vefg} ,
E[fla®b+ Vol

E Vv -LvVv

Ag = inf [IQ ] € Hi
E[ /o Vo]

Remark 2.3. In the periodic setting considered in [12], the corresponding ellipticity constants
are recovered by dropping the expectations, and replacing Y)i by H;er(Q, Rd). ]
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In [12, Lemma 4.2] the authors prove several characterizations of A. In the stationary ergodic
setting, a similar analysis is possible, which we include for the sake of completeness. To this end
we first extend the real-valued spaces $) to complex-valued (jointly measurable) N-stationary
function spaces: For all N € N we set

loc

Hy = {ve Lpo (RS L2(Q,CN) [v(@ + N2,w) = v(@, Ty.w)

for ae. weQxeRe 2 € Zd},

HYy = {v e HL (RY, L*(Q,C%)) |v(:n +Nz,w) =v(x, Ty,w)
for ae. weQxeRe 2 € Zd},
endowed with the norms
2 2 2 2 2
v =E[f v(x,- dx], v =E[] v(x, )"+ |Vu(z,- d;v].
[0l QNI ()| [0l QN(I (@, )] +|vo(z,)F)

Then we introduce the following additional coercivity constants:

E[f, Vo Ly .
A1 = inf - 6'2 ] U(JJ,W) = el'y-mp(x’w)’,y € [O,27’[’)d,p € H% )
E[f, IVoP]
E|f, Vv Lvo] .
Ay = inf O : ‘Nz 1,v(x,w) :ew"’”p(a:,w),’yeRd,peH}V ,
E[fgy V0P
E|f, Vu-Lvo]
Az = inf O “Nzl,fueH]lV ,
E _.[QN |VU|2]
E f Vv -Lvv )
As = liminf inf [ Q ] v(z,w) = e p(x,w),p e Hi
710 E[fQ|VU|2]

The next result is the analogue to [12, Lemma 4.2]. Its proof relies on a stochastic version of
the Bloch wave transform.

Lemma 2.4. If A >0, then A=A = Ay = As. O
The following result is the counterpart of [12, Theorem 3.3(i)] for random coefficients.
Proposition 2.5. If A >0, then we have Ag > Ay > A. O

Remark 2.6. In the proof of Proposition 2.5 we show the inequality A4 > As. In the periodic
setting we have in addition A4 = A5. The proof of this identity in [12] uses however Poincaré’s
inequality, which does not hold in the present random setting — this identity is not needed for
our results. 0

Before we turn to the homogenization properties, let us give an interpretation of the main
ellipticity constants:

e A measures the global coercivity of the nonhomogeneous tensor L.

e A4 measures coercivity with respect to shearing deformations (modulo Z%-stationary
contributions).

e Ag measures coercivity with respect to Z%stationary, possibly highly localized deforma-
tions.

The following result is a strict generalization of [12, Theorem 3.4]:
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Theorem 2.7. Let D be a Lipschitz bounded domain, ug € H*(D), and Ky, := {u =ug +v,v €
H}(D)}. For all e >0, define I : Ky, > R,u > [, Vu- L(:)Vu. If A>0 and Ag >0, then Z.
['(w - H')-converges on Ky, to Iy : Kyy — Ru - [p Vu-LiVu almost surely, where L, is given
in direction M € R™? by

M-L.M = int E[f(M+vu) -]L(M+Vu)].
uefH} Q

In addition, if Ay >0, then 1L, is strictly strongly elliptic, whereas if Ay =0 then L. loses strict

strong ellipticity and there exists a rank-one matriz a ® b € R™>? such that a®b-Lya®b=0. [

Remark 2.8. Braides and Briane proved the I'-convergence result of Theorem 2.7 under the
sole assumption of A > 0 using soft arguments (see [7, Theorem 2.4]). Although their result is
stated only in the periodic setting, the proof easily extends to the random stationary ergodic
setting. This remark will be used when we cannot establish the bound Ag > 0. ]

Remark 2.9. In the recent preprint [6], Briane and Francfort improved Theorem 2.7 by
replacing the I'-convergence result for the weak topology of H'(D) by a I'-convergence result
for the weak L?(D)-topology under two assumptions: the microstructure is periodic (two-scale
convergence is used in the proof) and is of class A or C (laminate) — cf. the introduction. O

3. STOCHASTIC HOMOGENIZATION, CONNECTEDNESS, AND STRONG ELLIPTICITY

In this section we investigate the influence of the geometry of the composite material on the
strong ellipticity of the homogenized stiffness tensor. We only treat the case of dimension d = 2
and give an example of a class of mixtures for which we can prove that there is homogenization
(A >0), and for which the associated homogenized stiffness tensor L. loses ellipticity essentially
only for a laminate structure. Throughout this article, we let A1, 41 and Ao, o be the Lamé
coefficients of isotropic stiffness tensors L' and LL? that satisfy

(3.1) 0<M1=—(/\2+,u,2)<u2,)\1 +u1>0.

Recall that elasticity tensors are characterized (for i = 1,2) by their actions as quadratic forms
on matrices A = (a;;);j, which for isotropic tensors read

(3.2) A- LZA = (/\Z + 2/%)((1%1 + a§2) + 2)\¢a11a22 + ,U,Z‘(am + a21)2.

We also define the average volume fractions of the two phases by 61 = E[|{z € Q|L(z) = L'}|]
and 0 = 1 - #;. Throughout this paper we assume 6 € (0, 1).
We first consider the case of inclusions of the strong phase L! in the weak matrix phase L2.

Assumption A. Let the random field L : R? x Q - {IL!,I.?} be measurable and stationary, and
have the following properties: For almost every realization,

(A1) the set {z|L(x) =12} is open and connected (that is, the microstructure is “inclusion”-
like) with a Lipschitz-regular boundary;

(A2) there exists a constant C} < oo such that diam(I) < Cy for each connected component I
of {z|L(z) =L'};

(A3) there exists a constant Cy < oo such that for all R >0 large enough and all u e L?(Mg)
with f vy U =0 we have the Necas inequality

(3.3) HUH%Q(MR) <Gy ||VUH§{—1(MR),
where Q}% = (-R/2-2C1, R/2 +2C1)? denotes an enlarged cube, and where

Mg = QR ~ U I
I;n[-R/2,R/2)+@

with I; denoting the connected components of {z|L(z) =L"}.
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Remark 3.1. The Necas inequality (3.3) holds true for any bounded connected Lipschitz
domain and (in contrast to the Poincaré inequality) it is invariant under dilation of the domain.
In order for (3.3) to hold on perforated domains like Mg, it is enough to have an extension
operator g from L*(Mg)/R to L?(QF)/R such that HVﬁR(u)HHq(Q}_{) < C|Vul g-1(pg) with
C independent of R. We refer the reader to the appendix for sufficient geometric conditions
that ensure the validity of (A3). O

We now consider the converse situation when LL! is the matrix, and L? are the inclusions.

Assumption B. Let the random field L : R? x Q — {]Ll, IL,Q} be measurable and stationary, and
have the following properties: For almost every realization,
(B1) the set {z|L(z) = L'} is open and connected (that is, the microstructure is “inclusion”-
like) with a Lipschitz-regular boundary;
(B2) there exists a constant C < oo such that diam(/) < C; for each connected component [
of {z|L(z) =L2};
(B3) the boundary of the set {x|L(z) =1L} contains a flat segment or an arc of circle.
O

Finally, we consider the situation when neither L' nor L2 are connected. Our assumptions
then read:

Assumption C. Let the random field L : R? x Q — {]Ll, LQ} be measurable and stationary, and
have the following properties: For almost every realization,
(C1) the set {z|L(z) = L'} is open and not connected, with a Lipschitz-regular boundary;
(C2) the set {x|L(z) =12} is open and not connected, with a Lipschitz-regular boundary;
and one of the following conditions holds:
(C3-a) there exists a connected components of {z|LL(z) = L'} which is not an infinite stripe
and which contains a flat segment in its boundary;
(C3-b) all the connected components of {z|L(z) = L'} and {z|L(z) = L%} are parallel bands
orthogonal to ej.
[l

We start our analysis with an elementary observation.

Proposition 3.2. If L : R? x Q — {IL',L?} is measurable and stationary, then A > 0. In
particular, by Remark 2.8, homogenization holds, and IL, is well-defined. We denote by A, >0
the best ellipticity constant for L. O

We first treat geometries of type A. The following result is a strict extension of [5, Theorem 2.9]
which relaxes most of the geometric assumptions on L .

Proposition 3.3. Assume that the random field L : R? x Q — {IL', L%} satisfies Assumption A.
Then Ag > Ay > 0. O

The combination of Proposition 3.3 and Theorem 2.7 yields the first main result of this
article:

Corollary 3.4. Assume that the random field L : R? x Q — {IL', 1.2} satisfies Assumption A.
Then the homogenized stiffness tensor L, is strictly strongly elliptic, i. e. A, > 0. ([l

We turn now to geometries of type B. The result below, which corresponds to Proposition 3.3,
is weaker in two respects: first it only covers the case of periodic configurations (rather than
stationary ergodic), and second our argument only applies to specific shapes of inclusions
satisfying (B3) (we expect this issue is only technical, and the result to be generic).

Proposition 3.5. Assume that the random field L. : R? x Q — {IL',1L.?} satisfies Assumption B.
Then we have the implication Ag >0 == A4 > 0. If in addition, L is periodic, then Ag >0 (we
do not presently know whether this holds in the random setting too). ([l
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The combination of Proposition 3.5 and Theorem 2.7 yields the second main result of this
article:

Corollary 3.6. Assume that the random field L : R?> xQ — {IL},1L?} satisfies Assumption B and
that L is periodic. Then the homogenized stiffness tensor L, is well-defined, and it is strictly
strongly elliptic, i. e. A, > 0. O

Remark 3.7. If there is only one single connected component in the periodic cell, then the
result holds whatever the shape of the inclusion, that is to say, without Assumption (B3). O

We conclude this section with an extension of the result by Briane and Francfort when neither
of the two phases are connected.

Proposition 3.8. Assume that the random field L : R? x Q — {IL}, 1L} satisfies Assumption C.
If L satisfies (C3-a) then we have the implication Ag >0 == A4 >0, and Ag > 0 under the
additional assumption that 1L is periodic (we do not presently know whether this holds in the
random setting too). If L satisfies (C3-b), then

e cither I has volume fractions 0, = 65 = 1

9
e or L has volume fractions 01 + % # 0o, in which case we have the implication Ag >0 —
A4 > 0.

in which case Ay = 0;

O

Under assumption (C3-b) we do not know whether Ag > 0 in the random setting. However,
when 6 % we can directly rule out the loss of ellipticity, which has to be understood in the
sense of Remark 2.8. This is part of the last main result of this article:

Corollary 3.9. Assume that the random field L : R? x Q — {IL', 1.2} satisfies Assumption C. If
L satisfies (C3-a) and is periodic, then 1L, is strictly strongly elliptic, i. e. A, > 0. If L satisfies
(C3-b), then
e cither I has volume fractions 61 = 0y = %, in which case 1L, is not strictly strongly
elliptic, i. e. Ay =0;
e or IL has volume fractions 01 # % # 09, in which case L, is strictly strongly elliptic, 1. e.

A, >0.
O

DELETED A REMARK Figure 2 below is a summary of the main results.

[Gutiérrez’ parameters (L', L2 )]

no phase
connected (C)

weak phase L2

strong phase L'
connected (A)

connected (B)

periodic laminate: ) ‘

P
(- . N 7
boundary. Wl.t Dyl Ifh, = L. A Al =0 periodic inclusions:
periodic: 1=3 AN6>0,A4=0;

GO Ag> Ay >0 I 6 %1 Ag>As>0 Ag2 Ay >0
inclusions: 6="17% 173 6= ) random inclusions:
Ag>Ayg>0 random: random laminate: Ag>0 —> Ag>0

o Ag>0 = Ay >0, If91=%:A,r=0; A > 07 ’

?Ag > 07 If 6, # 1 AL >0 —

FiGure 2. Ellipticity constants Ag, A4, and A, of the homogenized tensor L,
for two-phase composites (I, L?) with volume fractions #; >0 and fy = 1—6; > 0.
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4. PROOFS: STATIONARY GMT THEORY
4.1. Proofs of Lemma 2.4 and Proposition 2.5. We split the proof into seven steps.

Step 1. Reformulations.
Since L is a symmetric real-valued 4-tensor, we have the following equivalent definitions for
A, A4, Ag using complex-valued fields:

—
A = E[ o VU Lvu V“],
ueCe (R4 [pa |Vul?
E|/,(a®b+Vv)-La®b+ Vv)
Ay = inf Ve ] aeClpeR:veHY,
E[[Q|a®b+Vv|2]
E[/, Vo Lvv]
A6 = in }
E[ [, IVoP]

The inequalities Ag > A4y and As > A; are obvious. It is therefore enough to prove that
A =Aq1 =As = A3 on the one hand, and A4 > A5 on the other hand.

Step 2. Stochastic Bloch wave transform.
For all v € L?(, Cy (Rd,Rd)) such that v has support in some fixed domain Br almost surely,
we define the Bloch transform of v as follows: for all v € [0, 27T)d, Tyt Q) x R? - C is given by

T(z,w) = > e u(r+ 2, Touw),
2€Z4
where the sum is finite since  —» v(x,w) has support in Bg almost surely. The interest of the
Bloch transform is that it maps fields with compact support onto stationary fields (up to a
phase). Indeed, for all z € R?, y e Z4, v € [0,27)?, and almost every w € 2, we have using the
group property of {T%.},za

S e o(z+y + 2, T w)

zeZ4

= YN Wy (ty + 2, T () Tyw)
z€Z%

= MY (x, Tyw),

U’Y(x + yaw)

so that . : (z,w) = e

Step 3. Proof of A > A;.
f d VuLvwv

As shown in Appendix B, infcgo (R R) %—le is measurable on (2, F), and therefore constant
’ R

T, (z,w) is a stationary field.

by stationarity. For all L > 0, denote by C[‘)’T’L(Rd, R?) the subset of compactly supported smooth

functions the support of which is contained in the ball By, centered at the origin and of radius

Jpd VULV
fRd |V’U|2

convergence theorem implies that for all § > 0 there exists Ls > 0 such that

L L
ooy (R [ga [V C(RY)  Jpa|VY|

2 2
From the measurable selection argument of Appendix B, we thus deduce the existence of
measurable quasi-minimizers v € LQ(Q,C&"L(S (R%,R?)) such that almost surely [pa|Vvs* = 1
(by scaling) and

L. As above, for all L >0, infcgoL(Rd’Rd) is measurable on (€2, F), and the monotone

<E

(4.1) E[/Rdv_w-wva]gma.
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For all v € [0,27)% we consider the Bloch transform s, of vs (the support of which is
deterministic). Let Q* = [0,27)%. We then have for almost every w € :

[Q fQ* V054 (2,w) - L(x,w) Vs~ (2, w)dydx

[Q > > f e EAGus(z+ 2, Tow) - Lz, w) Vs (z + 2/, Topw)dyde

zeZ4 €74

(2m)? /Q > Vus(z+ 2, T-w) - L(z,w)Vos(z + 2, T_w)dx

zeZ4

(2r)? /Q > Vus(z+ 2, T-w) Lz + 2, T-;w) Vs (z + 2, T-.w)dz,

zeZ4

using that fQ* e (=) gy = (27)%5,.,+ (the Kronecker symbol), and the stationarity of L. Since
the translation group is measure preserving, the expectation of this identity turns into

E[fQ fQ*W-L(w,w)v%ﬁ(x,w)d’ydx]

(2m)E [[62 > Vos(z + z,w) - L(z + 2,w) Vs (@ + z,w)d:n]

z€eZ4

(4.2) - (QW)dE[ fR dV_v(;-]LVv(;].
Likewise,
(4.3) IE[ fQ fQ *|v55,7(x,w)|2d7dx] - (%)%[ fR d|w5|2] - (27"

Since for all 7 € [0,2m7)<, Vs (T, w) = e”'%gﬂ(x,w) with 05 € H1, by definition of A; we have

fQ*E[‘[Q V05~ (x,w) -L(J;,w)v%ﬁ(fv,w)dx] dy > Ay [Q*E[[QW%’V(:U’W)de] dry,

so that (4.2), (4.3), (4.1), and Fubini’s theorem yield

A+62]E[[ V_v(;-LVv(;] > AlE[f |vU5|2]:A1,
R4 R4

from which the desired inequality A > Ay follows by the arbitrariness of 4.

Step 4. Proof of A1 > A. A

This is a standard cut-off argument. Set § > 0 and choose w : (z,w) = € ¥p,(z), v € Q*, py € H]
such that E [fQV_w-LVw] < (A +0)E [[Q |Vw|2] . By stationarity of p, and the properties of
the Hermitian product, for all z € Z,

(4.4) fZQv—w.va(w):va—w.va(Tzw) and /Z+Q|Vw|2(w):[Q|Vw|2(Tzw).

+

For k € N, let n; be a cut-off for Qo in Q2(k+[\/E]) such that |[Vng| $ 1. Set vy := npw. Then, for
T € Qop, Vur(z) = Vw(z) and for z € Qz(m[ﬁ]) N Qok, |Vor(z)| < C(Jw(x)] + |[Vw(x)|) for some
universal constant C'. We thus obtain the two estimates

C [Vwl? +wl,

|fd—wk-mvk-f Vo - Lyl
IN Qa2 QQ(;CJr[\/E])\QZk

Lovul > [ (vu?
R4 Q2k

IN

\%
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In view of (4.4), the ergodic theorem yields almost surely

lim { Vo-Lvw = E [V_w~ILVw],
ktoo JQa LJQ

i * - E|[ IVw|2],
ktoo JQap LJQ

lim |Vw|

tim £ o = B[ [ P,
ktoo JQap LJQ
and therefore, since limpyeo % =1,
2(k+[VE])
lim (2k)~ [ IVw]? + |w]? = hm‘][ |Vw|2+|w|2—][ |Vw|2+|w|2| _o.
koo Qo(re[vA) N2k Qo(k+[VE Qak

This implies that almost surely

B e A E [fQV_U%LVw]
lim inf — <
Koo fpa|VUk| E [/Q |Vw|2]

S A1+5,

and proves the claim by the arbitrariness of § > 0.

Step 5. Proof of Ag > Aq.

This is analogous to Step 2. Let N €N, 7/ e R%, and ¢y € ’H]lv We consider v: R? > R defined
by v:z ~ e”"“’”qN(x) We then apply a variant of the Bloch transform defined in Step 1: For
all yel:= {0,27r%, 27TN 1d we set

Uy (x,w) = > e O 2y (2 + 2, T w).
z¢{0,...,N-1}d

Let now 7 € [0,27[? be such that 5 = v+ 4 (mod 27). We argue that for all z € Z,
(4.5) Uy(z+2z,w) = ei(7+7,)'2%($, T.w)
= eﬁz'@:y(x, TZW),

so that
7, () = € 7p(a)

for some p € ’H% Indeed, consider first z € NZ¢ in (4.5). In this case the N-stationarity of gy
and the structure of v yield

Uy(z + Ny,w) = > e T2V Ny (g 1 7, TnyT-.w)
2€{0,...,N-1}d
= ¢y > e T p(x+ 2, T Tyyw) = eﬁ'Ny?)',y(x, Tnyw)
2¢{0,...,N-1}4
as claimed. Tt remains to address the case z € {0,..., N —1}% in (4.5), and by an iterative

argument can be reduced to the case of a unit vector z = ¢;. We split the sum as S; + .52 given
below. On the one hand,

Sy = > e e ey (11 2 + e, T e, Te,w)
2€{0,...,N-1}¢
zi<N—1
Y
— Z e 1y-z €WeZU($+Z’,T,ZrT6iw)

2'e{0,...,N-1}¢
z[>0
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On the other hand, again by N-stationarity and the structure of v we have

Sy := Z e T2y(z+ 2 +e, T o e, Te,w)

2¢{0,...,N-1}¢
Zi:Nfl

- > e 2 Neiy (24 2+ (1 -N)ei, T_,o(n-1)e;, Te;w)

2€{0,...,N-1}¢
zi=N-1

—9~. ! I~ e
= > e TE e iy(x+ 2\ Ty Te,w).
2'e{0,...,N-1}¢
z[=0

This proves our subclaim since ¥, (z + e;,w) = Sy + Sz = €7 %%, (z,T.,w). Analogously to (4.2)

one establishes
IE[[ W-Lw] -E| [ 375 LvE,
QN Q'yel

The proof is finished the same way as in Step 2.

Step 6. Proof of A1 > Ag.
Together with the obvious inequality As > Ag (take v = 0) and the previous steps, this will prove
A=Ay =Ar=As.

For all v € [0,27[? and p € Hi we set w : x + ¢ ¥p(x). We then note that by stationarity of
p and L, and the properties of the Hermitian product, for all z € Z,

(4.6) NTE[f,, Vo Lvw]| = E[ [, Vo Lvw],

(4.7) E[fq V0P| =E[foIVul], B[ [ q wl?] = E[ fy lw?].

For all N > 2, we now construct a function wy € ’H]lv associated with w such that

(4.8) E[f _va-vaN] gNdE[f v_w-va]+CNd-1E[f |Vw|2+|w|2].
Qu Q Q

Let ny be a smooth cut-off for the set (1, N —1)¢ in Qu such that |[Vny| S 1. We then set
wy(z,w) =Y, czann(z+ Nz)w(z+ Nz, T_n,w), where the sum is finite almost surely since ny

has compact support. By construction, wy € 7-[]1\, Indeed, for all k € Z%, by the group property
of T,

wn(z+ Nk,w)

Z nn(z+ N(k+z2)w(x+N(k+2),T-n.w)

zeZd

Yon(z+ N(k+z2))w(z+N(k+2), T_nery Tnew)

zeZ4

’LUN(-T,TNkUJ),

as desired. We now give the argument for (4.8). For z € Qn, wy(z,w) = ny(z)w(z,w), so that

| [ Vex-Lvex- [ Velve|<c wf? + |V,
QN (1,N-1)d Qn~(1,N-1)d

from which (4.8) follows by taking the expectation and using (4.6) and (4.7). Likewise,
(4.9) E[[ |VwN|2] 21[-3[[ |Vw|2] - (N—Q)dE[f |Vw|2].

QN (1,N-1)4 Q
The combination of (4.8) and (4.9) then yields by definition of As:

Elvw-Lvw] s [Jo Ton Ly ]
E{lvuP]  — Noe [ f [vun]?]

The assertion now follows by taking the infimum over w as in the defining formula for Ay .

> As.
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Step 7. Proof of Ay > As.
Let a € C%, beR? and let g € H} be such that |a ® b+ Vq| # 0. Let v, be a sequence converging
to zero. We then define the stationary field

pule) = (a(2) + =),

n
and set vy, (z) = €¥%p, (x). By definition of Aj,
E [/Q VU, ILan]

rlLiTI?o E [fQ |an|2]

On the other hand,

Von(z) = V(7% (g(z) + -] = e (vg(a) + (q(z) + —) @ ivab)
( 1y ) ( Yn, )

n

so that limptee E [fQ |Vu, -Vg-a® b|2] =0, and therefore
E[fQV_vn-Lan] E[/Q(a®b+ Vq) -La®b+ Vq)]

nfoo E[IQ|an|2] B E[fQ |a®b+Vq|2]

By arbitrariness of a,b and ¢, this implies the claim A4 > As.

4.2. Proof of Theorem 2.7. We split the proof into four steps. We start by regularizing
the problem to make the energy functional uniformly coercive, so that it can be homogenized.
Under the assumption that Ag > 0 we then show in Steps 2 and 3 that one can pass to the limit
in the regularization parameter. We conclude with the discussion of strong ellipticity depending
whether Ay >0 or Ay =0.

Step 1. Regularization.
For all n > 0 set L7 = L.+ 714 (where 14 is the identity 4-tensor), and for all € > 0 set ILZ := IL"(2).
Since A >0, for all n,e >0, Korn’s inequality implies that the functional

u e Kyy = Fl(u) := /;VU'LQVU
satisfies for all u € K,,
Fi) zn [ [vul

It is then standard to prove that for n > 0, F2 I'(w — H')-converges almost surely on Ky, to the
integral functional F} : K,, - R, defined by

Fl(u) = fD Vu-LIvu
for a strictly strongly elliptic matrix L” given in direction M e R¥9 by
M-LIM = inf E[/(M+V¢) -M(M+v¢)].
peh] Q
In particular, for all > 0,¢ > 0, LZ > L. (in the sense of quadratic forms), and for all u € H}(D),

F2(u) > Fo(u). Likewise, L] > L, and for all u € Ky, Fi(u) > Fe(u) := [ Vu-L.Vu.

Step 2. T'-liminf inequality.
Let us prove that for all v € K,, and all u. € K,, such that u. = v weakly in H 1(D) we have
almost surely

(4.10) limlionf]-}(us) > Fu(u).
€

On the one hand, for all > 0, the I'-convergence of F to F, yields
(4.11) limlg)nf}"g(us) > Fl(u).
&€
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On the other hand, since u. converges to u weakly in H'(D), u. is bounded by some finite
constant /C in H'(D) and

(4.12) F(ue) < Felue) + U||Vua“iQ(D) < Fe(ue) + Cn.
Hence, by (4.11),
Fo(u) < Fl(u) < lint%nffg’(ue) < lim“i)nffg(ue) + On.
> &

This proves (4.10) by the arbitrariness of n > 0.

Step 3. Construction of a recovery sequence. Let M € R¥? be fixed. We start by showing that
a corrector exists. Since Ag > A > 0, the map

EMiﬁi9q»—>E[[@(M+Vq)-]L(M+Vq)]

is convex, and therefore weakly lower-semicontinuous for the weak convergence of gradient fields.
In addition, since L. is uniformly bounded, Ag > 0 implies by Cauchy-Schwarz’ and Young’s
inequalities (to control the two linear terms in Vq) that there exists Cjs > 0 such that for all
qe 5’3%, L satisfies

Ag Cu
o) » S5 [ o] - .
m(a) 2 [ Q\Vql A
It is then standard to show there exists a unique potential field ®,; € .6(1) such that

inf Lu(o) - B| [ (M+0u) LM+ 040)|.

We then denote by ¢ the unique random field such that V¢as = @ almost everywhere almost
surely that satisfies [ ¢ar = 0 almost surely (note that ¢y is not stationary, whereas Vo, is).
Since V¢, is stationary, ¢, is sublinear at infinity in the sense that almost surely

4.13 li R2pul? = 0.
(4.13) ey . ||

We further define a 3-tensor 7 and a 4-tensor IT such that for all M e R™¢,
m(@)M = ¢y (x), and I(z)M = Vo (z)

(which is possible since ¢j; depends linearly on M). Let now u € K,,. We are in position
to construct the desired recovery sequence, that is, for almost every realization, a sequence
u. € Ky, that weakly converges to u in H'(D) and that saturates the I' - liminf inequality in
the sense that

lil%l Fe(ue) = Fu(u).

As well-known to the expert in homogenization, it is enough to prove the result for u € C%(D)
and for a sequence u. € H*(D) (and not necessarily u. € K,,). Indeed, the extension to u € Ky,
with u. € K, is then proved by approximation and cut-off using Attouch’ diagonalization lemma
(randomness or periodicity plays no role provided we have (4.15) below, see for instance [12,
Section 4.5, Step 2]). We thus take u € C?(D) and define u. € H*(D) by

us(x) = u(xw) + €W(§)VU(CL‘).
In view of (4.13), u. converges strongly to u in L?(D) almost surely. Likewise, since
(4.14) Vue(z) = Vu(x) + H(E)Vu(x) + 6W(§)V2u(:p),

we have

[t s [ v+ [ EPva@)? o).
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Combined with the ergodic theorem in the form of

tim [ MCEFvu@)Pde - & [ [ 1f] [ [vaf

this turns into

(4.15) limsup | |Vu|* $ /|Vu]2,
€l0 D D

which is indeed needed for the approximation argument (see [12, Section 4.5, Step 2]). Since the
last term in the right-hand side of (4.14) converges strongly to zero in L?(D), we have almost
surely

161%\vaug-Lgvua—vau(a;)-(14+n(§))Lg(x)(14+n(§))vu(x)dx| - 0.

A last use of the ergodic theorem in the form of
nmf Vu(z) - (Lg + TENL (@) (Ls + 1)) Vu(z) de
el0 JD e €

S, vut@)-E| [+ M@)LE) L+ 1) dy | 9u(@)da

= [ Vu-L.Vu
D

yields the desired I' — lim sup-inequality
lim F. (ue) = Fe(u).
el0

Step 4. Strong ellipticity of L.
We first treat the case when A4 = 0. Then there exist (real-valued) a,, ® b, and ¢, € 7-[% such

that E | [ lan ® by + Vaal| = |an @ bul? + E| [, [Vgal*] = 1 and

limE[fQ(an®bn+an)'L(an®bn+v%)] = 0.

ntoo

Since |a, ® b,| < 1, we may assume (up to taking a subsequence) that a,, ® b, - a ® b. Using in
addition that V¢, is bounded, this yields (along the subsequence)

(4.16) hTInEI:fQ(CL@b-FVQn)’L(a@b-f-VQn)] = 0.
nioo

By definition of L., this implies a ® b-L.a ® b = 0, so that L, loses ellipticity at a ® b provided

a®b#0. Assume momentarily that a ® b=0. Then for n large enough, E [/Q |an|2] > 1 and

(4.16) turns into

. E[IQ Vn 'LVQn]
lim
ntoo E[_[Q|VQ7L|2:|

which contradicts Ag > 0.

Assume now that Ay >0 and fix a®b # 0. Let g € $1 be a test-function for the minimizing
problem defining LL, in direction a®b. Then E [fQ la®b+ Vq|2] =la®b? +E [fQ |Vq|2] > la®b|?,
so that

E[[Q(a®b+Vq)-]L(a®b+Vq)] E[[Q(a®b+Vq)-L(a®b+Vq)]

2 > Ay,
ja®b|? E[fyla®b+vgP]

which proves that A, > A4.
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5. PROOFS: ESTIMATE OF THE ELLIPTICITY CONSTANTS

5.1. Proof of Proposition 3.2: A > 0. We shall prove a lower bound on the energy, which is
more precise than stated in Proposition 3.2 and which will be used later on. We decompose L
as L - L + L where L is the isotropic stiffness tensor of Lamé constants A, y defined as follows:

p:=p1 and A:=-2pq. Then, on the one hand, for any matrix A € R2*2 (the_entries of which are
denoted by a;;) we have (cf. (3.2))

A-LA = —dppariags + pr (a1 + ag)? = —4p det(A) + pq (a12 — ag)?.
On the other hand, on the set {z|L(z) = L'} we have
A-(L'-L)A = x(\1 +2u1)(a11 +ag)?,
whereas on the complementary set there holds
A (L2 - L)A =(hg +2p2) (aF + ay) +2(Ag + 2p1 )arnags + (p2 = pn) (a1 + agr)?
=(p2 = ) (aiy +ady) = 2(p2 = p)aniagy + (p2 = pn ) (arz + ag)?
+ (Mg + pig + ) (afy + a) +2(Na + g + p1 )ariazs
> (g = 1) ((an1 - ag2)® + (ar2 + az1)?),

where we used in the last estimate that Ae + ps + p1 > 0. Combining the above estimates, we
deduce from (3.1) that for oo = min{p1, po — 1} > 0 we have

A-LA>- 4#1 det(A) + Xa((an + a22)2 + (a12 — a21)2)
(5.1) +(1—X)a((a11 —a22)2+(a%2+a%1)).

Now given any u € C5°(R?,R?), we observe that (5.1) yields

fR2 Vu-LVu > -4, ,[R? det(Vu) =0,

from which the claim A > 0 follows.

5.2. Properties of sequences of equi-bounded energy. We first establish a general prop-
erty of sequences of equi-bounded energy that will be used several times in the proofs.

Lemma 5.1. Let L : R? x Q —» {IL',L?} be a stationary random field satisfying (3.1). Let
M € R?*2 be such that det(M) = 0 and assume there exists a sequence v, € $1 that satisfies

sup,, E [/Q |an|2] < oo and

(5.2) Jim E [fQ(M Vo) - L(M + wn)] -0,

Then, up to a subsequence, Vv, converges weakly in L*(Qx Q) to a stationary field U : R? x Q —
R2*2 with U € L*(2 x Q) satisfying the following property: for P-almost every w there erists
a function v = v, € HIIOC(RQ,R2) such that U = Vv. In addition, with ly; the linear function
y = My, there exists almost surely a potential Y™ e H2 (R?) such that Iy +v = VM. On the

loc
set {x|L(x) = L'}, it is harmonic, i.e.
_A QpM =0

whereas on each connected component I; of the set {x|L(x) # L'} there exist real parameters
aj,bj,cj,d; € R such that

¢M(y) = aj(y%+y%)+bjy1+cjy2+dj on I;.
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Proof of Lemma 5.1. We split the proof into two steps.

Step 1. Construction of a potential field U.
Since sup,, E [/Q |an|2] < oo, there exists a stationary field U : R? x Q — R?*2 bounded in

L?(Q x Q) and such that (along a subsequence, not relabelled) Vv, — U weakly in L?(Q x Q).
Let us give the standard argument that proves that U is almost surely a potential field on R2.
It is enough to show that for all random variables 6 € L2(2) and all n € C2°(R?,R?) we have for
i=1,2,

(5.3) E[a [RQ(Ugaln—Ufazn)] = 0.

Set £:=Y 7a 0(T-,w)n(z +-), which is well-defined since 1 has compact support. By definition,
2l

¢ is stationary and it belongs to 55%. Since Vv, is a gradient, the Schwarz’ commutation rule

yields

0 = E[Ofw(agviam—&v;@gn)]

Combined with the definition of £ and the fact that T, preserves the measure, this takes the
form

0 - EUQ(aw;alg—aw;agg)].

Passing to the limit n 1 oo in this identity, and using again the definition of £, (5.3) follows.
Since U is a potential field, for all balls B; ¢ R? there exists vj,, € H'(B;,R?) such that
U(w,-) = Vuj, on Bj (see e.g. [4, Lemma 3]). By a diagonal construction, we obtain a function
v, € HE (R?,R?) such that U(w,-) = Vu,, in R? on a set of full probability. It remains to prove

loc
the existence and the equations for the potential ™.

Step 2. Construction and properties of ™.
First note that the null Lagrangian det Vu satisfies E [ /. 0 det Vu] = 0 for all u € $H1, which indeed
follows from a direct integration by parts for d = 2:

(5.4) IE[‘/Q2 det Vu] = E[[Q 81u182u2—02u181u2] = E[/Q 01u182u2—81u182u2] = 0.

Likewise, if det(M) = 0, the same argument combined with a linear expansion of the determinant
with respect to the column vectors yields or all u € $}

(5.5) E [/Q det(M + Vu)] -0,

The combination of (5.5) and (5.1) then yields (recall that x is the indicator function of the set
on which L takes value LL!)

E[/Q(MJern)-]L(M+Vun)]
> aE[AX(Mll +81’U711+M22+82U721)2:|
+aE /éX(M12+8QU71L—M21—81U7%)2:|

+all L(l - X)(Mll + al’l)}b — Moy - 321)721)2]

) :fQ(1 (M + 0y02)? + (Mo + awg)Q)] .
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Since each of the RHS terms is a non-negative quadratic form, assumption 5.2 implies by weak
convergence of Vv, to Vv in L2(Q2 x Q): On the set {z|L(z) =1L},

(5.6) Miq + 010" + Moy + 990° = 0,
(5.7) My + dov' = Moy + 010,
while on the complementary set {z|L(z) # L'}, we have
(5.8) My + 010t = Moo + 8202,
(5.9) (Mg + 950")° = (Myy + 010%)° = 0.

The combination of (5.7) and (5.9) implies the existence of a potential ¢ e HZ (R?) such
that V™ = I +v. On the set {z|L = L'} equation (5.6) yields that A =0, while on each
connected component of the set {x|LL # L'} equation (5.9) shows that d;¢* is a function of y;
only, so that (5.8) implies that both functions are linear with the same derivative. In particular,
for each connected component I; of {z|L(z) # L'} there exist parameters a;,bj,c;,d; € R such

that ™ (y) = a;(y} +y3) + bjy1 + ¢jy2 + d; on that component. O

In the next lemma, we strengthen the conclusion of Lemma 5.1 by exploiting Assumptions A, B
or C. This is the only place where the precise geometric structure of the boundary is used.

Lemma 5.2. Let the random field L : R? x Q satisfy Assumption A, B or C, and let M € R**?
be such that det(M) = 0. If there exists a sequence v, € 1 satisfying sup,, E [IQ |VUn|2] < oo and

nlgg, Q(M + Vo) -L(M + Vu,) =0,
then M =0 and Vv, —0 in L*(Q x Q).
If L satisfies Assumption C and (C3-b), we rather have
o iff + %, then M =0 and Vv, =0 in L*(Q x Q);
o if =05 = %, then there exists k € R such that M = kes ® ea, and if Kk =0 then Vv, =0
in L2(Qx Q).
O

Proof of Lemma 5.2. We split the proof into four steps. In the first step, we apply Lemma 5.1 to
the sequence v,. In the second, third, and fourth steps, we prove the claim under Assumption A,
Assumption B, and Assumption C, respectively.

Step 1. Weak limit of Vu,.

By Lemma 5.1, up to taking a subsequence, Vv, — Vo for some Vo € L?(Q x Q), which agrees
indeed with a gradient for almost every w € 2. In addition, there exists almost surely a potential
Y e H2 (R?) such that Iy +v = Vi), and such that

e for each connected component I; of {x|L(z) # L'} we have 1(y) = a;(y? +y3) + bjy1 +
¢jy2 +d; for some parameters aj,b;,c;,d; € R,
e on the set {z|L(z) =1L}, Ay =0.
Since 1) € HI% C(RQ) and all the connected components I; have Lipschitz-boundary by assumption,
the traces of 1) and V1) must agree on both sides of I;. Thus 1) solves the following (hopefully)
overdetermined elliptic equation:

Ap=0 OHRQ\Uj]_j,
(5.10) wz%%%W@;%m+qw+@ in I,
1+ b
o N on 0I;.
2ay2 + ¢

Step 2. Proof under Assumption A.
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In this case, (5.10) implies that 1(y) = a(y? +y3) +b1y1 +boys +d on the connected set {z|L # L'}
for some parameters a, b1, by and d, and 1 is harmonic on {z|L =L'}. Since 1 € H2_(R?), for
i=1,2, 9;Y(y) = 2ay; + b; is linear on {x|L # L'}, harmonic on the inclusions I, ¢ {z|L = L'},
and have boundary value y = 2ay; + b; on 01;. By uniqueness of the Dirichlet problem on the
inclusions I, V1 is linear on R? and given by

_ 2ay1 + b1
VdJ(y) B (2ay2 + bQ) ’

Hence, V21 = 2ald. We then appeal to the identity V2¢ = M + Vv and to the ergodic theorem
in the form limpteo £, V0 =E [fQ Vv] =0, to the effect that 2ald = M. Since det(M) = 0, this
implies a = 0 and M =0, and therefore also Vv = 0.

Step 3. Proof under Assumption B.

We argue that if Assumption B holds, (5.10) is possible only if a; = 0 for all j. Without loss of
generality we assume that 0I; contains some straight segment S or an arc of circle C. Next,
given 1) solving (5.10) and a rigid motion R, the function vz = ¢ o R™! solves the system

AYr =0 on R*\ U; R(I)),
Y =aj(yi +y3) + bjyr + Gya +d; in R(Iy),
Vg = (

2a;y1 + b,
WYL on OR(I;).

2ajy2 +cj

Hence, without loss of generality, up to replacing ¢ by ¥r, we can assume that S =[0,¢] x {0}

or C € 0B; for some t > 0. Consider then the two functions

Us(y) = ar(yf - y3) + biys + cryo + di,

e (y) = arlog(yi +y3) - arlog(t?) + art® + biyy + crys + di,
which satisfy Awg = 0 on R? and Ate = 0 on R? \ {0}, respectively. They also satisfy the
boundary conditions g =1 and Vg = Vi on S or ¥c =1 and VYo = V¢ on C, respectively.
By Holmgren’s uniqueness theorem, we deduce that ¢ = g or ¢ = ¢c on an open set and
therefore on the connected set R?\ U; T j. Consider now an arbitrary component I; such that

0 ¢ I;. By (5.10), the functions V¢g and V)¢ are linear (and thus harmonic) on dI;. By
uniqueness for the Dirichlet problem on I; we obtain the following compatibility conditions

Y1
2a5y1 +bj) _ [ 24191 + by or 2ajy1 +b;) _ 2o g n on I;
2ay2 + ¢ —2a1y2 + 1 2a;y2 + ¢ 201 70z O g

yI+ys

Since I; is an open set, this yields aj = a; = 0, and b; = by and ¢;j = ¢1. Thus the restriction that
. b
0 ¢ I; was not necessary and we conclude that there exist b,c € R such that Vi = (c) =y + 0.

Taking the gradient of this identity and using the ergodic theorem in the form limpyo. ][QR Vv =
E [/Q Vv] =0, we deduce that M =0, and therefore also Vv = V¢ — M =0, as claimed.

Step 4. Proof under Assumption C.
Again we exploit the PDE (5.10). We claim that the coefficients a; are independent of j. Here
comes the argument: Consider the connected component K of the set {z|L(z) = L'} which,
we assume, contains a segment S = R;1({0} x [0,t]) € 9K, where Ry (y) = Q1(y) + ¢ is a rigid
motion and ¢ > 0. Then by Lipschitz regularity, we can find a connected component I;, of
{z|L(z) # L'} such S cdl;,. As in Step 3, Holmgren’s uniqueness theorem implies that on K
we have

0
J1

v(y) =y Q] (_Céjl ) Q1y +biyr +Cry2 + ds
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for some constants 51,61,31 € R. Our focus lies on the gradient Vi which on the set K takes
the form

(5.11) vy (y) = Qf (‘25”‘1 22j1) @y + (2) '

We first treat Assumption (C3-a) and show that aj, = 0. To this end, we derive a compatibility
condition at a non-flat part of the boundary 0K; (we assume that 0K is not straight). By
assumption there exists a Lipschitz curve =, : (=6,0) - R? and a connected component of I,, of
the set {x|L(x) # L'} such that v.((~6,6)) € 9K n dI, is non-flat. The boundary values of
Vi on 01, and (5.11) then yield

T —2aj1 0 51 _ bn
Ql ( 0 2aj1) er}/*(t) + (61 - 20’“7*(75) + en
for every t € (=0,9) (note that -y, preserves H!'-null sets and the above expression is continuous
in t). Since 7. is Lipschitz, we can differentiate the above identity for almost every ¢, which
yields after multiplication with Q4
-a;, —a 0
12 Ju T
(5 ) ( 0 ajy —
Non-flatness implies that there exist two linearly independent vectors vy, vs € R? and points
t1,t2 satisfying (5.12) such that ~,(¢;) = v; for ¢ = 1,2. Testing those ¢; yields aj, = a, and
aj, = —ay. Consequently we have a;, = 0.
Now fix any connected component I;, of {z|L(x) # L'} with jo # ji. First we construct
a finite sequence of connected components (I}, )m and (K, )m which join I; and I, in a
suitable sense. Fix a point pj, in the interior of I, and choose x1 € R? by requiring

B CEA0R

x1 € argmin{|z — pjo| : z € I}, }.

Note that z1 # pj, and therefore x; € 0I;. By Lipschitz regularity there exists a unique
connected component K, of the set {z|L(z) = L'} such that z1 € 9K,,. Then define z; € R?
by
21 € argmin{|z - pj,|: z € Kp, }.

Again 21 # pj, and thus z; € 0K, and there exists a unique connected component I;, of the set
{z|L(z) # L'} such that 2y € I,. Continuing this procedure we claim that z,,, = pj, for some
mo € N (in which case we stop the algorithm). Indeed, first note that by construction for all
m > 2 we have

2m _pj0| <l|zm _pj0| < lzm-1 _pj0| < |zm-1 _pj0|'
In particular (z,, z,) is a bounded sequence. Since by Lipschitz regularity the number of
connected components is locally finite, both sequences |z, —pj, | and |z, —pj,| are finally constant,
that is, there exists mg € N such that |z, — pj,| = |2m — pj,| =7 for some 1 > 0 and all m > my.
Now assume by contradiction that 1 > 0. Observe that x,, € 9I;,, N 0K,,,, so that by Lipschitz
regularity, for r =r(x,,) > 0 small enough, we can write

By(2m) = (Br(wm) 0T, ) U (Be(wm) 0 Koy )-

Thus in one of the two sets I;,, or K, we can find an element x such that [z —pj,| < [Zm—pj,| = 1,
which contradicts the definition of x,, and z,,. Consequently z,,, = pj, as claimed.

Having at hand the auxiliary components /;,, and K, we now prove iteratively that a;,, = a;,
for all m < mg which yields the claim. First note that z; € I;, n 0K, , so that there exists a
Lipschitz curve 71 : (=d1,61) = R? such that 1 ((=01,61)) € 01, N OK,,. Since aj, =0, on some
small ball By, (z1) the function ¢ € H2 _(R?) solves the problem

{Av,bzo on B, (x1),

(5.13) .
Y =bjyr ey +dj, in By (1) N1,
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Thus by uniqueness 1 = bj,y1 + ¢j,y2 + dj; on the connected set K, and the gradient is
constant on the interior. We next transfer this information to I;,. To this end, observe that
z1 € 0Ky, n0I;, and thus we find a non-constant Lipschitz-curve vy : (=d2,d2) - R2 such that
Y2((=d2,62)) € 01, N 0Ky, . For Vi) we obtain the compatibility condition

b _ o, bjs
() 2t 2

for every t € (=d2,02). This is possible only if aj, = 0. Now we repeat this reasoning until
Tn = pj, and conclude that a;, = 0.

We are now in the position to conclude assuming (C3-a). From the above argument we deduce
that a; = 0 for all j. Hence equation (5.10) implies that ¢ is harmonic on R? and linear on an
open set. Thus v is globally linear and therefore integrating over ) and taking the expectation
of the equation 0 = V2 = M + Vo yields first M = 0 and then Vv = 0 without the expectation.

Finally we treat Assumption (C3-b). In this case we can use the same arguments except
that in general a;, # 0. However, at all boundaries of the connected components K,, of the set
{z|L(z) = L'} the solution 1 is explicit and the gradients are of the form (5.11) for some a;,
and with @1 = I. One then easily obtains the compatibility conditions a;, = a; for all j, so that
the function V2 = M + Vo is given by

2,  [-2a1 0 B 21 0\ (2a1(1-2x) O
V¢‘X( 0 2a1)+(1 X)(o 2a1)_( 0 21 ]

By the ergodic theorem the expectation of the RHS matrix agrees with M and so it can have at
most rank 1. Note that V21 is stationary and the entry 93¢ is invariant under spatial shifts.
Ergodicity implies that aq is deterministic. Thus either a1 =0, M =0 and Vv =0 as before, or,
if a; #0, then E[x] = % and M = ke ® eg with k = 2a7 as claimed. O

5.3. Proof of Proposition 3.3: Assumption A. We split the proof into two steps, first
prove Ag > 0, and then A4 > 0.

Step 1. Proof of Ag > 0.
We argue by contradiction and assume that Ag = 0. Consider Vv, a minimizing sequence of

stationary fields of R? with UQ |an|2] =1 such that

n—oo

(5.14) lim E[fQ an-Lan] - 0.

By Lemma 5.2 with M =0, Vv, = 0 in L?(Q2 x Q), and it remains to argue that the convergence
is strong to get a contradiction. To this aim, we shall prove that if (5.14) holds, then (1-x)Vuv,
converges strongly in L?(Q x Q) to zero (recall that y is the indicator function of the set
{z|L(z) = L'}). Integrating (5.1) over the unit cube Q yields in view of (5.14)

lim E [A(l - X)(‘aQ’U}L‘Q + ‘811)721‘2)] =0.

n—00

Hence it is enough to prove that (1 - x)0iv}: and (1 - x)&v2 converge strongly to zero in
L*(2x Q) as well. Since the argument is the same for both terms, we only treat djv., and we
follow the beginning of the argument of Step 2 in the proof of [5, Theorem 2.9]. Let Z = {x =1}
denote the (random) set of inclusions in R2. By assumption (A3), there exists C' < oo such that

for all R>> 1 and Qg = [—%, % 4 Necas’ inequality (3.3) holds in the form

2 2 1 2
(5.15) fQR\Z o0l < fMR oyl < Cuvaw;y@I(MR)+cm(fMRaw;) .
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We start with the control of the H~'-norm, and appeal to (5.1) in the form

[V 8105 | F1 (a

= 01010 151ty * 1020100 131 (it

IA

2001 (9r0h = 0202 s a1 + 21020102 1 (a1 + 1010208 s a1

IN

2010y = B2v3 T2 (ary + 2101001 22 ary + 10200l F2 ar
2

— YV, - LV, + 4y det Vo, +4f \an|2
Qr Z QE\Qr

IA

2
< = Vup - LV, + 4 py det an+4[ |an|2,
Qr QE\QRr

by non-negativity of the first integrand. Next we bound the last term in (5.15), and note that

1 2 9 9 9
M(,[MR(?W}%) < —|QR\Z|(/QR\Z81MIL) +m(/62}3\623 010} |) .

We then appeal to the ergodic theorem, which yields almost surely

1 2 [ 2
im o [ Jowl B[ [ -],
hm—f Vo - LV, + 4 py det Vo, E fVUn']LVUnwLéL,uldetVUn]

A g f Vo, - Lwn],

1
I —f 1 _ g f 1- ]
lim =5 QR\Z(%U (1-x)0v,,

3

and

1 1
lim / ovl| = lim —/ \V&Y 2 _
Rieo RY QR| 1ol Rteo R4 %\QR| o

hmM _ E[fQ(l—X)] >0

Rtoo Rd

where in the fourth equality we used that limpteo |QF|/|@r| = 1. Combined with (5.15), these
five convergences and the previous estimate imply

IE[—/Q(l—X)‘aw}l‘z] < —E[/ Vo, - Lan]+C( [_/Q(l—x)alvrll] )2.

By the weak convergence of Vv, to zero and (5.14), the two RHS terms vanish in the limit

n 1 oo, so that
) 2
7111530E[f62(1—x)‘8lv711‘ ] =0

2
as claimed. The same result holds for % and we have thus proved

(5.16) }LiTrgloE[/q;(l—X)anF] - 0.

We are in the position to conclude. Since (1 -x)det Vv, — 0 in L'(2 x Q) by (5.16) and
E UQ det an] =0 by (5.4), we have E [.[Q x det an] — 0. Substracting twice this quantity to
the following consequence of (5.1)

E I:,/Q x((@lu,ll + 8216721)2 + (62’&71I - 81u31)2):| -0
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yields

lim E ’| 0.
time | foxwe] -0
Combined with (5.16), this implies lim;1o0 E [ [Q |V’Un|2] =0, which contradicts the assumption

E [fQ |an|2] =1.

Step 2. Proof of A4 > 0.
By Step 1 and Theorem 2.7, for all M e R>*?

M-L.M == inflE[fQ(M+vu).]L(M+vu)].
ueﬁl

Assume that there exists a rank-one matrix M such that M -L,M = 0. We shall then prove
that M necessarily vanishes. If M -LL,M = 0, there exists some minimizing sequence u,, € $}
such that

(5.17) li7£nE[/Q(M+Vun)-L(M+Vun)] -0,

Let us prove that Vu,, is bounded in L*( x Q). Indeed, if E [fQ |Vun|2] — oo, then
1
Uy 12— Uy,

E [/Q |Vun|2]5

is well-defined for n large enough and satisfies E [ /Q |an|2] = 1. It then follows from (5.17) that

limE[/ vUn-Lan] -0,
n [ Jo

which contradicts the fact that Ag > 0. Therefore Vu,, is bounded in L?(2 x ), and we are in
the position to apply Lemma 5.2 to M and Vu,. The latter then yields M =0, and therefore
A4 > 0.

5.4. Proof of Proposition 3.5: Assumption B. We split the proof into two steps, first
prove Ag > 0, and then A4 > 0.

Step 1 Proof of Ag > 0.
As in the corresponding part of the proof of Proposition 3.3, we argue by contradiction and
suppose that there is a sequence v, € H!_(Q,R?) such that fQ |Vun|? =1 and

per

(5.18) lim [ Vv, LV, =0.
n—o0 JQ

By Lemma 5.2, Vv, converges weakly to 0 in L?(Q) and we shall obtain a contradiction by
proving the strong convergence of Vv, to 0. Again (5.1) combined with (5.18) imply that
on the set {z|L(x) # L'} the functions 0;v} and 01v2 converge to zero strongly in L?(Q).
For the function 01v; we use Ne¢as’ inequality (3.3) on each connected component I; of the
set {x|L(x) # L'} that intersects Q. Since in each periodic cell we only have finitely many
connected components, there is a uniform constant C such that

2
/IJ_ or0 < CIvorh |3, + O f] k)

Arguing as in the proof of Proposition 3.3, we may control the H~(I;)-norm of d;v;} by

2
||v81v}lH§,_1(Ij) < fI Vy, - LV, +4 1 det Voy,.
J
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Summing over j we obtain

f | | <Cva LV, +4 pp det Vo +CZ(/8U}L)2

83/1 n n H1 n I 83/1 .
The first term on the RHS converges to zero by assumption (5.18), while the second term
vanishes by the weak convergence Vv, = 0 since the sum is finite. The same argument can be

repeated for the function g so that Vv, converges to zero strongly on {x|L(x) # L'}. We

then conclude as in Step 1 of the proof of Proposition 3.3, obtain that Vv, — 0 strongly in
L*(Q), which contradicts the normalization assumption.

Step 2. Proof of A4 > 0.

The proof of A4 > 0, which solely relies on Ag > 0, Theorem 2.7, and Lemma 5.2, is the same as
for Proposition 3.3. In particular, it also yields the desired implication Ag >0 = A4 >0 in
the random setting.

5.5. Proof of Proposition 3.8: Assumption C. We first prove the implication Ag >0 =
A4 > 0 under assumption (C3-a) and then the additional property Ag >0 when L is periodic. As
a final step we treat the assumption (C3-b).

Step 1 Proof of the implication Ag >0 = A4 > 0.
The argument is identical to Step 2 in the proof of Proposition 3.3 as it is only based on the
fact Ag >0, Theorem 2.7 and Lemma 5.2

Step 2. Proof of Ag >0 in the periodic case.
The argument is almost identical to the corresponding one for Proposition 3.5. Again we argue
by contradiction and suppose that there is a sequence v, € Hrl)er(Q, R?) such that fQ |an|2 =1
and
(5.19) lim [ Vv, LV, =0.

n—oo JQ
By Lemma 5.2, Vv, converges weakly to 0 in L?(Q). We argue that Vo, to 0 strongly in L?(Q).
Note that (5.1) combined with (5.19) imply that on the set {x|L(z) # L'} the functions dov}
and 0102 converge to zero strongly in L?(Q). For the function d;v} we want again use Necas’
inequality (3.3). However now the connected components may be unbounded. We then apply
Lemma C.1 to truncate each connected component /; in such a way that the new set 1 j’ is
bounded with Lipschitz boundary and agrees with I; on (). In particular, it has finitely many
connected components that we denote by I’ ik Hence by Necas’ inequality on each I, there is
a uniform constant C' such that

12 12 1\2
‘/[\]’,k |(91Un‘ SC||V811)”HH71(IJ,I€)+C< \/_[\J'k 611]n) .

Now the arguments are the same as for Proposition 3.5 and we leave the details to the reader.

Step 3. Proofs under assumption (C3-b).
We start with the case 67 = % Then we consider the matrix M = ey ® e and the non-zero field
U e 55(1) defined by
U(z,w)=(1-2x(z1,w))e1 @ ey.
A straightforward calculation based on (3.1) and (3.2) yields

E[/Q(M+U)-]L(M+U)]:E[/C;X4m+(1—x)4(u2+)\2)]:014u1+(1—91)4()\2+u2):0.

To conclude that A4 =0, it suffices to find a sequence v, € .6% such that Vv, - U in L*(Q x Q).
Since this property is well-known, we just sketch the argument: for T" > 1 we consider the weak
PDE formulation

(5.20) [[ —v-p+(Vo-U)- ch] 0
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for all p € 1. By the Lax-Milgram theorem there exists a unique solution v? € $} to the

above problem. Testing the equation with ¢ = v’ we deduce that 7207 and vol are bounded

sequences in L2(Q x Q). Thus we can assume that Vol — Z for some Z € L?(Q x Q) (so that
[ fQ ] ) and moreover we can pass to the limit in the equation to deduce that for all ¢ € £}

E[fQ(Z—U)-w]:o.

Arguing as for (5.3), on the one hand we know that curl Z = curl U = 0 almost surely. On the
other hand, the above equality implies that div(Z — U) = 0 almost surely by the same reasoning.
Combining the div-curl-Lemma on @ and the ergodic theorem for the stationary function Z - U,
we deduce

E[[Q]Z—UF]_hm%f |Z—Uy2:151%1412@/8,@—U(x/anw))\z

LRzl o

where we used that B[ f, U] = E[ [, Z] = 0. This shows that Z = U in L*(Q x ©2). We finish

the argument proving strong convergence of Vul. Testing (5.20) with v’ itself, we obtain from
the weak convergence Vol — U, the weak lower-semicontinuity of the norm, and the equation

E[fQ|U|2 <l1m1nfE[f 07| ]<%EEOEUQU-WT]:EUQ|U|2].

The strong convergence is now a consequence of the Hilbert space structure of L?(Q x 2, R?*?).
In the case 0; # %, the implication Ag >0 == A4 > 0 is again a simple consequence of
Theorem 2.7 and Lemma 5.2 (see again Step 2 in the proof of Proposition 3.3 for the details).

5.6. Proof of Corollary 3.9: Assumption (C3-b). The results under assumption (C3-a)
are a direct consequence of Theorem 2.7 and Proposition 3.8. However, given assumption (C3-b),
the positivity of Ag is not known in the random setting, so we prove the statements directly.
First note that the case of volume fraction 6, = % was implicitly proven in Proposition 3.8,
where we showed that L, loses ellipticity in the direction M = es ® e5. Hence it remains to
show that IL, is strictly strongly elliptic whenever 61 # % We argue by contradiction. Due
to Proposition 3.2 and Remark 2.8 homogenization holds with LL, being characterized by the
formula (2.2), so let us assume that there exists a rank one matrix M = a ® b and a sequence

v, € H1 such that, taking into account (5.5),

(5.21) lim E [/Q(M £ T0p) - L(M + Vo) + gy det(M + an)] -
n—oo

We denote by L3;(Vv) the functional in the above equation. We shall construct a matrix-field

with the same energy that has a one-dimensional profile. Given k € N define wF : (0,1)xQ — R?*?

as

1 k
w2($1,w) = % [k an(xl,xg,w)dxg.

Since the integrand in (5.21) is convex in the argument M + Vv, stationarity, Fubini’s theorem
and Jensen’s inequality imply that for all k

11 k k
Ly (Voy) =E [fo 2% [k (M +Vu,) - L(M + Vo) + 4pq det (M + an)dxgdxl] > Lo (wy),

where we used that L depends only on x1. Moreover, for fixed n, due to stationarity of Vv,
and Fubini’s theorem, the sequence w¥ is bounded in L?((0,1) x ), so that without loss of
generality there exists a weak limit w, € L?((0,1) x Q). Using again convexity of £s, weak
lower semicontinuity yields L£y;(Vvy,) > Ly(wy,). Next we identify some of the components of
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wy,. To this end, let 7 be a smooth cut-off function such that n; = 1 on [-k, k] with support in
[-k-1,k+1] and |7, || < 2. Then by stationarity of v, and Vo,

1 2 1 1 1 -k k+1
EI;/O ‘(w§)12| :ISE|;/O 2‘% fRnk(ycg)@gv}l +ﬁ([k—1 |82U%’2+A |821)711’2):|

1 1 12 2 1,2 4 1,2 1,2
ng[fO ﬁ[Rn,;(g@)un ]+EE[/Q|82%| ]SﬁE[/QMJ (0o ]

Hence (wkF)1o — 0 strongly in L2((0,1) x ). A similar calculation holds for the component
(wF)92, so that the weak limit w,, has non-zero entries only in its first column. This structure
combined with the lower bound (5.1) yields

2

Ly (Vo) > Ly(wy) >aE [/Q X(Mi1 + (wp)11 + M22)2 x(Mys - My - (wn)zl)z]
fo [fQ(l =) (M + (wn s = Mao)® + My + (M, + (wn)21)2):| .

Since the LHS converges to zero when n — oo, we infer on the one hand that w, converges
strongly to some matrix-field w € L2((0,1) x Q) which is nonzero only in the first column. On
the other hand, Mis = 0 and therefore M1 Moo = 0 due to the rank one assumption. Using this
property, the limit component w;; can be rewritten as

wi1 = _X(Mll + MQQ) + (1 - X)(M22 - Mll) = _Mll + (1 - QX)M22

Since by construction E [ fQ w] =0, this equality and the fact that 6; # % imply My1 = Moo = 0.
For the last component, we note that

war = —xMa1 — (1= x) Moy = —Moy,

so again integrating over () and taking the expectation shows that Ms; = 0. Thus M =0 and
we reached a contradiction.

APPENDIX A. NECAS INEQUALITY

We quickly argue that under appropriate geometric properties on the microstructure, assump-
tion (A3) holds true.

Lemma A.1. In addition to conditions (A1) and (A2), assume that there exist finitely many
open, connected sets Si,...,Sn € R? with Lipschitz boundary such that for each connected
component I; of {z|L(z) = L'} there exist a rigid motion Q; and j(i) € {1,...,N} such that
I; = QiSj(iy. Moreover assume that the connected components are well-separated in the sense
that

(A.1) dist(1;, 1;) >¢>0 for all i+ j.
Then the Necas inequality (A3) holds. O

Remark A.2. The same conclusions hold if we allow for infinitely many different shapes S;
provided all constants appearing in the proof below are uniform with respect to the inclusions. [J

Proof of Lemma A.1. We essentially follow the arguments of [2] and first construct a linear,
continuous operator Hp : Hi (QL)? - H} (Mpg)? with equibounded (in R) operator-norm that
preserves the divergence and acts as the identity on H}(Mg) € H}(QF). To this end, we
first consider a fixed shape S = Sj. Then there exists 0 < ¢ < min{c/2,C;} such that the set
S9 = (8 + Bs) \ S has also Lipschitz boundary (here C} is given by assumption (A2)). On this
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“safety zone” we consider the following Stokes problem: Given @ e H'(S + Bs), find v e H'(S%)¢
and ¢ € L?(S%) with [g5 q = 0 solving the stationary Stokes equation

-Av+Vg=-47u on S°;

1
(A.2) dive =divu + @ Adivﬂdx on S°;
v=0 on 055, v="T on 8S°\ 9S.

Using the divergence theorem, the compatibility condition

f divvd:z::f v -ndo
S9 08¢

holds. Such a system admits a unique weak solution (v, q) which satisfies the a priori estimate

[l soy + lallzassy < C(I = 20+ Val sy + 1divol gagss + [0l g o00)

where C' depends on d and S°. The first RHS term is bounded by | V|| 1250y, While, by Jensen’s
inequality, the second RHS term can be controlled by

|S| _
[div o] p2gss < HVUHL2(56)+(|55|) [V 12 s).

For the third RHS term, we introduce a cut-off function x € C'(R? [0,1]) such that y = 0
on $%* and x =1 on R%\ §3/% and | V¢|e < 407", Then by trace estimates, there exists a
constant C(S,d) < oo such that we have

C(S,0) X 1155y < CCS, ) ([l 1110y + 445 [l 25y ).

We then conclude that there exists a (possibly different) constant C'(S,0) < co depending only
on S and § such that

190,13 g, <

(A.3) |l 1 soy + lal 2oy < C(S, ) [Tl 1 (s485)-

We are now in the position to define the operator Hg. For all inclusions I;, we write the
associated rigid body motion as Q; : x = D;z + ¢; with D; € SO(2). Let u € H}(QL)?. For all i
such that I; € Q}% we denote by v; € H I(S;'Szi)) the unique solution of the Stokes problem (A.2)
on Sj;y with U = (D;'u) o Q;. We then define

D;v; 1 ifxel;+Bsf A
'HR(U):{i v;)oQ;" if z € I; + By for some i

otherwise in Mpg.

Since (A.2) is a linear system, Hp, is defined as a linear operator from H}(Q%)? to HE(Mg)®.
In addition, by (A.3) and (A2) we infer that

Pl < I iycapy + g OO0 3 Iulfpcnam < Clluliyay
S R

for some C independent of R. Next, if v =0 on 0I; for some inclusion I;, then by uniqueness
of solutions of the Stokes system, it follows that v; = u on Sf . Hence Hpr(u) = u whenever
u € HY(Mg)?. Finally, consider the case divu = 0. Since D; € SO(2), we deduce that for
y=Q;'z e S it holds that

divy (Divi(Q; ) = divy (D; ' Div(y)) = divy vi(y)

- divy (D7 u(Quy) + |S5 [, dive (D u(Qu) dy

1
=divy u(x +—[divxux dzr =0,
(5 iy J, e

which shows divHg(u) = 0. Hence the operator Hp defined above has the desired properties.
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We now conclude. Since Mp is a bounded, open, connected set with Lipschitz boundary, [2,
Proposition 1.1.4] yields (after rescaling) an extension operator g : L*(Mg)/R - L*(QF)/R
that satisfies

”VSR(U)HH—l(Q}%) <OVl 1)
for some constant C' independent of R. This implies the desired inequality (3.3) in (A3) for all
ue L*(Mg)/R in the form
lullz2arg) < 1€R(W I L2 (g1 < CIVER(u) [ 5-1(q1) < ClIVul a1 (ay),
where we used that Necas’ inequality indeed holds on cubes: there exists C' < oo such that for

all R>0 and w e L*(QL) we have

|wlrzqry < ClVwlg-1q1)-

APPENDIX B. MEASURABLE SELECTIONS

We briefly sketch the proof of the measurable selection results used in Step 2 of the proofs of
Lemma 2.4 and Proposition 2.5. For L > 0 we set Y7, = {u € C*(R?% R%) : supp(u) ¢ Br}, which
can be seen as a closed subspace of the Schwartz class. Hence Y7, itself is a complete separable
metric space. We now implicitly fix L and a small number § > 0. Define the set-valued function
:Q-P(Yy) by

INw):= {u €Yy : /Rd Vu-L(z,w)Vudz < g(w) ./]Rd |Vul? dm},
where the function g: Q — R is defined by
-IL d
g(w) = inf Jaa VU (:c,:u)Vu ’
ueYy, fRd |V'LL’ dﬂ:’

Note that by separability of Y7, and joint measurability of I, the function g is measurable since
we can take the infimum in its definition over a countable set. Moreover, since d > 0 we have
I'(w) # @ for all w e Q. We argue that the graph of I' defined by

Gr(T) ={(w,u) eQxYy:uel(w)}

belongs to the product o-algebra F ® B(Y7), where B(Y7) denotes the Borel sets on Y. To
this aim, we observe that the function H : 2 x Y;, - R defined by

H(w,u) = fRd Vu-L(z,w)Vudr - g(w) [Rd|Vu|2d:L"

is a Carathéodory function by the joint measurability of I and Fubini’s theorem. Since Y7, is
separable, this implies the joint measurability of H. Hence, Gr(I') = H((~00,0)) e F® B(Y1),
as claimed. By assumption (€2, F,P) is a complete finite measure space. Therefore we may
apply Aumann’s measurable selection theorem (see [1, Theorem 18.26]) to infer that there exists
a F — B(Yy)-measurable selection w — u(w) € I'(w). Due to separability of Y7, the function
w — u(w) is also strongly measurable. Moreover, by continuity also the real-valued function

2
w e /Rd [Vu(w, z)|” d
is measurable. Since we assume that A >0 and § > 0, we have 0 ¢ I'(w) for all w € Q, so that the
function
u(w)

— = Y,
Wi o@) = e P < T

is well-defined, strongly measurable, and by Poincaré’s inequality on Bj, we deduce

]E[_[Rd lo(w, z)* + |Vo(w,z)? dﬂ:] <(Cp+1).

+ 4.
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Observe that any Dirac mass belongs to the dual of Yz, so that the function (w,z) - v(w, ) is
also of Carathéodory-type, whence jointly measurable. Finally, the definition of I'(w) yields the
desired estimate (4.1).

APPENDIX C. UNBOUNDED LIPSCHITZ SETS IN THE PLANE

In this part of the appendix we prove the following auxiliary result that was needed in Step 2
of the proof of Proposition 3.8.

Lemma C.1. Let D € R? be an open set with Lipschitz boundary. For any bounded set B ¢ R?
there exists a bounded open set Dp € R? with Lipschitz boundary such that D n B = Dgn B.

Proof. Let Ro > 1 be such that B € Qg and define p; : R? - R as the projection pi(z) = (x,¢€j).
Observe that by definition the set E := 0D n Qap, is countably H!-rectifiable, that is, H'-
measurable (since it is closed) and, up to H!-null sets, it can be covered by countably many

Lipschitz graphs (since D has Lipschitz boundary). By the generalized area-formula (see [3,
Theorem 2.91]) it holds that

[RHO(Emp]—.l(y))dy <H(E) < +oo,

where H° denotes the counting measure. In particular, for almost every y € R the cardinality
of the set 0D N Q2p, mp]‘.l(y) is finite. Thus there exists R € (Ry,2Ry) such that Qg ndD
has finite cardinality and moreover, no point of 0Q g N 9D is contained in the four corners of
0Qr. Fix xg € 9Qr N dD. Depending on the local structure around zg, we will now modify Qg
to obtain the desired set by intersection. Since D has Lipschitz boundary, by definition there
exist a one-dimensional affine subspace H € R? with zo € H, a Lipschitz function ¢ : H - R and
r,h >0 such that

DnCyp(zo,H)={xz+yn: xe HnB,(x9), -h<y<g(x)},
IDNCyp(xo,H) ={z+yn: zeHnB.(z0), y=g(x)},
where C, (20, H) ={z+yn: x € Hn B,(x0), ~h <y < h} is a cylinder and n is a unit normal
vector to H. In what follows we assume without loss of generality xg = 0.
We first show that, up to reducing r and h, we can slightly vary H and n. To this end, we
let 0 <0 «< 1 and consider a rotation Rs € SO(2) such that |Rs —I| < J. Define ns = Rsn and

Hjs as the one-dimensional affine subspace which is orthogonal to ns and contains xg. We define
a function gs : Hs - R as follows: For v e Hs and t € R set

h(t,v) = (v +tng,n) — g(Pg(v+tng)),

where Py denotes the projection onto H. We claim that there exists a unique t(v) € R such
that h(t(v),v) = 0. To this end, we show that ¢ — h(¢,v) is uniformly monotone for § small
enough. Indeed, for all t9 > ¢; and § = 6(g) small enough we have

h(tg, 1)) - h(tl, 1)) = (tg - t1)<n5, ’I”L> - g(PH(v + t2n5)) + g(PH(v + tln(;))
> (t2 —t1)(1-0) - Lip(g)(t2 —t1) Pu(ns) > (t2 — t1)(1 - 6 - Lip(g)9)

1
>~ (ty — 1),
2(2 1)

so that for all v € Hs there exists a unique ¢(v) such that h(t(v),v) = 0. In addition, two zeros
(t1,v1) and (tg,vy) satisfy
—vr —va| + (1 = &)[t1 — to| < (v1 —va + (t1 — t2)ng,n) = g(Py(v1 + tins)) — g(Py(vs + tang))
< Lip(g)(|’01 - ’l)2| + 5|t1 - t2|)

which implies that the mapping Hy 3> v — ¢(v) is Lipschitz continuous. Next we argue that
this function can be used in the definition of Lipschitz boundaries. Fix 0 < b’ < h/2. If
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v +tng € Cs (20, Hs), then for § small enough

|Pg(v+tng)| < |v]+R'§<(1+h) <,
(v +tng,n)| < v]0 + k' < 6%+ g <h,

where we used that z = 0. In particular, we deduce from the properties of g in C, j,(xo, H) that
for such v + tng it holds that

v+itnse D <= (v+tns,n) < g(Pu(v+tns)) < h(t,v) <0 <= t<t(v),

where the last equivalence follows from the monotonicity of ¢ = h(t,v). If v +tns € 9D, then
the above equivalences hold with equalities. We infer the claimed representation

Dn 057hr(:lio,H§) = {’U +ins: ve Hg n Bg(:l,‘()), -h' <t< t(’U)},
ID n Cspr(xo,Hs) = {v+tns: ve Hyn Bs(zg), t =t(v)}.

Using the above result, we can assume that the segment of 0Q g, which contains xg, is not
orthogonal to the hyperplane H. Hence, up to a rigid motion, there exists some a € R such that
for some appropriate r, h > 0 there are two possibilities:

(1) DnQrn Cr,h(anH) = {(l‘,y) : |£C| <r,—h<y< g(SC), y< CLIE},

(11) DnQrn Cr,h(anH) = {(1:73/) ; |£C| <r,—h<y< g(ZC), y> CL.T}.
In case (i), we can replace g by the Lipschitz function g(«) = min{g(x), ax}, so that the resulting
boundary around xg is still locally the graph of a Lipschitz function. It remains to treat case
(ii), where we locally modify the cube Qr. For z € (-=r,7) ~ {0} we may assume that g(x) # ax.
If g(x) < ax on (-r,r), then the set in (ii) is empty and we are done. If g(x) > ax on (-r,7),
then we replace Qr by Qr U Q-(z0) for some positive ¢ < r. This new set has again Lipschitz
boundary and its boundary intersects 9D in the same points as Qg except xg. Finally, we
consider the case when g(z) — ax changes sign. The idea is to cut out a small piece of Qg.
We set o =sgn(g(r/2) —ar/2) e {1}. In the chosen local frame we define a pentagon by the
following corner points: Let ¢; = 0, g2 = h/2e2 and then we take some positive € << h such that
g(x) < h/2 for all z € [0,0¢] (recall that g(0) = 0). Given such &, we define g3 = (o€, h/2) and
q4 = (0e,g(o€)). By construction g(og) > ace, so that by Lipschitz continuity of g we can find a
large slope b > 0 such that the affine function s: R — R given by s(z) = obx + g(oe) — be satisfies
s(oe) = g(oe) and the following two properties:

s(x) < g(x) for all x € (-¢,¢),
s(x+) = ax, for some z, # 0 such that sgn(z,) = o.

We then define g5 = z.. Connecting consecutively the points p; to ps, which are given by
transforming back the local frame of the points ¢;, we obtain an open pentagon P, which is
contained in Qr. We then replace Qg by the Lipschitz set Qp ~ P.

Performing the different operations on all xg € 0D N dQ g, we obtain a new bounded Lipschitz
set Sp. We then set Dg = D n Sg. By construction it holds that Dn B = Dgn B. Clearly Dg
is open and bounded. It remains to prove that the boundary is Lipschitz. To this end, note
that in general we have the inclusion

ODRr < (0DNnSR)u(0SrnD)u(0SrUOD).

Since Sk and D are both open sets, for every x € (0D nSgr)u(0SrN D) one can use locally the
boundary representation of D and Sg, respectively, to show the Lipschitz property. It remains
to treat © € 9D N dSk. Due to the local construction of Sg above, the only non-trivial case is
given by possible pentagon parts of 0Sg. In the local frame there are two possibilities: the first
one is x = 0. However, the geometric construction of the pentagon yields that for n > 0 small
enough

Srn By(0) ={(x,y) € By(0) : y>az, sgn(x) = -o}.
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Due to the definition of ¢ this set has no intersection with D, so that 0 ¢ 9Dgr. The second
possibility is z = (0¢,g(oe)). There, one can check that locally the boundary of dDpg can be
parameterized in the local frame by the Lipschitz function

g(z) if sgn(z —-o¢) =0,

g(x) =

\s(z) if sgn(z - o¢) = —o.
This finishes the proof. ([l
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