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A LOOSELY COUPLED SCHEME FOR FICTITIOUS DOMAIN
APPROXIMATIONS OF FLUID-STRUCTURE INTERACTION
PROBLEMS WITH IMMERSED THIN-WALLED STRUCTURES*

LUDOVIC BOILEVIN-KAYL', MIGUEL A. FERNANDEZ',
AND JEAN-FREDERIC GERBEAUT

Abstract. Fictitious domain approximations of fluid-structure interaction problems are gener-
ally discretized in time using strongly coupled schemes. This guarantees unconditional stability but
at the price of solving a computationally demanding coupled system at each time-step. The design of
loosely coupled schemes (i.e., methods that invoke the fluid and solid solvers only once per time-step)
is of fundamental interest, especially for three-dimensional simulations, but the existing approaches
are known to suffer from severe stability and/or time accuracy issues. We propose a new approach
that overcomes these difficulties in the case of the coupling with immersed thin-walled structures.

Key words. fluid-structure interaction, incompressible fluid, immersed thin-walled structure,
unfitted meshes, fictitious domain method, coupling schemes
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1. Introduction. One of the main difficulties that have to be faced when solving
incompressible fluid-structure interaction problems are the numerical issues related to
the added-mass effect (see, e.g., [39, 17, 27, 49]). This difficulty has been traditionally
overcome by considering strongly coupled schemes, in which the interface conditions
are treated in a fully implicit fashion. This ensures stability and time accuracy but at
the price of solving a heterogeneous ill-conditioned system at each time-step, which
can be computationally demanding in practice.

Over the last decade, significant advances have been achieved in the development
and in the analysis of fluid-solid splitting schemes that avoid strong coupling, without
compromising stability and accuracy. In the majority of these studies, the spatial
discretization is based on body fitted fluid meshes (see, e.g., [21, 44, 5, 14, 31, 13,
20, 25, 6, 26, 23, 38]). Fitted meshes are very appealing because they facilitate the
accurate prescription of the interface conditions. However, this framework rapidly
becomes cumbersome or unfeasible in the presence of large interface deflections or of
topological changes (e.g., due to contact between solids). In this case, the alternative
is to consider an unfitted mesh formulation, in which the fluid mesh is independent
of the solid mesh (see, e.g., [43, 40, 51, 28, 45, 18, 3, 9, 15, 34, 10, 1, 33]).

Within the unfitted mesh framework, splitting schemes which avoid strong cou-
pling are rare in the literature. In fact, we are only aware of the methods reported in
[9, 2, 36], using immersed boundary or fictitious domain methods, and in [15, 1, 33],
using unfitted Nitsche based methods with cut-elements. The fundamental drawback
of the loosely coupled (or explicit coupling) schemes, reported in [9, 15, 33, 36, is
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that their stability /accuracy demands severe time-step restrictions or is limited by
the amount of added-mass effect. These issues have been recently circumvented in
[1, 2], by borrowing the ideas from [20], but at the price of compromising the explicit
nature of the coupling scheme. Indeed, the resulting methods are only semi-implicit
(see also [22]).

In this paper, we introduce and analyze a new loosely coupled scheme for fictitious
domain approximations of fluid-structure interaction problems with immersed thin-
walled structures that overcomes the above mentioned issues. Our starting point is the
semi-implicit coupling scheme reported in [2]. We show that the combination of an ap-
propriate choice of the Lagrange multipliers space (equivalent to a collocation method)
with a mass lumping approximation in the solid yield a loosely coupled scheme. We
also present a general stability result that proves that the scheme is unconditionally
stable in the energy norm. Numerical experiments in a series of representative two-
dimensional examples, involving large interface deflections and topology changes in
the fluid domain, illustrate the performance of the proposed approach.

The rest of the paper is organized as follows. Section 2 presents the coupled
problem considered through the paper. The fictitious domain spatial approximation
is introduced in section 3. Section 4 presents the new coupling scheme and its stability
analysis. The numerical experiments are reported in section 5. Finally, a summary of
the main results obtained with some lines of future research are drawn in section 6.

2. Problem setting. We consider a fluid-structure interaction problem in which
the fluid is described by the incompressible Navier—Stokes equations and the struc-
ture by a thin-walled solid model (curved beam in two dimensions or shell in three
dimensions). Let ¥ C RY be the reference configuration of the solid mid-surface

(d = 2,3). The current position of the interface, denoted by X(t), is parameter-

ized by its motion map ¢ : ¥ x Rt — R as X(t) = ¢(%,t), with ¢ def Is +d,

where d denotes the displacement of the solid. In order to ease the presentation, we
introduce the notation ¢, def ¢(-,t), so that we also have X(t) = ¢,(X). The struc-

ture is supposed to move within a domain Q C R? with boundary T e 90 (see

Figure 1). For simplicity and without loss of generality, Q is assumed to be fixed.

The fluid is described in the time-dependent control volume (¢) def O\X(t) C R4,

with its boundary partitioned as 9Q(t) = X(¢t) UT. The interface X(¢) is assumed
to be oriented by a unit normal vector field denoted by m®. This induces a pos-

itive and a negative side in the fluid domain €(t), with respective unit normals

nt ¥ nsand nm ¥ —n® on ¥(t). For a given continuous scalar or tensorial
field f defined in Q(¢) (possibly discontinuous across the interface X (¢)), we define

Fic. 1. Geometric description.
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A LOOSELY COUPLED SCHEME FOR IMMERSED FSI B3

its positive and negative sided-restrictions to X(¢), denoted respectively by fT and
[, as ft(x) def limg o+ f(x+EnT), f~ () def limg o+ f(z+En™) for all & € 3(1).
We shall also make use of the following jump operators across the interface X(t):

T o= [l = it +f o

The considered nonlinear coupled problem reads as follows: find the fluid velocity
and pressure u : 2 x Rt — R4 p: Q x RT — R and the solid displacement and
velocity d : ¥ x RT - R?, d: ¥ x RT — R? such that

of (0w +u - Vu) —dive(u,p) =0 in Q(t),
(2.1) divu =0 in Q(t),
u=0 on T,

(2.2) psesatd +Ld=T on X,
’ d = 3td on E,
p=1Is+d, I(t)=0¢(t), Q) =Q\3(),
(2.3) u=do¢;' on X(t),

léTwz—A@%m@ﬂ4w¢f

for all smooth test functions w : ¥ — R%. The above coupled system has to be com-
plemented with appropriate initial conditions u(0) = wug, d(0) = dy and d(0) = dj.
Here, pf and p® respectively denote the fluid and solid densities, € the thickness of
the solid, and the fluid Cauchy stress tensor is given by

e of 1
o(u,p)  2pe(w) — pl,  e(w) X S (Vu+ VaT),

where p denotes the fluid dynamic viscosity. The symbol T is the force applied
to the structure whereas the symbol L represents an abstract surface differential
operator that describes the (possibly nonlinear) elastic behavior of the structure. The
three relations in (2.3) enforce, respectively, the geometric, kinematic, and dynamic
interface coupling conditions. Note that the midsurface of the solid is identified with
the fluid-structure interface, by neglecting all the solid thickness effects in the interface
coupling.

3. Weak form with Lagrange multipliers and spatial discretization. In
what follows, the closed subspaces Hf(w), of functions in H'(w) with zero trace on
I, and LZ(w), of functions in L?(w) with zero mean in w, will be used. The scalar
product in L?(w) is denoted by (-, ), and we set (-, ) def (,)a-

We consider V & [HE(Q)]? and Q def L3(€) as the fluid velocity and pressure

functional spaces, respectively. The standard Navier—Stokes trilinear form
(3.1) d'(z(u,p), (v,9)) Lof P (2 Vu,v) + 2u(e(u), €(v)) — (p, divo) + (g, divu)

will also be used. The space of solid admissible displacements is denoted by W C
[HY(X)]?. The weak form of the solid elastic operator L will be represented by an
application a® : W x W — R, which is assumed to be linear only with respect to the
second argument.
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In the spirit of [11] (see also [18, 4]), we introduce a space of Lagrange multipliers
A and a continuous bilinear form b : A x [Hz(X)]¢ — R such that b(u, z) = 0 for
all p € A implies z = 0 on ¥. As an example, we can take A = ([Hz(2)]4)" and
b(p, z) = (p, z), where (-,-) represents the duality pairing between ([H2 (£)]?)’ and
[Hz(2)]? (see, e.g., [11, 42]).

The weak form of the linear coupled problem (2.1)-(2.3) reads therefore as follows:
for t > 0, find (u,p,d,A\) € V x Q x W x A, with d = 9,d such that the geometric
compatibility (2.3); holds and

(32) pf (atuv ’U) + af (u’7 (uap)7 (’U, q)) + pses (8tda w)z + as(d7 w)
+b()\,v0¢)—w)—b(u,u0¢)—d) =0
for all (v,q,w, ) EV xQ x W x A.
We now consider a family {7, }o<n<1 of triangulations of Q. The mesh 7! is fitted
to the exterior boundary I' but, in general, not to ¥. For the solid, we consider a

family {7 }o<n<1 of triangulations of ¥. We introduce the following standard spaces

of continuous piecewise affine functions:
(33) X}i def {thCO(ﬁ)/UMKGPl(K) VKG’TJ},
X5 Y {v, € COF) Jonx €P1(K) VK €T}

For the approximations of the fluid velocity and pressure, we will consider the spaces

(3.4) Vi € XNV, Q¥ Xxina,

respectively. Furthermore, we consider the following discrete counterpart of (3.1):

£
ag(zlﬁ (wn, pn), (Uh,th)) d:efaf (Zh; (wn,pn),s (Uh»Qh)) + %((dinh)'uha'Uh)

+ sp(2n; un, v1),

where the form s, corresponds to the SUPG/PSPG and grad-div stabilizations given
by (see, e.g., [47, 34]):

(3.5)
e Ach?
swzniunw) Y [ 20

KeTf

divuhdivvh

+ Z /K5h(0f(zh-v)uh+Vph)'(Pf(zh'v)vh+v%),

KeTf

def £ 4 ].6/1,2 4‘Zh|2
on = A\M (p \/7‘2+h4(pf)2+ 2 )

with Ayy > 0 and A\¢ > 0 user-defined parameters.

In order to overcome the artificial interfacial mass losses induced by the con-
tinuous nature of the pressure approximations considered in (3.4), we will consider
(notably when dealing with enclosed fluid domains) the approach proposed in [34] for
an immersogeometric method, which consists in boosting the grad-div stabilization
while reducing the SUPG/PSPG stabilization near the interface by taking (see also
[16, 12]):
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1 in Q\wyp,
(3.6) A=1 in )\M{ . 1} h
em in wy,
where 0 < ey < 11is a user-defined (dimensionless) parameter and wj a neighborhood
of the interface ¥} (typically two layers of fluid elements on each of its side). The
motivation of the first choice is that it improves local mass conservation while the

second reduces the impact of the local residual inconsistencies near the interface.

The solid displacement and velocity are approximated in W7, def [X Z]d NW. For

the approximation of the Lagrange multiplier, we consider the following nonconform-
ing approximation space (see, e.g., [8, 18, 30, 19]):

Nh.
(3.7) Ay = uhzzuiéﬁ/uie]&d, i=1,...,N} %,
i=1

where {a:f}fihl denotes the points of the triangulation 7;} and d: stands for the Dirac’s
measure at point xj. For alternative approximation spaces, the reader is referred to
[4, 2, 11], for instance. Due to the nonconforming nature of the approximation (3.7),
we introduce the discrete bilinear form by, : Ay, x [C?(2)]? — R, defined by

N,

def .

(3-8) bn(pp: 2) = Zﬂi - z(xf)
i=1

for all (p,,z) € A, x [C°(£)]?. This amounts to enforce the kinematic constraint
(2.3)2 as in a collocation method (see, e.g., [8, 30]). The spatial semidiscrete
approximation of (3.2) reads therefore as follows: for ¢ > 0, find (wp,pn,dn, An) €
Vi X Qn x Wy, x Ay, with dj, = 8,dy,, ¢;, = I's + dj, and such that

3.9) o' (Ovun, vn) + aj, (wn; (W, pr), (V. qn)) + b (A, vi 0 @ — wy)
+ 0 (Oudn, wh) g, + a*(dp, wy) — by, wn 0 B, — dpp) =0

for all (vp, qn, Wh, ) € Vi X Qp X W X Ay

4. Time-discretization: Coupling schemes. This section is devoted to the

discretization in time of (3.9). In what follows, the parameter 7 > 0 stands for the

time-step length and %, def nt, for n € N. For a given time-dependent field x(t), the

symbol =™ denotes an approximation of z(¢,) and 0;z" e (z™ — 2"~1) /7, the first-
order backward difference. For simplicity, we consider a first-order time-discretization
of the bulk terms in the fluid and in the solid.

We first introduce the strongly coupled scheme reported in Algorithm 4.1 (see,
e.g., [11, 9]). The method implicitly treats the kinematic—dynamic coupling through
the Lagrange multiplier, but the geometric coupling is treated in an explicit fashion.
This yields unconditional stability but at the price of solving the coupled system (4.3)
below at each time-step, which can be costly and cumbersome (e.g., when the fluid
and the solid are solved in separate codes).

Owing to (3.8), the discrete kinematic constraint in (4.3) writes

(4.1) ull o ¢ (xS) —dy(x5) =0 Vi=1,...,N;.
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Algorithm 4.1. Strongly coupled scheme.

Forn >1,
1. Interface update:
on =1Is+d; "
2. Find (uf,p}, dil, A7) € Vi, X Qpn x W, x Ay, with 9.dj = dJ, such that
(4.3)  p"(0-up,vn)a + ay, (w5 (uf, ph), (Vn, qn)) + b (Ah, vi 0 @) — wh)
+ pses(&dz,wh)z + as(d;’l’, wh) — by, (uh,uﬁ oy — dZ) =0

for all (vn, gn, wn, uy,) € Vi X Qn X Wi, X Ay,

This is also equivalent to consider in (4.3) (and in (3.9)) the conforming space of
Lagrange multipliers Aj, = [X;]¢ and the discrete bilinear form by, (py,, 2) = (11,, 2) 5, 1-
The symbol (-, )5 5, denotes the lumped-mass approximation of the L2-inner product
(+,)s, namely, the surface integral over ¥ is approximated using nodal quadrature.
Note that (4.1) avoids the need for the evaluation of interface integrals with quantities
defined on unfitted meshes. Actually, only localization of the solid nodes within the
fluid mesh is required. Little is known however on the discrete inf-sup conditions guar-
anteeing the existence, uniqueness, and convergence of the approximation provided
by (4.3), for these choices of the Lagrange multipliers spaces.

Remark 4.1. In this regard, we are only aware of two theoretical results. The
first concerns the convergence analysis reported in [19, section 3.2] for the primal
variable of a saddle-point problem involving the Poisson equation, provided that the
local size of the solid mesh is of the same order as the local size of the fluid mesh.
More recently, a complete analysis is given in [11, section 5] for the choice A;, = [X3]?
and by (py,,z) = by, z) (i-e., without quadrature approximation of the interface
integral), under the assumption that the fluid mesh is sufficiently refined with respect
to the solid mesh.

In other to avoid the lack of inf-sup stability result for (4.3), we follow the penalty
strategy considered in [18] for the computer implementation of Algorithm 4.1, which
consists in relaxing (4.1) to

(4.2) wl o (xf) —di(x) =eA Vi=1,...,N},

where € > 0 is a small (nondimensionless) parameter. This enables the elimination of
the Lagrange multipliers, with the convenient property of preserving the sparse pat-
tern of the matrix of the fluid problem. The fundamental drawbacks of this approach
lie in the choice of the parameter ¢ (which needs be tuned depending on the mesh
size; see [12]) and in the ill-conditioning issues induced by the resulting penalty term
in the fluid momentum equation.

We now consider the alternative numerical method reported in Algorithm 4.2
that is not strongly coupled and, hence, less computationally demanding than Algo-
rithm 4.1. This scheme, introduced in [2] for a different choice of Ay, extends the
ideas of [20, 1] to the unfitted mesh formulation (3.9). Basically, this scheme treats
implicitly the coupling of the fluid with the solid inertia and explicitly the coupling
with the solid elastic effects. The former guarantees stability (by avoiding the explicit
treatment of the added-mass) while the latter reduces the computational complexity
with respect to Algorithm 4.1.
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Algorithm 4.2. Semi-implicit scheme (not strongly coupled).
Forn > 1,
1. Interface update:

2: I +d2_1.

o1
2. Fluid with solid inertia step: find (u},pl,d), *,AL) € Vi, x Qp X W, x Ay,
such that

(44) Pf(aTUZvvh) + allcz (uzil; (’U,Z,pZ), ('Uh, qh)) + bh ()‘Za Up © ¢Z - wh)
S p—1 i " n em—1
+ %(dh ’ - dh lvwh)g - bh(/l'hauh ° (bh, - dh 2)
@ wn)

for all (va,qn, wn, uy,) € Vi X Qn X Wi X Ay,
3. Solid update: find djy € W, with dj, = 0, d}, such that

(4.5) p°e* (0rdy,wh) . + a°(df, wp) = bu(Af, wy)

for all wy, € W,.

Remark 4.2. Alternative extrapolations (e.g., zeroth or second order) could be
considered for the last term of (4.4), as reported in [20, 1, 2]. Nevertheless, in the
present work, we limit the discussion to first-order extrapolation since it guarantees
both unconditional stability (Theorem 4.9) and first-order time accuracy.

Note that Algorithm 4.2 uncouples the computation of the fluid and solid un-
knowns (u},py, Ay) and (dj,d}). The price to pay for this splitting is the introduc-

. n_l
tion of a new unknown in step (4.4), the so-called intermediate solid velocity d, 2.
Similar difficulties arise in the semi-implicit scheme reported in [1, Algorithm 6] for a
Nitsche-XFEM unfitted mesh method (Lagrange multipliers free).

4.1. A new loosely coupled scheme. The first fundamental idea of the pre-

sent paper is that, if we choose Ay, as in (3.7), both the intermediate velocity dz_% and
the Lagrange multiplier A} can be eliminated in terms of the standard fluid unknown
(ul,pp). To this purpose, we introduce the fluid-to-solid Lagrange interpolation
operator

By, - [C°(D)]4 — Wy,

and we state the following result.

LEMMA 4.3. Let the discrete space Ay, be given by (3.7). We have
(4.6) by, (uh,vh o qS;f) = by, (uh, By (v, 0 (MLL)) Yvn, € V.
Furthermore, the relation
(4.7) by, (,uh,'vh o ¢y — 'wh) =0 Vu, €A
s equivalent to

(48) whp = Bh (vh o (ﬁ;:)
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Proof. From (3.8), we have

bh (I’th Vp © ¢h

Z/’l’z Up ¢h

On the other hand, owing to (4.7), we get

s
Ny,

:bh(u}th(vh o p))-

Ny,

Z/*"z Bh vho¢h)( )

Z ;- (Bh (vh o qbZ)(a:f) - wh(mf)) =0

i=1

for all u; € RY, or, equivalently,

B, (vp 0 ¢p) ()

= wp(

;)

for i =1,...,N;, which yields (4.8) and completes the proof.

d

The next result shows that the coupled system (4.4) can be formulated exclusively
in terms of a pure fluid problem without additional unknowns.

LEMMA 4.4. Forn > 1, let (u},p}, d:ii,)\;ﬁ) € Vi xQpx Wy, x Ay be solution

of (4.4), then we have:
. nil n
° dh 2 = Bh(u’}: O(;Sh);

o (up,py) € Vi, X Q satisfies

P (Orui, vn)

(4.9) +

"f (@ Bu(ono 6})) — a*(df " Bu(vn 0 6}))

for all (vy,qn) € Vi X
e \) € Ay, satisfies

(4.10)  b(AR,wp) =

for all wp, € W,
The reciprocal also holds.

Proof. From (4.4) with (vp,

bn (1w © B

and

(8 up,vp) + ah(

for all (vp,qn, wpn) € Vi, X Qp x Wi,

respectively be formulated as

(4.11)

PO n—
<

+a‘h( Z Y (uhaph) (vthh))

Qn;

S S

pe

(Bh(uz o ¢

)

m—1
— dh ,

7 (Bu(uf 0 97), Bi(vn 0 81)) .

7thwh) = (0,070), we have

dn 1 wh)

By, (uj; o ¢7)

DA

=d,

1
2

d, 2)=0 VYp, €Ay

b (ui, ph)s (v, qn)) + b ( Ay, vn 0 @)

o (df wy)

’wh>2 + a® (dz_l7 wh)

— wy)

Owing to Lemma 4.3, these relations can
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and

(4.12) Pf(afuﬁﬂlh) +al, (szl; (up, o), (Vn, qn)) + bn (AL, Br(vn o @1) — wy)

PG ), = )

b3}

for all (vp,qn, wpn) € Vi, x Qn x W, Note that the intermediate solid velocity can
be eliminated via (4.11). In order to also eliminate the Lagrange multipliers, we take
wy, = By (v, 0 @) in (4.12), which yields (4.9). Finally, the relation (4.10) simply
follows from (4.11) and (4.12) with (vp, ¢n) = (0,0).

Conversely, we assume now that (4.9) and (4.10) hold. From (4.10), there follows
that

pSES

b(AZ, Bh (’Uh o d)Z) — wh) — (Bh (uﬁ [¢] ¢Z) — dzflth (’Uh o ¢Z) — ’U.Ih)E
=a° (dz_l,Bh ('vh o (],’)2) — wh)

for all (vp,wp) € Vi, x Wy, By adding this expression to (4.9), we get

T

P (O-u, vp) + af (wy ™ (wpt, o), (Vh, ) + br (AR, By (vh o @)) — wp)

pie n—1 -1
(Bh (’U,Z o d)Z) — dZ ,’wh)2 = —as(dz 7U}h)

T

+

. nil
for all (v, qn, wp) € Vi, X Qn, x Wy, We finally retrieve (4.4) by setting d, > =
B, (uﬁ o ¢Z) and by applying Lemma 4.3. This completes the proof. ]

Remark 4.5. Note that (4.9) is a pure fluid problem, with a specific nonnegative
bilinear term acting on the interface. It is therefore well posed. Furthermore, owing
to the reciprocal part of Lemma 4.4, (4.4) admits also a unique solution.

Remark 4.6. The system (4.9) can be viewed as a fluid problem with an immersed
interface condition that generalizes the Robin-base splitting reported in [20, 25, 37]
to the case of unfitted meshes. Alternative interface Robin conditions (as those con-
sidered in [41, 31, 13] with fitted meshes) can also be generalized with the present
approach.

The fundamental difficulty of (4.9) is that, in general, the interfacial term in-
troduces nonstandard coupling terms in the fluid matrix. Even more, the stencil of
the resulting matrix depends on the location of the interface at each time-step. In
order to overcome these drawbacks, we propose to replace the canonic L?-inner prod-
uct (-, )y in Algorithm 4.2 by its lumped-mass approximation (-, -)x 5 (see, e.g., [48,
Chapter 15]). We can then establish the following result.

LEMMA 4.7. The term
(4'13) (Bh(uz o ¢Z)? Bh(vh o ¢Z))E,h

preserves the sparsity of the original fluid matriz.

Proof. Let i,j € N be the indices of two fluid nodes which do not share the same
edge (see Figure 2). We will show that its corresponding matrix entry in each block
of (4.13) vanishes. The matrix associated with (4.13) has a diagonal block structure;
for instance, in two dimensions we have
(B")TMB" 0

n def
R" = 0 (Bn)TMBn )
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where M € RV»*Ni denotes the (scalar) lumped-mass matrix of the solid and B™ €
RN:xNi the (scalar) Lagrange interpolation matrix from the fluid mesh to the solid

mesh of the current configuration ¢ (X). Therefore, it suffices to discuss only the
diagonal blocks of R™.

Fic. 2. The support of two fluid shape functions (in gray and in orange) intersected by the
interface ¢y (), where i and j do not share the same edge.

Since the lumped-mass matrix is diagonal, we have M, = ayd;,, with oy € R and
011 standing for the Kronecker delta. Let e;,e; be the canonical basis vectors of RN
associated with the nodes i, 7. We have

(BM)™™B"). = (B"e;)  MB"¢,

ij = Zl: <Zk: Mlk(B"ej)k> (B"e;), = Zl:al (B"e;),(B"e;), = 0.

The last equality follows from the fact that, since the supports of the fluid nodes i
and j do not intersect (see Figure 2), the vectors B"e; and B"e; do not have any
common nonzero entry. This completes the proof. a0

Owing to the results of Lemmas 4.4 and 4.7, we introduce the following new
solution procedure.
Forn > 1,
1. Interface update: ¢} = I +d} .
2. Find (u},pf) € Vi x Qp, such that

P (O-u, vr)a + af, (uy ™ (w)t, p1), (Vh, )
pie n o an n
(4.14) +T(Bh(uh°¢h)7Bh(vh°¢h))z,h

= pe (dzil,Bh(’ljh o ¢Z))Z,h — as(dzfl,Bh(vh o ¢Z))

T

for all ('vh,qh) eV xQp.
3. Find A} € Ay, such that

S S

€

(4.15)  ba( A wn) = E (B (uf o @) — di Y wn) y + 0 (dp L wy,)

T

for all wy, € Wy,. _
4. Find dj € W, with dj = 0-d};, such that

(4.16) pses(BTdZ, wh)z,h + a®(dy, wp) = by (AL, wp)

for all w;, € W,
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From a practical point of view, it is worth noting that, using (4.16), the relations
(4.14)—(4.15) can also be rewritten equivalently, by replacing the terms containing
dZ_l7 as

ot (0-upy, vp) + al, (uﬁ_l

S S

i (up,pp), (Vh,qn))
p: (Bh(’UJZ o @y), Br(vp o ¢Z))Z,h

B n— n n— n
:”T(d;; L 70:dy T Br(vn o 87))y, — (ALY Bu(vy 0 7))

_|_

and

poes

bh( e wh) = (Bh (UZ o d)Z) — C.lzi1 — T@Tc.lzil, wh>27h + bh()\zil7 wy,)

for n > 2. The advantage of these expressions is that, since the solid elastic term has
been eliminated, only solid velocities need to be transferred from the solid to the fluid
(as in a standard Dirichlet—Neumann loosely coupled scheme). The resulting solution
procedure is detailed in Algorithm 4.3.

Remark 4.8. Tt should be noted that Algorithm 4.3 requires A}, d} as initial
conditions, which can be obtained by performing the first step of (4.14)-(4.16). In
the particular case in which d = dg = 0, we can start the time-stepping directly
with Algorithm 4.3 for n > 1.

The computer implementation of Algorithm 4.3 is straightforward within a stan-
dard finite element library. The algebraic formulation of the steps 2-4 are briefly
discussed in the next paragraph.

Algorithm 4.3. Loosely coupled scheme.

For n > 2,
1. Interface update: ¢} = I +d} .
2. Fluid step: find (u},p) € Vi, x @, such that

P (O-uf, vp)a + af, (up ™Y (wl, o1, (Vh, )

(1) + - (Bu(ui o 6}). Bu(vr o 6})s,

poes

(2dy ™" —dp 72, Br(vi o 91))y,;, — bu(An ", Bi(vn 0 67))
for all (vp,qn) € Vi x Qp.

3. Evaluate fluid load: find A} € A}, such that
(4.18)

bh ()\Z, wh) = pses

T

(Bn(uji o @) — 2d3™" + dp =% wn )y, ), + br(AL T wn)

for all wy, € Wy,. )
4. Solid step: find dj € W, with d; = 9,d},, such that

(4.19) P (0rdy wh) ) + a*(dy, wr) = br(A;, wh)

for all wy, € Wy,.
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4.2. Computer implementation. Let u”, p”, d*, d”, A, and ¢" denote the
arrays of degrees of freedom associated with uj!, p}, dj,, 47 AL, and ¢, respectively.
We also denote by x the array of coordinates of the points of the triangulation 7.
For the sake of clarity, we first consider the separated solution of the fluid without
the coupling with the immersed solid. This yields the following type of linear system

at each time-step:

Af C u” b"71
(20 Yo Sl
with the notation

Afdef Py e LK prt &fou"—l.
T T

Here, the matrices M! and | Fé §] denote the algebraic counterpart of the bilinear

forms (up, vl) and af (u™"; (un,vs), (vh, qn)), respectively. Similarly, without inter-
action with the fluid, we get, for the solid, the following linear system

(4.21) ASd™ =
with

S S S S
AT L ke, T e (@ ), At =0
Here, the matrices M® and K® stand for the algebraic counterpart of the bilinear
forms (dh,wh)z,h and a®(dp, wy), respectively. Note that, due to the lumped mass
approximation, the matrix M® is diagonal. Finally, we consider the matrices B™ and
R™ introduced in the proof of Lemma 4.7 and define L™ as the fluid-to-solid vector
interpolation matrix, e.g., for d = 2 we have

ndef [B™ 0
4]

Based on all these considerations, the steps of Algorithm 4.3 can be reformulated, in
an algebraic fashion, as:
1. Set:
(bn = x4+ dn—l
and evaluate the interpolation matrix B";
2. Solve fluid with solid inertial contributions:

Af_,'_an a1 Tu» _ pn—1 .
(22 FaN MR

3. Set: ‘e
A" = &Ms(Lnun _ 2C'1n—1 +dn—2) + )\n—l;
T

4. Solve solid:
ASd™ = 4

It is worth recalling that, owing to Lemma 4.7, the matrix of the system (4.22)
preserves the sparse pattern of the original fluid matrix Af.
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4.3. Energy stability. In this section, we assume that a ( -) is an inner product
into W. The associated solid energy norm is denoted by || - | def vas(-, ). We also

introduce the discrete norm || - |55 et V(5 )sn. We shall conslder the following

discrete reconstruction of the elastic bilinear form a®: for all d, € Wy, we define
L} d, € W, such that

(4.23) (L dp, wp)s,n = a®(dp, wp)

for all wy, € W,. Furthermore, we define the discrete energy at the time-step n > 0

as
f

mn p 3 3
E" = u h||0§2+ Hd 6.z + 5 Hd I3

We will use the symbol < to indicate an 1nequahty written up to a multiplicative
constant (independent of the physical and discretization parameters).
The next result establishes the unconditional energy stability of Algorithm 4.3.

THEOREM 4.9. Let {(u},p}, d},d)}us1 be given by Algorithm 4.3, initialized as
in Remark 4.8. The following energy estimate holds for n > 1:

(4.24) E" S B+ 7| dyI2 + ||Lsd 15,5

Proof. From (4.15)—(4.16), we have
(4.25) @(d;; — B (uf o 7). wh)y , + a(dy — it wy) = 0
for all w, € W,. In particular, owing to (4.23) we have
(4.26) B, (w0 97) = df + I Li(d} — ;).
On the other hand, by taking w;, = B}, ('vh O¢Z) in (4.25) and by adding the resulting
expression to (4.14), we get
(427) P (Orup, va)a + aj, (up s (upy, 1), (Vs an))

+p°€ Oy, Bi(vn 0 7)), + a” (i), Bn(va 0 8})) =

for all (vh,qn) € Vi x Qn. By taking (v, gn) = (uj, p}) in this expression and using

the fact that

n—1,

ajp (uh ™" (u, 7)), (uh, 1)) > 2plle(ui) |5 g,
we get
P’ 2 2
(4.28) S O:llupllo.q + 2ulle(ur)lo.q
+p° (0 dyy, Bi(uf 0 ¢))s. , + 0 (dft, Ba(uj 0 67)) <0

We then proceed similarly to [20], by inserting (4.26) into (4.28). This yields

P n
(4.29) 8 ||uhHosz+2/~L|| (uh)||on+ 5 d: H2h+ 3 |2

+7(0-dy, L, (d}} — d;j—l)) +

T S mn—
.k ﬁa ( i Ly (dy —dp ™)) <0

T T
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It only remains to estimate the terms 77 and T5. For the first term, using (4.23), we
have

T = 7(d - di~ Lidp) = a*(df — 47 dg) > (IR — I 2).

Finally, for the last term, we have
.

T n n n—1
T = o (B T — i), > 5

S -1
(1L R — 1LRdR ™ %)

We conclude by inserting the above two bounds into (4.29), by multiplying the re-
sulting expression by 7, by summing over n and by applying the norms equivalence
between | - |o,x and || - ||s,5 in Wy, uniformly in h (see, e.g., [48, Chapter 15]). This
completes the proof. 0

5. Numerical experiments. The purpose of this section is to illustrate the per-
formance of Algorithm 4.3 via comparisons with the results provided by Algorithm 4.1
(with the regularized kinematic condition (4.2)) and by an alternative method recently
reported in the literature (see [1, Algorithm 4]). As the core motivation of the present
work is the efficient simulation of heart valves, two representative two-dimensional
examples which mimic the behavior of such systems in the open and closed configu-
rations, have been considered.

In what follows, a nonlinear Reissner—Mindlin beam model is considered for the
solid. Its spatial discretization is based on linear MITC (mixed interpolation of ten-
sorial components) elements, involving two displacements and one rotation as degrees
of freedom per node in the increments (see, e.g., [7]).

5.1. Idealized valve without contact. The first example is the heart-valve—
inspired benchmark problem considered in [29, 32, 50, 34, 12]. It consists of one
idealized valve modeled by a cantilevered elastic beam immersed in a two dimensional
channel filled with an incompressible Newtonian fluid, as shown in Figure 3. The
geometry of the fluid domain is given by Q = [0, 8] x [0,0.805]. The reference config-
uration of the solid, 3, is given by the segment whose endpoints are Ag = (2,0) and
A; = (2,0.7) (see Figure 3). The physical parameters are, for the fluid, pf = 100,
u = 10, and, for the solid, p® = 100, ¢ = 0.0212, with Young’s modulus E = 5.6 - 107
and Poisson’s ratio v = 0.4.

1—‘top

Ay
—
_

'nyb——— ) Q Tout

—_
—_

AlO ot

Fic. 3. Geometric configuration of the first numerical example.

A no-slip boundary condition is enforced on I'yot, and a symmetry boundary
condition is imposed on I'tsp. Zero traction is enforced on the lateral boundary I'oy,
and the velocity is prescribed on T'y,, as a half parabolic profile whose maximum
amplitude is defined by a positive time-dependent function wumax(t), given by the
following expression:

Umax (t) = 5(0.805) (sin(2mt) + 1.1), ¢ € RT.
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The solid is fully clamped at its bottom endpoint Ag. Both the fluid and the solid are
initially at rest. Considering the channel width of 0.805 as the characteristic length
scale and the peak in flow speed of 6.8 as the characteristic flow speed, the associated
Reynolds number is about 55.

In this first numerical example, in which no enclosed fluid is involved, we have
observed that the grad-div stabilization has pratically no impact on the quality of the
numerical results. Hence, the free stabilization parameters in (3.5) have been set to
AMm = 1 and A¢ = 0 in both methods. The penalty parameter € for Algorithm 4.1 in
(4.2) is set to e = 107° (see [12]). We recall that Algorithm 4.3 does not involve any
penalty parameter.

From the perturbed kinematic relation (4.26), Algorithms 4.1 and 4.3 are expected
to deliver similar accuracy (up to the penalty error induced by € in (4.2)) when the
time-step length 7 is sufficiently small. Hence, we propose to compare the results
provided by these two methods, using three levels of time-step refinement given by
T E {(10_3 /21) 2 o, and a fixed discretization in space based on a fluid mesh of
16,384 triangles and a solid mesh of 64 segments (see Figure 4). Figure 5a, 5¢, and
5e present, respectively, for ¢ = {0, 1,2}, the comparison of the time history of the
z-displacement of the solid at the upper tip A;, obtained with Algorithms 4.1 and
4.3. Very close results are already obtained with the largest time-step 7 = 1073 (see
Figure 5a). The agreement still improves when the time-step is refined. Note that the
two curves become practically indistinguishable for the finest time grid 7 = 2.5-107*
(see Figure 5e). Similar observations can be made from Figures 5b, 5d, and 5f, which
present the results for the y-displacement, respectively, for ¢ = {0,1,2}. A slight
difference is observed between the two curves for the largest time-step 7 = 1073 (see
Figure 5b). Nevertheless, this discrepancy practically disappears in the next level of
refinement (see Figure 5d).

Fic. 4. Zoom on the fluid and solid meshes.

For illustration purposes we have reported in Figure 6 some snapshots of the in-
terface location and of the fluid velocity magnitude near the solid obtained at different
time instants with Algorithms 4.1 and 4.3 for 7 = 1073. The very good agreement
between both numerical approximations is noticeable. Similar observation can be in-
ferred from the elevated pressure reported in Figure 7, obtained with 7 = 1073, As
before, Algorithm 4.3 delivers practically the same results as Algorithm 4.1, predicting
the similar shape of the pressure jump across the leaflet.

Computational considerations. We finally comment on the relative efficiency of
the two methods. By construction, Algorithm 4.3 requires only 1 single fluid and solid
evaluations per time-step. The efficiency of Algorithm 4.1 depends on the type of
solution procedure for the coupled system (4.3). In the present study, this system has
been solved via a Dirichlet—Neumann interface Newton-GMRES partitioned iterative
method, which requires an average of 3 fluid and solid evaluations and 21 tangent
fluid and solid evaluations per time-step. Note also that the conditioning of these
fluid systems is worse than in Algorithm 4.3 due to the penalized treatment of the
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—Alg. 1 —Alg. 1
—Alg. 3 ) _ —Alg.3
= =
[ o3
£ £
Q ()
(5] o
8., 8
Z g
hel el
%o L
Time * : ‘ “ " Time
_1n-3 _1n0-3
(a) T=107". (b) T=10"".
—Alg. 1 —Alg. 1
—-Alg. 3
= =
[} Qo3
£ £
Q [
(5] Qo
8., 8
Q Qo2
] ]
hel hel
%o I
Time ° ’ ’ * " Time
— -4 — —4
(¢) T=5-10"". (d) r=5-10"".
—Alg. 1 —Alg. 1
— Alg. 3
= z
[} @os
£ £
[} [
(5] Qo
B, Ko}
o Qo2
] 8
3., 9
x >
Time * ’ ‘ " Time
(e) 7=25-107" (f) 7 =25-10"%

Fic. 5. Time history of the displacement of solid at the upper tip A1 obtained with Algo-
rithms 4.1 and 4.3. Left column: x-displacement. Right column: y-displacement.

interface coupling. This clearly points out the advantages of Algorithm 4.3 in terms
of computational cost.

5.2. Idealized valve with contact. As a second example, we consider an ex-
tension of the previous one in which the idealized valve is now long enough to get
into contact with the upper wall, as shown in Figure 8. The geometry of the fluid
domain is given by Q = [0, 8] x [0,0.805] as in the previous example. The reference
configuration of the solid, ¥, is defined by the following analytical expression:

1 (z —11/2)?
y(z) = 5 1_Wu

x € [4,5.112].

The coordinates of its endpoints, Ay and A, are then (4,0) and (5.112,0.483), re-
spectively. The physical parameters for the fluid are pf = 1 and u = 0.03. For the
solid, we have p* = 1.2, ¢ = 0.065, with Young’s modulus £ = 107 and Poisson’s
ratio v = 0.4.
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velocity-norm velocity-norm velocity-norm

| —— L T
0.00 1.62 3.25 4.88 6.50 0.00 1.62 3.25 4.88 6.50 0.00 1.62 3.25 4.88 6.50

(a) Algorithm 4.1: ¢t = 0.45. (b) Algorithm 4.1: ¢t = 0.85. (c) Algorithm 4.1: ¢t = 1.25.

velocity-norm velocity-norm velocity-norm
[ —aaa—— [ —aaaa—— [_____—wme —aaaa——
0.00 1.62 3.25 4.88 6.50 0.00 1.62 325 4.88 6.50 0.00 1.62 3.25 4.88 6.50

(d) Algorithm 4.3: t = 0.45. (e) Algorithm 4.3: t = 0.85. (f) Algorithm 4.3: ¢t = 1.25.

F1G. 6. Snapshots of the fluid velocity magnitude obtained with Algorithms 4.1 and 4.3.

- &

pressure pressure pressure
-9589 -7140 -4691 -2241 2 -1 1811 3633 5455 7278 -3 1488 2402 3315
(a) Algorithm 4.1: ¢t = 0.45. (b) Algorithm 4.1: ¢ = 0.85. Algorlthm 4.1: t =1.25.

pressu re

pressure pressure

—
-9589 -7140 -4691 2241 207 -1 1811 3633 5455 7278 -3 4 1488 2402 3315

(d) Algorithm 4.3: t = 0.45. (e) Algorithm 4.3: t = 0.85. (f) Algorithm 4.3: t =1.25.

F1G. 7. Snapshots of the fluid elevated pressure obtained with Algorithms 4.1 and 4.3.

A no-slip boundary condition is enforced on I'y,o; while a symmetry boundary
condition is imposed on I'top. Zero traction is enforced on the lateral boundary I'gy,
while on TI'y,, traction is imposed in terms of the following time-dependent pressure
data pin(t):

(5.1)

0o 200 atanh(100) if 0<¢ < 0.7,
Pint) = 200 if > 0.7.



536

553

g
i
oY

556

557

558

559

560
561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

B18 BOILEVIN-KAYL, FERNANDEZ, AND GERBEAU

Ttop

W_‘Al

Ao Thot

Tout

F1a. 8. Geometric configuration of the second numerical example.

The contact condition of the solid with the upper wall I't,, is the following:
(5.2) d-nr,, —g<0 on X

where np,  denotes the (constant) exterior unit normal to Iy and g @ X — RT
stands for the gap function between X and I'yop. At the discrete level, the inequality
constraint (5.2) is approximated via a penalty method (see, e.g., [46]). This amounts
to include, in a®(d},, wy), the following additional nonlinear term

Y Ee

(5.3) >

([d}, - nry,, — g+ Eh]+7wh)2a

where [z]+ o max{0,z}, 7. > 0 is a (dimensionless) user-defined parameter and
ep, > 01is a contact tolerance aimed at preventing penetration. In the results presented
below, we have taken €5, = O(h) and 7. = 5 - 1073.

The fluid and the solid are initially at rest. The beam is pinched at Ay (i.e, the
rotation degree of freedom is free). We consider the channel width of 0.805 as the
characteristic length scale. For the characteristic flow speed, we consider the typical
values of 4 and 10, for the closing and opening phases, respectively. The associated
Reynolds number is then approximately 107 and 268.

Numerical evidence (not reported here) indicates that the quality of the approx-
imations provided by Algorithm 4.1 with the regularized kinematic condition (4.2),
for this specific example with contact, is extremely sensitive to the penalty parameter
€. In order to circumvent these difficulties, we propose to consider as the reference
solution the strongly coupled Nitsche-XFEM unfitted mesh approach reported in [1,
Algorithm 4]. This method has multiple interesting features (e.g., Lagrange multi-
pliers free, consistent treatment of the interface coupling, optimal error estimates,
etc.) and is known to deliver superior spatial accuracy with respect to Algorithm 4.1
(see [12]). Nevertheless, the price to pay is an increased computational complexity
and a much more involved computer implementation (careful track of the interface
intersections, dynamic matrix pattern, etc.) with respect to Algorithms 4.1 and 4.3.

The accuracy of Algorithm 4.3 will be then evaluated with respect to the Nitsche-
XFEM method, by considering three successive levels of grid refinement in space and
time. The coarsest level, which will be referred to as My, corresponds to a fluid mesh
of 4,096 triangles. The solid mesh is made of 25 and 50 segments, respectively, for
Nitsche-XFEM and Algorithm 4.3. The corresponding time-step is set to 7 = 2-1073
and the contact tolerance in (5.3) to €, = 0.02. The two subsequent space-time
grids, denoted by My and M3, are uniform refinements of M; with, respectively, a
factor of 2 and 4 along both spatial and temporal directions. The three sets of fluid
and solid meshes are shown in Figure 9. For Algorithm 4.3, the value of the user-
defined parameter £y, in the SUPG/PSPG stabilization with enhanced interfacial
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mass conservation (3.6), is set to 10™* in all levels of refinement. For the Nitsche-
XFEM method, the user-defined parameters are set to v = 100, 7, = 1 and v, =
vp = 0.01, as detailed in [1, 12].

(b) Mo. (C) Ms.

Fi1c. 9. Zoom on the fluid and solid meshes for the different levels of refinement.

As the negative prescribed pressure (5.1) builds up, the solid starts to bend and
collides with I'to, after some time instants. Due to the flexible nature of the structure,
it is free to slide or even to bounce on the wall. When contact is occurring, the fluid
velocity vanishes and a pressure jump across the interface is observed. Finally, after
t = 0.7, a positive pressure builds up and the valve opens again. Figure 10 reports a
comparison of the time history of the displacement of the solid at the upper tip A
obtained with Nitsche-XFEM and Algorithm 4.3 for the three levels of refinement.
The left and right columns show, respectively, the horizontal and vertical components
of the displacement. Note that the flat part of the curves in the vertical displacement
correspond to instants where contact occurs. The part of the curve between the two
successive flat parts corresponds to the bouncing of the leaflet, illustrating the com-
plex dynamics of the problem. A significant phase shift is observed between the two
approximations for the coarsest level M7, but this discrepancy decreases with refine-
ment. A better agreement is finally observed for the space-time grids My and Ms.

For illustration purposes, Figure 11 presents the interface location and the fluid
velocity magnitude near the leaflet obtained at t = 0.7, for the three levels of refine-
ment, with Nitsche-XFEM and Algorithm 4.3. Overall, a good agreement of the
velocity field is already observed for the intermediate level My (see Figure 11b and
11e). Once more, this agreement improves with space-time grid refinement as Figure
11c and 11f depict practically the same velocity field. The snapshots of the elevated
pressure are given in Figure 12. The mismatch observed in Figure 10 with the coarsest
approximation is clearly pointed out here in terms of the pressure jump (see Figure 12a
and 12d). Note that these pressure jumps are not evaluated at the same interface
location, even if evaluated at the same instant, which explains the mismatch. The
situation improves via space-time grid refinement as we can infer from Figure 12¢ and
12f, where the interface locations are now practically the same.

Finally, in order to provide a quantitative comparison of the two approaches, we
evaluate the magnitude of the error between the two methods by measuring the L2-
difference of the interface displacement for the three levels of refinement, as shown in
Table 1. The results clearly show convergence after grid refinement.

Computational considerations. The benefits of Algorithm 4.3, with respect to the
Nitsche-XFEM method considered in this example, are striking in terms of computa-
tional complexity and computer implementation. Among them, it is worth mentioning
the following: there is no mesh intersection (i.e., only localization of the solid nodes
within the fluid mesh are needed) and no cut-FEM (i.e., the fluid equations are in-
tegrated in the whole computational domain), the fluid system matrix has both a
fixed size and a fixed standard pattern and, last but not least, the coupling scheme
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10. Time history of the displacement of the solid at the upper tip A1 obtained with

Nitsche-XFEM and Algorithm 4.3. Left column: x-displacement. Right column: y-displacement.

is loosely coupled. These advantages should however be pondered carefully, since
the spatial accuracy of Algorithm 4.3 relies on the use of the penalty grad-div term
(3.5)-(3.6), which can compromise the efficiency of the fluid solver, particularly in
three-dimensional simulations (see [34, 16, 35]).

6. Conclusions. In this paper, we have introduced a new loosely coupled scheme
for the numerical approximations of incompressible fluid-structure interaction prob-
lems involving immersed thin-walled structures. The key ingredients of the proposed

method

are the following:

Unfitted meshes and fictitious domain approximations in space (equivalent to

a collocation method);

Implicit treatment of the solid inertial effects within the fluid and explicit
treatment of the elastic contribution;
Lumped mass approximation in the solid.
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veloclty norm velocnty norm veloclty norm
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(a) Nitsche-XFEM: M;j. (b) Nitsche-XFEM: Mj. (c) Nitsche-XFEM: M3.
veloclty norm velocnty norm velacny norm
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(d) Algorithm 4.3: M;. (e) Algorithm 4.3: M. (f) Algorithm 4.3: Mas.

637 Fi1c. 11. Snapshots of the fluid velocity magnitude at t = 0.7 obtained with Nitsche-XFEM and
638 Algorithm 4.3.

e
e e

pressure pressure pressure
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(a) Nitsche-XFEM: M;. (b) Nitsche-XFEM: M. (c) Nitsche-XFEM: M3.
pressure pressure pressure
A —— S e —— A ———
-212 -81 50 181 313 -212 -81 50 181 313 -212 -81 50 181 313
(d) Algorithm 4.3: M;. (e) Algorithm 4.3: M. (f) Algorithm 4.3: Mas.
639 Fic. 12. Snapshots of the fluid elevated pressure at t = 0.7 obtained with Nitsche-XFEM and
es0  Algorithm 4.3.
650 TABLE 1

651 L2-difference of the displacements approxzimations provided by Nitsche-XFEM and Algorithm 4.3.

Space-time grid | L2-difference
M; 3.18-1073
Mo 7.48 104
M3 1.61-1075
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A salient feature of the resulting method is that it preserves both the size and the
sparsity pattern of the original fluid matrix, while enabling a full splitting between the
fluid and the solid time-marchings without compromising stability (Theorem 4.9). The
splitting is parameter free and circumvents the usual ill-conditioning issues of fictitious
domain methods involving penalized approximations of the kinematic coupling. The
numerical evidence of section 5 confirmed these findings and highlighted a very good
performance, in terms of accuracy and robustness, with respect to strongly coupled
unfitted mesh approaches that are known to be much more computationally onerous.

The main limitation of the present numerical method comes from the spatial
discretization, whose accuracy relies on a grad-div penalty term that enhances mass
conservation at the expense of spoiling the conditioning of the fluid system. A forth-
coming extension of this work will address the combination of the proposed loosely
coupled scheme with alternative enhanced interfacial mass conservation techniques
which avoid this ill-conditioning issue. Another important problem, not addressed in
the present work, is the case of the coupling with immersed thick-walled solids. A first
attempt in this direction could be to combine the arguments of this work with the
ideas from [26, 11]. This is a particularly difficult problem, because the thick-walled
nature of the solid is expected to harm the optimality of the time splitting error, as
in the case of fitted meshes (see [26, 24]).
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