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Abstract

We consider stochastic nonaffine nonlinear control sys-
tems dxy = f(2¢, u) dt+g(2s, u) dws, w being a standard
Wiener process, for which we give a sufficient condi-
tion for global stabilization by a bounded smooth state
feedback which is explicitely given. This condition gen-
eralizes the well known Jurdjevic-Quinn result for de-
terministic affine control systems.

1 Introduction

In this paper, we investigate the global stabilization
problem for stochastic nonlinear control differential
equations (written in the sens of It6) of the form

P ,
xy =20 + fg flxs,u)ds+ fg gj(xs,u)dwl (1)
j=1

where u = (u!,...,u™)7T is a bounded R™valued con-

trol law, f,g; : R" x R™ — IR™ are bounded smooth
(C*) functions with f(0,0) = ¢;(0,0) =0, 1 <j<p
and {wy, t > 0} is a standard IRP—valued Wiener pro-
cess defined on an usual probability space (€2, F, P).
System (1) is said globally stabilizable if there exists a
feedback law u : R" — IR™ with «(0) = 0 such that
the zero solution of the closed-loop system

Ty = Tg + f(f fzs,u(zs))ds + Xp:l f(f gj(ws, u(ws)) dwl
5=

is globally asymptotically stable in probability
(G.A.S.P.) (see [3]). Our goal is to give a sufficient
condition for global stabilization of (1). This condition
generalizes the well known Jurdjevic-Quinn [2] result
for deterministic affine control systems (see [4] and ref-
erences therein)

&= X(z) + X u'Y'(2) (2)
i=1

In [4], it is proved that if there exists a positive definite

and proper smooth function V : R" — IR such that:

(i) the Lie-derivative of V' with respect to X satisfies
XV(z) <0,Vx € R"; (i) the set {z € R"| X 1V (2) =

XFYH(V)=0, k€N, i=1,...,m} is reduced to {0} ;
then system (2) is globally stabilizable by means of
the feedback law ui(x) = =YV (z). [1] extends the
Jurdjevic-Quinn theorem to the particular class of
stochastic control affine nonlinear systems

=0+ [ [Xo(zs) + i WY (z)]ds+ é X () dz
(3)

for which the coefficients associated with the noise do
not depend on the control. For (3) the associated
infinitesimal generator £ satisfies LV (z) = LV (x) +
S u'Y iV (x), where L is the second order differential
operator: L = X + 3 Py X7, and V is a Lyapunov
function. So, the feedback u'(z) = —YiV(x) yields
LV (z) < 0if LV(z) < 0, which allows to establish
in [1], under stochastic analogous conditions to (i) and
(ii), that this feedback globally stabilizes (3). Contrar-
ily to (3), for (1) where the random parametric excita-
tion depends on the control, the linearity on v disapears
in LV (x), and so, it is not obvious to prove the exis-
tence of a state feedback law u(x) yielding LV (x) < 0
if LV (z) < 0.

2 Main result

In order to state our result, we need the following
notations. Let Xo, Yy, X; and Y/, 1 < j < p,
1 < i < m, be the vector fields defined on IR"™ by
Xo(r) = 1,0, Yi(x) = (0f/ou)(,0), X;(a) =
g;j(x,0) and Y/(z) = (dg;/0u’)(z,0). Moreover, de-
note by L and L;, 1 < ¢ < m, the second order dif-
ferential operators associated with (1) defined for any
function ¥ in C2(IR"™) by

@) = (Xole), VI(@)
+ 3 T (X, (@) X () (079 /002) ()4

L) = (%), ¥E) + 3 3 T (57 @
@)X @)@ /0a) @) (5)

Besides, for x € IR" and v, w € R™ we set

fla,v,w) = [ (1= 6)(9%f/0u?)(z, to)w?dt



Gi(z,o,w) = [ (1—t)(8%g,/0u?)(z, to)w?dt

where

w? = (w,w) and (02 f/Ou?)(z,tv), (9%g;/0u?)(z,tv)
€ Lo(R™xR™,IR™) (the space of bilinear applications
from R™ x IR™ to IR™) are respectivelly the second or-
der derivatives of f and g; with respect to u at (z, tv),
and we consider the n xn matrices

Aj(z,0,w) = X;()g]f (x,v,w) + gj(z, v, w) X[ ()
+z V@) @ 0,w) + i (0, v,0)Y; " (@)

. T ~ -
+ Z w“w”’Y“( z)Y;? (ac)+gj(ac,v,v)g;r(x,v,w)

Zl,’LQ 1

Finally, we assume that there exists V' (z) proper posi-
tive definite and smooth such that
(h1l) LV(z) <0, Yz € R™;

(h2) The set W = {z € R" | L*"'V(z) = LKL,V (z) =

0,keN, i=1,...,m} is reduced to {0} ;
and we set
QD(I,U,U)) = <~(x,v,w),VV(sc)>

41 i Tr (A; (2, v, w)(82V/022)(z)) (6)

j=1

Notice that the real valued function ¢ is homegeneous
of degree 2 with respect to w. Using the recursive nota-
tion LFT1W(z) = LLFV(z), LOW(x) = ¥(x), for k € IN
and ¥ € C*(IR"), our main result can now be stated
as follows.

Theorem 1 If the conditions (hl) and (h2) hold,
then for any nn > 0 and any smooth functions K;(z)
and K (x) satisfying, Vo € R", K;(x)+Kz(z)#0 and

Kl(x) > ! ”<Su”p =1 |g0(x,v,w)| (7)
Ko(z) > [[(LaV(2), .. LV (2))| (8)

the stochastic control system (1) is globally stabilizable
by means of the feedback law

w() = e (L V(2), o, LV (2)) T (9)

K1 (z)+K2 ()

which satisfies |Ju(x)|| < n, Vo € R".

Proof: The inequality ||u(z)|| < 7 is immediate.
Moreover, the closed-loop system is given by

bS]

Ty = 550+f0 [XU (2s) + Z )Y (25)

=1

+ fas,ulzs), u(e,))]ds

p

Z W) Y] (ws) + G5 (s, u(@s), u(zs)) ] dwl(10)

=1

+ 3 [

The infinitesimal generator £ associated with (10) sat-
isfies

V@) = (Xole)+ 3 ui(e)Yi@)

u(xs), u(xs)) ; VV($)> +
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and by a simple computation one gets from (4),
(5) and (6) LV (z) = LV(z) + Y1t  u'(z)L;V (z) +
¢(z,u(z),u(z)). It follows that LV (z) = LV (x) if
u(z) = 0 and otherwise, from (9) and the homogeneity
property of <p(m, v, w) with respect to w one gets

LV (@) = LV (&)~ gy (@) [ [1- K (@) (, u, 727)]

where K(z) = n/(nKi(z) + Ka(x)). Besides,
by (7), (8) and |u(z)|] < n one has 1 —
K(x)p (z,u(x),u(z)/||u(z)|]) > 0 and so one gets from
(h1) LV (z) <0, Vx € R™. Besides, according to the
stochastic version of LaSalle’s invariance principle (see
[3]), the stochastic process z; converges in probabil-
ity to the largest invariant set whose support is con-
tained in the locus LV (z;) = 0 for all ¢ > 0. There-
fore, in order to prove that the zero solution of (10) is
G.A.S.P. it must be shown that for any complete solu-
tion z; of (10) along which LV (x;) = 0 for all ¢t > 0,
one has necessarily x; = 0. Notice that, from (7), (8)
and (9), one has if u(z) # 0 then Ks(z) # 0 and so
1= K(z)g(e, u(x), u(z)/|[u(z)]]) # 0 and, from (9), it
turns out that LV (x) = 0 if and only if LV (x) = 0 and
L;V(z) =0, i=1,...,m. So, for any complete solu-
tion z; of (10) for which LV (a¢) = 0 for all ¢ > 0, suc-
cessive differentiations by means of It6’s formula yield
LFYV (2y) = L*L;V(2y) = 0, for t > 0, k € IN, and
i = 1,...,m. Hence, by assumption (h2), it follows
that x; = 0 which completes the proof.
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