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HD clustering Modeling Estimating Selecting BlockCluster in MASSICCC To go further Going further in cluster analysis and classification: Bi-clustering and co-clustering

Selecting BlockCluster in MASSICCC To go further HD data: definition (1/2) An attempt in the non-parametric case Dataset x = (x 1 , . . . , xn), x j described by d variables, where n = o e d

Justifications:

To approximate within error ǫ a (Lipschitz) function of d variables, about (1/ǫ) d evaluations on a grid are required [Bellman, 61] Approximate a Gaussian distribution with fixed Gaussian kernels and with approximate error of about 10% [Silverman, 86] log 10 n(d) ≈ 0.6(d -0.25)

For instance, n(10) ≈ 7.10 5

We consider the heteroscedastic Gaussian mixture with of true parameter θ * with K * components. We note θ the Gaussian MLE with K * components. We have g linear from the following result [Michel,08]: it exists constants κ, A and C such that

Ex[Hellinger 2 (p θ * , p θ K )] ≤ C κ ν n 2A ln d + 1 -ln 1 ∧ ν n A ln d + 1 n .
But ν can be high since ν ∼ d 2 /2, combined with potentially large constants. 

HD density estimation: curse

A two-component d-variate Gaussian mixture:

π 1 = π 2 = 1 2 , X 1 |z 11 = 1 ∼ N d (0, I), X 1 |z 12 = 1 ∼ N d (1, I)
Components are more and more separated when d grows: 

µ 2 -µ 1 I = √ d. . . -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 x1 x2
π 1 = π 2 = 1 2 , X 1 |z 11 = 1 ∼ N d (0, I), X 1 |z 12 = 1 ∼ N d (1, I)
Each variable provides equal and own separation information Theoretical error decreases when d grows: Many variables provide no separation information Same parameter setting except:

err theo = Φ(- √ d/2). . . -3 -2 -1 0 1 2 3 4 -4 -3 -2 -
X 1 |z 12 = 1 ∼ N d ((1 0 . . . 0) ′ , I)
Groups are not separated more when d grows: Many variables provide redundant separation information Same parameter setting except:

µ 2 -µ 1 I = 1. . . -4 -3 -2 -1 0 1 2 3 4 -5 -4 -3 -2 -1 0 1 2 3 4 x1 x2
X j 1 = X 1 1 + N 1 (0, 1) (j = 2, . . . , d)
Groups are not separated more when d grows: The trade-off bias/variance

µ 2 -µ 1 Σ = 1. . . -3 -2 -1 0 1 2 3 4 -6 -4 -2 0 2 4 6 x1
The fundamental statistical principle

Always minimize an error err between truth (z) and estimate (ẑ)

Gap between true (z) and model-based (Zp) partitions:

z * = arg min Þ ∈Z p ∆(z, z)
Estimation ẑ of z * in Zp: any relevant method (bias, consistency, efficiency. . . )

Fundamental decomposition of the observed error err(z, ẑ): 

err(z, ẑ) = err(z, z * ) -err(z, z) + err(z, ẑ) -err(z, z * ) = bias + variance = error
π 1 = π 2 = 1 2 , X 1 |z 11 = 1 ∼ N d (0, Σ), X 1 |z 12 = 1 ∼ N d (1, Σ)
Each variable provides equal and own separation information Theoretical error decreases when d grows:

err theo = Φ(-µ 2 -µ 1 Σ -1 /2)
Empirical error rate with the (true) intra-correlated model worse with d

Empirical error rate with the (false) intra-independent model better with d! 

-4 -3 -2 -1 0 1 2 3 4 5 -3 -2 -1 0 1 2 3 4 x1

Notations

Þ i : the cluster of the row i Û j : the cluster of the column j (Þ i , w j ): the block of the element Ü ij (row i , column j) It could be possible to define a within-block inertia criterion

z = (Þ 1 , . . . ,
W (Þ, Û) = K k=1 L l =1 n i =1 d j=1 i ,j ,k,l z ik w jl x ij -µ kl 2
with µ kl the center of the block (k, l)

µ kl = 1 n kl i ,j z ik w jl x ij
where n kl = ij z ik w jl is the sample size of the block (k, l)

But we know now that it hides some model-based assumptions. . . Distribution for different kinds of data [Govaert and Nadif, 2014] The pdf p(•; αz i w j ) depends on the kind of data x ij : Binary data:

x ij ∈ {0, 1}, p(•; α kl ) = B(α kl )
Categorical data with m levels:

xij = {x ijh } ∈ {0, 1} m with m h=1 x ijh = 1 and p(•; α kl ) = M(α kl ) with α kl = {α kjh } Count data: x j i ∈ N, p(•; α kl ) = P(µ k ν l γ kl ) 2 Continuous data: x j i ∈ R, p(•; α kl ) = N (µ kl , σ 2 kl )
2 The Poisson parameter is here split into µ k and ν l the effects of the row k and the column l respectively and γ kl the effect of the block kl . Unfortunately, this parameterization is not identifiable. It is therefore not possible to estimate simultaneously µ k , ν l and γ kl without imposing further constraints. Constraints Complete log-likelihood:

k π k γ kl = l ρ l γ kl = 1 and k µ k = 1, l ν l =
ℓc (θ; x, z, w) = ln p(Ü, Þ, Û; θ) = i ,k z ik log π k + k,l
w jl log ρ l + i ,j,k,l z ik w jl log p(x j i ; α kl )

Be careful with asymptotics. . . 

If ln(d)/n → 0, ln(n)/d → 0 when n → ∞ and d → ∞,
Q(θ, θ (q) ) = E [ℓc (θ; x, z, w)|Ü; θ (q) ] = i ,k p(z i = k|x; θ (q) ) t (q) ik ln π k + j,l p(w i = l|x; θ (q) ) s (q) jl ln ρ l + i ,j,k,l p(z i = k, w j = l|x; θ (q) ) e (q) ijkl ln p(x ij ; α kl )
M-step of EM (iteration q): classical. For instance, for the Bernoulli case, it gives 

π (q+1) k = i t (q) ik n , ρ (q+1) l = j s (q) jl d , α (q+1) kl = i ,j e (q) ijkl x ij i ,j e (q
Q(θ, θ (q) ) ≈ i ,k t (q) ik ln π k + j,l s (q) jl ln ρ l + i ,j,k,l t (q) ik s (q) jl ln p(x ij ; α kl )
We called it now VEM Also known as mean field approximation The Dirichlet distribution is conjugate, thus easy calculus Control degeneracy frequency with the a value: 

(x ij = 1|z ik = 1) = τ k = L l =1 α kl ρ l Thus marginal distribution of x ij is a mixture (indep. of x ij cond. z ik = 1)   j x ij   |z ik = 1 ∼ B(d, τ k )
Control of error on this partition mixture estimate ẑmix of binomial distributions

p(ẑ mix = z * ) ≤ 2n exp - 1 8 d min k =k ′ |τ k -τ k ′ | overlap + K (1 -min k π k ) n
We retrieve also consistency for very high dimension with constraint 

  the parametric case Dataset x = (x 1 , . . . , xn), x j described by d variables and a model m with ν parameters, where n = o(g (ν)), with g a given function Justification:

  Þn): partition of individuals in K custers of rows w = (Û 1 , . . . , Û d ): partition of variables in L clusters of columns (Þ, w): bi-partition of the whole data set Ü Both space partitions are respectively denoted by Z and W Restriction All variables are of the same kind (see discussion at the end) Example in the continuous case: Ü ∈ R n×d

  The latent block model(LBM) Generalization of some existing non-probabilistic methods Extend the latent class principle of local (or conditional) independence Thus x ij is assumed to be independent once z i and w j are fixed (α = (α kl )): p(x|z, w; α) = i ,j p(x ij ; αz i w j ) π = (π k ) : vectors of proba. π k that a row belongs to the kth row cluster ρ = (ρ k ) : vectors of proba. ρ k that a row belongs to the lth column cluster Independence between all z i and w j Extension of the traditional mixture model-based clustering (α = (α kl )): p(x; θ) = (z,w)∈Z×W i ,j πz i ρw j p(x ij ; αz i w j )

  (for instance) the MAP as a θ estimate (use a VEM like algo.Interest for avoiding degeneracy is the prior: it acts as a penalization term Typical choices are Dirichlet for π and ρ (with independence between π, ρ, α)
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ln(n) = o(d)

Difficult 1: which BIC definition because of the double asymptotic on n and d? Difficult 2: the observed log-likelihood value is intractable

ℓ(θ; Ü) = (Þ ,Û )∈Z×W p(Ü, Þ, Û; θ)

[Govaert, 2011] 

[Govaert, 2011] n = 500, d = 10, K = 6, L = 4

[Jacques and Biernacki, 2018] 

Binary case: marginals seems so simple mixtures![Brault, 14] 

m = (K , L) typically, but not restricted to

[Robert, 2017] Algorithm Bi-KM1

https://massiccc.lille.inria.fr/

We have already seen the SEM algorithm in Lesson 3 (thus we do not detail more) It limits dependency to starting point, so it limits local maxima The S-step: a draw (Þ (q) , Û (q) ) ∼ p(Þ, Û|Ü; θ (q) ) instead an expectation But it is still intractable, thus use a Gibbs algorithm to approx. this draw

Some alternatives for reducing variance

Dimension reduction in non-canonical space (PCA-like typically) Dimension reduction in the canonical space (variable selection) Model parsimony in the initial HD space (constraints on model parameters)

But which kind of parsimony?

Remember that clustering is a way for dealing with large n Why not reusing this idea for large d?

Co-clustering

It performs parsimony of row clustering through variable clustering

Approximated S-step

Two easy draws Þ (q) ∼ p(Þ|Û (q-1) , Ü; θ (q) ) and Û (q) ∼ p(Û |Þ (q) , Ü; θ (q) ) Rigorously speaking, many draws within the S-step should be performed Indeed, Gibbs has to reach a stochastic convergence In practice it works well while saving computation time

Block estimation: estimate

Once we have a parameter estimate θ, we need to have an block estimate (Þ, Û ) But MAP not directly available because of the following maximization difficulty 

Block estimation: evaluation

Empirical error rate between blocks:

Rand index between blocks: it exists also a recent definition. . .

ICL criterion: consistency

We can obtain a BIC expression from ICLbic BIC = ICLbicln p(ẑ, ŵ|x; θ) et al., 2017] establish that asymptotically on n and d "ℓ( θ; x) = ℓc ( θ; x, Þ, Û ) ′′ Thus, since BIC is consistent, ICL is also consistent Again the HD clustering blessing is here! SPAM E-mail Database 3 n = 4601 e-mails composed by 1813 "spams" and 2788 "good e-mails" d = 48 + 6 = 54 continuous descriptors 4 48 percentages that a given word appears in an e-mail ("make", "you'. . . ) 6 percentages that a given char appears in an e-mail (";", "$". . . )

Transformation of continuous descriptors into binary descriptors

x ij = 1 if word/char j appears in e-mail i 0 otherwise

3 https://archive.ics.uci.edu/ml/machine-learning-databases/spambase/ 4 There are 3 other continuous descriptors we do not use