Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC To go further The model-based clustering paradigm a cluster ⇐⇒ a distribution It recasts all previous/next questions into model design/estimation/selection It takes benefits from all theoretical statistics environment How to choose the best metric M (k) ?

How to choose the number K of clusters?

Clusters of different sizes are they well estimated?

How to choose the data unit?

How to select features?

How to deal with mixed data?

How to deal with missing data?

How to deal with outliers?

. . .

Formalizing estimation

Formalizing selection More advanced formalizing MixtComp in MASSICCC To go further

What about empirical clustering?

Somewhere it works pretty well even if it has the previous mentioned limits Reformulate K -means: the hidden Gaussian assumption Reformulate K -means: the hidden estimate choice

W I (z) = n i =1 K k=1 z ik Ü i -µ k 2 I = -2 n i =1 K k=1 z ik ln      1 K ! 1 (2π) d/2 |I| 1/2 exp - 1 2 (Ü i -µ k ) ′ I(Ü i -µ k ) N d (µ k ,I)      + cst
W I (Þ) = -2ℓc (µ; Ü, Þ) + cst ⇓ ÞW = arg minÞ W I (Þ) (Þ ℓc , μℓc ) = arg max (Þ ,µ) ℓc (µ; Ü, Þ) ⇒ ÞW ≡ Þℓc

Estimate

Maximum of the so-called complete-likelihood (see later for its statistical properties)

Outline

Need to formalize Geometric interpretation of Σ k 

Σ k = λ k volume • D k orientation • A k shape •D ′ k αk λk ak λk ak µk x x 1 2 12/113

Principle of EM and CEM

Initialization: θ 0 Iteration n o q:

Step E: estimate probabilities t q = {t ik (θ q )}

Step C: classify by setting t q = MAP({t ik (θ q )})

Step M: maximize θ q+1 = arg max θ ℓc (θ; x, t q )

Stopping rule: iteration number or criterion stability

Properties

⊕: simplicity, monotony, low memory requirement ⊖: local maxima (depends on θ 0 ), linear convergence (EM) Gaussian M-step Note : low at the beginning but increase of the log-likelihood -80 

n (q) k = n i =n l +1 t ik (θ (q) ) π (q+1) k = n (q) k n µ (q+1) k = 1 n (q) k n i =1 t ik (θ (q) )x i Σ (q+1) k = 1 n (q) k n i =1 t ik (θ (q) )(x i -µ (q+1) k )(x i -µ (q+1) k ) ′
µ 1 µ 2 Likelihood -160 -140 -120 -100 -2 0 2 -2 -1 0 1 2 1EM essai 1 -2 0 2 -2 -1 0 1 2 essai 2 -2 2 -2 -1 0 1 2 essai -2 0 2 -2 -1 0 1 2 essai 4 -2 0 2 -2 -1 0 1 2 essai 5 -2 2 -2 -1 0 1 2 essai 18/

Categorical variables: latent class model

Categorical variables: d variables with m j modalities each, x j i ∈ {0, 1} m j and Integer: Poisson mixture model

x jh i = 1 ⇔ variable j of x i takes level h Conditional independence: p(Ü i ; α k ) = d j=1 m j h=1 (α jh k ) x jh i and α jh k = p(Ü jh i = 1|z ik = 1) with α k = (α jh k ; j = 1, . . . , d; h = 1, . . . ,
integer variables: d variables x j i ∈ N Intra conditional independence: p(x int i ; α int k ) = d j=1 (α j k ) x j i α j k ! e -α j
k SPAM E-mail Database3 n = 4601 e-mails composed by 1813 "spams" and 2788 "good e-mails"

d = 48 + 6 = 54 continuous descriptors 2
48 percentages that a given word appears in an e-mail ("make", "you'. . . ) 6 percentages that a given char appears in an e-mail (";", "$". . . )

Transformation of continuous descriptors into binary descriptors Mixed data: conditional independence everywhere

x j i = 1 if
The aim is to combine continuous, categorical and integer data

Ü 1 = (Ü cont 1 , Ü cat 1 , Ü int 1 )
The proposed solution is to mixed all types by inter-type conditional independence

p(x 1 ; α k ) = p(x cont 1 ; α cont k ) × p(x cat 1 ; α cat k ) × p(x int 1 ; α int k )
In addition, for symmetry between types, intra-type conditional independence 

Discarded solutions

Suppress units and/or variables with missing data ⇒ loss of information Imputation of the missing data by the mean or more evolved methods ⇒ uncertainty of the prediction not taken into account

Retained solution

Use an integrated approach which allows to take into account all the available information to perform clustering 

Assumption on the missingness mecanism

Missing At Randon (MAR): the probability that a variable is missing does not depend on its own value given the observed variables. Missing data: maximum likelihood estimator Observed log-likelihood. . . EM and Gaussian case: E step θ and θ + the parameters for two successive steps (idem for missing data)

ℓ(θ; x O ) = n i =1 log K k=1 π k p(Ü O i ; α k ) = ln      K k=1 π k x M i p(x O i , x M i ; α k )dx M i MAR assumption     
z + ik = P(Z ik = 1|Ü O i ; θ) = π k φ(Ü O i ; Σ k ) K ℓ=1 π ℓ φ(Ü O i ; Σ ℓ ) Ü M + ik = E M i Ü O i , Z ik = 1; θ = µ M ik + Σ MO ik Σ OO ik -1 (Ü O i -µ O ik ).

Interpretation z +

ik : class posterior probability membership given the available information Ü O i .

Ü M + ik : conditional imputation of the missing data given the cluster.

Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC To go further EM and Gaussian case: M step

π + k = 1 n + k n i =1 z + ik , µ + k = 1 n + k n i =1 z + ik Ü + ik Σ + k = 1 n + k n i =1 z + ik (Ü + ik -µ + k )(Ü + ik -µ + k ) ′ + Σ + ik where n + k = n i =1 z + ik , Ü + ik = Ü O i Ü M + ik , Σ + ik = 0 O i 0 OM i 0 MO i Σ M + ik with 0 the d × d
null matrix, and

Σ M + ik = Σ MO ik Σ O ik -1 Σ OM ik .
Interpretation of

Σ M + ik
Variance correction due to the under-estimation of variability caused by the imputation of missing data.

Missing data: SE algorithm

A SE algorithm estimates then (Ü M , Þ M )
Iteration nb q:

E-step: compute conditional probabilities p(Ü M , Þ M |D; θ) S-step: draw (Ü M(q) , Þ M(q) ) from p(Ü M , Þ M |D; θ)
Stopping rule: iteration number Properties simplicity because of conditional independence the mean/mode of the sequence (Ü M(q) , Þ M(q) ) estimates (Ü M , Þ M ) confidence intervals are also derived Importance of model selection: illustration of the variance effect 30 samples from a bivariate mixture with two components Interpretation as a penalized within-cluster inertia criterion: 

π 1 = π 2 = 0.5, µ 1 = (0, 0) ′ , µ 2 = (2, 2) ′ , Σ 1 = Σ 2 = I M = {spherical,
c = {c ik } ℓ(θ; x) = n i =1 K k=1 c ik ln{π k p(x i ; α k )} - n i =1 K k=1 c ik ln t ik (θ) = ℓc (θ; x, c) + ξ(θ; c) = complete-data log-likelihood + entropy NEC criterion (Normalized Entropy Criterion): retain m minimizing NEC K =    ξ( θK ; t( θK )) ℓ( θK ; x) -ℓ( θ1 ; x) if K > 1 1 if K = 1 CL criterion (Completed Likelihood): retain m maximizing CL = ℓc ( θ; x, ẑ) = ℓ( θ; x)
CL ([pλI ],K ) = - nd 2 ln(W K ) -n ln(K ) + cst -2 -1 0 1 2 3 4 5 6 -3 -2 -1 0 1 2 3 1 1.5 2 

Theoretical model selection criteria

The most widespread principle 

m * = arg inf m∈M KL(p, p θ * m ) Theoretical illustration of consistency: m 1 ⊆ m 2 , m 1 being the true model, ∆ν = ν 2 -ν 1 , ∆ℓ = ℓ( θ2 ; D) -ℓ( θ1 ; D), we have 2(BIC 2 -BIC 1 ) + ∆ν ln(n) = 2∆ℓ d -→ χ 2 ∆ν
With µ = ∆ν and σ 2 = 2∆ν the mean and the variance of

χ 2 ∆ν p(χ 2 ∆ν > ∆ν ln(n)) ≤ p(|χ 2 ∆ν -µ| > ∆ν ln(n) -µ) ≤ σ 2 (∆ν ln(n) -µ) 2 n→∞ -→ 0
by using the Chebyschev inequality. Thus, asymptotically, BIC will select m 1 Special case of K : be careful on the χ 2 approximation validity. . . → θ * . Thus, for n large enough, θx,z ≈ θx. Then, we take ẑ = MAP( θx) (or also ẑ = t( θx)). It gives Thus it goes towards 0 for well-separated groups Experimental result: 100 samples from a univariate Gaussian mixture Units: changing the data units

ICLbic = ln p(x, ẑ; θx) - ν 2 ln n = BIC -ξ( θx; ẑ) = CL - ν 2 ln n
Preliminaries: δn = n(θ * 2 -θ * p 2 ) ′ J(θ * 2 )(θ * 2 -θ * p 2 ),
π 1 = π 2 , µ 1 = 0, µ 2 = ∆µ, σ 2 1 = σ 2 2 =
Principle of data units transformation u:

u : X = X id -→ X u x = x id = id(x) -→ x u = u(x)
u is a bijective mapping to preserve the whole data set information quantity We denote by u -1 the reciprocal of u, so u -1 • u = id Thus, id is only a particular unit u Often a meaningful restriction7 on u: it proceeds lines by lines and rows by rows u(x) = (u(x 1 ), . . . , u(xn)) with u(x i ) = (u 1 (x i 1 ), . . . , u d (x id ))

Advantage to respect the variable definition, transforming only its unit u(xi ) means that u applied to the data set xi , restricted to the single individual i uj corresponds to the specific (bijective) transformation unit associated to variable j Units: prostate cancer data (2/2) Model m: full mixed data x = (x cont , x cat , x ordi , x int , x rank ) (missing data are allowed also) are simply modeled by inter conditional independence p(x; α k ) = p(x cont ; α cont k ) × p(x cat ; α cat k ) × p(x ordi ; α ordi k ) × . . .

In addition, for symmetry between types, intra conditional independence for each Results:

New units u SZ and u AP are selected by ICL New units allow to select two groups and provides a lower error rate 

1

  Interesting to understand why 2 Interesting to overcome their limits then In fact many empirical methods are hidden model-based clustering ones

  Modeld-variate Gaussian with variance matrix I and same cluster sample size (see later)

2

  1 ) = p(x 1 ; θ) = K k=1 π k p(x 1 ; α k ) Mixture parameter: θ = (π, α) with α = (α 1 , . . . , α K ) Model: it includes both the family p(•; α k ) and the number of groups K m = {p(x 1 ; θ) : θ ∈ Θ}The number of free continuous parameters is given by Estimation of the conditional probability thatx i ∈ G k t ik ( θ) = p(Z ik = 1|X i = x i ; θ) = πk p(x i ; αk ) p(x i ; θ)3 Estimation of z i by maximum a posteriori (MAP) ẑik = I {k=arg max h=1,...,K t ih ( θ)}

  borderline with [πλ k C k ] Importance of model selection: bias/variance trade-off Partition error rate: err(z 1 , z 2 ) ≥ 0 a distance-like between two partitions z 1 , z 2 Gap between true and model partition: θ * m = arg min θ∈Θm err(z, z(θ)) Fundamental decomposition of err(z, z( θm)): err(z, z( θm)) = err(z, z(θ * m )) -err(z, z) + err(z, z( θm)) -err(z, z(θ * m

  completely satisfactory but something happens. . .

  to overlapping groups are more penalized (low z evidence) ICL criterion (Integrated Classification Likelihood): replace z by ẑ ICL = ln p(x, ẑ|m) BIC-like approximation of ICL: ln p(x, z|m) = ln p(x, z; θx,z|m) -ν 2 ln n + Op(1) In case of the right model m: θx,z a.s.→ θ * and θx a.s.

  ICL criterion: robustness to model misspecification A bivariate mixture of a uniform and a Gaussian cluster: non-Gaussian component: π1 = 0.5, p 1 (x1) = 0.25 I [-1,1] (x 1 ) I [-1,1] (x 2 ) Gaussian component: π2 = 0.5, µ2 = (3.3, 0) ′ , Σ2 = I 50 simulated data sets of size n = 200

  J(θ * 2 ) the Fisher matrix for a data unit calculated with the true parameter θ2 and θ * p 2 its projected value on the parameter subspace associated to the one component case, µn = E[χ 2 ∆ν (δn)] = ∆ν + δn, σ 2 n = Var[χ 2 ∆ν (δn)] = 2(∆ν + δn) Asymptotically: by Chebishev inequality, with µn -∆ν ln n -2n ln 2 > 0 p(choose wrong model) = p(ICLbic2 < ICLbic1) ≤ σ 2 n (µn -∆ν ln n -2n ln 2) 2
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	Formalizing estimation	Formalizing selection	More advanced formalizing	MixtComp in MASSICCC	To go further

  MMissing data: illustration with the cancer data set (2/2)

	Need to formalize	Formalizing estimation	Formalizing selection	More advanced formalizing	MixtComp in MASSICCC	To go further
		Missing data: illustration with the cancer data set (1/2)
		Strategy	mice + mixture	full mixture
		% misclassified		12.8	8.1
	Avoid to complete missing data (imputation depends on the purpose)
				54/113		56/113

Strategy "mice 4 + mixture": mixture on the dataset completed by mice > data.imp=mice(data) > data.comp.mice=complete(data.imp)

Strategy "full mixture": mixture on the observed (no completed) dataset

Table :

 : Raw units: 11% misclassified

	Need to formalize Need to formalize	Formalizing estimation Formalizing estimation	Formalizing selection Formalizing selection	More advanced formalizing More advanced formalizing	MixtComp in MASSICCC MixtComp in MASSICCC	To go further To go further
		Variable selection for Gaussians 11 Outline MASSICCC? Outline Some remaining questions
	Definition				
	Need to formalize Need to formalize				
		K				
	p(x 1 ; θ) = Formalizing estimation k=1 π k p(x S 1 ; µ k , Σ k ) Formalizing estimation	× p(x U 1 ; a + x R 1 b, C)	×	p(x W 1 ; u, V)
	clustering variables More on dependent data (like times series) redundant variables	independent variables
	Formalizing selection High-dimensional data Formalizing selection where Missing not at random data (MNAR)		
	all parts are Gaussians S: set of variables useful for clustering More advanced formalizing More advanced formalizing . . .		
	U: set of redondant clustering variables, expressed with R ⊆ S
	W : set of variables independent of clustering MixtComp in MASSICCC MixtComp in MASSICCC	
					clusters
					1	2
	270 23 towards (non academic) professionals Table : New units: 9% misclassified 22 191 where are transfered mature research clustering (and more) software Variable selection is recasted as a particular model selected by BIC Trick To go further A high quality and easy to use web platform To go further
		91/113 111/113					89/113

112/113

high: 30%, middle: 15%, low:5%

There are

other continuous descriptors we do not use 3 https://archive.ics.uci.edu/ml/machine-learning-databases/spambase/

http://cran.r-project.org/web/packages/mice/mice.pdf

http://cran.r-project.org/web/packages/mice/mice.pdf

Impossible to use BIC/ICL for kernel/spectral clustering (data set has changed. . . )

http://cran.r-project.org/web/packages/capushe/

77/113

Possibility to relax this restriction, including for instance linear transformations involved in PCA (principal component analysis). But the variable definition is no longer respected.

This set is usually restricted to a single element

Raftery and Dean (2006), Maugis et al. (09a), Maugis et al. (09b)

Lévéder et al, 04

Jacques and Preda (2013) 

Data upload without preprocessing 96/113

A SEM algorithm to estimate θ by maximizing the observed-data log-likelihood Initialisation: θ (0) Iteration nb q: E-step: compute conditional probabilities p(Ü M , Þ|D; θ (q) ) S-step: draw (Ü M(q) , Þ (q) ) from p(Ü M , Þ|Ü 0 ; θ (q) ) M-step: maximize θ (q+1) = arg max θ ln p(x O , Ü M(q) , Þ (q) ; θ)

Stopping rule: iteration number Properties: simpler than EM and interesting properties! Avoid possibly difficult E-step in an EM Classical M steps

Avoids local maxima

The mean of the sequence (θ (q) ) approximates θ

The variance of the sequence (θ (q) ) gives confidence intervals

Keep in mind

George E.P. Box (1987) "Essentially, all models are wrong, but some are useful" Units: revisiting units as a modelling component Explicitly exhibiting the "canonical" unit id in the model

Thus the variable space and the probability measure are embedded

As the standard probability theory: a couple (variable space,probability measure)!

Changing id into u, while preserving m, is expected to produce a new modelling

A model should be systematically defined by a couple (u,m), denoted by p u m Units: interpretation and identifiability of p u m Standard probability theory (again): there exists a measure u -1 (m) s.t. 8

There exists two alternative interpretations of strictly the same model: Two points of view:

Statistician

The model p u m is not identifiable over the couple (m, u)

Practitioner

Freedom to choose the interpretation which is the most meaningful for him

Units: opportunity for designing new models Example for abs. continuous x and differentiable u, the density transform in id is: