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Homogeneous Lyapunov functions: from converse
design to numerical implementation

D. Efimov, R. Ushirobira, J. A. Moreno, W. Perruquetti

Abstract

The problem of the synthesis of a homogeneous Lyapunov function for an asymptotically stable homogeneous system is
studied. First, for systems with nonnegative degree of homogeneity, several expressions of homogeneous Lyapunov functions
are derived, which depend explicitly on the supremum or the integral (over finite or infinite intervals of time) of the system
solutions. Second, a numeric procedure is proposed, which ensures the construction of a homogeneous Lyapunov function. The
analytical results are illustrated by simulations.

I. INTRODUCTION

Stability analysis is one of the central problems in the domains of control and dynamical systems [1], [4], [8], [13], [15],
[17], [19], [22], [30]. The main approach to check the stability of a nonlinear dynamical system consists in applying the
Lyapunov function method, that gives necessary and sufficient conditions for stability. The main issue with the application
of this method is that there exists no procedure to design such a Lyapunov function for a generic dynamical system. There
exist analytical methods to construct a Lyapunov function for linear or Lurie systems [18], and several numerical approaches
have been proposed for linear and partially linear (linear parameter-varying) systems [5], see also the survey [14]. The sum
of squares approach also can be effectively applied for some classes of systems (like polynomial ones) [25].

Homogeneous systems form a subclass of nonlinear systems [1], [2], that include linear systems as a special case. These
systems inherit many useful properties in a generic setting from the linear case: scalability of solutions, estimation of the rate
of convergence and robustness [3], [2]. A remarkable fact about homogeneous systems is that they possess homogeneous
Lyapunov functions [33], [29]. However, no numeric routine has been proposed so far to construct such a Lyapunov function
using homogeneity properties (the works [33], [29] assumed that a Lyapunov function is already given, and a special
transformation is then presented providing homogeneity property), and the present paper is going to fill this gap.

The aim of this work is to propose several homogeneous Lyapunov functions based on converse Lyapunov function
methods, and also to develop numerical tools for calculating an explicit homogeneous Lyapunov function for a given nonlinear
homogeneous system. The proposed results are based on an important feature of homogeneous Lyapunov functions: their
construction and analysis can be performed on a sphere only, making calculations simpler. The numerical algorithms obtained
here for constructing homogeneous Lyapunov functions can be used for checking the stability of homogeneous systems (since
a system on a sphere can be approximated by a homogeneous one [10], this approach can be applied to a wide class of
nonlinear systems locally). Their extension can also be implemented for control design using universal formulas [31], which
are implicitly dependent on (control) Lyapunov functions.

The outline of this paper is as follows. The notation and preliminary results are introduced in sections II and III. The
analysis of robustness of homogeneous Lyapunov functions is carried out in Section I'V. Several explicit analytic expressions
for homogeneous Lyapunov functions are proposed in Section V. Numerical routines using those expressions to design
a homogeneous Lyapunov function are presented in Section VI. The proposed approach for constructing homogeneous
Lyapunov functions is illustrated by numerical examples in Section VII. Concluding remarks and discussion appear in
Section VIII.

II. NOTATION

e Ry ={x eR:z >0}, where R is the set of real numbers, N is the set of natural numbers.

e | -| denotes the absolute value in R, ||.|| denotes the Euclidean norm on R™ (for n € N), ||z|| 4 = infeca ||z —£]| is
the distance from a point x € R™ to a set A C R".

e A continuous function o : Ry — Ry belongs to the class K if «(0) = 0 and the function is strictly increasing.
The function o : Ry — R, belongs to the class K, if @ € K and it increases to infinity. A continuous function

The preliminary version of this work has been partially presented in [12] without proofs and with a different numeric procedure.
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B : Ry xRy — Ry belongs to the class L if 5(-,t) € Ko for each fixed ¢t € Ry and lim;—, 1, 5(s,t) = 0 for each
fixed s € Ry.
« A sequence of integers 1,2, ...,n is denoted by 1, n.

III. PRELIMINARIES

Consider the following nonlinear system:
#(t) = f(z(1)), t = 0, M

where x(t) € R is the state and f : R™ — R” ensures forward existence and uniqueness of the system solutions at least
locally in time, f(0) = 0. For an initial condition zy € R™ denote the corresponding solution by X (¢, z¢) for any ¢ > 0 for
which the solution exists (the solutions are understood in the Carathéodory sense). A set A C R"™ is called forward invariant
for (1) if xo € A implies that X (¢,xq) € A for all ¢ > 0.

A. Stability definitions
Following [1], [18], [21], [27], let ©2 be an open neighborhood of a forward invariant set A C R™ of (1).

Definition 1. For the system (1), the set 4 is said to be:

(a)  Lyapunov stable if for any xo € Q) the solution X (¢, ) is defined for all ¢ > 0, and for any € > O there is § > 0
such that for any zg € Q, if ||zo||la < 6 then || X (¢,20)||4 < € for all t > 0;

(b)  asymptotically stable if it is Lyapunov stable and for any x > 0 and € > 0 there exists T'(x,¢) > 0 such that for
any xg € Q, if ||zol|la < & then || X (¢,20)]|a < € for all t > T'(k,€);

(¢)  finite-time stable if it is Lyapunov stable and finite-time converging from Q, ie. for any xg € () there exists
0 < T < +oo such that X (t,z9) € A for all ¢ > T. The function T4(z¢) = inf{T > 0: X (t,z9) € AVt > T} is called
the settling time of the system (1);

(d)  fixed-time stable if it is finite-time stable and sup, cq Ta(wo) < +00.

The set 2 is called the domain of stability/attraction.

If 2 = R™, then the corresponding properties are called global Lyapunov/asymptotic/finite-time/fixed-time stability of (1)
at A.

For a V : R — R denote the upper Dini derivative:
. t+h)—V(t
V() = limsup—v( +h) - V()
h—0t h

WVteR,.

If V is locally Lipschitz continuous then V+ is finite, and if V' is differentiable then V' is the usual derivative of V. For
V :R™ — R the generalized directional derivative at x € R™ in the direction d € R" is defined by:

DtV (x)d = lim supv<y +hd) — V{y) .

Yy—T h
h—0+t

B. Weighted homogeneity

Following [1], [33], for strictly positive real numbers r; (i = 1,n) called weights and A > 0, one can define:

o the vector of weights r = (r1,...,7)7, Tmax = Maxi<j<, rj and Tmin = ming<j<, 5
o the dilation matrix function A,(\) = diag(\");_, (note that Vz € R™ and VA > 0 we have A, (\)z =
(Atxy, .. Ny, AT

£ 1 ., . . .
o the r-homogeneous norm of x € R™ is ||z||, = (3}, |z:|7")? for p > rmax (it is not a norm in common sense since
the triangle inequality does not hold);
o for s > 0 the sphere and the ball in the homogeneous norm S,(s) = {x € R™ : ||z||, = s} and B,(s) = {z € R™:

|lz||» < s}, respectively.

Definition 2. A function g : R” — R is r—homogeneous of degree i € R if Vo € R™ and VA > 0 we have:
AT g(Ar(N)z) = g(2).
A vector field f : R™ — R” is r—homogeneous of degree v € R, with v > —ry;, if Vo € R™ and VA > 0 we have:
ATVATT ) F(A (M) = f(a),

which is equivalent to the i-th component of f being a r—homogeneous function of degree r; + v.



The system (1) is r—homogeneous of degree v if the vector field f is r-homogeneous of degree v.

For r-homogeneous system (1) of degree v, the solutions also admit a kind of homogeneity as functions of time [1], i.e.
Vxg € R™ and Vt € R:
X(t,Ar(Nzo) = A.(MNX (Nt z9) VA>0.

By its definition, || - ||, is an r—homogeneous function of degree 1, and there exist g,7 € K, such that
a(llzll-) < flz <@(|l«];) V2 eR™

Consequently, due to this equivalence of the norms || - || and || - || -, the homogeneous norm can be used in Definition 1. A
variant of selection of ¢, for a particular case considered in this work is given below:

Proposition 1. If the restrictions ry.x < 1 and p > 1 are satisfied, then
1
1 | smax <1
o l(s) =nr 1 -,
§™min s> 1
1| s™Tmin g <1

a(s)=nf"2 .
(s) ghmax g > 1]

Proof: Under introduced restrictions

P> vi=1n.
r;

Using Jensen’s inequality for p > 1 and any a; € R, for all 7+ = 1, n, since the power function is concave, we obtain:

1
= 1
n P n = n
1 > a; P 1 1
S ot (Bt s (30,
n

i=1 i=1

from which the following inequality is satisfied:

n P
ol = (z :

Therefore,

- {uxn:mm Jall, <1

el > 1

1
b
L
4

and inverting the above inequality we have an expression of . [ ]

If system (1) is r—homogeneous with degree v, then a direct computation shows that it is also r—homogeneous for
t =7 (r,...,r,)T with degree 7 = ——. Therefore, the conditions of Proposition 1 can be always satisfied for any
homogeneous system with 7. = p = 1.

[z

and we derived the desired expression of &. Similarly

n b n
el = (Zm ) s(zx|
=1

i=1

=

1 llzll7= 2] <1

1 ; @
]| Fmim || > 1

max

Corollary 1. Let ri.x < 1 and p > 1, then || - || is locally Lipschitz continuous.

Proof: The result is a direct consequence of (2) and the fact that the power function x +— z® for @ > 1 and the norm

function || - || are locally Lipschitz continuous (a composition of Lipschitz continuous functions inherits the same property).

|

Further in this work we will always assume without loosing generality that the conditions 7y,x < 1 and p > 1 are satisfied
in order to use the established above continuity property of the homogeneous norm || - |;-.



C. Time of convergence in homogeneous systems

An important advantage of homogeneous systems is that their rate of convergence can be evaluated qualitatively based
on their degree [24]:

Theorem 1. If (1) is r—homogeneous of degree v and asymptotically stable at the origin, then it is
(1) globally finite-time stable at the origin if v < 0;
(ii) globally exponentially stable at the origin if v = 0;
(#i) globally fixed-time stable with respect to the unit ball B, (1) if v > 0.

Following that, we can further quantify the system convergence using the definition below.

Definition 3. For ¢ > 1 define 7, : R” — R such that

IX(Ty (o), wo)llr = ¢~ o]l
i.e. it is the function of contraction in q times.
From this definition, it is easy to show that T, is r—-homogeneous with degree —v (the degree of homogeneity for (1)):
To(Ar(N)zo) = A" Ty(z0), VYzo € R, VA >0,

and T, (x() is uniquely defined for each x(, but it can be set-valued.
For a r-homogeneous system (1) of degree v, if it is asymptotically stable at the origin, then there exists a continuously
differentiable and r—homogeneous function V' : R — R of degree ©« > —v such that for all x € R™:

allz||tt <V(x) < bljz|lk, (3)
DTV (z)f(z) < —cV'Ti (), 4)

for some 0 < a < b and ¢ > 0 [33], [29]. Then for any zy € R",
X (¢, zo)ll» < B(llzoll-,t) ¥t >0, ©)

where

T v>0

(g)ie ”S v=20
is a function from class KL, and it represents a generic parameterization of the upper bound 3(||zo||,,t) of || X (¢, zo)||, for

all £ > 0 in homogeneous systems.

Definition 4. For ¢ > 1, a continuous function T, : R™ — R such that || X (¢, zo)||» < ¢ !||xol|, for all t > Ty (zg) for
any zo € R” is called an upper bound function of contraction in q times.

Taking into account the expression of 3 given in (5), we can conclude that a possible selection is T, (z0) = T (||zol|,)
with

SR
|
—

for s >0, Ty(s)=1 (& i, V<0 (6)

i (q(2)F) v=0

SN t\':,;
ol
Q
|
AN

which is uniform on the spheres and skipping some ambiguity, the same symbol T, is used for compactness of notation.
Then T',(zo) can also be considered r—-homogeneous with degree —v:

Tq(AT(A)ZQ) = AiVTq(CEo),V Xo € an vV A>0.



IV. ON HOMOGENEOUS PERTURBATIONS OF HOMOGENEOUS LYAPUNOV FUNCTIONS

This section is devoted to the analysis of the influence of homogeneous additive perturbations on homogeneous Lyapunov
functions, and the establishment of conditions providing that such a perturbation leads to another homogeneous Lyapunov
function.

To this end, let us assume that for a r-homogeneous system (1) of degree v, there exists a locally Lipschitz continuous
and r—-homogeneous function V : R” — R of degree ; > —v, then the analysis and the verification of all properties of V'
can be performed on the sphere S,-(1) only. Indeed, for any x € R there is y € S,.(1) such that © = A,.(||z]|)y, then

allz|y < V(z) = [l=]|FV (y) < bll=|l},
where a = infycg 1) V(y) and b = sup,cg (1) V(y) (same as in (3)), and
DV (x)f(z) = ||/ D*V(y)fly) < —dll|; (7

where d = —inf,eg, 1) DYV (y) f(y) (c=b"""¥d in (4)).

Now, for such a function V' let us show that there is a family of locally Lipschitz continuous and r-homogeneous Lyapunov
functions V' : R™ — Ry of degree p sufficiently close to V. To this end, denote £(z) = V'(x) — V(x) as the difference
between these functions. Clearly ¢ is a r—homogeneous function of degree ;. We wish to formulate the restrictions on € so
that V'(z) = V() 4+ () would be another Lyapunov function for (1) inheriting the properties of V.

Proposition 2. For a locally Lipschitz continuous and r—homogeneous function V : R™ — R of degree y > —v, assume
that the estimates (3), (7) are satisfied for constants 0 < a < b and d > 0. Let € : R™ — R be a locally Lipschitz continuous
and r—homogeneous function of degree . such that

—a<eg, d>E,

where £ = infycg 1)e(y) and € = supyeg (1) DTe(y) f(y). Then V'(z) = V(z) + e(x) is a locally Lipschitz continuous
and r—homogeneous Lyapunov function for (1).

Proof: Obviously, V' is locally Lipschitz continuous and r—homogeneous as a sum of two functions possessing these
properties. Next again, for any « € R™ there is y € S,-(1) such that x = A,.(||z||.)y. By definition and by homogeneity:

V(@) = [lzfV'(y) = Iz (V(y) + ()
and there exist a’ = infycg (1) V'(y) and b" = sup,cg 1) V'(y). If
O0<a+e
then the relations 0 < @’ < b are satisfied, and for all z € R"
a[lzlly < V'(z) < V||

Similarly,

DV (z) f(x) 2]y DFV (y) f (y)

][y DTV (y) f(y) + DT e(y) f(y))

and there exists d' = —infycg 1) DTV'(y) f(y). If

— inf DYV(y)fy)=d>z= sup D e(y)f(y),
y€S,(1) yeS,-(1)

then d’ > 0. [ |

Remark 1. To demonstrate that the restriction d > € is always feasible for some ¢, an upper estimate of € can be used:

= sup [|0Te(y)| sup [If (W),
yeS (1) yeS,(1)

where 97 e(y) is the generalized gradient defined in [9]. Then for any f in (1), by minimizing the values of &(y) and
|0Fe(y)]], it is possible to ensure that all conditions of Proposition 2 are satisfied.




V. CONSTRUCTING HOMOGENEOUS LYAPUNOV FUNCTIONS

In this section several explicit formulas for locally Lipschitz continuous and homogeneous functions are proposed
completing the results of [33], [29], where only the existence of smooth homogeneous Lyapunov functions has been
substantiated without an expression that can be used for numerical synthesis. For this purpose, in this section we will
assume that a homogeneous system (1) is asymptotically stable and the estimate (5) is given.

Assumption 1. Let (1) be asymptotically stable at the origin with a locally Lipschitz continuous and r—homogeneous vector
field f of degree v > 0.

A possible expression for the function 5 € KL is given just below (5) and the parameters of the function g, i.e. a, b, ¢
and u, are assumed to be fixed (as usual for the converse results). It is worth to stress that for the analysis in the sequel,
these parameters are not related with a Lyapunov function of (1), they come from a possible parametrization of 3 given
after (5).

Remark 2. Recall that under Assumption 1, if the system (1) is locally Lipschitz continuous, then for any compact set of
initial conditions & C R™ and any time 0 < 7" < 400, there exists K¢ r € Ry such that [18] (assuming that the solutions
originated in £ are defined on [0, TY)

X (¢ 21) = X (t,22)|| < Kerller — 22l

forall 0 < ¢ < T and all 21,22 € £. Using the Lipschitz continuity of | - ||, established in Corollary 1 and the fact that
- ~ ~ 1

for an asymptotically stable system X (¢,20) € € for all ¢ > 0 and zo € € for some compact £ C R" (£ = B,((2)#) for

& = B,(1) according to (5)), then there exists Lg 7 € R such that

Xzl = [ X (& 22)llr| < Lerlley — w2l

for all 0 <t < T and any z,,z2 € £. These constants K¢ 7 and Lg 7 will be used below in the proofs.

A. Design based on supremum of trajectories
First, the converse Lyapunov function method initiated in the works of [26], [32] is used, which is developed below for
the needs of homogeneous systems.

Lemma 1. Let Assumption 1 be satisfied. Consider
V(z) = sup{v(X(t,z)) k(v(x)"t)}, v(z) = sup [ X (¢, z)|,
>0 t>0

where k : Ry — Ry is a continuously differentiable function satisfying 0 < k1 < k(t) < ko < 400 with a monotonically
decreasing function k(t) > 0 such that k(t)t < k3 < 400 for all t > 0. Then V is a locally Lipschitz continuous and
r—homogeneous of degree 1 function satisfying

kilzl|r < V(z) forall x € R",
DYV(x)f(x) <0 foraa x€R™\{0}.

An example of the function k(¢) needed in this lemma is
k(t) = (k1 4 mat) (1 + )71 k(t) = (kg — k1) (1 +1)72, K2 > Ky > 0.

Proof: For any xg € R", define
v(xo) = sup || X (£, z0)]lr,
>0
by construction |||, < v(zg) and v(0) = 0. From the attractivity of the origin and the continuity of X(¢,-), for any
xo € R™ there exists a finite time 7, € Ry such that v(xg) = SUPo< i< T, || X (¢, z0)||;-- For a homogeneous system (1),
a useful and simple choice is Ty, = T,(xo) for some properly selected ¢ > 1 (the function of contraction in ¢ times from
Definition 3). To analyze continuity of the function v, consider

(@) = v(z2)] = [sup[|X(t, z1)]l- = sup X (£, z)l].|
t=>

=

| sup [|X(¢,z1)[lr — sup [X(E x2),]
0<t<Tsy 0<t<Tny

sup NIX @zl = [ X 22)ll ],

Itx

N



where T' = max{T;,,T,,} and x1, 75 € R". For any compact & C R"™ there exists T¢ = sup, ¢ Ty, With the property
Te < 4o00. Keeping this in mind, and Lipschitz continuity of the system (1) (Remark 2), we see that

[o(z1) —v(@2)] < sup [ X (& 21)llr — [ X (& 22)]lr|

SisSTe

< Lege oy — a2

for all 1,22 € &£, and the function v is Lipschitz continuous on the set £, and locally Lipschitz continuous in R™ as needed.
Moreover, the function v is not increasing on any trajectory of the system (1), indeed for any zo € R™:

v(X(t,20)) = supllX(T,X(two))llr=Su13HX(Tv$o)Hr

< s [[X (7 zo)r = v(wo).

720

In addition, v is r—-homogeneous of degree 1 since for all xp € R™ and A > 0:

(A, (N)zo) = sup [ X (t, Ar(N)zo)]|
= sup [|[A(N) X (A"t o)l
>0
= Asup [ X (A"t zo) ||
>0
= )\sug 1 X (7, z0) || = Av(zo),

where the change of variables 7 = A"t was used.
Now, define a new function for all ¢ € R™:

V(zo) = iglg{v(X(t»xo)) k(v(x0)"1)},
where k : R, — R, is a continuously differentiable function satisfying the conditions given in the formulation of lemma.
The function V' has a lower bound x1||zol|» < V(zo) and V(0) = 0. In addition, for all o € R™ and A > 0:
V(Ar(N)zo) b;12113{11()((15,Ar(/\)xo)) k(v(Ar(A)z0)"t)}
= iglg{v(AT(A)X(A”t,wo)) k(A v(0)"t)}

= Aiglg{v(X(A”t,wo)) k(N v(20)"t)}

= Asup{v(X(7,z0)) k(v(zo)"7)} = AV (x0),

720

where the substitution 7 = A\”¢ has been used again, and V' is r-homogeneous of degree 1. Next, for any 0 < ¢1 < 15 < 400
and any z1,20 € S = {z € R" : 1; <wv(x) <19} consider

V(1) = Vi(za)| = \iglg{v(X(tawl))k(v(m)”t)}—i»up{v( (t,22)) k(v(22) )}
= Isup{u(X(t z0))k(v(z1)” )}*Sup{v( (t,22)) k(v(x1)"1)
—sup{v(X (£, 22)) k(v(z2)" )+Sup{v( (t,22)) k(v(z1)"D)}|
) )

< ié;v(mm k(v(m)” >}—§gg{v< (t.22)) k(v() D)
HSUp((X(102) K(otan) D)} = sup{o(X (1) Ko(a2)" )

< supl(u(e ) DR(X (1 21)) — o (X (1 2))
Fsup [o(X (1) k(o)1) = k(o)D)

< RaSUp (X (1 21) — V(X (1,22))| + 280D [K(0(1)*1) — K{o(a2) D).

For any x1,x2 € S, there is 0 < T' < 400 such that

sup [vo(X (¢, 21)) —v(X (L, 22))] = sup (X (¢ 21)) = v(X (L, 22))].
t>0 0<t<T



This property follows from the fact that v is not increasing and that v(X(+o0,21)) = v(X(+00,22)) = 0 for an
asymptotically stable system (1). Next, using the Mean value theorem

sup [F(v(21)"t) = k(v(2)"t)| = sup (80t (v(a1)” — v(x2)"),

where 0 € [v(x1)”,v(z2)"] C [¢¥, 4], then
sup [k(v(21)"t) — k(v(w2)"t)] < Kty fu(@1)” — v(2)"|
>0
< kyllzy — o

and the existence of x4 > 0 follows from the fact that v is locally Lipschitz, v > 0 and min{v(z1),v(z2)} > ¢; > 0.
Therefore,

[V(z1) = V()| < k2 sup [o(X (¢ 21)) — v(X (L 22))] + Kallz1 — 22
0<t<T
< keLsp|| X(t 1) — X (¢, w2) || + Kallz1 — 22|
< (keLsrKs T + ka)|lz1 — 22|

for all x1,z5 € S. Therefore, the function V' is locally Lipschitz continuous on S for any 0 < 1 < 19 < 400, and by
homogeneity it inherits this property for all R™. In addition, V' is strictly decreasing for any 2o € R™ \ {0}:

V(X(to) = sup{u(X[r X (tao)) Ho(X(t20))"r)
— sup{v(X[r, zo]) K[o(X (£ 20))" (r — )]}

T>t
< sgpo{v(X[T, xo]) k(v(zo)"'71)} =V (x0),
where on the last step the facts, that the function v is not increasing and  is strictly increasing, have been used.
Denote V (t) = V(X (t,z0)) for any 2o € R™ and t € R, then V't (t) = DTV (X (t,20)) f(X (¢, 20)) almost everywhere
and
V*H(t) :=lim sup h V(X (h,20)) — V(x0)],

h—0t

then VT (t) < 0 (since it has been established above that V(X (t,z0)) < V (20)) and, hence, DTV (o) f (20) < 0 for almost
all zg € R™\ {0}. [ |

The drawback of the above construction of v and V is that for their calculation we have to know the solutions X (¢, z¢)
for all ¢t > 0, which is an obstruction for application. Using homogeneity once more, this shortage can be avoided:

Lemma 2. Let Assumption 1 be satisfied. Then
Viz)= sup {v(X(t,2)) k(v(z)"D)}, v(z) =  sup [|X(E )],

0<t<T4(x) 0<t<T 4 ()
where k : Ry — Ry is a continuously differentiable function satisfying 0 < k1 < k(t) < ko < (g)fiqm with a
monotonically decreasing function k(t) > 0 such that k(t)t < k3 < 400 for all t > 0, is a locally Lipschitz continuous and
r—homogeneous of degree 1 function such that
killzllr < V(z) forall x € R",
DYV (x)f(x) <0 for aa x€R™\{0}.
Proof: For any xy € R" define

v(zg) = sup || X(¢, o),
Ogthq(aco)

where T, (z¢) is the upper bound function of contraction in ¢ > 1 times from Definition 4. Note that

v(zo) = sup  [|X(t,2o0)llr = sup || X (£, 20)llr
0<t<T 4 (z0) t>0

and the proof of all properties of the function v is the same as in Lemma 1.
Now, define a new function for all g € R™:

Vizo) =  sup  {u(X(t w0)) k(v(z0)"t)},

0<t<T 4 (z0)



where k : Ry — R, is a continuously differentiable function satisfying the conditions of the lemma. The function V' has a
lower bound 1|z, < V(x0) and V(0) = 0. In addition, for all o € R™ and A > 0:

V(A-(Nzo) = . @Sl(lAP N ){v(X(t,A,,(A)xo)) k(o(Ar(N)zo)"t)}
= /\sug ( ){U(AT(A)X()\”t,xO)) k(N v(xo)"t)}
0<tSA— T (o
= A sup  {v(X (A"t 20)) k(A v(20)"t) }
0KEKAVT g (o)
= A sup  {u(X(7,20)) k(v(x0)"T)} = AV (20),
0<7<T ¢(z0)

where the substitution 7 = A"t has been used again, and V' is r-homogeneous of degree 1. Next, for any 0 < ¢; < 19 < 400
and any 21,22 € S = {z € R" : 11 < v(zx) < 12} consider

V(z1) = V(z)| =

sup  {v(X(t,z1)) k(v(z1)"t)} —  sup  {v(X (¢, z2)) k(v(xg)”t)}‘

OgtéTq(xl) OgtéTq(aw)
< sup  {v(X(t,21))k(v(z1)"t)} —  sup {v(X(t,wz))k(v(xl)”t)}‘
0<t<Ty(21) 0<t<Ty(z2)
+| sup {o(X(t,22)) k(v(z1)"t)} = sup  {o(X (L, 22)) k(v(zz)”t)}|
Ogtgfq(iDQ) Ogtgfq(iDQ)
< sup [k(u(z1)"t) [v(X (¢ 21)) — v(X (¢, 22))]]
0<t<T!
+  sup  |u(X(t@2)){k(v(21)"t) — k(v(22)"1)}
0<t<T 4 (x2)
< ke osup [u(X(E 1)) —o(X(E,22))| + 2 sup [k(v(z1)"t) — k(v(22)"1)],
0T 0<t<T

where as before 7" = sup,, s Tq(z0). Recalling the properties of the function k(%) and using the Mean value theorem we
derive:

sup [k(v(21)"t) — k(v(@2)"t)] = sup |k(00)t(v(x1)” — v(x2)")
0<t<T” 0<t<T”

for 0 C 1Y, 4], then

sup |k(0t)t(v(z1)” — v(xg)”)‘ < k3] Y |v(z1)” —v(z2)|
0<t<T"

and since ¢; > 0 there is k4 > 0 such that
raty " [o(@1)” — v(@2)"] < Kalloy — @2
Consequently, for a locally Lipschitz and stable system (1) we obtain (Remark 2)
V(1) = V(z2)| < k2 sup [o(X (L 21)) — (X (L, 22))] + Kallwy — a2
0<t<T’
< ReLsa || X (1t x1) — X (¢ x2)|| + Kallzy — 22|
< (keLs 1 Ks. 1/ + Ka)ll21 — 22|

for all x1,x5 € S. Therefore, the function V' is locally Lipschitz continuous on S for any 0 < 11 < 19 < 400, and by
homogeneity it inherits this property for all R™. Recall that v(X (¢,x0)) is not increasing and k(¢) is strictly increasing in
time, then V' is strictly decreasing for any zo € R™ \ {0}, and to demonstrate this fact note that

V(X(t,xo)) = oc <TSIE£)(( )){U(X[TﬂX(tva)]) k‘(’U(X(t,:L‘U))VT)}
= _sup {v(X[r +t,20]) k(v(X(¢,20))"T)}
0<r<To (X (t,20))
= sup {o(XIs, zo]) k[v(X(¢,20))" (s — )]}
t<s<t+T ¢ (X (t,20))



If t + T4(X(t,20)) < Ty4(xo), then obviously
V(X(hao) < suwp {o(X[s@o)) k(X (t30))" (s — D]}

tgsgfq(wo)

< sup  {v(X[s,zo]) k[v(X(t,20))"s]}
0<s<Ty(z0)

< sup {v(X[s, zo]) k[v(x0)"s]} = V(zo).
0<s<T ¢ (x0)

If t +T,(X(t,z0)) > Ty(xo), then || X (¢,20)||» < ||lzoll» and (f ¢t > T, (z0) then the first supremum above disappears and
the equality sign has to be replaced with the sign less or equal)

V(X(t, o)) = max{ _ il%P( ){U(X[SJOD klv(X(t, x0))" (s — 1)},
~ sup {o(X[s, zo]) k[v(X(t,20))"(s — t)]}}
Tq(xo)<s<t+T (X (t,%0))

< max{ B i%p( ){’U(X[vaO]) k[U(X(t,(EO))V(S - t)]}7I€2U(X[Tq(1'O)7$O])}
< max{ sup  {v(X][s, zo]) k[v(X(t,20))" (s — )]}, RQ(Z)iqlﬂxoh} )

t<s<Tq(z0)

Let mg(g)iq_l < K1, then

a

V(X (t,z9)) < max{ sup  {v(X][s, zo]) k[v(X(t,xo))”(s—t)]},V(xo)}

t<5<Tq (wo)

<Ty(z0)

< max{ sup  {v(X[s,mo]) k[v(xo)s]}, V(xo)} = V(z)
0<s
and we derived the required property that
V(X (t,20)) < V(xo)

for all £ > 0. u

Remark 3. Note that the functions v(z) given in lemmas 1 and 2 are also locally Lipschitz continuous and r~homogeneous
of degree 1 such that

| zollr < v(z) < (9)% zo|lr for all z € R,
a
DYv(z)f(x) <0 for aa x €R™\ {0}.

Thus, v(z) are non-strict Lyapunov functions for (1). It is worth to note that it is difficult to make a numeric derivation
of v since any small computational error may lead to a function v with a positive derivative along trajectories due to its
non-strictness.

B. Design based on integral of trajectories

Following [23], [20], an alternative integral construction of a strict Lyapunov function can be used:

Lemma 3. Let Assumption 1 be satisfied. Then for p > max{1,v},

+oo
W)= [ I
is a locally Lipschitz continuous and r—homogeneous of degree p — v function such that

Trng ™|z |4 < W(z),¥ = € R,
DtW(z)f(z) <0 foraa z€R™\ {0},

where T = inf, g, (1) Ty(o).



Proof: For any z(y € R™ consider
+o00
Wieo) = [ 1t w0)] 2t
0

which is a well-defined integral for any xo € R™ under Assumption 1 for the function 8 € KL given below (5) (a direct
computation confirms this fact). The obtained function W is r—-homogeneous of degree i — v since for all o € R™ and
A > 0:

+oo
WA, (Nzg) = / 1X (8, Ay (A)o) [t

“+o0
_ v/o X (A2, 20) | “dt

+oo
A/ 1X (7, 20)|[Bdr = XYW (z),

where the change of variables 7 = A"t was used. By construction W (0) = 0 and for any z( € S,(1):

+oo Tq(gco)
W () = / X (t,w0) [ dt > / gt = Ty(w0)g ",
0 0

hence by homogeneity T, #||z|[#~* < W (x) for all z € R™. Since 1 > 1, X (t,20) is locally Lipschitz continuous in
xo for an asymptotically stable system (1) with locally Lipschitz f, and the Lipschitz continuity of || - ||, is established in
Corollary 1, then W is locally Lipschitz continuous in R™ as needed.

Moreover, the function W is strictly decreasing on any trajectory of the system (1), indeed for any xp € R™:

“+o0
WX (t,0)) / X (. X (¢, 20)) | dr

+oo
- / 1X (7 + t,20) s
0

“+o0
[ 1xGam)ras
t
+oo
< / 1X (s, 20) s = W (zo),
0

where the strict sign is obtained since for any ¢ > 0 and ¢ # 0 there are time instants s € (0,¢) such that || X (s, z)||» # 0.
|

For the case of conventional homogeneity, Lemma 3 was proven in [33] (Theorem 36). Finally, a new more practical
construction on a fixed time interval might be preferable:

Theorem 2. Let Assumption 1 be satisfied. Then there exists ¢ > 1 such that

Tq(llz|lr)
U(x) = / X (t, ) | dt,
0

where T, (||z||;) is the upper bound function of contraction in q times (an example is given in (6)), for ;> max{1l, v+ v?}
is a locally Lipschitz continuous and r—homogeneous of degree p — v function such that

min _— —v T b —v n
g |zl < U(w) <Tq(1)a||l’\|if V2 eR",
DYU(z)f(z) <0 for aa. x € R™\ {0},

where T;“in = infses, 1) Ty().

Proof: For any xy € R™ define

Tq(lzollr)
Ulo) = / X (t, o) |,
0



where T'y(||zol|;-) for ¢ > 1 is from Definition 4, which is defined as a function of ||zo||,. The function U is r-homogeneous
of degree p — v since for all zop € R™ and A > O:

Ty (IA-(N)zollr)
U(A(Nao) = / 1X (8, Ay (A)o) [t
0
AT q(lzollr)
V. / IX (At ) |dt
0

Tq(llzollr)
= A/ | X (o) || dr = A=V (),
0

where the change of variables 7 = A¥¢ was used. By construction U(0) = 0 and for any z¢ € S,(1):

Tq(1) Ty(wo)
Uteo) = [ Xl = [ gt =T )
0 0
and similarly using (5):

Tq(l) Tq(l) b _ b
U(ao) = / 1X (¢, z0) [t < / Y =7, 1),
0 0 a a

Hence, by homogeneity

min  — —v Vel b .y
I P lllli™ < Ule) < To() - [lfl

for all z € R™. Further in the proof we will also need the following estimate:

T,(1)
Ulro) = / 1X (¢, 20) [t
0
Ty(1)
> [ X el
0
Tq(1) _
> / gt = g T (1)
0 .

where 1 < ¢ < ¢ (then Ty(1) < T4(1)). Denote

; r<0’
m
% In (9) v=_0
If b > a (we can impose such a restriction without loosing generality), then x > 0 and by homogeneity for all z € R™:
Ulx) = &l

To analyze the continuity of the function U, consider z1,z2 € S,(1) and

Tq(llw1llr) Tq(llz2lr)
/ X () [t — / X (¢, ) |t
0 0

Tq(1)
[ Il - X e e
0

U(z1) = Ulz2)| =

IN

Tq(1)
/0 Xzl = [ X (E w2 |17 d2.
Due to Lipschitz continuity of the system (1) there exists Lg_ 1), T, (1) € R4+ (Remark 2) such that

Xzl = [1XE 22)l15] < Lg, 4y 7,0y 121 = 221,



for all 0 <t < Ty4(1) and any z1, 22 € S,(1). Consequently,

U (1) = Ulz2)|

N

Tq(1)
L Esomale -l

< Tq(l)Ls,,.(l),Tqu)”xl — o

for all 1,25 € S,(1), and the function U is Lipschitz continuous on the unit sphere S,-(1), and by homogeneity it is locally
Lipschitz continuous in R™ as needed.

Moreover, the function U is decreasing on any trajectory of the system (1), indeed for any xo € R™:
(IX o))
Ux(te) = | 1 (r, X (1))
0

Tq (X (t,z0)lIr)
-/ IX(r + t0) [
0

t+ T (| X (t,z0)]lr)
- / 1X (s, 20) | ds.
t

If £+ T, (|1X (£, 20) ) < Ty(lzoll,). then
Tq(llzollr)
U(X (L) < / 1X (s, 20) £ ds
t

Tq(llzollr)
< [T X a)ds = Uleo),
0

where the strict sign appears since X (s, ) # 0 for s € [0,]. Consider the case 0 < t < Tq(||zol|») where ¢=' <~y <1
is a constant to be determined later (if for all 2o € R™ and ¢ € (0,74(||zo[|~)) the function U is strictly decreasing, then
it is enough for our purpose), then for ¢t < T4 (||zol/») we have

t t
/ 1X (s,20) s > / g o s
0 0

t
> [ lids = g ol
0

Under the restriction ¢ + T, (|| X (t, zo)||+-) > Ty (|lzoll») let To([| X (¢, z0)|») < Ty(||zol|,) then

t+ T (| X (t,0)llr) Tq(llzollr)
/ 1X (s, 20) s — / 1X (5, 20)||1“ds
0

t+Tq ([ X (t,z0) ) To(I1X (o))

U(X(t,20)) — U(zo)

< / 1X (s, o) | “ds — / 1X (5, 20) s
0
t+T 4 (|| X (t,z0)|l») t
- / 1X (s, 20) s — / 1X (s, 20) A ds
X (¢,20) 1) 0
T (| X (t,z0) ) t
< [ o laalltds — [ 1X (.0 1ds
Tq([| X (t,z0)+) 0

= ot — / 1X (5, 20) /s < 0.
0

Hence, in this case again U(X (t,z0)) < U(zo). Finally, let us analyze the case T, (|| X (t,20)||») > T4(||xol|;-). Note that
if | Xt zo)llr < 75z lloll- then

m b —v —v
U(X(t,20)) < Tq(1)[IX (8 w0) |l < sillzollF™ < Ulwo),

therefore, the case with || X (¢, z0)l, ﬁonH, has to be considered only, and due to homogeneity of T,

>
= T,
the condition T4 (|| X (t,x0)|,) > Tq(||xo|\ ) 1mphes that the analysis can be even further restricted to the case



Foz lzoll < 1X(E zo)llr < llzolle and Ty(llzollr) < To(|X (¢ 20)llr) < oTq(llzollr), where ¢ = (ﬂﬁp) - Taking

into account all these restrictions we have:
t+T 4 (| X (t,z0)lr) Tq(llzollr)
U(X(t,20)) — Ulwo) = / 1X (s, 20) s — / 1X (s, 20) A ds
0
t+T¢ (|| X (t,20)r) t
-/ X o) s = [ 1X(s,m0) s
(Ilzollr) 0
t+T (I X (t,z0)|l+) t
< / g o ds — / 1X (s, 20) A ds
(lzoll+)
= g0l (t + Ta(IX (6 20) ) — Tolllzollr)) / 1X (5, 20) s

IN

g Mlwollr (¢ + Tq(IX (¢, z0)llr) = Tq(lzollr)) = v~ q*[lzollrt,
then

To(1X (¢, 2o)llr) = Tq(llzollr) < (v = 1)t
implies that U (X (¢,x0)) < U(xo). Note that

Ty(I1X (t, z0)llr) = Tq(llzollr) = “m”|x<”X(§||x0)”V

[zolly — [[ X (£, zo)I7 =
e UL S ()
Y ||x0||r

a([[zoll-)

Let us consider zo € S,.(1), the solution X (¢, ) is a continuously differentiable function for almost all ¢ > 0, then for all
t € (0,7,4(1)) and all zy € S,(1) there exists L > 0 such that |||zo||¥ — || X (¢,20)||¥| < Lt (recall that v > 0 and the
Lipschitz continuity of || - ||, is established in Corollary 1). Consequently, for zg € S,.(1)

ol — 12X (¢, zo)[I7 = lzolly = IX(t, zo) 17 7

1
1||$ ||r (H || ) 971 q( )
< oLT,(1)t =L < ) T, (1.
ak
Recall that .
cia
T 1) = (%)7%_qu )
q(1) m— v<0
Eln (g(2)F) v=0

then there exists ¢ > 1 and v > ¢~ ! such that

b U—l—i—l/ _
L — T 1 1< H
() M) 11 <

provided that
v+1v? v>0
nw>40 v <0
0 v=_0
Then the property U(X(t,29)) < U(wxo) is proven for any zo € S,(1), and by homogeneity for any zo € R" and
t € (0,T~q(||zol|~)) we have shown that
U(X(t,z0)) < U(zo).

Remark 4. As we can see in the proof above, the analysis of the properties of U is performed on a compact set separated
from the origin (between S,.(¢~!) and S,.(1)) and extended globally using the homogeneity arguments. Then the case of
v < 0 or even discontinuous dynamics in (1) can be treated similarly if the continuity is lost at the origin only.



VI. NUMERIC DESIGN

Let us consider how the Lyapunov function proposed in Theorem 2 can be constructed numerically. By definition, for an
r-homogeneous of degree ;1 — v Lyapunov function U : R™ — R, for any « € R™ there is a unique y € S,(1) such that
z = Ar(|lz] )y and

Ulz) = [lz]7"U(y)-

Consequently, it is enough to approximate the values of U on S,.(1), and next to reconstruct its values globally via
homogeneity arguments. This section has two parts: first, pointwise derivation of values of a homogeneous Lyapunov
function is discussed; second, an interpolation of its values on S,.(1) is presented under mild restrictions leading to a simple
numeric procedure.

For a given fixed discretization step h > 0, let X}, (¢;,zo9) denote an approximation at instants ¢; = ih, ¢ > 0 of the
solution X (¢,xq) of (1) using Euler method [6] (any other discretization method can also be used).

A. Pointwise calculation

For N > 0, let §; € S,(1) with j = 1, N form a uniform grid on the unit sphere S,(1), and let us introduce into
consideration the following variables:

J
h
Uj = hz ||Xh(t27gj)||¢7
i=0
J=T1argsup sup [ Xp(ti,&)llr < g,
i>J 1<j<N
where 7 > 1 is a tuning parameter.

Corollary 2. Let Assumption 1 be satisfied. Then there exist ¢ > 1, N > 0 and h > 0 such that for any 7 > 0 and
> max{1l,v+v?}:
Up =U() Vi=1,N,

where U : R™ — R is a locally Lipschitz continuous and r—homogeneous of degree p— v Lyapunov function for the system
(1).

Proof: Since all conditions of Theorem 2 are satisfied, then for a sufficiently big ¢ > 1 a Lyapunov function can be
selected in the form given in the theorem:

~ Tq(llzollr)
O = [ Xt
0

By the properties of the (explicit) Euler method [6] (see also Theorem 7 in [11] for v > 0), for N sufficiently big and h
sufficiently small, the following inequalities are satisfied for any € > O:

Ur - U(g)| <e Vj=1N.

By Proposition 2, there exists a family of r-homogeneous of degree ;1 —v Lyapunov functions U (x) that belong to €-vicinity
of U(x) for some ¢ > 0. Since the value of € can be made arbitrary small by increasing N and decreasing h, the result
follows. [ ]

B. Interpolation

The result of Corollary 2 shows how pointwise values of a homogeneous Lyapunov function on S,.(1) can be derived.
Next, based on this result let us make an interpolation. To this end, note that there is always a homogeneous norm such
that S,.(1) = S™ = {& € R" : |z|| = 1} (for example, an implicit definition of a canonical homogeneous norm from
[28] can be used), then for the interpolation we will focus on this case only, and denote the geodesic distance on S™ as
g(z,y) = arccos(xTy) for any x,y € S™. Following the theory of radial basis function interpolation on the sphere [7], [16],
a continuous function p : [0, 7] — R is (zonal) strictly positive definite on the sphere S™ if for all distinct points &; € S™
with j = 1, N for all N > 0, the matrix

My = {p(9(& &)}y

is positive definite, that is Apin (IIx) > 0, where Apin(IIy) is the minimum eigenvalue of Iy (some examples of such
functions can be found in [7], [16], e.g., p(s) = () or p(s) = (2 — cos(s)) ). Then, selecting a zonal strictly positive
definite function p, there exists always 0 = [0 ...0x]T € RY such that



for

Z%p (&.€)) 8)

Indeed, the vector 6 is the solution of the equation
Ty = 1In0, )

where Ty = [Uf... U}]" € RY is the vector composed by the corresponding values of U and the matrix Iy is non-
singular (symmetric and positive definite) thanks to the properties of the function p.

Assumption 2. The function p (g(£,&0)) is Lipschitz continuous with respect to & for any £,&y € S,(1).
This restriction is satisfied for many examples of zonal strictly positive definite functions p (see [7], [16] and above).

Assumption 3. There exist o > 0 and ¢ > 0 such that for any N > 0

— 0
I < e

where || - ||2 is the induced matrix norm.

Thus, for a sufficiently big value of N (for a sufficiently dense grid on S,.(1)) the derivative of (8) can be made sufficiently
small, which implies that the result of Proposition 2 can be applied and the conditions on ¢ and € are satisfied:

Theorem 3. Let assumptions 1, 2 and 3 be satisfied. Then there exist ¢ > 1, N > 0 and h > 0 such that for any T > 0 and
w > max{1,v +v?}, a locally Lipschitz continuous and r—homogeneous of degree y — v Lyapunov function for the system
(1) can be found on S,.(1) in the form (8), where the vector of parameters 0 is the solution of (9).

Proof: Since all conditions of Corollary 2 are satisfied, there exist ¢ > 1, N > 0 and h > 0 such that for any 7 > 0 and
p > max{1,v +v?}, alocally Lipschitz continuous and r—-homogeneous of degree ;1 — v Lyapunov function U : R — R
for the system (1) can be calculated at the points &; for all j = 1, N:

=U(&)).

From the proof of Theorem 2, the Lipschitz constant of U on the sphere S,.(1) is upper bounded by the constant

Ly =Ty(V)Lg 1) 7,01,

which depends only on the properties of the system solutions and it is independent on N. Due to this property, for any
N > 0 the functions U obtained in Corollary 2 are uniformly upper bounded on S,.(1) by some constant Uy,ax € Ry (this
bound is related with solutions and not with N), i.e. UJh < Umax for any fixed ¢, h, u, 7 and any N. Since S,.(1) is a
compact set, then the vector 7 and the matrix Iy are elementwise bounded uniformly for any N > 0. By Assumption 3,
the norm of the inverse of IIy has an upper bound %= for some g > 0, then the solution 6 of (9) is also elementwise
upper bounded and decreasing with V:

10llmax < (161 < TR |27 |
< NI 217wl
S QN_QHTNHmaX é QN_aUmaxv
where || - ||max is the max norm of a vector (elementwise maximum).

Define
e(x ZGJp z,&5))

as the approximation error by (8) of the Lyapunov function U. Therefore, due to Assumption 2 there is £ > 0 such that
Le= maX{LUaEQN_a max}
is a Lipschitz constant of ¢ on S,.(1). Since £(§;) = 0 due to (9), then the estimate

sup e(y)| < sup [e(y) —e(&))
y€Sr(1) y€S,r(1)

< sup Lely =gl
yGST(l)



is valid for any j = 1, N. To obtain a tighter upper estimate, for every y € S,.(1), we can consider j*(y) € 1, N corresponding
to inf |y — &;|. So for all y € S,.(1), there is x > 0 such that

K
Yy =& wl< 5

since §;, j = 1, N form a uniform grid on the sphere S,(1). Therefore,
K
sup |e(y)| < Le—z
yes,(1) N
is decreasing with N. Thus, £ = infy,cs,(1)e(y) > —supyes, (1) 1(y)| > —Lex admits a lower bound strictly increasing
in N. By definition

g = sup DYe(y)f(y)
yESr(l)

N
= sup DT |U(y) — Z 050 (9(y,&5)) | f(y)
y€S-(1) j=1

< sup (DY 0 (9(y,)) f(v)]

y€S,(1) j=1

since DU (y)f(y) < 0 for all y € S,.(1). As it is shown in Proposition 1.1.a of [9]:

N
sup [DF 00 (9(y.6) f )] < £)10]max sup (RACOIF

yE€Sr(1) j=1 yeS,(

and

€ S EQNiaUmax sup ||f(y)||
y€S,(1)

is a strictly decreasing function of /N. Therefore, the values —¢ and € are decreasing with N for the approximation (8), and
there is a sufficiently big /N > 0 such that the conditions of Proposition 2 are satisfied. [ ]
Note that due to the introduced assumptions and to properties of the function U in (8), the directional derivative
DT U(y) f(y) is well defined for all y € S,.(1). Thanks to the r~homogeneity of f with degree v and to the r—homogeneity
of U of degree y1 — v,
DY U(2)f(x) = |zl DU W) f ()

for any = € R", where y € S,.(1) is such that z = A,.(||z]|,-)y, and DU () f(z) is well-defined for all z € R".

VII. EXAMPLES
For simplicity of presentation, the case n = 2 is investigated in this section, and the following expressions and values of
parameters are used for computation of a homogeneous Lyapunov function:
p = max{1,v +v*} +0.15,
qg=2, 7=1.25 h=0.01,
p(s) = [s].
In the examples below, these values have been fixed and the value of N was increased (similarly 2~! and ¢ may be gradually
augmented) until convergence of the procedure.

A. Nonlinear system 1
Consider (1) with

f(z) = [ w2 fo)" ]

_ fxﬂl%
1

for # € R?, then v = 2 for r = [ 1]. The results of simulation are shown in Fig. 1 for N = 50. The state trajectories are
presented in Fig. 1,a. The obtained values of U are plotted in Fig. 1,b (the bold points represent U jh), the derivative of U
is given in Fig. 1,c. As we can conclude from these results the obtained values correspond to a Lyapunov function, and it

is homogeneous by construction.
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Figure 1. Results of calculations for nonlinear system 1: a. State trajectories; b. The level of Lyapunov function U(y) for y € Sy-(1); c. The values of
the derivative DT U (y) f(y) for y € Sr(1)
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Figure 2. Results of calculations for nonlinear system 2: a. State trajectories; b. The level of Lyapunov function U(y) for y € Sr(1); c. The values of
the derivative DU (y) f(y) for y € Sy-(1)

B. Nonlinear system 2
Consider (1) with
T2

fla) = _ (x1j3 _ fx2J1'5

for z € R2, then v = 0.5 for r = [0.5 1]. The results of simulation are shown in Fig. 2 for N = 100 (trajectories in Fig.
2,a, the values of U in Fig. 2,b and the derivative in Fig. 2,c). The results of these calculations also confirm our theoretical
findings.

VIII. CONCLUSION

The problem of construction of a homogeneous Lyapunov function for an asymptotically stable homogeneous system
is revisited. First, for systems with nonnegative degree of homogeneity, several expressions of homogeneous Lyapunov
functions are proposed, which depend explicitly on the system solutions (on finite or infinite intervals of time). Second, a
procedure is presented, which under some technical assumptions ensures that a homogeneous Lyapunov function can be
numerically constructed. The results are illustrated by simulations for linear and nonlinear cases. The proposed numeric
design of Lyapunov functions can be used for verification of stability of homogeneous systems. Future directions of research



include extensions of our approach for the cases of negative degree and discontinuous dynamics. Guidelines for parameter
tuning have also to be developed.

(1]
(2]
3

—

(4]
(5]
(6]
(71
(8]
[9]

[10]
[11]

[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]

[20]
[21]
[22]
[23]
[24]
[25]

[26]
(27]

[28]
[29]
[30]
(31]
[32]

[33]

REFERENCES

A. Bacciotti and L. Rosier. Liapunov Functions and Stability in Control Theory, volume 267 of Lecture Notes in Control and Inform. Sci. Springer,
Berlin, 2001.

E. Bernuau, D. Efimov, W. Perruquetti, and A. Polyakov. On homogeneity and its application in sliding mode control. Journal of the Franklin
Institute, 351(4):1866-1901, 2014.

E. Bernuau, A. Polyakov, D. Efimov, and W. Perruquetti. Verification of ISS, iISS and IOSS properties applying weighted homogeneity. Systems &
Control Letters, 62(12):1159-1167, 2013.

N. P. Bhatia and G. P. Szeg6. Dynamical Systems: Stability Theory and Applications. Springer-Verlag, Berlin, 1967.

C. Briat. Linear Parameter-Varying and Time-Delay Systems. Advances in Delays and Dynamics. Springer-Verlag, Berlin, 2015.

J. C. Butcher. Numerical Methods for Ordinary Differential Equations. John Wiley & Sons, New York, 2003.

E. W. Cheney. Approximation and Interpolation on Spheres, pages 47-53. Springer Netherlands, Dordrecht, 1995.

N. G. Chetaev. The Stability of Motion. Pergamon Press, New York, 1961. (English translation).

F. H. Clarke, Y. S. Ledyaev, R. J. Stern, and P. R. Wolenski. Nonsmooth Analysis and Control Theory, volume 178 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1998.

D. Efimov and W. Perruquetti. Conditions of oscillations and multi-homogeneity. Mathematics of Control, Signals, and Systems, 28(3):1-37, 2016.
D. Efimov, A. Polyakov, A. Levant, and W. Perruquetti. Realization and discretization of asymptotically stable homogeneous systems. I[EEE
Transactions on Automatic Control, 62(11):5962-5969, 2017.

D. Efimov, R. Ushirobira, J.A. Moreno, and W. Perruquetti. On the numerical construction of homogeneous lyapunov functions. In Proc. 56th IEEE
Conference on Decision and Control (CDC), Melbourne, 2017.

A.L. Fradkov and A.Yu. Pogromsky. Introduction to oscillations and chaos. World Scientific, Singapore, 1998.

P. Giesl and S. Hafstein. Review on computational methods for Lyapunov functions. Discrete and Continuous Dynamical Systems - Series B,
20(8):2291-2331, 2015.

W. Hahn. Stability of Motion. Springer, Berlin, 1967.

S. Hubbert. Radial basis function interpolation on the sphere. PhD thesis, Imperial College London, 2002.

A. Isidori. Nonlinear control systems: An Introduction. Springer-Verlag, Berlin, 2nd edition, 1989.

H. K. Khalil. Nonlinear Systems. Prentice Hall, Upper Saddle River, New Jersey, 3rd edition, 2002.

N.N. Krasovskii. Stability of Motion: Applications of Lyapunov’s Second Method to Differential Systems and Equations With Delay. Stanford
University Press, 1963.

J. Kurzweil. On the reversibility of the first theorem of Lyapunov concerning the stability of motion. Czechoslovak Mathematical Journal, 5:382-398,
1955.

Y. Lin, E. D. Sontag, and Y. Wang. A smooth converse Lyapunov theorem for robust stability. SIAM J. Control Optimization, 34:124-160, 1996.
A.M. Lyapunov. The general problem of the stability of motion. Taylor & Francis, London, 1992. Translated by A. T. Fuller.

J. L. Massera. On Liapounoff’s conditions of stability. Annals of Mathematics, 50:705-721, 1949.

H. Nakamura, Y. Yamashita, and H. Nishitani. Smooth lyapunov functions for homogeneous differential inclusions. In Proc. 41st SICE Annual
Conference, volume 3, pages 1974-1979. IEEE, 2002.

M. M. Peet and A. Papachristodoulou. A converse sum of squares lyapunov result with a degree bound. IEEE Transactions on Automatic Control,
57(9):2281-2293, 2012.

K. P. Persidskii. On a theorem of Liapunov. C. R. (Dokl.) Acad. Sci. URSS, 14:541-543, 1937.

A. Polyakov. Nonlinear feedback design for fixed-time stabilization of linear control systems. IEEE Transactions on Automatic Control, 57(8):2106—
2110, 2012.

A. Polyakov, J.-M. Coron, and L. Rosier. On finite-time stabilization of evolution equations: A homogeneous approach. In Proc. IEEE CDC, pages
3143-3148. IEEE, 2016.

L. Rosier. Homogeneous lyapunov function for homogeneous continuous vector field. Systems&Control Lett., 19:467-473, 1992.

R. Sepulchre, M. Jankovic, and P. V. Kokotovi¢. Constructive nonlinear control. Springer-Verlag, NY, 1997.

E.D. Sontag. A "universal" construction of Arstein’s theorem on nonlinear stabilization. Systems & Control Letters, 12:542-550, 1989.

T. Yoshizawa. On the stability of solutions of a system of differential equations. Memoirs of the College of Science, University of Kyoto, Series A:
Mathematics, 29:27-33, 1955.

V. 1. Zubov. Methods of A.M. Lyapunov and Their Application. Stechert-Hafner Service Agency, 1964.





