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Stabilization with imprecise measurements: application to a vision
based landing problem

Frédéric Mazenc Laurent Burlion Victor Gibert

Abstract— The problem of stabilizing a nonlinear system
approximated in a neighborhood of the origin by a saturated
chain of integrators when the variables are not accurately
measured is addressed. A recent backstepping approach with
delay is adapted to the specificity of the studied system. The
results are used to solve a control problem that arises in the
context of vision based landing of a civil aircraft.

Index Terms— Stabilization, delay, backstepping, bounded
control, vision-based control.

I. INTRODUCTION

The difficult problem of stabilizing systems with bounded
control has a long history. To solve it, several techniques of
control design have been developed for several families of
systems. Semi-global state and output feedback stabilization
results have been obtained via linear control laws acting
inside a saturation function, as done for instance in the con-
tribution [13]. Crucial regional stability results for families
of linear and nonlinear systems, which rely in particular on
LMI techniques, are presented in the research monograph
[15]. The techniques called the forwarding and the bounded
backstepping provide with globally asymptotically stabiliz-
ing control laws for some families of nonlinear systems.
Bounded backstepping has been developed in particular
in the contributions [2] and [7] and forwarding in many
contributions, notably in [16], [11] and [14].

Recently, a significantly different backstepping design has
been proposed in the papers [8] and [9]. It relies on the
introduction in the expression of the control laws of artificial
pointwise delays which circumvent the problem of determin-
ing Lie derivatives of the fictitious control laws used in the
classical approach. Thus, it makes it possible to relax the
smoothness requirement which is imposed on the fictitious
control in all the previous contributions on backstepping.
Moreover, for many systems of feedback or feedforward
form, it can be adapted to the problem of determining stabi-
lizing bounded feedbacks and leads to analytic expressions
that are simpler than those of the feedbacks constructed in
[2] and [7]. Finally, by contrast with other techniques, global
stability results are obtained via this approach.

Mazenc is with Inria, University Paris-Saclay, L2S (CNRS) Cen-
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The advantages of the approach of [8] led us in the
present work to adapt it to a specific control design problem
motivated by an engineering application. Indeed, we here
interest us to the emergency landing of a civil aircraft : the
runway being unequipped, the aircraft must rely an embed-
ded video camera which, from the control point of view,
poses the problem of controlling a perspective dynamical
system [5]. In the present paper, we focus on the lateral
motion and develop a new control law for a specific three
dimensional feedforward system. Due to vision, the key
difficulty presented by the model, is that only imprecise
measurements of the two first state variables are available.
As a consequence, we cannot directly apply results providing
with semi-global or regional stability mentioned above, nor
the design proposed in [8] or its extension [9]. Thus, we
propose a new theoretical control design technique, which
extends the theory presented in [8] and [9]. This theoretical
result is new but owes a great deal to the forwarding theory
[16], [10]. The control laws we construct are bounded and
result in a globally asymptotically stable closed-loop system.
An important part of our work is devoted to the assessment
of the control design through numerical simulations based
on real data.

The paper is organized as follows. The problem is pre-
sented in Section II. Technical lemmas are stated in Section
III. The main result is in Section IV. The main result is
illustrated in the specific context of vision based landing of
a civil aircraft in Section V. Concluding remarks in Section
VI end the paper.

A. Notation
The notation will be simplified whenever no confusion can

arise from the context. The Euclidean norm in Ra, and the
induced norm of matrices, are denoted by | · |. Given any
constant T > 0, we let Cin denote the set of all continuous
functions φ : [−T,0]→Ra, which we call the set of all initial
functions. We define Ξt ∈ Cin by Ξt(s) = Ξ(t + s) for all
choices of Ξ, s ≤ 0, and t ≥ 0 for which the equality is
defined.

Given L > 0, satL denotes the classical symmetric satura-
tion function i. e.

satL(x) = max(−L,min(L,x)), ∀x ∈ R. (1)

II. PROBLEM STATEMENT

We consider the system ẋ1 = satL1(x2)
ẋ2 = satL2(x3)
ẋ3 = satL3(u),

(2)



where (x1,x2,x3) ∈ R3, u ∈ R is the input and Li > 0, i =
1,2,3.

We assume that the outputs are:

y1(t) = η(t)x1(t)+δ1(t),
y2(t) = x2(t)+δ2(t),
y3(t) = x3(t),

(3)

where δ1, δ2 and η are unknown but piecewise-continuous
functions for which there are constants η > 0, η > η , δ 1 ≥ 0
and δ 2 ≥ 0 such that

η(t) ∈ [η ,η ] , |δi(t)| ≤ δ i , i = 1,2 (4)

for all t ≥ 0.
The objective of this paper is the global robust stabilization

of the origin of the system (2) through a bounded feedback
using only the measurements yi in (3).

The fact that η(t) is present in y1 is a serious difficulty. It
implies that classical approaches do not apply. Although the
system (2) is a feedforward system (see for instance [11]
for the definition of feedforward system), the forwarding
approach (notably the results of [11] and [16]) does not
apply, except under an additional assumption pertaining to
the size of η−η . But for practical reasons, we cannot impose
an assumption of this type.

Since (2) is not in feedback form, classical backstepping
results (see for instance [14]) do not apply. Since the function
η is unknown, not necessarily differentiable and with a
possibly unbounded first derivative, bounded backstepping
results in [7], [6] do not apply. Other approaches (see for
instance [10]) do not apply too. Finally, let us observe that
one cannot directly apply the result of [8], which does not
take into account the case where there are uncertainties on
the measurements. Thus, to the best of our knowledge, the
problem we solve is open.

III. TECHNICAL PRELIMINARY RESULTS

A. Stability of a system with a distributed delay

The following lemma will have a fundamental role when
we establish the main result of our paper.

Lemma 1: Consider the system

ξ̇ = α(t,ξt)+d(t), (5)

where ξ ∈ R, d : [0,+∞) → R is a piecewise continuous
function such that |d(t)| ≤ d for all t ≥ 0,

α(t,ξt) =−s
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
φ(η(m)ξ (m))dmd`,

(6)
where the constant s is defined by:

s=
qr

(1− e−qτ)(1− e−rτ)
, (7)

with τ > 0 q > 0, r > 0 and where φ : R→ R is (i) odd,
(ii) non-decreasing, (iii) globally Lipschitz, with Lipschitz
constant φc > 0 and such that there are positive constants φs
and φ such that

lim
s→+∞

φ(s) = φ , φss≤ φ(s) , ∀s ∈
[

0,
φ

2

]
. (8)

Moreover,
8τφcη(φ +d)+4d ≤ φ (9)

and
τp< c (10)

with

p= φ
2
c η

2 and c= inf
a∈E

φ(η |a|)
3|a|

(11)

where

E= {b ∈ R : 4τφcη(φ +d)+2d ≥ φ(η |b|)}. (12)

Then there is t] ≥ 4τ such that for all t ≥ t],

|ξ (t)| ≤ (2φcητ +1)d√
2c(c− τp)

. (13)

Remark. 1. The system (5) cannot be Input-to-State-Stable
with respect to d because α is bounded. 2. The inequality
(9) ensures that there is k > 0 such that E = [−k,k]. 3. The
relations in (8) ensure that c> 0.

Proof. First, notice that finite escape time phenomenon does
not occur for (5) because the function φ is bounded. Second,
consider the positive definite quadratic function

V (ξ ) =
1
2

ξ
2 (14)

and let us define for later use the function

W (ξ ) = ξ φ(ηξ ). (15)

Simple calculations give

V̇ (t) = −sξ (t)
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
φ(η(m)ξ (t))dmd`

+sξ (t)
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
[

φ(η(m)ξ (t))

−φ(η(m)ξ (m))

]
dmd`+ξ (t)d(t)

≤ −sξ (t)
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
φ(η(m)ξ (t))dmd`

+sφc|ξ (t)|
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)|η(m)|
×|ξ (t)−ξ (m)|dmd`+ξ (t)d(t),

(16)
where the last inequality is a consequence of the fact
that φ is Lipschitz with Lipschitz constant φc. From the
other properties of φ and the fact that, for all t ≥ 0,

s

∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)dmd` = 1, we deduce successively

that

V̇ (t) ≤ −sξ (t)
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
φ(ηξ (t))dmd`

+sφc|ξ (t)|
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
η

×|ξ (t)−ξ (m)|dmd`+ξ (t)d(t)

= −W (ξ (t))+ sφcη |ξ (t)|
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)

×|ξ (t)−ξ (m)|dmd`+ξ (t)d(t).
(17)



Now, observe that for all m ∈ R, t ∈ R such that 0≤ m≤ t,
the inequality

|ξ (m)−ξ (t)| ≤
∫ t

m
|ξ̇ (s)|ds (18)

is satisfied. It follows that for all t ≥ 2τ ,

V̇ (t) ≤ −W (ξ (t))+ sφcη |ξ (t)|
∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)

×
∫ t

m
|ξ̇ (s)|dsdmd`+ξ (t)d(t)

≤ −W (ξ (t))+φcη |ξ (t)|
∫ t

t−2τ

|ξ̇ (s)|ds+ξ (t)d(t),

(19)
where the last inequality is a consequence of the fact that∫ t

m
|ξ̇ (s)|ds ≤

∫ t

t−2τ

|ξ̇ (s)|ds for all m ∈ [t − 2τ, t]. Now,

observe that

|ξ̇ (t)| ≤ s

∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)
φ(η |ξ (m)|)dmd`

+|d(t)|
≤ φ +d.

(20)
Combining the last inequality with (19), we obtain

V̇ (t) ≤ −W (ξ (t))+ [2τφcη(φ +d)+d]|ξ (t)|
= − 1

2W (ξ (t))
+
[
2τφcη(φ +d)+d− 1

2 φ(η |ξ (t)|)
]
|ξ (t)|.

(21)
Therefore when

4τφcη(φ +d)+2d ≤ φ(η |ξ (t)|) (22)

then
V̇ (t)≤−1

2
W (ξ (t)). (23)

Since W is positive definite, we deduce there is t0 ≥ 4τ such
that for all t ≥ t0, |ξ (t)| ∈ E, where E is the set defined in
(12). Then we deduce from (19) and the definition of c in
(11) that

V̇ (t) ≤ −3cξ (t)2 +φcη |ξ (t)|
∫ t

t−2τ

|ξ̇ (s)|ds+ξ (t)d(t)

(24)
and

|ξ̇ (t)| ≤ φcηs

∫ t

t−τ

eq(`−t)
∫ `

`−τ

er(m−`)|ξ (m)|dmd`+ |d(t)|
(25)

for all t ≥ t0. We deduce that

V̇ (t) ≤ −3cξ (t)2 +φcη |ξ (t)|
∫ t

t−2τ

[
φcηs

∫ s

s−τ

eq(`−s)

×
∫ `

`−τ

er(m−`)|ξ (m)|dmd`+ |d(s)|
]
ds

+ξ (t)d(t)

≤ −3cξ (t)2 +ps

∫ t

t−2τ

∫ s

s−τ

eq(`−s)

×
∫ `

`−τ

er(m−`)|ξ (t)||ξ (m)|dmd`ds+Ω(t)|ξ (t)|
(26)

with p defined in (11) and

Ω(t) = φcη

∫ t

t−2τ

|d(s)|ds+ |d(t)|. (27)

Using |ξ (t)||ξ (m)| ≤ 1
2 ξ (t)2 + 1

2 ξ (m)2, we obtain

V̇ (t) ≤
[
−3c+ τφ 2

c η
2
]

ξ (t)2 + 1
2ps

∫ t

t−2τ

∫ s

s−τ

eq(`−s)

×
∫ `

`−τ

er(m−`)
ξ (m)2dmd`ds+Ω(t)|ξ (t)|

≤ −2cξ (t)2 + ps
2

∫ t

t−2τ

∫ s

s−τ

eq(`−s)

×
∫ `

`−τ

er(m−`)
ξ (m)2dmd`ds+Ω(t)|ξ (t)|,

(28)
where the last inequality is a consequence of (10). Then,
using the inequality Ω(t)|ξ (t)| ≤ cξ (t)2+ 1

4cΩ(t)2, we obtain

V̇ (t) ≤ −cξ (t)2 + ps
2

∫ t

t−2τ

∫ s

s−τ

eq(`−s)

×
∫ `

`−τ

er(m−`)
ξ (m)2dmd`ds+

1
4c

Ω(t)2.
(29)

Since Ω(t)≤ (2φcητ +1)d, we deduce that

V̇ (t) ≤ −2cV (ξ (t))+2τp sup
a∈[t−4τ,t]

V (ξ (a))

+ (2φcητ+1)2d2

4c .

(30)

Then (10) allows us to conclude.

B. Robust stabilization of a system

In this section, we establish a result of robust stabilization
for the system {

λ̇1 = satU1(λ2)

λ̇2 = satU2(ρ),
(31)

with (λ1,λ2) ∈ R2, U1 > 0 and U2 > 0 and where ρ is the
input. This result draws its inspiration from [16] and [10].

Let q, r, v and w be positive constants satisfying

v < min
{

U2

2
,qU1

}
, w≤ v

3
. (32)

Lemma 2: Let us consider the system (31) with

ρ(t) =−qλ2(t)+ satv(−rqλ1(t)− rλ2(t)+w(t)), (33)

where w is a function such that, for all t ≥ 0,

|w(t)| ≤ w. (34)

Let λ3 = λ2+qλ1. Then there is t∗≥ 0 such that for all t ≥ t∗,{
λ̇1 = −qλ1 +λ3

λ̇3 = −rλ3 +w.
(35)

Proof. To ease the proof, let us introduce the simplifying
notation

v(t) = satv(−rqλ1(t)− rλ2(t)+w(t)). (36)

Then |v(t)| ≤ v for all t ≥ 0 and

λ̇2 = satU2 (−qλ2(t)+ v(t)) . (37)

We deduce that for any ε > 0, there is tε ≥ 0 such that for
all t ≥ tε ,

|λ2(t)| ≤ (1+ ε)
v
q
. (38)



Consequently,

|−qλ2(t)+ v(t)| ≤ (2+ ε)v. (39)

From the first inequality in (32), it follows that there is εp > 0
such that (2+εp)v <U2 and (1+εp)

v
q <U1. Then it follows

from (38) and (39) that, for all t ≥ tεp ,

|λ2(t)|<U1 (40)

and
|−qλ2(t)+ v(t)|<U2. (41)

As an immediate consequence, we have that, for all t ≥ tεp ,{
λ̇1 = λ2

λ̇2 = −qλ2 + satv(−rqλ1− rλ2 +w).
(42)

Now, using λ3 = λ2 +qλ1, we have, for all t ≥ tεp , λ̇1 = −qλ1 +λ3

λ̇3 = −qλ2 + satv(−rqλ1− rλ2 +w)+q(−qλ1 +λ3)
= satv(−rqλ1− rλ2 +w).

(43)
Finally, {

λ̇1 = −qλ1 +λ3

λ̇3 = satv(−rλ3 +w).
(44)

Since |w(t)| ≤ w for all t ≥ 0, we deduce that for all δ > 0,
there is Tδ ≥ tεp such that, for all t ≥ Tδ ,

|λ3(t)| ≤
(1+δ )w

r
. (45)

As an immediate consequence,

|− rλ3(t)+w(t)| ≤ r
(1+δ )w

r
+w = (2+δ )w≤ (2+δ )

v
3
,

(46)
where the last inequality is a consequence of the second
inequality in (32). Choosing δ = 1

2 , we obtain

|− rλ3(t)+w(t)| ≤ v, (47)

for all t ≥ T1
2
. It follows that for all t ≥ T1

2
, (35) is satisfied.

IV. MAIN RESULT

We are ready to state and prove the main result of the
paper.

Theorem 1: Let φ and τ be respectively a function and
a constant chosen as in Lemma 1 with d = 2φcδ 1 + 2δ 2.
Consider system (2) in closed loop with

u(Yt) =−qy3(t)+ satv(−rqy2(t)− ry3(t)+ ς(y1t)) (48)

with Y = (y1,y2,y3),

ς(y1t) = −sφ(y1(t))+ s(e−rτ + e−qτ)φ(y1(t− τ))

−se−(q+r)τ φ(y1(t−2τ)),
(49)

with s defined in (7) and where r > 0, q > 0, v and φ are
constants such that

v < min
{

L3

2
,qL2

}
, v≤ 2rL1 (50)

and [
1+
(
e−rτ + e−qτ

)
+ e−(q+r)τ

]
φ ≤ v

6s
. (51)

Then, when
δ 2 ≤

v
6qr

, (52)

there is t? ≥ 0 such that for all t ≥ t?, X(t) =
(x1(t),x2(t),x3(t))

|X(t)| ≤
√

ψ(δ 1,δ 2) (53)

with

ψ(a,b) = x̄2
1(a,b)+

[ 10
9 qb+φcη x̄1(a,b)

]2
+q2(1+q)2

[
10b

9 +
q(1+e−qτ)φc

1−e−qτ x̄1(a,b)
]2

,

x̄1(a,b) =
√

2(2φcητ+1)(φca+b)√
c(c−τp)

.

(54)
Remark. The key feature of u(Yt) defined in (48) is that it
depends only on the measurements and has no distributed
term. Also, it is worth noticing that the functions φ and η

do not need to be of class C1, which is important from an
applied point of view.

Proof. The proof is omitted.

V. ILLUSTRATION

A. Scenario and numerical data

φ

io

jo

xb

yb

Δψ ΔX 

ΔY

V

Fig. 1. Notations used in the alignment part of the glide phase

To illustrate our results, we consider the lateral dynamics
of an Airbus airliner which must align with a runway using
a body fixed monocular camera. This problem is a challenge
of strong relevance in the case the runway is unequipped or
in the case of GPS loss. More precisely, the position, size
and heading of the runway are unknown, so that the relative
position (∆X ,∆Y ) and heading ∆ψ of the aircraft with respect
to it are unmeasured (Note that these quantities are depicted
on Figure 1) .

Airbus airliners safety is enhanced thanks to some flight
envelope protections laws which can be automatically or



fully automated [17]. For instance a protection, called high
angle-of-attack prevents the aircraft from stalling [12]. Other
protection laws are provided during lateral maneuvers: for
instance, they can be designed
• either to limit the relative heading ∆ψ between the

aircraft and the runway (which is required to keep the
runway in the field of view of the camera),

• or to limit the aircraft roll angle ϕ and its time deriva-
tive ϕ̇ (which is required to protect the aircraft from
exceeding its operating limits).

All these protection laws directly act at the control surface
deflection level. In case of control saturations or multiple
active flight control laws, the aircraft response should be
as fast as possible while respecting the highest priority
constraint.

As discussed in [4], a key step for the successful transfer
to the aeronautics sector of the developed control methods
is their demonstration on standardized industrial V&V pro-
cesses. The control design methods are validated by using
more and more complex aircraft models. Once the tuning
process is satisfactory, the methods are finally applied to the
nonlinear and most representative aircraft model.

The starting point of this research was thus a very simpli-
fied lateral guidance model provided by Airbus:

∆̇Y = V satLψ
(∆ψ)

∆̇ψ = g
V satLϕ

(ϕ)
ϕ̇ = satLu(ulat),

(55)

where ulat is the input, where V = 70m.s−1 is constant all
along the final approach, g = 9.81m.s−2 and ϕ (resp. ulat ) is
the aircraft roll angle (resp. the guidance/outer loop control
action).
After a simple change of coordinates, it is obvious that such
a model belongs to the class of system (2). Clearly, this
model does not have any physical interpretation nonetheless
it is currently used by Airbus for its lateral guidance design
studies: indeed, even if this model is very simplified, it allows
the user to preliminary tune a guidance law while keeping in
mind that the full model possesses some protection laws. As
a result, using such a model should provide a first quantitative
feedback of the quality of the guidance design.

In our context and using the extraction method proposed
in [1], we also assume that the (possibly noisy) quantities ∆Y

∆X
and ∆ψ can be derived by image processing from the body
fixed monocular camera at each instant. The unknown term
∆X = η−1 is the longitudinal distance between the aircraft
center of gravity and the runway touchdown point (as shown
on Figure 1). In this application, we focus on the glide phase
just before switching to the final flare phase. In this phase,
the term ∆X (t = 0) belongs to [4000m,6000m] and evolves
at a constant speed V.

Moreover, it is assumed that ϕ can be perfectly measured
by using the aircraft IMU1.

It is easy to see that system (55) together with the
measured outputs can be transformed into system (2)-(3)

1Inertial Measurement Unit

by applying the change of coordinates x1 = ∆Y , x2 = V ∆ψ ,
x3 = gϕ while changing the saturation limits accordingly
and by multiplying the measured outputs by some known
constants. The saturations limits are as follows:

L1 = 25m.s−1 , L2 = 7m.s−2 , L3 = 2m.s−3. (56)

Note that they correspond to Lψ
∼= 20deg, Lϕ

∼= 40deg and
Lu ∼= 12deg/s.

B. Controller gains tuning

We first propose to use the measure ∆Y
∆X

and to multiply it
by ∆̂X = ∆̂X (t = 0)−Vt where ∆̂X (t = 0) ∈ [4500m,6000m]
is a tuning parameter (another possibility would be to design
a vision based estimation of ∆X following for instance the
work of [5], [3]). We decided to choose the minimum value
∆̂X (t = 0) = 4500 to obtain

η̄ = 1. (57)

We thus used the following quantity in our control law:

y1 = η(t)∆Y =
4500−Vt

∆X
∆Y (58)

the following parameters were chosen for the unconstrained
control law in order to satisfy some industrial specifications:

q = 0.3 , r = 0.59. (59)

Also, for φ and τ , we choose

φ(s) = 0.15tanh(0.4s) (60)

and τ = 2s in order to satisfy inequality (9) when d̄ = 0. (Let
us observe that we thus have φ̄ = 0.15 and φc = 0.06). The
conditions of our main result are also satisfied choosing:

v̄ = 1.02. (61)

C. Numerical results

Our design is applied on the aircraft benchmark which is
a non-trivial application. Clearly this example goes beyond
what is proved in the paper since simulations stop when
∆X = 400m which corresponds to the beginning of the flare
phase: this is a finite time problem and global stabilization
results are lost. Interestingly, our control method succeeds to
considerably lower the lateral deviation ∆Y for a set of initial
conditions δX (0) ∈ [4500m,6000m], ∆Y (0) ∈ [−30m,30m],
∆ψ ∈ [−3deg,3deg] as shown on Figure 2. As shown on
Figure 3, the method is still efficient when we the vision
based outputs are noisy (we here chose δ1(t) = 4.10−3∆̂X (t)
and δ2 = 0.3deg).

D. Further discussion

As shown on Figure 4, the numerical results are even better
when multiplying φ by 2. In this case, the conditions of our
results are violated although the control law ulat is still far
from its limitations. As a consequence, it may be possible to
improve the control law performance. This issue is postponed
to future studies.



Fig. 2. Evolution of ∆Y (t) and ulat(t) (below)

Fig. 3. Evolution of ∆Y (t) and ulat(t) (below) in presence of outputs noise

VI. CONCLUSION

We adapted a recent backstepping strategy to the problem
of stabilizing a class of nonlinear systems when the output
measurements are imprecise. Our design was illustrated
on the lateral dynamics of a vision based landing aircraft
problem. Ongoing work is devoted to extend our design on
a more representative and complex aircraft model. Such a
design will finally be validated in simulation on an industrial
platform including image processing algorithms on synthetic
images.
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