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On dynamical feedback control design for generalized
homogeneous differential inclusions

Konstantin Zimenko, Andrey Polyakov and Denis Efimov∗†‡

Abstract

In the present paper, the stability criterion for
generalized homogeneous differential inclusions is ob-
tained that may simplify the control design procedure in
some particular cases. Robust dynamical feedback con-
trol law is designed for homogeneous differential inclu-
sions. Performance of the resulting dynamical feedback
is illustrated by numerical simulation.

1. INTRODUCTION

Homogeneity is a property, that an object remains
consistent with respect to a group of transformations.
This property is a widely used tool for treatment of non-
linear systems: the homogeneity property can be used
for stability/stabilization [1], [2], [3], [4], [5], [6], [7],
output control design [16] and observer design [8], [9],
[10], [11]. For example, the homogeneity property im-
plies that in the case of negative homogeneity degree a
locally asymptotically stable system is globally finite-
time stable. In this paper the generalized homogeneity
is utilized, which deals with the groups of linear trans-
formations.

Extensions of homogeneity concept to differential
inclusions (DI) have been proposed for different types
of homogeneity in [21], [13], [14], [12]. DIs are related
to many practical situations. For example, DIs appear
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handling with ordinary differential equations (ODE)
with discontinuous right hand side (e.g., systems with
switching devices, mechanical systems with dry fric-
tion, etc.) via regularization procedure [12]. Moreover,
in some cases the transformation of nonlinear continu-
ous ODE to the form of homogeneous DI may be more
useful for stability analysis or control design. The pro-
cedure of representation of a nonlinear ODE in the form
of homogeneous DI is called homogeneous extension.

This paper extends the results presented in [19] to
homogeneous DIs. In particular, it is shown that asymp-
totically stable generalized homogeneous DI is equiva-
lent to quadratically stable one via corresponding coor-
dinate transformation. The coordinate transformations
are based on utilizing the canonical homogeneous norm
[15]. These results may significantly simplify stability
analysis and control design procedures in some cases.
Further, obtained results are used for dynamical feed-
back control design for homogeneous DIs. The control
design is based on the scheme of a universal stabilizing
control presented in [22]. Finally, numerical example
and conclusions are presented. The presented example
is noteworthy in that a continuous nonlinear and non-
homogeneous system is considered. Despite the conti-
nuity of ODE, it is shown that using homogeneous ex-
tension to represent the system as homogeneous DI, the
synthesis of the finite-time control can be reduced to
solving the system of linear matrix inequalities (LMI).

2. NOTATION

Through the paper the following notation will be
used:

• R+ = {x ∈ R : x > 0}, where R is the field of real
numbers;

• ‖ · ‖ denotes a norm in Rn;

• ‖A‖A = supx∈Rn
‖Ax‖
‖x‖ for A ∈ Rn×n;

• S = {x ∈ Rn : ‖x‖= 1} is the unit sphere in Rn;

• In ∈ Rn×n is the identity matrix;



• C n(X ,Y ) is the set of continuously differentiable
(at least up to the order n) maps X → Y , where
X and Y are open subsets of finite-dimensional
spaces, C n(X) = C n(X ,R);

• the inequality P > 0 means that the symmetric ma-
trix P = PT ∈ Rn×n is positive definite;

• P
1
2 means that P

1
2 = M such that P = M2;

• the minimal and maximal eigenvalues of a sym-
metric matrix P = PT are denoted by λmin(P) and
λmax(P), respectively;

• R(λ ) denotes the real part of a complex number
λ .

3. PRELIMINARIES

3.1. Differential Inclusion

The modern control theory frequently deals with
systems modelled by ODEs with discontinuous right-
hand sides, which are accompanied by nonuniqueness
of solutions. DIs are mainly introduced to capture be-
haviors of such systems. In this case standard assump-
tions of DI (it has non-empty, compact, convex values
and it is upper semi-continuous) guarantee the existence
of solutions [21].

Consider an ODE with discontinuous right-hand
side

ẋ = f (x), f (0) = 0, x ∈ Rn, (1)

where f is locally essentially bounded. This system can
be replaced by DI using Filippov regularization proce-
dure [12]:

ẋ ∈ F(x) (2)

with set-valued map F defined by

F(x) =
⋂
ε>0

⋂
N∈N

conv( f (y),y ∈ B(x,ε)\N) , (3)

where N ∈ N means that the measure of N is zero,
B(x,ε) is the ball with the center at x ∈ Rn and the ra-
dius ε .

Due to nonuniqueness of solutions, the system (2)
may have some solutions, which converge to the origin
while other solutions don’t. In this case DIs may admit
both weak and strong stability (see, for example, [12]).
This paper deals only with the strong stability proper-
ties, which ask for stable behavior of all solutions of the
system (2).

Note, that DIs can also be useful for systems with
a continuous right-hand side. In some cases for stabil-
ity analysis (control synthesis) of nonhomogeneous sys-
tems (1) it is more useful to represent the system in the

form of homogeneous differential inclusion

F(x) = {e−νsd(−s) f (d(s)x), ∀s ∈ R}, (4)

called homogeneous extension [17].

3.2. Generalized Homogeneity

The homogeneity is a property that specifies sort
of symmetry of an object with respect to a group of
transformations (dilation operation). Generalized ho-
mogeneity (d-homogeneity) is a type of homogeneity,
which deals with linear transformations (linear dila-
tions).

Definition 1 [20], [15] A map d : R → Rn×n is
called dilation in the space Rn if it satisfies:

• group property: d(0) = In and d(t + s) =
d(t)d(s) = d(s)d(t) for all t,s ∈ R;

• continuity property: d is a continuous map;

• limit property: lims→−∞ ‖d(s)x‖ = 0 and
lims→+∞ ‖d(s)x‖ = +∞ uniformly on the unit
sphere S.

The dilation d is a uniformly continuous group
[20]. The matrix Gd ∈ Rn×n defined by

Gd = lim
s→0

d(s)− In

s
.

is known as the generator of the group d (see, for ex-
ample, [18]). The generator Gd satisfies the following
properties [18]:

d
ds

d(s) = Gdd(s) = d(s)Gd, (5)

d(s) = eGds =
+∞

∑
i=0

siGi
d

i!
, (6)

where s ∈ R.
Let us introduce the definitions on monotonicity of

the dilation d(s).
Definition 2 [20] The dilation d is said to be mono-

tone if ‖d(s)‖A < 1 for all s < 0.
Thus, monotonicity means that d(s) is strong con-

traction for s < 0 (strong expansion for s > 0) and im-
plies that for any x ∈ R \ {0} there exists a unique pair
(s0,x0) ∈ R×S such that x = d(s0)x0. The rate of con-
traction is introduced by the next definition.

Definition 3 [15], [19] The dilation d is said to be
strictly monotone if ∃β ∈ R+ such that ‖d(s)‖A ≤ eβ s

for all s≤ 0.
Monotonicity property may depend on a norm ‖ · ‖

[15].
Theorem 1 [19] If d is a dilation in Rn, then



• the generator matrix Gd is anti-Hurwitz, i.e.
R(λi)> 0, i = 1, ...,n;

• there exists a matrix P ∈ Rn×n such that

PGd +GT
d P > 0, P > 0. (7)

• the dilation d is strictly monotone with respect to
the weighted Euclidean norm ‖x‖=

√
xT Px for x∈

Rn and P satisfying (7):

eαs ≤ ‖d(s)‖A ≤ eβ s i f s≤ 0,

eβ s ≤ ‖d(s)‖A ≤ eαs i f s≥ 0,

where α = 1
2 λmax

(
P

1
2 GdP−

1
2 +P−

1
2 GT

d P
1
2

)
, β =

1
2 λmin

(
P

1
2 GdP−

1
2 +P−

1
2 GT

d P
1
2

)
.

Definition 4 [20] A vector field f : Rn → Rn (a
function h : Rn → R) is said to be d-homogeneous of
degree µ ∈ R if

f (d(s)x) = eµsd(s) f (x), ∀x ∈ Rn \{0}, ∀s ∈ R.
(resp. h(d(s)x) = eµsh(x), ∀x ∈ Rn \{0}, ∀s ∈ R.)

(8)

Definition 5 A set-valued map F : Rn ⇒Rn is said
to be d-homogeneous of degree m ∈ R if for all x ∈ Rn

we have

F(d(s)x) = emsd(s)F(x), ∀x ∈ Rn \{0}, ∀s ∈ R.
(9)

The system (2) is d-homogeneous of degree m if
the set-valued map F is homogeneous of degree m.

A special case of homogeneous function is a homo-
geneous norm [6], [19]: a continuous positive definite
d-homogeneous function of degree 1. Define the canon-
ical homogeneous norm ‖ ·‖d : Rn→R+ as ‖x‖d = esx ,
where sx ∈ R is such that ‖d(−sx)x‖ = 1. Note that
‖d(s)x‖d = es‖x‖d and

‖d(− ln‖x‖d)x‖= 1. (10)

If d is a strictly monotone dilation and the norm ‖ · ‖ is
smooth outside the origin then homogeneous norm ‖·‖d

is also smooth outside the origin, ∂‖d(−s)x‖
∂ s < 0 if s ∈R,

x ∈ Rn \{0} and [19]

∂‖x‖d

∂x
=

‖x‖d
∂‖z‖
∂ z

∣∣∣
z=d(−s)x

∂‖z‖
∂ z

∣∣∣
z=d(−s)x

Gdd(−s)x

∣∣∣
s=ln‖x‖d

. (11)

Let us introduce the result on finite-time stability
for d-homogeneous set-valued maps.

Corollary 1 [21] Let F be a d-homogeneous set-
valued map with degree m < 0, satisfying the standard
assumptions. Assume also that F is strongly globally
asymptotically stable. Then F is strongly globally finite-
time stable and the settling-time function is continuous
at zero and locally bounded.

4. QUADRATIC STABILITY OF HOMO-
GENEOUS DIFFERENTIAL INCLU-
SIONS

Consider the system

ẋ ∈ F(x), x(0) = x0 ∈ Rn, (12)

where F is a set-valued map satisfying the standard as-
sumptions.

The next theorem shows that asymptotically stable
DI (12) is topologically equivalent to quadratically sta-
ble one via corresponding coordinate transformation.

Theorem 2 Let F be a d-homogeneous set-valued
map with degree m, satisfying the standard assump-
tions. Then the next claims are equivalent:

1. The system (12) is strongly globally asymptotically
stable.

2. For all k > max(−m,0), there exist a pair (V,W )
of continious functions, such that: V ∈ C ∞(Rn)
is positive definite and homogeneous with degree
k; W ∈ C ∞(Rn \ {0}) is strictly positive outside
the origin and homogeneous with degree k + m;
maxν∈F(x) DV (x)ν ≤−W (x) for all x 6= 0.

3. The origin of the system

ż ∈ ‖z‖1+m
(
(In−Gd)zzT P

zT PGdz
+ In

)
F
(

z
‖z‖

)
,

(13)
is asymptotically stable, where ‖z‖ =

√
zT Pz with

P satisfying (7).

4. For any matrix P ∈Rn×n satisfying (7) there exists
a d-homogeneous Ψ∈C ∞(Rn \{0}) with degree 0
such that Ψ is diffeomorphism on Rn \{0}, home-
omorphism on Rn, Ψ(0) = 0 and

max
ν∈F(x)

x∈Rn : ‖Ψ(x)‖=1

D
(
Ψ

T (x)PΨ(x)
)

ν < 0 (14)

Moreover, ‖Ψ‖d ∈ C ∞(Rn \ {0}) is a Lyapunov
function to the system (12), where ‖ · ‖d is the
canonical homogeneous norm induced by ‖x‖ =√

xT Px.



5. For any matrix P ∈ Rn×n satisfying (7) there ex-
ists a map Ξ ∈ C ∞(Rn \ {0},Rn×n) such that
det(Ξ(z)) 6= 0, ∂Ξ(z)

∂ zi
z = 0, Ξ(esz) = Ξ(z) for z =

(z1, . . . ,zn)
T ∈ Rn \{0}, s ∈ R, i = 1, . . . ,n and

max
ν∈F

(
z√

zT Pz

)zT
Ξ

T (z)PΞ(z)
(
(In−Gd)zzT P

zT PGdz
+ In

)
ν < 0.

(15)

Analogously to [19] the expression (15) gives a
stability criterion for generalized homogeneous DIs.
Choosing Ξ = In we derive the simplified sufficient sta-
bility condition

max
ν∈F

(
z√

zT Pz

)zT Pν < 0.

5. STABILIZATION VIA DYNAMICAL
FEEDBACK

Consider the system

σ̇ ∈ G(σ ,u)+ω(t,σ ,u), (16)

where t ∈ R+ is time variable, σ(t) ∈ Rn is the state
vector, u(t) ∈ Rl is the control input, G : Rn+l ⇒ Rn

is a set-valued map and the function ω : Rn+1→ Rn is
assumed to be unknown.

Based on the scheme of a universal stabilizing con-
trol design given in [22] the following result can be de-
rived utilizing Theorem 2.

Theorem 3 (On homogeneous dynamical feed-
back) Let dx and du be dilations in Rn and Rl , respec-

tively, d : =

(
dx(s) 0

0 du(s)

)
and F̃ =

(
G
0

)
: Rn+l ⇒

Rn+l is a d-homogeneous set-valued map with degree
m̃. The origin of the system (16) with ω = 0 is glob-
ally asymptotically stabilizable by means of the homo-
geneous dynamical feedback

u̇(t) = k(σ(t),u(t)), k ∈ C (Rn+l \{0},Rl) (17)

with d-homogeneous
(

G
k

)
: Rn+l ⇒ Rn+l if and only

if there exist a number γ ≥ 0, a symmetric matrix P ∈
R(n+l)×(n+l) satisfying (7) and a map Ξ ∈ C ∞(Rn+l \
{0},R(n+l)×(n+l)):

det(Ξ(z)) 6= 0, ∂Ξ(z)
∂ zi

z = 0,Ξ(esz) = Ξ(z) f or
z = (z1, . . . ,zn+l)

T ∈ Rn+l \{0},s ∈ R, i = 1, . . . ,n+ l

such that

a(z)< γ

√
bT (z)b(z) f or z ∈ S (18)

where

a(z) = max
ν∈F̃(z)

zTW (z)ν , bT (z) = zTW (z)
(

0
Il

)
,

W (z) = Ξ
T (z)PΞ(z)

(
(In+l−Gd)zT zP

zT PGdz
+ In+l

)
and S is the unit sphere in Rn+l with ‖z‖ =

√
zT Pz.

Moreover, the corresponding stabilizing homogeneous
feedback law can be designed as follows

k(ξ )= ‖ξ‖m̃
d du(ln‖ξ‖d)k0(d(− ln‖ξ‖d)ξ ), ξ=

(
σ

u

)
,

(19)
where

k0(·) =

{
− a(·)+

√
a2(·)+(bT (·)b(·))2

bT (·)b(·) b(·) i f b(·) 6= 0
0 i f b(·) = 0

and ‖ · ‖d is the canonical homogeneous norm induced
by ‖ξ‖=

√
ξ T Pξ .

For Ξ = In+l the inequality (18) gives the following
sufficient condition of quadratic stabilizability:

max
ν∈F̃

(
z√

zT Pz

) zT Pν ≤ γ

√
zT P

(
0 0
0 Il

)
Pz, z 6= 0,

PGd +GT
d P > 0, P > 0.

The following theorem presents the modification of
the control scheme from Theorem 3 to reject some ad-
ditive disturbances.

Theorem 4 (On robust homogeneous dynamical
feedback) Let conditions of Theorem 3 hold and

max
ν∈F

(
z
‖z‖

) zT ΞT (z)PΞ(z)
(
(In+l−Gd)zzT P

zT PGdz + In+l

)
×(

ν + d(− ln‖z‖)ω̃
‖z‖m̃

)
< 0, z 6= 0,

(20)

where z = ‖ξ‖dd(− ln‖ξ‖d)ξ , ‖z‖ =
√

zT Pz, ω̃ =(
ω

0

)
, ξ =

(
σ

u

)
∈ Rn+l . Then the closed-loop sys-

tem (16), (17) is globally asymptotically stable.
More constructive (but also more conservative) suf-

ficient condition can be derived under an assumption on
quadratic stabilizability of the nominal system.

Corollary 2 Let conditions of Theorem 4 hold for
Ξ = In+l and
√

ω̃T Pω̃ <− max
ν∈F

(
z
‖z‖

)zT Pν

{
‖z‖α+m̃−1 i f 0 < ‖z‖ ≤ 1,
‖z‖β+m̃−1 i f ‖z‖> 1,

(21)
where z = ‖ξ‖dd(− ln‖ξ‖d)ξ , ‖z‖ =

√
zT Pz, ω̃ =(

ω

0

)
, ξ =

(
σ

u

)
∈ Rn+l and α,β are defined in The-

orem 1. Then the closed-loop system (16), (17) is glob-
ally asymptotically stable.



6. NUMERICAL EXAMPLE

Consider the stabilization problem for the system

σ̇1 = |σ1|
1
3 u+σ2(1+0.5sin(σ1)), σ̇2 = u, (22)

where σ1,σ2,u ∈ R. Using the homogeneous exten-
sion (4) for the system (22) obtain the set-valued map
F̃ : R3 ⇒ R3

F̃(ξ ) =

|ξ1|
1
3 ξ3 +(1+[−0.5,0.5])ξ2

ξ3
0

 ,

where ξ = (ξ1,ξ2,ξ3)
T = (σ1,σ2,u)T . Note, that F̃(ξ )

is d-homogeneous of degree −1 with respect to the di-
lation d in R3 generated by Gd = diag{3,2,1}. Hence,
the sufficient stabilizability condition (18) becomes

zT PA(z)z < γ

√
zT Pz

√
zT Pe3eT

3 Pz,

P > 0, PGd +GT
d P > 0,

where z = (z1,z2,z3)
T ∈ R3, e3 = (0,0,1)T ∈ R3 and

A(z) =

0 [0.5,1.5]
(
|z1|√
zT Pz

) 1
3

0 0 1
0 0 0

 . (23)

Let X ∈ R3×3 and γ0 > 0 satisfy the linear matrix
inequalities

XAT
i +AiX−2γ0e3eT

3 <0, XGd+GdX>0, X>0, i=1,4

for A1 =

0 0.5 0
0 0 1
0 0 0

, A2 =

0 1.5 0
0 0 1
0 0 0

,

A3 =

0 0.5 1
0 0 1
0 0 0

, A4 =

0 1.5 1
0 0 1
0 0 0

,

e3 =
(
0 0 1

)T . Choose P = P̃/ p̃11, P̃ = X−1

that
(
|z1|√
zT Pz

) 1
3 ∈ [0,1]. Then, since A(z) can be repre-

sented as A(z) = ∑
4
i=1 αiAi for αi ∈ [0,1] : ∑i αi = 1,

the stability condition (18) holds.
Finally, the control law (19) takes the form

u̇ = k0 (d(− ln‖ξ‖d)ξ ) , (24)

for a(z) = max zT PA(z)z√
zT Pz

, b(z) = p13z1 + p23z2 + p33z3

and stabilizes the system (22) in finite time (due to neg-
ative degree of homogeneity).

The numerical simulation with σ0 =
(
1 0

)T and
the matrix

P =

1.0000 1.2870 0.9848
1.2870 2.3398 1.7059
0.9848 1.7059 1.5910


satisfying the above-mentioned LMIs is shown in Fig.
1, 2. The simulation of the closed-loop system has
been done by the Euler method with the fixed step size
h = 0.01. The parameter a(z) has been calculated on
the numerical grid over the interval [0.5,1.5] for A12(z)
at each sampling step. Note, that a(z) can also be cal-
culated off-line on some grid (which is constructed in
some operation domain), approximated and stored in
the controller for on-line usage.

Note, that in the case of feedback synthesis based
on the analogous result for ODE [19] it is necessary to
consider the term 0.5σ2 sin(σ1) in (22) as perturbation
to meet additional condition. Compared with this, the
use of homogeneous extension and Theorem 3 allowed
to synthesize the control law with LMIs solving only.

Figure 1. Evolution of the state of the closed-
loop system

Figure 2. Evolution of the control signal



7. CONCLUSIONS

The paper extends the results presented in [19] for
generalized homogeneous differential inclusions. It has
been shown that asymptotically stable DI is equivalent
to quadratically stable one via corresponding coordinate
transformation. The stability criterion is given that may
simplify the control design procedure in some cases.
This results were used for feedback dynamical control
design. In the numerical example the homogeneous ex-
tension is used to represent continuous system in the
form of generalized homogeneous DI. For obtained DI
the synthesis of the algorithm for parameter tuning of
finite-time dynamical feedback is presented in terms of
LMIs.
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