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On Robustness Computation and Optimization in BIOCHAM-4

BIOCHAM-4 is a tool for modeling, analyzing and synthesizing biochemical reaction networks with respect to some formal, yet possibly imprecise, specification of their behavior. We focus here on one new capability of this tool to optimize the robustness of a parametric model with respect to a specification of its dynamics in quantitative temporal logic. More precisely, we present two complementary notions of robustness: the statistical notion of model robustness to parameter perturbations, defined as its mean functionality, and a metric notion of formula satisfaction robustness, defined as the penetration depth in the validity domain of the temporal logic constraints. We show how the formula robustness can be used in BIOCHAM-4 with no extra cost as an objective function in the parameter optimization procedure, to actually improve the model robustness. We illustrate these unique features with a classical example of the hybrid systems community and provide some performance figures on a model of MAPK signalling with 37 parameters.

Introduction

Computational systems biology aims at gaining a system level understanding of high-level biological processes from their biochemical realm. Formal methods from Computer Science have been soon introduced at the heart of this effort to go beyond mathematical modeling and master the complexity of cell processes. In particular, model-checking techniques have been used to analyze Boolean gene regulatory networks and signaling or control protein reaction networks. They have also been generalized, in particular in the hybrid systems community, to quantitative temporal logics such as MTL, MITL, STL, or in our case FO-LTL(R lin ) [START_REF] Rizk | Continuous valuations of temporal logic specifications with applications to parameter optimization and robustness measures[END_REF] for dealing with numerical constraints, fitting quantitative models to the time series data observed with increasing accuracy in biological experiments [16,[START_REF] Heitzler | Competing G protein-coupled receptor kinases balance G protein and β-arrestin signaling[END_REF], controling cell processes in real-time, or designing circuits in synthetic biology [START_REF] Courbet | Computer-aided biochemical programming of synthetic microreactors as diagnostic devices[END_REF][START_REF] Rizk | A general computational method for robustness analysis with applications to synthetic gene networks[END_REF].

One striking feature of natural biological processes is their robustness with respect to both external perturbations and their intrinsic stochasticity. Measuring and optimizing robustness is thus an important topic in biological modeling and a useful yet rare feature of modeling tools in this domain. In [START_REF] Kitano | Towards a theory of biological robustness[END_REF], Kitano gives a definition of robustness of a biological system with respect to a dynamical property and a parameter perturbation law, as the mean functionality of the system. Such a statistical definition of robustness can be evaluated in a computational model by sampling the parameters' space according to their distribution laws, and checking the property on simulation traces, i.e. by runtime verification or monitoring. Since the capability of generating simulation traces is the only requirement, this can be done in a very general setting of non-linear hybrid systems.

In [START_REF] Fainekos | Robustness of temporal logic specifications[END_REF][START_REF] Rizk | Continuous valuations of temporal logic specifications with applications to parameter optimization and robustness measures[END_REF], different notions of robustness are proposed with the definition of a continuous degree of satisfaction of a temporal logic property on a trace. Such a satisfaction degree gives quantitative information on the satisfaction of the formula, as the distance to, and penetration depth within, the validity domain of the formula. In the simplest example of a threshold formula x < c, that satisfaction degree can be defined for instance as the value c -x, with negative values representing distance to satisfaction, and positive values the margins achieved for robust satisfaction.

In this paper, we present some unique features of BIOCHAM-41 for defining hybrid systems by reaction networks with rates and events, and focus on the use of quantitative temporal logic language to specify the dynamical properties of the system, observed or wished, verify them in the model, compute parameter sensitivity indices, measure robustness, synthesize model parameters and optimize robustness. We deal with the two complementary notions of robustness mentioned above, i.e. the statistical notion of model robustness to parameter change, and the formula satisfaction robustness. We show how the formula robustness can be used in BIOCHAM-4 with no extra cost as an objective function in the parameter optimization procedure to actually improve the robustness of the model with respect to parameter perturbations. We illustrate these features with a classical example of non-linear hybrid system, the bouncing ball example, and provide some performance figures on the Huang and Ferrell's model of MAPK signaling [START_REF] Huang | Ultrasensitivity in the mitogen-activated protein kinase cascade[END_REF] with 37 parameters.

BIOCHAM Models

A BIOCHAM model is composed of a (multi)set of reactions with rate functions, and/or influences with forces, plus possibly events. Such models can be interpreted in a hierarchy of differential, stochastic, Petri net and Boolean semantics [START_REF] Fages | Influence networks compared with reaction networks: Semantics, expressivity and attractors[END_REF]. We will focus here on the differential semantics. They can be imported from model repositories such as BioModels using the BIOCHAM interface to SBML (SBML-qual for influence models), or from ODE models [START_REF] Fages | Inferring reaction systems from ordinary differential equations[END_REF] through an interface to the XPP format.

This article comes with a set of examples (MAPK signaling, cell cycle, bouncing ball) available online under the form of BIOCHAM-4 Jupyter notebooks2 .

3 Behavior Specifications in FO-LTL(R lin )

Validity Domains of FO-LTL(R lin ) Constraints

In BIOCHAM, quantitative temporal properties of the behavior of a system can be formally specified in a first-order version of Linear Time Logic with free variables, linear constraints over R, and quantifiers, named FO-LTL(R lin ). The grammar is:

φ ::= c | ¬φ | φ ⇒ ψ | φ ∧ φ | φ ∨ φ | ∃x φ | ∀x φ | X φ | F φ | G φ | φ U φ | φ W φ
where c denotes linear constraints over state variables (including Time) and free variables. The validity domain D π,φ ∈ R k of an FO-LTL(R lin ) formula φ containing k ≥ 1 variables on a finite trace π = (s 0 , . . . , s n ) can be defined by recursively bottom-up from the validity domain of the basic constraints to the complex FO-LTL(R lin ) formulae by intersection, union and complementation [START_REF] Fages | On temporal logic constraint solving for the analysis of numerical data time series[END_REF]. An FO-LTL(R lin ) formula is false if one validity domain is empty, valid if the validity domains of all variables are R, and satisfiable otherwise.

For instance, the formula F(A ≥ 0.2) where A is a state variable expresses that the concentration of molecule A gets greater than 0.2 at some time point in the trace (F). If needed, the precise time values where the concentration of A gets greater than the threshold value can be expressed by introducing a free variable t with an equality constraint to the real time variable, F(A ≥ 0.2 ∧ t = Time). Constraints between time variables can then relate the time of different events. The maximum value of a state variable A can be specified and set in a variable v by the formula

G(A ≤ v) ∧ F(A ≥ v), a local maximum (or plateau) by F(A ≤ v ∧ X(A = v ∧ X A ≤ v))
. FO-LTL(R lin ) formulae are very expressive and can be used to define complex oscillation properties, with pseudo-period constraints defined by delay constraints between the local maxima, and phase constraints defined by delays between the peaks of different state variables [START_REF] Fages | Temporal logic modeling of dynamical behaviors: Firstorder patterns and solvers[END_REF].

Implementation

The recursive definition of the validity domain of an FO-LTL(R lin ) formula on a finite trace is implemented in BIOCHAM-4 by generating a C program that implements the necessary loops, starting from the last time point to the first, and considering the subformulae in the bottom-up order, i.e. first from the linear constraints at the leaves, to the root of the syntactic tree. The call to the C compiler is responsible for slower response time than the previous interpreted implementation on small examples, but faster on large examples. The Parma Polyhedra Library (PPL)3 is used to solve the linear constraints and simplify the representation of validity domains by finite lists of polyhedra.

Bound constraints, i.e. constraints of the form x ≤ c or x ≥ c where x is a variable and c a constant, define boxes as a particular kind of polyhedra. In that case, the validity domains are finite union domains of boxes, since they are obtained by intersection, union, complementation and projection of boxes. However, it is worth noticing that even in the case of bound constraints, the validity domain of a temporal formula can contain an exponential number of polyhedra in the number of free variables in the FO-LTL(R lin ) formula [START_REF] Fages | On temporal logic constraint solving for the analysis of numerical data time series[END_REF]. The issue of trace simplification, such as keeping in the trace only the time points that are local extrema for one state variable, is also important to reduce computation time and justified in a number of practical cases [START_REF] Traynard | Trace simplifications preserving temporal logic formulae with case study in a coupled model of the cell cycle and the circadian clock[END_REF].

Formula Robustness and Satisfaction Degree

In [START_REF] Rizk | A general computational method for robustness analysis with applications to synthetic gene networks[END_REF], the continuous satisfaction degree in the interval [0, 1], of an FO-LTL(R lin ) formula φ on a trace π, was defined as the distance between the validity domain of the free variables x 1 , . . . , x k in φ and some objective values in R k given as a valuation σ of the variables x 1 , . . . , x k , i.e. a vector v σ = (v 1 , . . . , v k ). This definition enforces that the violation degree is in [0, +∞) (0 when the formula σ(φ) is satisfied) and the satisfaction degree in (0, 1] (1 when the formula is satisfied). Those notions can be generalized in order to take into account how robustly a formula is satisfied, by taking into account the penetration depth of the objective values in the validity domain, similarly to the space-time robustness defined in [START_REF] Donzé | Robust satisfaction of temporal logic over real-valued signals[END_REF] for STL: Definition 1. The violation degree vd(π, φ, σ) ∈ (-1, +∞) of an FO-LTL(R lin ) formula φ in a numerical trace π with respect to an objective valuation σ is

min v∈D π,φ d(v, v σ ) if v σ ∈ D π,φ , 1 1 + min v ∈D π,φ d(v, v σ ) -1 if v σ ∈ D π,φ .
The satisfaction degree sd(π, φ, σ) ∈ (0, +∞) of φ in π w.r.t. σ is

1 1 + vd(π, φ, σ)
The first case is the same as [START_REF] Rizk | Continuous valuations of temporal logic specifications with applications to parameter optimization and robustness measures[END_REF], i.e. the distance in [0, +∞) between v σ and the domain D π,φ . In the second case, we get a negative number related to the distance between v σ and the outside of the domain D π,φ . The satisfaction degree is defined as in [START_REF] Rizk | Continuous valuations of temporal logic specifications with applications to parameter optimization and robustness measures[END_REF] but now provides a notion of formula robustness when its value is greater than 1. Indeed sd(π, φ, σ) is bounded by the radius of D π,φ and describes in the space of the variables x 1 , . . . , x k by how much one can change the objective v σ while keeping σ(φ) satisfied on π.

In our implementation in BIOCHAM-4, the distance to, and penetration depth within, validity domains are not computed exactly, but approximated using the notions of generators and constraints in PPL. This is indeed sufficient to guide the search of parameter values and optimize formula robustness, using the Covariance Matrix Adaptive Evolutionary Strategy CMA-ES [START_REF] Hansen | Completely derandomized self-adaptation in evolution strategies[END_REF] as black-box continuous optimization tool with satisfaction degree as objective function.

Model Robustness and Parameter Sensitivity

The more classical notion of model robustness defined in [START_REF] Kitano | Towards a theory of biological robustness[END_REF] as the mean functionality with respect to a set of parameter perturbations P can be instanciated in our setting for a FO-LTL(R lin ) formula φ and some objective σ as

R P,φ,σ = p∈P min(1, sd(π(p), φ, σ))prob(p)dp
In BIOCHAM this integral is evaluated by sampling (log-)normally-distributed parameter values given by the user. This sampling stops when a user-given number of samples is reached, or when the relative sample-standard-deviation becomes smaller than a given threshold. However, the computation may be computationally expensive with tens of numerical simulations needed and is generally not usable inside a search for model parameters.

BIOCHAM commands

The bouncing ball is a classical example of the hybrid systems community with which we can illustrate our approach. One single simulation is already quite time consuming (about 2s) because of the checking of the bouncing event condition. computes a value (0.884 in 160s) that quantifies how robustly is satisfied the formula with an objective for h of 3.5 when parameters x 0 , K, D are perturbed (with default Gaussian distribution). On the other hand, the formula robustness necessitates a single simulation to get the value sd(π, φ, σ) = 1.4664. This low computational cost makes it possible to use formula robustness as an optimization criterion within the parameter search procedure. One can ask BIOCHAM-4 to search for parameter values such that the violation degree vd is below -0.5 (i.e., sd ≥ 2): It is worth noting however that, in theory, increasing the formula robustness does not necessarily improve the model robustness. Indeed, the formula robustness may increase with a parameter set that approaches a frontier where the formula is no longer satisfied, in which case the model robustness with respect to parameter perturbation may decrease. In many practical cases however, though the systems we tackle are highly non-linear, improving the formula robustness also did improve the model robustness.

Evaluation on MAPK Signaling Network

In [START_REF] Huang | Ultrasensitivity in the mitogen-activated protein kinase cascade[END_REF], the authors present the dynamics of a signaling network, namely the Mitogen Activated Protein Kinase (MAPK) cascade, with a model encompassing 22 species and fully relying on Mass-Action kinetics with 37 parameters. This model remains today a reference for the MAPK cascade as it properly describes the 3-level global structure and the 2-step nature of each level. Though it was supposed that explicit feedback reactions were necessary for obtaining oscillations in this model, it was demonstrated by Qiao et al. in 2007 [12] that this is actually not necessary. The authors explored blindly the space of 36 parameters and then established a bifurcation diagram in the 37th parameter in order to find oscillations.

The FO-LTL(R lin ) formula used in [START_REF] Rizk | Continuous valuations of temporal logic specifications with applications to parameter optimization and robustness measures[END_REF] to measure model robustness is

F(PPK ≥ up ∧ F(PPK ≤ up -amplitude))
, where PPK represents the output of the signaling cascade, i.e. the concentration of the doubly-phosphorylated kinase at the third level. By using that formula with an objective of for instance 0.5 for amplitude, one can actually search parameter values in a directed way, guided by continuous satisfaction degree. In order to ignore simple overshoots, one can consider the refined formula

F(PPK ≥ up ∧ F(PPK ≤ up -a 1 ∧ F(PPK ≥ up -a 1 + 0.5 * a 2 )))
, with objectives of 0.5 and 1 for respectively a 1 and a 2 . BIOCHAM-4 is able to find a solution for the 37 parameters in a few minutes (averaged to 5 minutes over 100 runs on a 3.6GHz Intel Core i7 machine) and to optimize formula robustness with no extra cost. This is also shown on a cell cycle model in the companion notebook mentionned above.

Conclusion

Building models that are robust to parameter variations is a key issue in systems biology and synthetic biology, because of both their fluctuating environment and the stochastic nature of biochemical reactions. BIOCHAM-4 is one of the very few tools to implement a metric notion of robustness for dynamical properties and optimize it by the parameter search procedure with no extra cost. Although not true in all generality for non-linear hybrid systems, optimizing formula robustness does improve in practice the statistical notion of model robustness with respect to parameter variations. The integration of formula robustness in the notion of satisfaction degree thus provides a simple and effective approach to the design of robust parameterization of reaction networks.

Model robustness to parameter perturbations is estimated by sampling the parameter space. This is time consuming since it involves making one simulation for each parameter set.

The FO-LTL formula used in this example defines the amplitude range of x in the domain of the free variable h The amplitude 3.96 exceeds here the objective of 3.5, the satisfaction degree is thus greater than one showing some formula robustness.

However the model robustness w.r.t. (default) parameter perturbations is below one (0.88) showing that some parameter perturbations destroy the amplitude objective.

biocham: validity_domain(F(x < h /\ F(x > h))). h<3.96646/\h> -1.0e-6 biocham: satisfaction_degree(F(x < h /\ F(x > h)), [h -> 3.5]). Let us search for parameter values exhibiting oscillations, using the same range of values as Qiao et al. [START_REF] Qiao | Bistability and oscillations in the huang-ferrell model of mapk signaling[END_REF] as given in their Table S1. We also add a range for E1 tot which was not searched by Qiao 

  The FO-LTL(R lin ) formula F(x<h /\ F(x>h)) gives the height of the first bounce in the free variable h (∼ 4 in the companion notebook). Computing the validity domain with the command validity_domain(F(x<h / F(x>h))) and satisfaction degree satisfaction_degree(F(x<h / F(x>h)), [h -> 3.5]) on such a simulation trace is slightly faster (about 0.1s). Now, the command robustness(F(x<h / F(x>h)), [x0, K, D], [h->3.5]).

  search_parameters(F(x<h /\ F(x>h)), [5<=x0<=10, 0.5<=K<=1.0, -0.1<=D<=0.0], [h->3.5], cmaes_stop_fitness: -0.5). BIOCHAM-4 finds in 2.5s a solution with x 0 = 9.555, K = 0.801, D = -0.0585 such that vd = -0.572 and sd = 2.339. Computing again the model robustness as before we now get (in 101s) an improved model robustness of 0.930.

  (F(x < h /\ F(x > h)), [x0, K, D], [h -> 3.5]).Time: 158.027 s Robustness degree: 0.88414 With a satisfaction degree greater than 1 the formula is already satisfied with some margin. However, formula robustness can be further optimized by parameter optimization with formula robustness as objective function with no extra cost and much faster computation time than for estimating model robustness.It gives an amplitude of 4.84 which obviously improves the satisfaction degree of the formula. This is shown to also improve the model robustness (0.93) to parameter perturbations as expected in many examples. biocham: search_parameters( F(x < h /\ F(x > h)), [5 <= x0 <= 10, 0.5 <= K <= 1.0 , -0.1 <= D <= 0.0], [h -> 3.5], cmaes_stop_fitness: -0.5). Time: 27.491 s Stopping reason: Fitness: function value -5.72e-01 <= stopFitness Best satisfaction degree: 2.339136 [0] parameter(x0=9.555198250463423) [1] parameter(K=0.8014006370116868) [2] parameter(D= -0.058468364144163905) biocham: numerical_simulation. plot. biocham: validity_domain(F(x < h /\ F(x > h))). h<4.83916/\h> -1.0e-6 biocham: satisfaction_degree(F(x < h /\ F(x > h)), [h -> 3.5]). 2.339120 biocham: robustness(F(x < h /\ F(x > h)), [x0, K, D], [h -> 3.5]). Time: 100.736 s Robustness degree: 0.930547Appendix B Cell Cycle ExampleWe consider here the simple model of cell division cycle of Tyson[17] and the search of parameter values optimizing the robustness of some amplitude property of the oscillations. biocham: load(library:examples/cell_cycle/Tyson_1991.bc). biocham: option(time:150). biocham: parameter(k8=100). biocham: numerical_simulation. plot. biocham: satisfaction_degree(exists(max, exists(min, F(Cdc2-Cyclin~{p1} > max /\ F(Cdc2-Cyclin~{p1} < min /\ F(Cdc2-Cyclin~{p1} > max /\ F(Cdc2-Cyclin~{p1} < min)))) /\ max -min > amp)), [amp -> 0.19]). 0.974450 biocham: seed(0). biocham: robustness(exists(max, exists(min, F(Cdc2-Cyclin~{p1} > max /\ F(Cdc2-Cyclin~{p1} < min /\ F(Cdc2-Cyclin~{p1} > max /\ F(Cdc2-Cyclin~{p1} < min)))) /\ max -min > amp)), [k4, k6], [amp -> 0.19]). Time: 7.494 s

  et al. but used instead as parameter in a bifurcation diagram. biocham: timeout 600 Timeout set to 600 biocham: seed(0). biocham: search_parameters( exists(up, F(PP_K >= up /\ F(PP_K <= up -amplitude /\ F(PP_K >= up)))), [ 6.0e-4 <= KKK_tot <= 1.5e-2, 0.24 <= KK_tot <= 6, 0.24 <= K_tot <= 6, 6.0e-5 <= E2_tot <= 1.5e-3, 6.0e-5 <= KKPase_tot <= 1.5e-3, 2.4e-2 <= KPase_tot <= 0.6, biocham: seed(0). biocham: robustness( exists(up, F(PP_K >= up /\ F(PP_K <= up -amplitude /\ F(PP_K >= up)))), [ a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, d1, d2, d3, d4, d5, d6, d7, d8, d9, d10, k1, k2, k3, k4, k5, k6, k7, k8, k9, k10 ], [amplitude -> 0.5]). Time: 10.38 s Robustness degree: 0.837798 biocham: seed(0). biocham: search_parameters( exists(up, F(PP_K >= up /\ F(PP_K <= up -amplitude /\ F(PP_K >= up)))), [ 6.0e-4 <= KKK_tot <= 1.5e-2,
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<= a1 <= 5000, 200 <= a2 <= 5000, 200 <= a3 <= 5000, 200 <= a4 <= 5000, 200 <= a5 <= 5000, 200 <= a6 <= 5000, 200 <= a7 <= 5000, 200 <= a8 <= 5000, 200 <= a9 <= 5000, 200 <= a10 <= 5000, 30 <= d1 <= 750, 30 <= d2 <= 750, 30 <= d3 <= 750,
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Appendix A Bouncing Ball Example

The bouncing ball with air friction is a classical example of the hybrid system community. It can be modeled in BIOCHAM by one first reaction with mass action (MA) law kinetics where the velocity catalyzes the position, a second reaction where the gravity force catalyzes the velocity, a third reaction for air friction where the velocity autocalyzes its degradation, and one event for elastic bouncing by reversing the sign of one parameter: 

Appendix C MAPK Signaling Network Example

Here we consider the model of Huang and Ferrell of the Mitogen Activated Protein Kinase (MAPK) signaling network [START_REF] Huang | Ultrasensitivity in the mitogen-activated protein kinase cascade[END_REF]. We illustrate the search of parameter values exhibiting oscillations with some apmlitude properties and the optimization of the robustness of those properties. biocham: load(huang_ferrell.bc).