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Introduction Hybridization procedure

The MHM method

Numerical results

An analytical problem Multiscale problem (t , t )

V := w ∈ L 2 (Ω) : w | K ∈ H 1 (K ) ∀K ∈ T H , Λ := τ n K | ∂K , ∀K ∈ T H : τ ∈ H(div; Ω; S) .
n n T H H Notation: • (•, •) K -L 2 (K ) product; • •, • ∂K -dual product H -1 2 (∂K ) × H 2. A hybrid variational problem Find (u, λ) that, for n = 1, • • • , n T , satisfies            dtt (ρu (n) , w) K + (σ(u (n) ), ε(w)) K -λ (n) , w ∂K = (f , w) K , ∀w ∈ H 1 (K ), (µ, u (n) ) ∂T H = 0, ∀µ ∈ Λ, u (n) (tn-1) = u (n-1) (tn-1), dt u (n) (tn-1) = dt u (n-1) (tn-1),
where

u n := u (n) (t n ) = u(t n ) and v n := d t u (n) (t n ) = d t u(t n ) .

Theorem

The problem is well-defined for

f ∈ H 1 (0, T ; L 2 (Ω)), u 0 , v 0 ∈ H 1 0 (Ω) and σ(u 0 ) ∈ H(div; Ω; S). The solution is unique in C (0, T ; V) ∩ C 1 (0, T ; L 2 (Ω)) × L 2 (0, T ; Λ).

Moreover, u solves the original problem and

λ = σ(u)n K on ∂K , ∀K ∈ T H .
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Split the solution

u (n) = T n (λ (n) ) + Tn (z n ), z n := (u n-1 , v n-1 , f ).
where T n and Tn are linear operators

Tn : L 2 (In; Λ) → L 2 (In; L 2 (Ω)), Tn : V × L 2 (Ω) × L 2 (In; L 2 (Ω)) → C (In; V) ∩ C 1 (In; L 2 (Ω)).
For each

K × I n , u (n) λ := T n (λ (n) ) is the solution of dtt (ρ u (n) λ , w) K + (σ(u (n) λ ), ε(w)) K = λ (n) , w ∂K , ∀w ∈ H 1 (K ), u (n) λ (tn-1) = dt u (n) λ (tn-1) = 0,
and u

(n) z := Tn (z n ) is the solution of      dtt (ρ u (n) z , w) K + (σ(u (n) z ), ε(w)) K = (f , w) K , ∀w ∈ H 1 (K ), u (n) z (tn-1) = un-1, dt u (n) z (tn-1) = vn-1.
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One-level MHM method

Global discretization

• Λ H ⊂ Λ and basis {ψ i } m Λ i=1 . • P 0 (I n ; Λ H ) ⊂ L 2 (I n ; Λ). u (n) H := m Λ j=1 αnj Tn(ψ j ) + Tn(zH,n) For n = 1, • • • , n T , find α n ∈ R m Λ such that m Λ j=1 αnj (ψ i , Tn(ψ j ) |tn ) ∂T H = -(ψ i , Tn(zH,n)|t n ) ∂T H , ∀i = 1, • • • , m Λ , where z H,n := (u H,n-1 , v H,n-1 , f ), u H,n := u (n) H (tn), v H,n := dt u (n) H (tn)
and initial conditions u H,0 := u0 and v H,0 := v0.

Two-level MHM method

Discretization in K × I n : • V h (K ) ⊂ H 1 (K ), ∀K ∈ T H ; • Newmark-(γ, β) in I n , ∀n = 1, • • • , n t . η (n) j ≈ Tn(ψ j ) |tn , η (n) 0 ≈ Tn(zh,n)|t n , η(n) j ≈ dt Tn(ψ j ) |tn , η(n) 0 ≈ dt Tn(zh,n)|t n , u h,n |K := m Λ j=1 αnj η (n) j + η (n) 0 , v h,n |K := m Λ j=1 αnj η(n) j + η(n) 0 , σ h,n |τ := σ(u h,n ) |τ .

MHM method

For n = 1, • • • , n T , find α n ∈ R m Λ such that m Λ j=1 α nj (ψ i , η (n) j ) ∂T H = -(ψ i , η (n) 0 ) ∂T H , ∀i = 1, • • • , m Λ , where z h,n := (u h,n-1 , v h,n-1 , f ) , u h,0 ≈ u 0 and v h,0 ≈ v 0 .
Hybridization procedure The MHM method Numerical results Final conclusions and remarks Problem:

Convergence results

• Flat case.

• Single shot.

• Two-dimensional problem at a slice (inline = 0 m).

• Free surface boundary condition. 

MHM solution
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Global energy 

E h := 1 2 K ∈T H (ρv h , v h ) K + (σ h , ε(u h )) K

Final

  Equation of motion and the constitutive equationρ ∂ tt u -∇• σ = f , σ = C ε , ε := ∇u + (∇u) T 2 with u(x, 0) = u 0 (x), ∂ t u(x, 0) = v 0 (x) and u |∂Ω = 0.
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 : Figure : Isovalues of the von Mises stress for MHM (top) and a reference solution (bottom), at t = 0.15.
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Global-Local formulation 2

Global-Local formulation

Find λ that, for n = 1, • • • , n T , satisfies This is equivalent to the hybrid problem using Two-level MHM method

An analytical problem

Isotropic homogeneous media with exact solution u = [u 1 , u 2 , u 3 ] T :

2 (1 -cos(ωt)) sin(πx ) sin(πy ) sin(πz) .

Final conclusions and remarks

• The MHM method provides a natural level of parallelism.

• It allows local mesh refinement and high-order approximations.

• Optimal convergence in time and super convergence in space for displacement, velocity and stress.

• It conserves energy depending on the local level.

• It is robust on non-aligned mesh with interfaces.

Ongoing work:

• Local time step validation.

• Error and stability analysis.