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Elastodynamic problem
Equation of motion and the constitutive equation
Vu+ (Vu)T
g =———"
2
with u(x,0) = wuo(x), Oru(x,0) = vo(x) and ujpq = 0.

pattu—V'U:f, U:C€,

receivers

| —recorder station

Figure : Layered media.

Figure : Seismic imaging technique.
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The MHM method

Hybridization procedure
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MHM - Multiscale Hybrid-Mixed method *
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TH with elements K.

Figure :

Local mesh 7;X.

Figure :

1C. Harder, D. Paredes, and F. Valentin. A family of Multiscale
Hybrid-Mixed finite element methods for the Darcy equation with rough

coefficients. J. Comput. Phys., 245:107-130, 2013
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1. Partition the domain Q x [0, T]

V= {wel’Q): wik e H(K) VKeTu},
A= {7 n"|ok, VK € Ty : 7 € H(div; 2;S)} .

Ho ‘A Notation:
. R (-, )k - L*(K) product;
~ g4 " e (-,-)ok - dual product
A0 L - _1 1
‘A H 2(8K)><H2(8K);
— ® (- )ory = ZKGTH )oK
[ ) u(n) = ulln
gt
tl




Hybridization procedure

2. A hybrid variational problem
Find (u,\) that, forn=1,---  nr, satisfies

dee(pu™, W)k + (o(u™), e(w))k— (A", w)or = (F, W)k, Yw e H'(K),

(1, u™)a7,, = 0, Vi € A,
u(tn-1) = "I (t,-1),
detr™ (tn_1) = ded" Y (£51),
where u, = u"(t,) = u(t,) and v, = du("(t,) = dru(t,) .
Theorem
The problem is well-defined for

f c HY(0, T; L?(Q)), wo,vo € HE(Q) and o(up) € H(div; 2;S).
The solution is unique in

C(0, T; V)N CY(0, T; L2(Q)) x L3(0, T;N).
Moreover, u solves the original problem and

A = o(u)n® on 0K, VK € Th.



Introduction Hybridization procedure The MHM method Numerical results Final conclusions and remarks

(e}
00000

3. Split the solution
ulm = T,,()\(”)) + 7',,(2,,), z,:= (Up—1,Vp_1,f).
where T, and 7A',, are linear operators
To: L2(In; N) — L2(I; L2(9)),
To iV x L2(Q) x L2(In; L(Q)) = C(In; V) N C(1y; LP(Q)).
For each K x I, ug\") = To(A(M) is the solution of
die(p ), w)k + (a(u”), e(w))k = A", whak, Yw € H'(K),
ul (ta-1) = deul (tr-1) = 0,

and u§") = 7A',,(z,,) is the solution of

de(pul”, W)k + (o (ul"),e(w))k = (F, W)k, Yw € H'(K),
u£n)(tnfl) = Up—1,

dtugn)(tnfl) = Vp—1.
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Global-Local formulation
Find X that, forn=1,--- , ny, satisfies

(“7 TH(A(n)))aTH = _(Na ?_n(zn))(')"[',_,, Y € A,

where
2, .= (Up—1, Vo1, f),

Un = T”(A(n))ltn + ?—n(z")ltrﬁ

v, = d; Tn()\("))\tn + d; —Arn(zn)\tnv
This is equivalent to the hybrid problem using

ul" = T,(A") + To(z,).

2A. T. Gomes, D. Paredes, W. Pereira, R. Souto, and F. Valentin. A
Multiscale Hybrid-Mixed Method for the Elastodynamic Model with Rough
Coefficients. In XXXVIII CILAMCE, 2017
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One-level MHM method

Global discretization
e Ay C A and basis {9;}™
o Po(ln; Ay) C L2(In; N).

: Zam (%)) + Ta(zt.0)

For n=1,--- ,nt, find a, € R™ such that
mp
D (4 TaWh))10)oms = =y, Ta(@ra)o)omys Vi=1,--,ma,

where
_ f — — o™
Zh,n = (UH,n—1, VH,n—1,F), UH,: uy, (tn), vHn: Uy (tn)
and initial conditions

upo:=uy and vy = vq.
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Two-level MHM method
Discretization in K X I:
* Vi(K) C H'(K), VK € Ty;
o Newmark-(,3) in I,, Vn=1,--- , n;.
nj(n) ~ Tn(’lpj)‘t"’ 770 4’\— (zh ")‘t"’ nj(n) ~ d; T"('l/}j)h‘nv 77(()") ~ d; 7\—n(zh,n)\l‘nv

Un,n = Z Qupj nj(-") + ngn), Vi = Zanj 1'7](.") + ﬁé"), Thnpy = 0 (Upn)|r-
j=1 =1

MHM method
For n=1,--- ,nt, find a, € R such that

Zanj ,7771 ))(977-/ = _(d)ian[()n))@'TH: Vi= ]-a crc, MAp,

where zp = (Uphp—1,Vhn-1,f), Upo = Ug and vuyo = vg .



The MHM method

Two-level MHM method

Upp € Hl(TH), Vn=1,---,n7 (H(Q)-non-conforming)
Strong symmetric o,
High-order local approximations in space V,(K)

Use of different local parameters (h, p) and
(AT = %,’y, B) to different K x I,

Energy-conservative local method = energy-conservative
MHM



Numerical results
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An analytical problem

Isotropic homogeneous media with exact solution u = [uy, up, U3]T

{ u(t,x,y,z) = 3(1— cos(wt))sin(2mx)sin(2ry)sin(27z),
w(t,x,y,z) = —3(1— cos(wt))sin(2mx)sin(27y)sin(27z)
us(t,x,y,z) = (1 — cos(wt))sin(mx)sin(my)sin(nz).

Ny o= {py €N pylr € [P(F)? forall FeoTn}
Vi(K) == {vi € C(K) : vs|- € [Pu(r)]* forall 7 € T;}
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Convergence results

Figure : Experiments with £ =3 and k = 5.

10t 10!
100 L
10'1 L
10'2 L
102 F E
Ilu-tnllo =+ I10-0nllav . ]
10 Hu-unlly =4~ O(H) q luupllo —4— Hv-vally 4=
105 1v-villo —+— o) ~== 1 04| Hu-uplly 4= 1lo-0hllay 1
1v-valls %= O(H?) 1Iv-vhllo —+— o)
106 L 1075 L
101 10° 101 10°
H At

Error convergence observed numerically:
e O(At?) in all norms.
o O(H*?) in the L2(Q)-norm, O(H**1) in the H'(TH)-norm
and O(HY) in the div-norm.
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Multiscale scenario 3

Problem:

e Flat case.

Depth (m)

e Single shot.

5000
10000~
8000~

6000

Final conclusions and remarks

e Two-dimensional problem

o O at a slice (inline = 0 m).
Crossline (m) o ™ e
e Free surface boundary
Figure : The physical domain divided condition.
in layers.

3J. de la Puente. HPC4E Seismic Test Suite, 2016. Copyright Josep de la
Puente (Barcelona Supercomputing Center) 2016. Licenced under the
Creative-Commons Attribution-ShareAlike 4.0 International License



Numerical results
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MHM configuration
e Edges divided in 4 equally spaced parts.

e P! approximation in each part of edge.
e Local meshes with 4096 P2 elements (h = H/64).
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MHM solution

Figure : Isolines of |us| solution at t = 0.15.
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Global energy

1
Eh = 5 Z (,OVh, Vh)K + (O'h,E(uh))K
KeTy
5x1077 ! ! ‘
4x107 i
3x107 | i
2x1077 T |
7 ]
1x107/ En ——
0 | ‘ |
0 0.5 1 1.5 2
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Comparison with a Galerkin solution

Figure : lIsovalues of the von Mises stress for MHM (top) and a reference
solution (bottom), at t = 0.15._




Final conclusions and remarks

Final conclusions and remarks

The MHM method provides a natural level of parallelism.

It allows local mesh refinement and high-order approximations.

Optimal convergence in time and super convergence in space
for displacement, velocity and stress.

It conserves energy depending on the local level.

It is robust on non-aligned mesh with interfaces.
Ongoing work:
e Local time step validation.

e Error and stability analysis.
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