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Abstract

In this work we present a method for the computation of numeri-
cal solutions of 2D homogeneous isotropic elastodynamics equations by
solving scalar wave equations. These equations act on the potentials of
a Helmholtz decomposition of the displacement field and are decoupled
inside the propagation domain. We detail how these equations are cou-
pled at the boundary depending on the nature of the boundary condition
satisfied by the displacement field. After presenting the case of rigid
boundary conditions, that presents no specific difficulty, we tackle the
challenging case of free surface boundary conditions that presents severe
stability issues if a straightforward approach is used. We introduce an ad-
equate functional framework as well as a time domain mixed formulation
to circumvent these issues. Numerical results confirm the stability of the
proposed approach.

1 Introduction

In this paper our goal is to revisit a very classical question, namely, the numer-
ical solution of elastodynamics equations in isotropic media, which govern the



propagation of elastic waves in solids, in the time domain. As a matter of fact
there exist already many numerical methods for solving these equations. To
begin with, for instance, in the framework of finite elements in space and finite
differences in time, standard conforming finite elements (possibly high order)
methods for the pure displacement formulation of the elastodynamics system (a
second order hyperbolic system) as well as mixed finite element methods for the
equivalent velocity-stress formulation of the same system (first order differential
system). This space discretization is then coupled to explicit finite difference
time stepping that is subject to a CFL stability condition.

On the other hand, in many classical physics text books authors used the
well-known Helmholtz decomposition of vector fields (write a vector field as the
sum of a gradient and a curl) to compute analytical solutions in homogeneous
isotropic media. Such a decomposition relates elastodynamic equations to two
wave equations and enlightens the decomposition of the wave field as the sum
of pressure waves (P-waves, that are gradients of a pressure potential ¢p) and
shear waves (S-waves, that are curls of a shear potential pg) that propagate
independently with different velocities, the velocity Vp of the P-waves being
larger than Vg the velocity of the S-waves. In the 2D case, to which we will
restrict ourselves for simplicity, the simplification is that both pressure and shear
potentials are scalar. However the extension to 3D does not pose a priori any
additional conceptual difficulty and will be the object of further developments.

In a piecewise homogeneous media, such a decomposition is valid locally
and the different types of waves recouple at boundaries and interfaces. This
is the main source of complexity of the propagation process. Looking at the
literature, it seems that very few works have been devoted on the exploitation of
this idea for finite element computations (however, one can find a few references
concerning finite differences computations, see [I] in which a finite difference
scheme is constructed with approximation properties independent of the ratio
Vp/Vs) although it has been used in other domains of physics, in particular
in fluid mechanics (current-vorticity formulations [2], chapter 2, [3] and [E]).
The first motivation of the present work is an intellectual curiosity: could we
use potentials to solve isotropic elastodynamics with finite elements? There is
also a more relevant motivation concerning applications. This would concern
the propagation of elastic waves in nearly incompressible media, such as soft
tissues, in which P-waves propagate much faster than S-waves. In such a case,
it is well known that displacement-based methods, which do not distinguish both
waves along the calculation process, are greatly penalized by large values of the
ratio Vp/Vs due to the CFL condition (assuming that explicit time integrators
are used). Let us explain this by a simple computation. Let us consider a d-
dimensional isotropic homogeneous medium of characteristic length L on each
direction, subject to a source term involving a minimal time scale T,. This
source generates two different minimal wavelenghts, the S-wavelength \g =
Vs &, which is much smaller than the P-wavelength Ap = Vp , if Vp/Vy is large.
Assuming that we consider P; or Q; finite elements on a quasi-regular mesh of
step size h, for accuracy reasons, h should be chosen proportional to Ag, that
is, h o« Ag. On the other hand, considering a leap-frog time discretization for



instance, the time step is constrained by the stability condition that involves the
fastest velocity Vp, that is, At « h/Vp. Considering a time interval integration
[0, T, the number of time steps is T/At and since, one uses an explicit scheme,
the cost of each iteration is proportional to number of degrees of freedom, namely
L?/hd. As a consequence, we can roughly estimate the overall computational
cost as L Ty
P

COStO(th*OC)\gT* Ve (1)
where L9/ /\ds represents the size of the problem in space and T'/T the size of
the simulation in time. Clearly the penalizing factor is Vp/Vg which would not
appear when solving a standard scalar wave equation.

Potential formulations will a priori authorize the use of different meshes for
both the pressure and shear potentials in view of adapting the mesh size to
each wave length which is smaller for S than for P waves which would result in
an important saving of the computation cost for large ratio Vp/Vs. This will
be explained with more details in Section [2.3] A by product of this approach
is that one could benefit of well-known techniques for the numerical treatment
of the standard scalar wave equation such as for example the use of perfectly
match layers (PMLs) for the treatment of unbounded domains. Indeed long
time stable implementations of PMLs for isotropic elastodynamic equations raise
some difficulties especially if the ratio Vp/Vs is large (even though the so-called
C-PML solve the long time stability issue as shown in [5]).

As the reader can expect, the main source of difficulties is the treatment of
boundaries and interfaces because, contrary to the interior equations, boundary
and transmission conditions are not easily expressed in terms of these poten-
tials. The main goal and the main challenge we wish to address in this paper
is the treatment of the couplings induced by these various surface conditions,
that we need to handle in a guaranteed stable way and possibly with hopefully
no influence on the CFL condition after time discretization. In [6] [7] we first
addressed the case of a homogeneous medium with a clamped boundary, that
is to say the Dirichlet boundary condition, for which we succeeded in achieving
this goal. The approach and results of this paper will be recalled in Section
2] This second paper follows the philosophy of the previous work and aims at
treating the free surface boundary condition, or Neumann boundary condition,
that appears as much more challenging. This work is also preparatory to the
treatment of interface conditions: there are two of them, one is of Dirichlet type,
the second one of Neumann type and we anticipate that their treatment would
rely on both treatments of Dirichlet and Neumann boundary conditions.

The outline of the rest of the article is as follows. In Section [2| we first
shall recap how to reduce the solution of 2D isotropic elastodynamics equations
to two scalar wave equations and more importantly, explain how to treat the
Dirichlet boundary condition as it has been done in [6]. The main section of this
paper is Section [3] where we treat the free surface boundary condition. In Sect.
[3:2) we show that the most naive approach directly inspired from the treatment
of the Dirichlet condition gives rise to serious numerical stability problems af-



ter discretization. This is linked to the proposed variational formulation of the
continuous model, the apparently natural functional space being too large and
authorizing the development of unstable surface modes after space discretiza-
tion. More precisely it appears that the new mass bilinear form which contains
an additional boundary term (this is the main difference between Dirichlet and
Neumann problems) fails to be positive contrary to the stiffness matrix (which
remains the same as for the Dirichlet condition). So the key idea for the circum-
venting the problem is to find a smaller (but still sufficiently large) variational
space in which we recover the positivity of the mass bilinear form. This is
precisely the object of Section [3.3] For the construction of this space, we are
guided by the comparison of the energy naturally associated to the new poten-
tials formulation with the classical elastic energy associated to the displacement
formulation. The definition of this new space is quite implicit and involves
the solution of some elastostatic problem. Fortunately, such a space can be
characterized as the orthogonal (with respect to the new mass bilinear form) of
another subspace which is itself isomorphic to a space of scalar functions defined
on the boundary. We can exploit this characterization by proposing a mixed
variational formulation in which the above-mentioned orthogonality relation is
treated as a constraint leading to the introduction of Lagrange multipliers as
functions defined along the boundary. The resulting formulation is proven to
be stable: this is the major achievement of this paper. Finally we show some
numerical experiments that confirm the theoretical results previously obtained.

2 Decomposition into potentials: the case of a
Dirichlet boundary condition

This section has been added for pedagogical purpose, for making the paper self
contained and for preparing Section 3. Section [2.1|recaps very standard material
while Sections and are a summary to what has been done in [6].

2.1 Decomposition into potentials in homogeneous media

Preliminary notation. Throughout the paper we will work in 2D and x =
(21, z2) will denote the space variable. We shall use bold letters for representing
vector fields such as u = (u1,us) for the displacement field in a elastic body
or v = (vy,v) for the velocity field (v = d;u). Ordinary letters will be used
for scalar fields such as the components of the vector fields or the forthcoming
potentials to be introduced. Finally, underlined bold letters will be used for
2 x 2 tensor fields such as the deformation or strain tensor e(u) = ((¢;;(u)))
where 1 < 4,7 < 2 or the stress tensor o = ((O’ij)) that represents the internal
efforts inside the body.



Mathematical model. Let us briefly recap the 2D elastodynamics equations.
First, the time variation of the displacement field u is governed by the funda-
mental law in mechanics

pdiu — dive = f, (2)
where div g is the vector field defined by

(dive), = 9j0i;(u),

i

(with Finstein’s convention for summation over the repeated indices) p = p(x) >
po > 0 is the density of the body that might depend on the x variable for het-
erogeneous media and the source term f € Li _(RT,(L?(2))?). Equation

loc
must be completed by constitutive laws that relates the displacement field to

the stress tensor. In an isotropic medium this is given by Hooke’s law which
involves the (non negative) Lamé parameters A(x) and p(x)

o=oc(u):=Adivul + 2pue(u), (3)

where I is the 2 x 2 identity matrix and (we use again FEinstein’s convention)
. 1 .
dive = djuy, gij(u) = 3 (@uj —|—3jui), 1<4,5<2.

One can eliminate the unknown o (w) by substituting in and obtain a
second order system in w. In the homogeneous case, i.e. when A, u and p are
constant, we easily compute that

div (o(u)) = (A + 2p) Vdivu — pcurl (curlu), (4)
so that the equations can be written as follows (see [8, @] for instance)

pOfu — (A +2p) Vdivu + peurl (curlu) = f, (5)
where we have introduced the two curl operators in 2D defined by

curlu := O1us — Oouq, for the scalar curl of a vector field u,

curlp = (82@, —81<p), for the vector curl of a scalar field .

Equation is completed, in the presence of boundaries, with boundary con-
ditions (see later) and, for the sake of simplicity, vanishing initial conditions

w(t=0)=0, du(t=0)=0. (7)

Decomposition into potentials. We are now going to introduce two scalar
potentials pp and pg that realize a Helmholtz decomposition, when there is no
source term, of the velocity field v = 9; u,

pOrpp = (A+2u)divu, podips = —pcurlu. (8)



Substituting into leads, to O ('v —Vep—curlpg — g) = 0 where

ep(t=0) = 0, @s(t=0) =0, (10)

v=Vyp+curlps+g, (11)

which provides a Helmholtz decomposition [10] of the vector field v when g van-
ishes. To obtain the equations satisfied by the potentials we simply substitute
into the two equations in () differentiated in time to get two scalar wave
equations for pp and g

1
Btzgos — Apg = —curlg, (12)

1
=5 0fpp — App = divg, =3
VT V2

with Vp (resp. Vgs) the velocity of the P-waves (resp. S-waves) defined by

A+2
Vp = \/TH , P waves velocity, Vs = \/ﬁ , S waves velocity.  (13)
p p

From we obtain the initial conditions for the time derivative of the potentials

Note that in the free space (in absence of any boundary), the two wave equations
in are fully decoupled.

2.2 Decomposition into potentials for a clamped domain

We now consider a 2D homogeneous isotropic propagation domain Q ¢ R2, for
instance, 2 bounded, with boundary I' = 0€) that we assume to be clamped
which means that equations are completed with the boundary condition

v=0, inl. (15)

Proceeding as in the previous section, we introduce ¢p and g via equations
so that, inside €2, the Helmholtz decomposition holds and the potentials
satisfy the scalar wave equations in ([12)). These equations must be completed
by boundary conditions traducing (15)). We assume in the following that I is a
finite union of piecewise C! closed curves and thus admits almost everywhere a
unit normal outward vector n and unit tangent vector 7 in such a way that the
frame (7,m) is a direct frame so that, if n = (n1,n3), then 7 = (ny, —nq). For



any sufficiently smooth scalar field ¢ we have the following identities for traces
inT

curlp-n=—-0,p, curlp -7 =0,p, (16)
where as usual O, = V- n and 0r¢p = Vi - 7. Thus, writing that v = 0 is
equivalent to writing v -m = 0 and v - 7 = 0, which leads, according to (11]), to
the following boundary conditions for ¢p and ¢g

Onpp =0r05 —g N, Opps=—0rpp—g-T. (17)

Note that the two essential conditions for the displacement formulation
become two natural conditions that couple the two potentials ¢p and ¢g.

2.3 A numerical approach for the Dirichlet problem:
A recap

Variational formulation. We first recall how to establish a weak formula-
tion for the boundary value problem . Assuming that the solution is
sufficiently smooth, we can multiply the equations by test functions ¥ p
and g in H(£2), integrate by parts and use (17) to replace the normal deriva-
tives of the potentials by tangential derivatives. After summation of the two
resulting equations we can propose a first abstract variational formulation of
the problem. To do so we introduce ¢ = (pp,ps) and ¥ = (¢¥p,1hs) to get

Find ¢(t) : RT — HY(Q)? such that (¢, d:p)(t = 0) = (0,0) and

12 (18)
3 mele(t), ¥) +ale(t),¥) = 1(t.¢), Vi€ H(Q)?,

where the linear form I(¢,-) is given by

I(t, ) = —/ g- (pr + curlws) dz, (19)
Q
and the mass bilinear form mgq(+,-) decouples pp and g

ma(p,¥) = mp(pp,Yp) +ms(gs,¥s)

1 (20)

The stiffness bilinear form a(-,-) is given by

a(p, ) = aa(p,¥) + ar(e, ), (21)

where the volumic bilinear form aq(,-) decouples in the same way as mq(-,-)

aq(p, ) = ap(ep,¥p) + as(ps,Vs)
(22)
a0(¢0. o) = /Q Voo Viodz, Qe {P,S),



and the coupling surface bilinear form ar(-,-) is defined by

ar (e, ¥) = /F (0rpp bs — Orpsvp ) dv, (23)

where the integrals in the boundary should be interpreted as duality products
between elements in Hz (') and its dual H—z(T'). All the above bilinear forms
are symmetric (for ar(+, ) use integration by parts along the boundary), however
in order that fits the classical theory of second order partial differential
equations [I1], some adequate positivity / coercivity for the forms mg(-,-) and
a(-,-) need to be checked. The positivity of mq(-,-) is clear but the positivity
of the a(-,-) is not obvious from but relies on the following lemma

Lemma 2.1. One has the identity: for any @, € H'(Q)? x H*(Q)?

ale, P) = /Q (Vop +curlps) - (Viop + curls) de. (24)

Proof. Let us denote a(e,) the right hand side of (24). We obtain after
expansion, using curl pg - curlyg = Vyg - Vibg and

i) = anle. )+ [ Vo curlvsde+ [ Vi curlpsde.
Q Q

Next we observe that (Green’s formula and div curl = 0)

/V¢p~curlcp5da::/wpcurlgas-nd’y:f/z/Jp&,.cpsd’y. (25)
Q r r

In the same way

/ Vep -curlysde = — / op Orihsdy = / Orpp s dy, (26)
Q r r
after integration by parts along the boundary. To conclude we add and
to infer that by definition of ar(-,-) (see (23))

&(QO, 1/)) = ag (Lpa dj) + ar (Lpa 1:[)) = a(‘Pv 1:[’);
according to the definition . |

This lemma proves that the bilinear form a(-,-) is positive, but also suggests
that H'(Q)? is not the appropriate variational space for the weak formulation
because of the coercivity requirement. That is why we introduce the space

V= {¢ = (¢p,ps) € L*(Q)? such that Vep + curlpg € L*(2)*}.  (27)

Interpreting ¢ as a vector field whose first component is pp and its second
component is @g, one notices that

div e
Vop +curlps = (28)
—curl



in such a way that the space V' can be alternatively characterized as
V = H(div,Q) N H(curl, Q), (29)

a well known space from the theory of M
axwell’s equations [10], [I2]. This space striclty contains H'(2)? (see also
Remark [2.2). However it is known [13] that

the space D(Q)? (and thus, the space H'(£2)?) is dense in V. (30)

Lemma allows us to extend continuously the bilinear form a(-,-) to V
Vg, ) eV XV, alp,)= / (Vop +curlps) - (Vip +curlyg) de, (31)
Q

the expression (21 being only valid when (p,%) € H'(Q)? x H'(Q)2. Note
that thanks to (28)) an alternative formula for the bilinear form a(,-) is

V(p, ) e VXV, a(p,p)= /Q (divedive + curlpcurl9p) de.  (32)

Finally, the correct variational formulation of our problem is

Find ¢(t) : Rt — V such that (¢, d,¢)(t = 0) = (0,0) and

12 (33)
g2 Mele(t),¥) +ale(t), ) =1t ¢), VeV,

Remark 2.2. [t is worthwhile emphasizing that functions in H'(Q)? and V
only differ close to the boundary; each function in V' has H*(w)?-regularity for
any open set w such that @ C ).

Energy considerations. As it is classical, the energy naturally associated
with (33), which is conserved as soon as the right hand side vanishes, is

Ep(t) = 5 Ima(@p(t), dup(0) + alep (1), 9(0)]

Equivalently it can be written as

1
S 2V3

1

E

1
/ |Orpp|?da + / |0rps|*da + 5/ [Vep + curlpg|” da.
Q Q Q

The first remark is that Ep(t) differs from Ep(t)+ Eg(t) where Ep(t) and Eg(t)
are the energies usually associated to each of the wave equation , namely

1 1
Bol®) = 5y [ 10walde+ 5 [ [WpaPde, Qe rs) Gy



More precisely, the two quantities differ by a boundary term since, assuming
that ¢p and pg are smooth enough, one computes that

1
Ep(t)=Ep(t) + Es(t) + 5/ (Orp s — op Orpg) d.
r

It is also interesting (and this will be even important for the Neumann problem)
to relate this energy to the classical elastic energy

Bu(t) = Ed(t) + B, (t), (35)

where the kinetic and potential energies E.(t) and E,(t) are given by

1
) =5 [ de. Byl = [ o) sw)de,
2 Ja 2 Ja
where o(u) = Adivu I + 2 pe(u) and, using Einstein’s convention,
g & = 0i5&j,

is the tensor product between two tensors. Using ([11)) we see that, in the absence
of source term

B =5 [ 1Ver +eurl s de = Lalp.i). (36)
Q
On the other hand, thanks to Hooke’s law
A
E,(t) = —/ |div u|? dz + u/ le(u)|? de. (37)
2 Jao Q0

Next we use the following lemma which is closely related to the first Korn’s
inequality and whose proof will be provided below for completeness.

Lemma 2.3. For all u € H'(Q)? one has

1
/ le(uw)|? dx = / |div w|? dx + 5/ |curl u|? da — 2 / ug Orurdy.  (38)
Q o r

Q

Proof. It is based on the following algebraic manipulations :
|§(“)|2 = \31u1|2 + |52u2\2 + %|5‘1U2 + (92U1|2
= [01u1 + Doua|? — 201y Daus + 5|O1us — Oour|* 4 2 01ug oy
= |[divu|? + J|curlu|? + 2 curlu; - Vuy

One obtains by integration of the above equality over () since, by an inte-
gration by parts

/ curlu; - Vugde = — / Ug Oruyd-y. [ |
Q r

10



We can use this lemma to rewrite the potential energy as

A+ 2u
2

E,(t) / |divu|? da + ﬁ/ |curl w|? dee — Z;L/ ug Orup dy.  (39)
Q 2 Ja r

Then considering the Dirichlet boundary condition and using definition of po-

tentials one gets

E,(t) = 2 mq (910, 010). (40)

2
Finally, joining and we observe that the elastic energy is related to
Ep(t) as follows
Ea(t) = pEn(t). (41)

Finite element approximation. The space discretization of relies on
the construction of a finite dimensional approximation of the space V' that will
be denoted by V},. Owing to Remark 2.2 such V}, will be naturally sought in
the form

Vi =Vpn x Vg,

where Vpj, and Vs, are standard Lagrange finite element approximations for
H(Q) (see for example [14]), the density result in ensuring that appropriate
approximation properties of V' by V}, are preserved. However the important
property is that the spaces Vpj and Vg, can be constructed in different meshes
and that is why this method gives us the flexibility for adapting each space
discretization to each type of wave. The semi-discrete problem writes

Find ¢, (t) : RT — V}, such that (¢, 0ipy,)(t = 0) = (0,0) and
- (12)
i ma(en (1), ¥5) +aley(t),¥y) = Ut,py), Vb, € Vi

In practice, the embedding V;, C H'(Q2)? authorizes us to use the formula
to evaluate a(-,-) and that is why after decomposition of the discrete unknowns
(¢p.ns@s.p) in the respective Lagrange elements, the formulation takes the fol-
lowing form

o A°®),
b
where ®}, = (®p,, ®sp)" are the vectors of the Lagrange degrees of freedom
of pp and g and whose dimensions are not necessarily the same. The
symmetric matrices M§ and A{ are block diagonal

Q Q
o (M%, O o (A%, O
N o M2, ) "\ 0o A2, )’
S,h S,h

while the coupling matrix AL has the following structure

o o
@ o)

11

M + A D), + AL @), = F), (43)



where the matrix (C}: is very sparse since it only couples neighboring degrees
of freedom that are located along the boundary. Moreover, for efficiency con-
siderations, we shall assume that integrals are computed by specific quadrature
formulas that achieve mass lumping, that is to say that M% is diagonal. Many
techniques can be used to achieve this goal (see [15], [16], [I7] and the references
therein).

Time discretization. In [6], our goal was to propose a scheme that should
be as close as possible to standard explicit leap-frog discretization of each wave
equation, one constraint being that the coupling terms should not have any
influence on the resulting CFL stability condition. This led us to propose a
semi-implicit method consisting in treating in a explicit way the terms associated
to the volumic terms and implicitly those related to the coupling through the
boundary (using the so called trapezoidal rule). This provided the following
scheme we show below. Let us consider a constant time discretization step At
and let us denote by ¢} the approximation of ¢, (nAt). The total discretization
of the problem reads as follows

Find )™ € V}, such that for n > 1

n+1 n n—1
e — 205+ @y n
mQ( INE 7¢h) +aq <<Ph,,¢h)+ (44)
n+1 n n—1
+ 207 +
ar (P2 ) = Ut ), Y, € Vi,

where (¢9,},), the approximations of (¢(t = 0),¢(t = At)) are assumed to
vanish. Its algebraic representation is given by

n+1 n n— n n n—
o B 2@+ @i Ar BT 20 4 B
h At2 h 4

that is a discrete version of . The stability analysis of relies on discrete
energy identity which can be reduced by linearity to the case of a zero right
hand side (we omit here the details which are classical). The main lemma is the
following

+ AT @) +

=Fp, (45

Lemma 2.4. Assuming l(t",¢p) = 0 for n > n*, any solution of satisfies
1 1
Vn>n*, ET?=E?, (46)

1

where the discrete energy EZJFZ is defined by

L 1 AtQ n+l _  n n+l _  n
Eh+2 ::(mg—ag> (‘Ph ‘Ph7‘Ph Soh)+

2 4 At At

n+1 n n+1 n (47)
1 a Pn  TPn Pn TP
2 2 ’ 2 '

12



Proof. (Sketch) The approach is classical. The key idea is to write
e+ 207 +op Tt AR pt =200 +op !
4 4 At?

inside aq (), 9),) to rewrite as a modification of the fully implicit scheme

Pn =

At? PPt —2pn 4 !
<mQ - 4GQ> < A2 7¢h> +
n+1 n n—1

+ 207 +

a(*”h o ,v,bh) =0, Ve, € Vi
Then it suffices to take o .
by = en =P
h 2 At

into the formulation and apply usual manipulations about differences of squares
to obtain (the symmetry of the various bilinear forms is fundamental)

1 ntl n_1
S B B ] =0
2AL LT h ’
which leads to the result. | |

Using this lemma we can write now the main stability theorem for which we
need to introduce the quantities

aQ(PQ.hs PQ.h)
co(h)= max ————=—T=—— Q¢ec{PS}.
a(h) ©0.n€Va.n MmQ(PQ,h, PQ,n) Qeirs)

Theorem 2.5. The numerical scheme 1s well-posed and stable under the
CFL stability condition

At?

— max [ep(h),ecs(h)] < 1. (48)
Proof. (Sketch) As it is classical, the stability follows from the positivity of
the discrete energy. Since the quadratic form a(-,-) is positive (see Lemma,
this reduces to the positivity of the quadratic form associated to

(mQ — ATt aQ)(', )

over the space Vj,, that is to say (see and (22))), to the positivity of the
quadratic form associated to

(mp—ATtap)(~,~) and (mS—ATtas)(-,-)

over the spaces Vp, and Vg . It is then easy to conclude. |

13



Remark 2.6. It can be shown that the condition is also a necessary sta-
bility condition. Indeed for sources with compact support, for a certain time
we simply solve two decoupled scalar wave equations (the boundary conditions
do not matter) and we need to satisfy the CFL condition associated to each
corresponding scheme which is nothing but .

It is worthwhile to make the following comments:

e Considering the particular example of P, or Qi finite elements and uni-
form meshes of respective sizes hp and hg, it is well-known that, at least
asymptotically, when hp and hg approaches to zero

2 2
cp(h) =~ C} Z—g and cg(h) =~ C} Z—‘;
P s
where the constant C} only depends on k. On the other hand, adapting
each space step to the corresponding wavelength (that is proportional to
the associated velocity) leads to choose
hp _hs (50)
Vp Vs
Indeed, denoting T, the typical time scale of the problem (of the source
term for instance) we can define two associated wavelengths (typical space
scales for P and S waves respectively) by

\p=Vp Ty, Mg=VsT,.

(49)

Let Np and Ng the number of mesh points per P-wavelength and S-
wavelength respectively that is to say
A Vi A V
:7ID:7F)CZ-‘*7 NS::i:i
hp  hp hs  hs
so that implies N := Np = Ng. Then, consirering as equalities,
the stability condition reduces to
At? 4
e —
T2 = N2 (2
which means that the choice of the time step is not affected by the ratio
Vp/Vs. Thus, the global cost computed as in is also independent on

the ratio between Vp and Vg. Similar conclusions can be obtained when
using different polynomial degrees instead of different meshes.

Np: T*u

e From the computational point of view one has to invert at each time step
the matrix
At?
4
(see ) Considering the sparsity pattern of AE and that M% is diag-
onal (by mass lumping), the evaluation of interior degrees of freedom is
completely explicit while the computation of the boundary degrees of free-
dom amounts to invert a sparse linear system, the invertibility of which is
guaranteed by the stability theorem.

M2 + AL
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3 The case of a free surface boundary condition

In this section, we consider the case of a free surface boundary condition (the
corresponding problem will be referred to as the Neumann problem in the se-
quel), that is, written in terms of the unknow v

ocvn=XAdivovn + 2pe(v)n =0, onl. (51)

In Section 3.1 we will recap some preliminary results on the Neumann problem.
As it will be shown in Section[3.2] a naive extension of the technique explained in
the previous section leads to an unstable variational formulation. The functional
space in which it is set appears to be too large. To overcome this problem, in
Section this space is constrained in such a way that the new formulation is
stabilized and suitable for finite element approximations.

For the sake of simplicity (the reader will easily convince himself that this is not
restrictive), we shall assume that Q is bounded and simply connected, thus that
T is a closed curve (see Figure[l). We shall also assume that I" is parameterized
by x(s) € W>(0,L) where s is the curvilinear abscissa along I' and L is
the total length of I'. Finally, we shall use the following notation for denoting a
particular primitive of a function defined on I" (where we arbitrarily particularize
the point associated to s = 0 but this choice has no influence)

S
Vne LAT), In(s):= / n(o)do € HY(T). (52)
0
It is clear that Z can be extended as a linear continuous operator

T e L(HYV2(T), H/2(I)). (53)

3.1 Preliminary recaps on the Neumann problem
In this section we are interested in the problem
p0?u — dive(u) = f, inQ,
; (u) "
o(u)n =0, on T,

completed with the initial conditions . In this problem, a particular role is
played by the 3 dimensional space of the so-called rigid displacements

R(©) = {wne Q) /e(wn) =0}
(55)
_ {a(xg, —x1)t + (b, b)t, (a, (b, b2)) € R x R2}.
We introduce the spaces
Lh(©) = {we 1) //Qw-wRda: =0, Ywg € R@)}, 56
HL(Q) = HY(Q)?2NL%(Q).
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so that we have the direct sums
L*(Q)? = LR(Q) e R(Q), H'(Q)® = Hi(Q) & R(Q), (57)

which are orthogonal in L?()2. A classical but important property of problem
is provided in the following lemma.

Lemma 3.1. If f(-,t) € L%(Q), YVt >0, then
Vt>0, u(,t)€ Hy(Q). (58)

Proof. Multiply by wgr and integrate over 2. Using Green’s formula,

a2
@(p/ﬂu(-,t)-wRdx) 0 VwseR(Q). (59)
One concludes using the initial conditions. |

In the sequel of this section we restrict ourselves to source terms satisfying
F(-,t) € LH(Q), Yt > 0. (60)
This is not restrictive due to the following remark.

Remark 3.2. For a general source term f = fp + fx, with fp(-,t) € L%(Q)
and fx(-,t) € R(Q), it is easy to see that the solution u of can be decom-
posed as u = up +uf, where ug is the solution of with source term given
by fr and ug is given by

1 t

up = f/ (t—s) f5(-,s)ds.
P Jo

Another important property is Korn’s inequality in H {(€2) (see [18]):

Proposition 3.3. There exists a constant Cq > 0 such that

vwe Hy(Q), w3 < CQ/Q|§(w)\2dw. (61)

3.2 The naive approach. Stability issues
3.2.1 The free boundary condition with potentials

in terms of the potentials defined by (8)) and (10) (as we did in section

transforming the Dirichlet Condltlon (15) into (17)). However, from , We see
that, a priori, the condition (51)) leads to an equatlon involving the second order
space derivatives of the potentlals thus not well adapted for a finite element
formulation. To overcome this, let us assume for a while that we know the
value vr of the velocity field on the boundary, or, in other words, that we want

Of course, the first step consists in rewriting the free boundary condition (51
2.2 by

16



to treat a non homogeneous Dirichlet boundary condition with v = vr on the
boundary. Then, proceeding as in section for obtaining , we would use
the non homogeneous boundary condition to obtain

Onpp = Orps —g-n +vr-n, Opps=—-0rpp —g-T +vp-7. (62)

Then, since we do not know vr, we would like to compute it as a function of ¢
using the free boundary condition . To do so, we first remark that

e(v) =2divol — curlvJ + H(v), (63)

vhere J — ( 0 1 )7 Hiv) = ( —Oovy D19 )7 (64)
-1 0 Oovr  —Oivn1
so that the free boundary condition can be rewritten
(A+2p)divon — peurlvr + 2pH(v)n =0, onT. (65)
We deduce from , differentiating in time, that
pOiop = (A+2u)dive, pdips=—pcurlv, inQ, (66)
so that, assuming sufficient smoothness, we have on the boundary
(A+2p)divon — peurloT = p020p n+p0ips T, onT.

After projection on coordinate axes, using T = (ng, —ny ), this can be rewritten

dFop m+ 0fps na Zp-n
(A+2u)divvn—ucurlvn:p =r|_, .
Opp 1+ 0 ps T -7
In the same way, one computes that
D72l Orur,2
H(v)n|r = = onT.
— O-v1|p — 0-ur1

Thus, recalling that p = p VZ, the boundary condition (65)) can be rewritten as

-, Orvr2 = 50f¢-m, onl. (67)

a'r ur,1 = 2 V
S

2 V2
This allows us, as desired, to compute vr in terms of (¢p, pg), up to an additive
constant, using the operator Z (see (52))). More precisely, Py(I') denoting the
space of constant functions on I'; using the fact that I' is a closed curve and the
initial conditions , equations are easily seen to be equivalent to

2+ 553 ((’“)tch~n)€P0(F), /tp-nzO,
2V r

ur,1 —

2 P
, 2Vs Z(d7¢ - T) € Po(T), /Fgo T =0.
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In the sequel, the last two columns of will be referred to as gauge conditions.

To summarize this section, we have shown that

v satisfies & there exists (vr, ) such that (62|68 are satisfied. (69)

The form of the free boundary condition is the one that is useful for
establishing the variational formulation of the problem (see section |3.2.2)).

Remark 3.4. In more general situations where the boundary has N, > 1 con-
nected components (each of them being smooth enough and closed) we would
introduce one operator such as the one in per component. In consequence,
the potentials should satisfy 2N, gauge conditions similar to those of the last

column of .

3.2.2 Naive variational formulation

According to section (and also section , the problem we want to solve is

Find ¢ = (pp,ps) : A x RT - R? wvp: T xRt - R?/

1
W@?@P—Ag&p:divg, in QxRY, (4)
P
1
e D2ps — Apg = —curl g, in QxR*,  (i4)
s
Onpp = Orpps —g-n +vr-n, onl xRT (i)
Onps = —0rpp —g-T +wvr-7, onl xRF, (iv) (0
1
vrp 4+ =5 Z(0}p - m) € Po(T), onT'x Rt (v)
212
1
vr1 — =5 (07 - T) € Po(), on ' x RT,  (vi)
o 2VE
/cp-n:/go-‘rzo, (vii)
r r
completed with the initial conditions

We are going to provide a variational formulation of which naturally
eliminates vr and provides a problem in ¢ only. We first take into account the
last equation (70)(vii) by seeking ¢(-,t) in Vo, where V is defined by

VO::{goGVs.t./Fgo-n:/rcp-T:O}. (72)
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Next, we consider test functions ¥ = (¥p,1s) in Vj and proceed as in Section
to obtain a variational formulation of the problem. The main difference
comes from the additional boundary terms in the integration by parts due to
the presence of vr in the equations (70)(iii) and (iv). We obtain

2
S malelt ) = [ (orne +or i) do +ale(t). ) = U 8). (73

r
Next, we apply the following identity (tricky but straightforward, its verification
is left to the reader)
vr-nYp+vr-TYPs=vr1P -n tureY T, (74)

so that, by using (70)(v) and (vi), we can eliminate vr thanks to the fact that
Y € V. More precisely

—/F(’UF'n¢P+’UF'TT/JS)dUzmr(atz%’l/J)a (75)
where we define the bilinear form
1
mr(p)i= 51z [ (T w7 -Tle-m)p-n)dr. (70)
s Jr

Finally substituting into (73)), we see that ¢ is solution of the following
variational problem

Find ¢(t) : RT — V), satisfying and such that

o (77)
112 m(SD(t)»¢) + a(cp(t), lb) = l(t>¢)7 V’lp € VO,

where the new mass bilinear form m(-,-) is defined by

3.2.3 Well-posedness issues

At a first glance, the variational problem looks like a nice hyperbolic vari-
ational problem in the sense of theory of Lions-Magenes [I1]. We already saw
that the bilinear form a(-,-) is continuous and coercive in V. Another good
point is that the bilinear form mr(-,-) is symmetric (so m(:,-) is too) due to
the observation that, using integration by parts along I', we can write, for all
((P, ’I/J) e Vy x Vg

1

me (o) = 5pz [ (Tl mw - r+TW-myp-r)dv.  (79)
s

In addition one observes that mr(-,-) is continuous in Vi because the operator
7 maps continuously H~'/2(I') into H'/?(T"). Another nice property of m(-, -)

is given by the following lemma.
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Lemma 3.5. We have the injectivity result
(i) m(p,)=0 VypeVy = (i) ¢=0. (80)
Proof. Let ¢ satisfying (i), since D(2)? C Vy, in particular
Vi € D(Q)? mlp, ) =malp,¥) =0

thus ¢ = 0 by density of D(Q)? in L*(Q)%. [ |

However, all these properties are not sufficient to fit Lions-Magenes theory which
also requires the positivity of m(-,-). Unfortunately, this fails to be true:

Theorem 3.6. Assume that there is a part of the boundary I' that is of class
C?. Then, therere exists 1 € Vy such that

m(1, 1) < 0. (81)

Proof. Assume that the function x(s) that parametrizes T (see the begining
of section |3 satisfies

x(s) € C*(a,b), for some [a,b] C [0, L].

Let n(s) be the unit normal vector to I' at point x(s), outgoing with respect to
2, and ¢(s) be the curvature of T" at this point. Let us define vt such that

1
T=2 sup .
2 s€(a,b) ‘C(S)|

v
By elementary differential geometry it is well known that the map
(5,v) € (a,b) x (0,v7) = x(s) —vn(s) € R?
is injective. Moreover, there exists 0 < v* < v such that
ab = 1{x(s) —vn(s),s € (a,b),v € (0,v7)} CQ
and that (s,v) — x(s) + vn(s) defines a change of variable from (a, b) x (0, *)

into 7 , with jacobian J(s,v) := 1 —vc(s) that is uniformly bounded by J* on
(a,b) x (0,v*). Let 6 € D(a,b) and 6 # 0 such that

/ab O(s)ds =0

and y € C°(R™") such that supp x C [0,1] and x(0) =1. Let 0 < § < v* be a
small parameter devoted to tend to 0, we define 15 € C1(Q)? as

(0(s)7(s) — 0'(s)n(s)) x(v/6), if x=wm(s) —vn(s)eQ,,
ps(x) =

0, else,
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Thanks to the assumption on 6, 15 belongs to V3. On the one hand
ma(¥s,15) <0 (I VE) IxlIze@e) 101 (a)- (82)

On the other hand, along T, ¥ - 7 = 0(s) for s € (a,b) and 0 otherwise. In the
same way 15 -n = —0'(s) for s € (a,b) and 0 otherwise, so that Z(¢5 - n) =
—0(s) for s € (a,b) and 0 otherwise. Therefore

mr (s, Ps) = — ||0‘|%2(a,b)/vg' (83)
Comparing and it is clear that m(as, 1) is strictly negative for &
small enough. |

Remark 3.7. The technical assumption on Theorem [3.6 about the local regu-
larity of T is most likely unnecessary (and at the same time not very restrictive
in practice) but needed for the proof above.

supp Y5

Figure 1: Left: Definition of the parametrization of the boundary. Right: Def-
inition of the curvilinear coordinates and notations for the construction of the
function 15 in the proof of Theorem

As one can expect, the property of Theorem 3.6]is the cause of severe instabilities
for any finite element approximation of the variational formulation . This
will be put in evidence in the next section.

3.2.4 Numerical instabilities of Galerkin discretizations

Introduction. We introduce a finite dimensional approximation of the space
V that will be denoted by Vg, that is constructed as follows

Voo =V,NVy (84)

where V}, = Vpj, X Vs p, is a Galerkin approximation of the space H 1(9)2. The
problem to solve is

Find ¢, (t) : RT — Vy, such that (¢, di¢p,)(t = 0) = (0,0) and
12 (85)
ETo) mu(en(t), ¥n) +alen(t), ¥y) = Ut ¥y), Vi, € Vo,
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where my, (-, -) is an approximation of the bilinear form m(-, -) (for instance it can
be computed using quadrature formulae). At the algebraic level the formulation
takes the following form
d’®y . Q r o AQ r

MhW+Ah(I’h =F;,, M,:= Mh +Mh, Ay = Ah +Ah (86)
where as in 7 Pt = (®pp, Psp)t is the vectors of degrees of freedom of pp,
and ¢g . If one thinks of continuous Lagrange finite elements for instance, the
matrix M} has the following structure

I,P I,PS
MF o ( Mh I\/Hh )
h = r,PS r,s )
(M) M,

where the only non-zero values entries of the matrices (MI}:’P, MZ’S, MII:’PS)
correspond to the degrees of freedom located on the boundary T (note that due
to the double integral on the boundary, each degree of freedom on the boundary
is coupled with all the other degrees of freedom on the boundary).

Despite of the injectivity property , it is not clear that the matrix My, is
invertible (which is a necessary property if one wants to use an explicit scheme in
time). Indeed the proof was done at the continuous level using density properties
of smooth compactly supported functions. At the discrete level, i.e. in finite
dimensional space, such an argument can not be used any more.

Moreover, even in the case where My, is invertible, it is most likely that, because
of the result of Theorem [3.6] the solution of the semi-discrete evolution problem,
which is given by

<I>h(t):/0 (MY Ap) ™2 sin (MG 2 AR)2(t — s)) M L Fy(s) ds,

will blow up exponentially in time (i.e. the semi-discrete scheme is unsta-
ble). Such a phenomenen is linked to the existence of strictly negative eigenval-
ues for the following symmetric eigenvalue problem (note that, as soon as M,
is invertible, such eigenvalues are necessarily real)

Find ¥;, #0 and A € R such that A, ¥, = X\ M, ¥, (87)

Of course, the rate of exponential blow up will be, at least, given by the most
negative eigenvalue A of M;l Aj,. More precisely, if o, denotes the spectrum of
M, ' A, with minimum value A_(h) < 0, then

(M} 1 Ap)~% sin (M " An)3t)|| > C et VIER] (88)

where C(h) € R is such that 0 < C(h) < |A_(h)|. In the following, we come
back in more details on these invertibility and stability issues. In particular, in
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the next paragraph we consider a simplified toy problem associated to a simple
geometry. In this case, the two issues (invertibility and lack of positivity) can
be studied analytically. Then, in the last paragraph of this section we consider
a more general finite element discretization and illustrate the instability of the
scheme through numerical computations.

Remark 3.8. Note that because of the gauge condition (vii) the two spaces
are coupled at the boundary. In practice the gauge condition is imposed using a
Lagrange multiplier as usually done when imposing zero average condition [19].

Study of a particular toy problem. We want to solve elastodynamic equa-
tions (2)) on the cylinder

Q= (0,+00) X (—m,m) (89)

obtained when identifying the upper and lower boundaries, where x; = 0 is the
free boundary. In consequence, we impose periodic boundary conditions

u(t,x1,7) = u(t,z1, —7), u(t,r,7) = u(t,r;,—7), Yz € RT, (90)

in such a way that the boundary of £ can be identified to a circle (this is a
closed curve). Note that this particular example does not completely fit the
assumptions made on the domain’s geometry since €2 is unbounded, however
the reader will easily convince himself that this is not an essential issue. Next
we discretize the space H'(2) as follows. We denote V;, C H'(R") the uniform
discretization of R™ by PPy finite elements of length h, i.e.

+oo
Vi = {tp € H'(R",C) st. ¢p(z1) = Z ! w; (1) } (91)
3=0

where the set {w;} are the piecewise affine functions that satisfy w;(kh) = d;
(where § is the Kronecker symbol) so that ¢ = 1, (jh). Note that this space
is isomorphic to the space ¢2(N). In the direction x5, we use a spectral method
consisting in truncating the natural Fouirier series expansion of a function in
L?(—m,7) at order L > 0, where 2w/L is thus the minimal oscillation length
allowed in the approximate space. This corresponds to the following Galerkin
approximation space V} = VhL X VhL with

L
Vik = {goh € H'(Q,R) st. ¢ = Z oh(z1) e with ¢f € Vh}. (92)
=L

Note that the approximation parameter is the couple (h, L) where h is the space
step in x1, devoted to tend to 0, and L the truncation parameter in frequency,
devoted to tend to +o0o (see also remark . It is then immediate to see that
the space Vo, (see ) is nothing but

Von = {‘Ph = (ppn, @sn) € Vi st op = = O} C Vo.
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where ap%’o = go%h(O) and apg’o = gogﬁ(O), according to the notation introduced

above.

Remark 3.9. If one makes an analogy with Q1 finite elements for instance, this
would corresponds to discretise Q0 uniformly with rectangular finite elements of
length hy = h in the direction x1 and he = /2L in the direction xs.

Then we look for the solution of with the following expression of the bilinear
form a(-,) and m(-, ) that take into account the fact that we deal with complex
valued functions,

1" — L[ P
mu(en, Yr,) = V2 / 7§w epr¥pn dry doe + 732 / 7% ©s,ps,n dr1 dTo
P J—m -

1 s ) Hi)
—72/ / opnhds) Ysn+ Yprds | osn | dre,
2 VS —T —T —T

a(en,¥,) = /Q (Vopn+curlpgy) - (Vipy, + curlyg), ) de,

where the symbol f is used to account for the use of the following quadrature
formula

_ hog— R
$ ot =5 Th G, lenlt = ¢ onPdn, @)

j=1 R

that allows us to get mass lumping. Since we have used a spectral approximation
in x4, the previous problem decouples as a family of 2L+ 1 problems in 1D with
respective unknowns {pf = (go‘;p’h, gogh)}. More precisely, choosing

¢h _ efiEIz ,(pfb(xl) with 1,[12 = (wéju wg,h)

as test functions in and using the orthogonality properties of trigonometric
functions, we get that, for each £ € {~L,..., L}, ¢%(t) : RT = V}, x V}, satisfies
the following 1D variational problem: for all 1/)% e Vi x Vy,

d2

@ml (Qofw 1!’%) + ap (‘me I/ny,) = lf(tv d]i)v (94)

24



where my(-,-) = mea(-,-) + mer(-,-) and for 1 € {~L,..., L}
1 -
meo(eh, ¥h) = 73 A <PP h%ffph dei + — V2 ]{ 06 nt% ), do1,
P s JR

‘ i 00,00 i 00460
mer (@, 9),) = WSDS Yp — W@P vy, VI#Q,

ae (‘me ".bh) = /R+ (51@5% —il @g,h )(31%3,11 + il ¢§,h) dzry
(95)

+/ (81<Ps p il ‘PP h) (al’/’g,h - ng?,h) dry,

twh /+9 811/)1:% iﬁ%,h)dﬂh
R

+/ g 81¢Sh—ZE¢Ph)dZ‘1,
R+

with
L

L
. A t
g=1(9"9")" = ( > gilwn)e Ny g?(xl)e’““) :

=1L =—1L

Note that, in 7 M, and Ay are no longer matrices but operators that have
an orthogonal decomposition of the form

L L
M}, = @ Mpe, Ap= @ Ay, (96)

{=—L {=—L

where each My, ¢ or Ay, € L(V}, X V3,) is represented by an infinite matrix.

First, we study the invertiblity of M,. We have the following results:

e For some choice of the approximation parameters (h, L) (see (100]) below),
the operator My, may be not invertible.

e Under the following condition on the parameters (h, L)
RAL? < V3 /VE, (97)

the operator M, is invertible. Note that the condition can be in-
terpreted as a non degeneracy condition about the computational mesh.
Indeed, according to the analogy of remark the condition means
hi1/ho small enough, i.e. that the rectangle [0, hi] X [0, ho] is not too flat-
tened in the x5 direction.

Remark 3.10. Since VE, > QVS2 the condition h < % always ensures and 1is

thus a sufficient conditon for the ivertibility of My, for any elastic material.
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In order to prove the assertions above, we note that, from 7 M, is not
invertible if and only if one of the My, ; is not invertible, or equivalently if, for
some —L < £ < L there exists ¢§ # 0 such that

me(ph, ) =0, Vb, € Vi x V. (98)

Let ¢! satisfying . If ¢ = 0, thanks to the use of the quadrature rule
([93)), the infinite matrix My, o is purely diagonal with non zero diagonal entries.

Therefore implies 9 = 0. For ¢ # 0, is equivalent to

0, 0, )
o =pg’ =0, j>1,

2,0 v 2,0 ? 2,0 2,0 . (
S 0—0 - 0 40—, j=o.
avz¥r Topya¥s = sevasr Toya¥s =0 J

As a consequence, the invertibility of My, , is equivalent to the invertibility of
the 2 x 2 system of the second line of . From the inspection of this system,
we see that

M, is not invertible < 31 < ¢ < L such that ¢2p% =V3/VZ,  (100)

and that the condition thus ensures the invertibility of Mj,.

Let us now investigate the lack of positivity of the bilinear form my,(, -), which
is clearly directly related to the instability of the differential equation . We
will prove the result for each My, ;. We proceed in a constructive way as in the
proof of Theorem [3.6] by considering a discrete field

bh, = ($pp: Ds1) € Vi X Vi (101)

which is as concentrated as possible to z; = 0, which correponds to (wg(+) being
the P; Lagrange basis function associated to the first node of the discretization
in x7)

Ppu(r1) = wo(z1), O p(x1) = iwo(1), (102)

where the factor i for ¢f§7h(x1) is chosen on purpose to give 7nap(q_’)fl7 d)f;) < 0.
Indeed, according to

mer (o, dy) = —1/(EV3),

and adding me o(¢;,, @;,), one easily obtains, setting h, = szz"gfa € (352,
pPTVs
_ _ 0L 2 (1= ), 103
me(¢p: bn) 2V1§+2V52 (V2 Z(Vg—i_VSQ)( éh) (103)

Then, as soon as h is small enough, namely h < h*, the set of indices ¢ for which
my (¢h, d)h) < 0 is non empty, which shows in particular that My, is no longer
positive. More precisely

{1<e<L/my(y, o) <0} ={1,---,L(h)}, (104)
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where
L(h) := min{L, [h./h] — 1}. (105)

Then, assuming that i < h,, we can investigate the exponential blow up of the
solution of (86]). Let us first notice that, if oy denotes the spectrum of the
operator M, ;, Ay ¢, we deduce from (104 that

V1<l<L(h), ounn(—00,0) 0. (106)

In view of formula , it is clear that the quadratic form my p (<ph, <ph) cannot
remain negative on a two dimensional subspace of V}, x V},. As a consequence,
for 1 <4 < L(h), 45N (—00,0) is made of one single eigenvalue denoted A, (h)
As a consequence, the lowerbound holds true with

A_(h) = in A, (h).
()= 2 e ()
For classical self-adjoint problem it is well known that eigenvalues are related

to Rayleigh quotients and it is tempting to compute the Rayleigh quotients of
each of the test field ¢, defined by (101} [102).

¢ .0 2 2h?
One computes that a, ((;Sh, d)h) =5 1—/¢h+ — ) so that

ar(py,. b)) 4 2h2\ /1 1\-1 hy\—1
me(qﬁg,qbg)m(lgh*s) (73*75) (-7)

We see that for constant ¢ h the above Rayleigh quotient blows up (in absolute
value) as C'/h? which makes us conjecture that A_(h) is negative and decreases
when h decreases .

Remark 3.11. The fact that the quadratic form m(-,-) has no sign prevent us
from using the well-known standard min-mazx principle for classical self-adjoint
spectral problems.

Let us illustrate the blow-up phenomenon via numerical simulations. For these
simulations we used the following parameters

™

A=2 =4 =1, L= h=—
0, p=4, p=1, 60, 200

and a source located close to the boundary. We have taken the leap frog scheme
for the time discretization, which ensures a finite propagation velocity in the
direction x; for the numerical solution. Of course, we have chosen a bounded
domain in the direction z; but truncated this domain at ;1 = 21 max in such
a way that the numerical solution does not reach the boundary 1 = 1 max
before the final time T of the computation. In Figure [2, we plot snapshots of
the solution obtained at three different simulation times. These results illustrate
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the bad behavior of the semi-discrete problem since one can observe blow-up of
the solution that is initiated, as expected, close to the boundary but propagates
inside the computational domain as t increases (the color scale is saturated at
the boundary).

epn(to,-) opn(ti,-) epn(ta,-)

Figure 2: Snapshots at three different times tg < t; < to of the solution of
using a spectral approximation in xo and P; finite elements in z;.

The case of P; finite element discretizations. We now consider the case
of full P; finite element discretization on triangular meshes of stepsize h of
a polygonal domain (2 and investigate the same questions as in the previous
paragraph by means of numerical experiments, allowing us to conjecture that the
observations made on the toy problem are still valid in more general situations.

More precisely, we investigate the case where ) is the square [0, 1] x [0, 1] and
the physical parameters are A = 20, u = 15, p = 1. Five different quasi-
regular meshes have been considered, corresponding approximately to (see also
the pictures in Figure |3| and Figure E[)

Mesh 1:h~1/3, Mesh2:h~1/7, Mesh3:h~1/15,
(107)
Mesh 4 : h ~1/30, Mesh 5: h ~ 1/60.

For all meshes, the invertibility of the matrix My, has been observed experimen-
tally. On the other hand, to check the instability of the semi-discrete problem,
we solved numerically (using MATLAB) the eigenvalue problem (87)), i.e. com-
puted the spectrum o, of the matrix, which allowed us to check that

e \_(h) is negative and decreases when h decreases (see Figure |5) as it
was conjectured to be the case for the toy problem. This results into
imaginary values for the set {£v/\, A\ € o} as illustrated for Meshes 1
and 2 in Figure [3] This set contains more and more imaginary values as
soon as h decreases.

e The eigenmode corresponding to the smallest eigenvalue A_(h) is concen-
trated close to the boundary (the finer the mesh, the more concentrated at
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the boundary). At the same time, we also observe that the eigenmode os-
cillates more and more along the boundary, this phenomena is represented
for Meshes 3, 4 and 5 in Figure [4

To complement these observations, we have computed an approximation of the
solution ®,(t) of using finite differences in time. To dispel the idea that
the observed instability could be due to the time discretization, we have used
the following fully implicit scheme

oyt 287 4+ @)t A L SR SR T

INE 4 4
In each case, we observed the exponential blow-up of the solution that we can
quantify by representing the variations of the sum of the energies associated to
the scalar wave equations (see (34)), namely: t" — Ep(t")+ Eg(t"), computed
with At = 0.005 for the three meshes, in log-log scale (see Figure[5). The source
term is a space/time pulse centered close to the boundary. This confirms that
the rate of blow-up increases in when h decreases.

My, :F;LLy

Im( \/)\TJ Im(y/\n)

L2 300

. AL

100
20

0 0 T 0 OO 2 O

-20
-100

-200

-60

-300
80 60 40 20 0 20 a0 60 80 -200 -150 -100 -50 0 50 100 150 200

Re(v/An) Re(v/An)

Figure 3: Eigenvalues of in the complex plane for Meshes 1 and 2.

3.3 The new variational framework

The diagnosis of the analysis in the previous section is that the space Vj is
probably too large in the sense that it allows for the appearance of unstable
modes after space discretization, this being linked to the non positivity of the
bilinear form m(-,-). The idea for circumventing this problem is to identify an
adequate subspace Viy of V{j (where N holds for Neumann and refers to the free
boundary condition) in such a way that
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-0.1

Figure 4: Eigenvector corresponding to the eigenvalue of with largest imag-
inary part for Meshes 3, 4 and 5 (only the solution corresponding to ¢p is
represented).
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Figure 5: Left: Evolution of the largest imaginary part of the eigenvalues of
problem with respect to h (five meshes were considered). Right: Evolution
of the norm of the solution with respect to time and for Meshes 3 (in blue), 4
(in red) and 5 (in yellow).

(i) the unknown ¢ = (¢p, ¢s) defined by (8)-(L0) is solution of the variational

problem , but set in Vi, instead of V, i.e.

Find ¢(t) : RT — Vy satisfying and such that
a2 (108)
@ m(‘p(t)7¢) + a(‘P(t)a "/)) = l(t7¢)a V¢ € Vn.

(ii) the bilinear form m(:,-) restricted to the space Vi is positive definite

Vi e Vy\ {0}, m(y,y) > 0. (109)
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The item (ii) will guide the construction of Viy and is expected to guarantee the
well-posedness of ([108]) and the stability of its Galerkin approximation.
3.3.1 Construction of the new variational space

The energy naturally associated with , which is conserved as soon as the
right hand side vanishes, is

En(t) = Ep(t)+ 3mr (Opp(t), (1))
= 5 [m(Bp(t),dip(t)) + a((t), (1) ]-

The positivity of this energy is obviously related to the positivity of the bilinear
form m(-,-) on a space to which ¢ belongs. For the Dirichlet problem, the
(obvious) positivity of the energy Ep(t) was confirmed by the identities

(110)

() £ma(@p.0p) = Ey(t) and (i6) Laleg)=Ect),  (111)

where the potential energy E,(-) (resp. kinetic energy E.(-)) are defined by
(37) (resp. (36])). We expect similar identities for the solution of the free
boundary problem. In fact, it is clear that the identity (ii) still holds
for the solution of the Neumann problem because its proof does not refer to
the Dirichlet condition: it only uses which is valid independently of the
boundary condition. We just have to obtain an equivalent of (1) with
m(-,-) instead of mgq(-,-), i.e.,

£m (9, Orp) = Ey(t). (112)
This is related to the identity in Lemma which yields

Ep(t) = gmsz (Orp, Orp) — 2#/ up Oruy dv, (113)
r
so that we have to check that, since 2u = 2VZp,

mr (5}4,0, 5‘t<p) =—4 V52< / U2 5'.,.u1 d’)’ (114)
r

Here is where we are going to use the fact that w satisfies the free boundary
condition. More precisely, integrating in time (@, we have

1
Oy uy O - T, Uz + =5 Z(0p - m) € Py(T). (115)
V2

1
S 2V2

Then, since ¢(t) belongs to Vy, (114) follows. The reader should notice that
which was important for obtaining (112) is that we could write (see (8])

dyop = VAdivu, Oyps = —VZ curlu,
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with w4 a smooth enough function satisfying the free boundary condition .
The above observation gives the idea of the construction of the space V. Let
us first introduce the space

D = {w € H'(Q2)? such that div o (w) € L*(Q)?}
116
={we H'(Q)?/ - VAV (divw) + V& curl (curlw) € L*(Q)?}, o

where the second line comes from using . This space is a Hilbert space for
the norm:
lwlp = wlii o) +ldive(w)|7:q)- (117)

Note that, by construction of D and definition of V|
VueD, Fu:= (Vg divu, —V2 curlu) ev. (118)

Next, we consider the closed subspace of D of vector fields that are orthogonal
to the rigid displacements and satisfy the free boundary condition

Dy = {w € DN Hg(Q) such that o(w)n =0 on T}, (119)

and finally the space
- - 2 1 2
Vv := F(Dy) = {(Vp divw, —V§ curlw), w e DN}. (120)

A first remarkable property of this space is given by the lemma
Lemma 3.12. The space V is a subspace of V.

Proof. By (118) we already know that Vy C V. So we simply have to check
the gauge conditions in . Let ¥ € Vi, i.e.,

¥ = (Vadivw, —VZ curlw), w € Dy. (121)

The proof is essentially a matter of reproducing the computation in section [3.2]
for proving , with 1) instead of 0?¢ and w instead of v. Simply note that
o(w)n =0 on I follows from w € Dy while the equivalent of is nothing
but . Then we obtain the equivalent of , namely,

1 1
87w1=27VSQ¢'7'7 arwzz—rvsgw'n, onI'. (122)

Finally, the gauge conditions are simply obtained by integrating the above equal-
ities on TI'. ]

We shall use later another nice property of the space Vy:

Lemma 3.13. For any ¢ = (¢¥p,s) € Vi, Viop + curlyg € L?%(Q)-
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Proof. Let ¢ € Vy. Then, ¢ = (VAdivw, —VZ curlw) with w € Dy. By
@), divo(w) = p(Vip + curlyg), that we multiply by any wr € R((2) and
integrate over () to obtain, using Green’s formula

/Q(w) ié(wR)dw‘i‘/Q(w)’n'wR dy = —P/ (Vip+curlys) wrdr =0,
Q r Q

since e(wg) = 0 and o(w)n =0 for w € Dy. |

Now, we remark that, thanks to the property (see Lemma and Lemma
the vector of potentials ¢(-,t) belongs to Vi for all ¢ > 0. This implies
that the space Viy satisfies the requirement (108]). Next we prove that the space
Vi satisfies the requirement .

Theorem 3.14. The bilinear form m(-,-) is positive definite in the space Vy.
Furthermore, there exists C > 0, only depending on Q, A\, p and p such that

m(i/),w)zC/ﬂ|¢|2dw, Ve Vy.

Proof. Let ¥ = (¥p,s) € Vu, ie, ¥ = (VEdivw, —VZ curlw), w € Dy.
Applying the identity

/ le(w)|? dx = / |div w|? dz + 1/ |curl w|? da — 2/ wo Opwyday
Q Q 2 Ja r
so that we deduce from that

/Qg(w) re(w)de = (A+2p) /Q |divw|* dz + H/Q |curl w|? dz

- 4;L/Fw2 Orwidy.
Since A +2u = p V3 and p = pVZ, we compute from the definition of 1 that
A+ 2/1,)/Q|diV’l.U|2 dax —|—,u/Q lcurlw?*dz = pma(th, ).
On the other hand, using (122 (see the proof of Lemma we obtain
—4,u/rwg Orwidy = pmp(, ).

which, combined to the two previous equalities, gives

_!

m(y, ) p

/g(w) s o(w) de.
Q
Therefore, since, by again,
o(w) : e(w) = Adiv(w)” + 21 |e(w)* > 2t [e(w)]?,
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we get

m(tp. ) > 2V / le(w)[? da.

In the space Dy C H}%(Q), we can use the Korn’s inequality to obtain

/|§('w)|2dw2269 vg/ Vw|? da.
Q Q

This allows us to conclude since, obviously, from the definition of 1,

/ \V'w|2da:25/ |2 de,
Q Q

with C only depending on Vp and Vg. |

At this level, we have identified a good space Vy satisfying the requirements
at the beginning of this section. However, the definition of this space is
quite theoretical and implicit and thus rather hard to use it numerically: in
particular, it refers to displacement fields, which we want precisely to avoid.
The goal of the next section is to give a more suitable characterization of V.

3.3.2 A characterization of the new space

Let ITz be the L?(Q)? orthogonal projection onto the space L%(Q) = R(Q)>.
Given ¥ € V, let us denote w, := Sy the solution of the following elastostatic
problem (whose well-posedness follows from Fredholm alternative)

—dive(w,) = —pllr (vqpp + curl ¢S), in Q,
(123)
w, € HR(Q), o(w,)n = 0, onT.
The reader will easily verify that, by construction,
Sy € L(V;D) and Im(Sy) C Dy.
Even more we have the following result:

Lemma 3.15. The operator Sy is a left inverse of F restricted to the space
Dy . More precisely,
Vwe Dy, w=S8yFw.

As a consequence, the image of Sy coincides with the space Dy .

Proof. Let w € Dy. As —dive(w) = fp(pr + curlws) with ¢ = Fw
(cf. the proof of Lemma [3.13]), we deduce from Lemma that

dive(w) € LE(Q).

Then div o (w) coincides with its own projection onto L%(f2) and we can write

divo(w) = pllg (Vp + curlyg ). (124)
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Moreover, since w € Dy we have
we Hy(Q), o(wmn=0 onl. (125)

Finally, (125 and (124) prove that w = Sy, i.e.,, w = Sy Fw. Of course,
writing w = Sy F w for any w € Dy, proves that Dy C Zm Sy. |

Since F € L(D, V) we can define
T:=FoSy€eL(V), and ImT =Vy, (126)

where the equality derives from the definition of Vy and Lemma [3.15] We
summarize in Figure [f] the images and preimages of the operator introduced so
far, i.e. F,Sy and T.

Sn

g 0\

C ——

SN

Figure 6: Representation of the images and pre-images of the operator F,Sy

and 7.
Note that, by definition of Sy (see (123])) and F (118))
T = (VEdivw,, —VE curl w, ) where w, is the solution of (123).  (127)

A straighforward, but important, consequence of Lemma [3.15] is that 7 is a
projector into V' . Indeed,

Vip eV, Tp=(FSn)(FSn)p=F (SnF)Snp. (128)
Since Syt € Dy, by Lemma[3.15, (Sy F) Syt = Syp and thus
VeV, Tp=FSyy =Ty +— T=T~ (129)
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As for any projector, we can write the direct sum
V=kerT @ImT = kerT & Vy. (130)

Contrary to V or Vy, it is possible to give an explicit description of the space
ker 7 which is completely independent of the spaces D or Dy. More precisely,

Lemma 3.16. The kernel of the operator T is characterized by
ker7T = {97 = (¥3,08) € V/Vyp +ecurldg € RQ)}.  (131)

Proof. Let ¢ € ker T, and w, = Sy ¢, solution of (123)). Then T¢ = 0
means that divw, = curlw, = 0, thus dive(w,) = 0 by (4). In consequence
of (123)), Il (Vapp + curl gps) = 0. The reverse implication is trivial. |

The decomposition in (130) is not orthogonal in the classical sense but orthog-
onal with respect to m(-,-) in the sense of the following theorem.

Theorem 3.17. We have Vy = (ker 'T)L’m where
(kerT)"™ = {h eV /¥’ cker T, m(th,9°) = 0} .

Proof. Step 1: Vy C (ker ’T)J"m.

Let ¢ = (pp,ps) € Vy and ¥° = (Y%, 9¥%) € ker 7. We know that, by
definition of Vi, ¢ = (VAdivw, —VZ curlw) with w € Dy. Let us compute
m(e, ¥) = ma(p,¥°) + mr(p,1¥°). We have, by Green’s formulas,

1
o [ervpae= [avwipde=— [w Vipdes [omupa,
VP Q Q Q T

1
7/Wsi/)gdfﬂ:—/Curl’wlbgdw:—/w-curlwgdw-i-/(w-f)wg d.
VS Q Q Q r

Let us add the two equalities. Since by Lemma V% + curl ¥ € R(Q),
while w € Dy C L%(9), the volume integral vanishes and

map, %) = / ((w - )Y + (w - 7)) d. (132)

According to the proof of Lemma [3.12] we can use (122)), with ¢ instead of v,
which gives, for come constants C7 and Cs,

1 1

T‘/EI(CP'T) = wy +Cy, —Wl(gwn) = wy+Cs, onl. (133)

Substituting (133)) into the expression of mp(-,-), we get, using the gauge
conditions for °,

mr (g, %) = - / (w1 (9 - 7) + ws (9° - ) dy. (134)

r
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Finally, adding (132)) and (134)) gives m(¢p,°) = 0 thanks to the identity .

Step 2: (ker 7)L™ C V.
Let ¢ € (ker 7)&™ i.e. such that m(¢,1°) =0 for all ¢)° € ker T. Let ¢y € V.
Using (130)), we decompose ¢, 1 as:

e=¢"+ton, v=9"+vy, (¢°9°) € kerT)’ (pn ¥y) € VY.
Our goal is to prove that ¢° = 0. Note that by step 1,
m(e’, Py) =m(py,¥°) = 0. (135)
Therefore, we compute

m(%"Ov@b) = m(soov’l:bo) + m(saa7,lth) = m(sooa ¢O)'

1L,m
)

Next, since ¢° = ¢ — ¢y and ¢ € (ker T)

m(e?, ) = m(p, %) —m(epy, 9°) m(p,°) = 0.

Thus m(g?,) =0, V4 € V. In particular, for 1 € (D(R2))?2 C V,
mo(@®; ) = m(e®, ) = 0.

We conclude by density of D(Q)? in L?(Q)? that ¢° = 0, thus ¢ € Vy. |

3.3.3 A first stabilized mixed formulation

In this section, we are going to exploit Theorem |3.17 namely
peVy <= eV and m(p,¥)=0, Vep €kerT,

by reinterpreting the last condition as an equality constraint on . As it is usual
for treating equality constraints (see [19, [20] 21]), we are going to introduce a
Lagrange multiplier in the space ker 7. This leads us to write the following
mixed problem

Find (p(t),9°(t)) : RT — V x ker T satisfying and

2
% m(p(t),¥) + alep(t), ¥) + m(e°(t),¥) =t ¢¥), VY eV, (136)
m(p(t),¥°) =0, vV p° € ker T.

Then we have the following equivalence theorem between the above mixed prob-
lem and the variational problem (108 posed in the space V.

Theorem 3.18. The problem (136)) admits a unique solution given by (¢(t),0)
where @(t) is the solution of the problem (108]).
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Proof. Let ¢(t) be the solution of (108]). First, it is clear that it satisfies
the second equation in (I36]) since () € Viy and Vy = (ker 7)™ (Theorem
3.17). This also implies that

— m(p(t),¥°) =0, V4 ekerT.

On the other hand, by definition of a(+,-), we have

alp(t).97) = [ (Vor(t) + curl ps(t) - (Vup + curl v5) de.
Q

By Lemma we know that V% + curl g € R(2). Then, since ¢(t) € Vi

we deduce a(p(t),4°) = 0 from Lemma 3.13] Finally, thanks to the assumption

on the source term, defined by @ 19), we have I(¢,4°) = 0. Thus, we

conclude that

d2 o o o o
a2 (), ¥°) +ale(t),¥%) = 1(t.9°%), VY ke T.
Since ¢ is the solution , we also have

a2

@m(SO(t)v"/)) +a’(so(t)7¢) = l(t7¢)7 V'¢ S VN7

and then, by linearity and using the decomposition (130 of V', we obtain the
above equality also for all ¥» € V' which is nothing but the first equation in
(1136)) with ¢° = 0. We thus have proven that (¢(t),0) is solution of (136])).

It remains to prove the uniqueness of solutions of (136). Let (¢,¢°) be a
solution of ([136]) with I(-,-) = 0 . Then, by restricting the test function % in
the second line of ([136]) to ¢ € Vi, using again the m—orthogonality of Vi and

ker T, we deduce that ¢ is the solution of (108) with I(-,-) = 0. Thus ¢ = 0.

We then deduce from the second line in (136f) again that

m(e°(t), ) =0, VeV,
which leads to ¢° = 0 due to the injectivity property (see Lemma. |

The reader which is not familiar with mixed variational formulation could be
surprised that we introduce an additionnal unknown that we know is 0. All the
interest of this new formulation is when Galerkin discretization is concerned:
after discretization we get a stable problem and the discrete approximation of
the unknown ¢° is no longer 0 (see Remark .

3.3.4 Characterization of the multipliers space ker 7

Even though the mixed variational problem ([136)) is nicer than ([108)) in the sense
that any reference to displacement fields is removed, it is still not completely
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satisfactory for finite element approximation since we need a priori to construct
a Galerkin approximation space for ker 7. In order to work around this problem
we are going to characterize the space ker 7 up to an explicit three dimensional
subspace (see Lemma as the image by an explicit mapping & of a space
M of functions along the boundary I' (see ) This is then satisfactory
from the numerical point of view because it is easy to approximate the space M
with finite elements (defined on the boundary T') while the operator &£ is easy
to approximate numerically. This will result in an alternative reformulation of
the mixed problem which will be given in section [3:3.5] We first begin with a
lemma.

Lemma 3.19. The space ker T can be decomposed as the direct sum
keI‘TZKR@Ko, (137)

where K is the closed space of V' of the so-called harmonic fields defined by

Ko = {¥=(r.vs) €V /Vp+eurlis =0}

(138)
= {zp eV /divep = curlep = o},
and K g is the 3 dimensional space Kr = span{gol, 2, @3} where
P1 = %(xlva)ta P2 = %(3727 _ml)ta P3 = %(0737% + x%)t (139)

Proof. First, we easily check that

divep; '\ (1 dive, \ (0 dives \ [ a2 (140)
—curle; )~ \0)’ —curlgpy )~ \1)’ —curlps ) \—mz1 /)"

By , if 1 € ker T, there exist (a1, as,b) € R such that

divey \ 1 0 T2
(Soute) = o)+ (1) = (2)
Then v — (a1 @1+ a2 Py + bcpS) € Ky. To conclude is suffices to remark, using
the formulae (140)), that Kz N Kq = 0. [ |

Next, we show that the space Ko can be identified with a space of functions
defined on the boundary I'. To do so, we introduce the classical normal trace
map

WEE(H(diV,Q),H_%(F)), Yip — @ -npr. (141)

Theorem 3.20. The map 7y is an isomorphism from Kq onto

M= {VGH’%(F)/ /Fz/d’y:O}.
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Proof. The fact that v € M for ¢ € Ky follows from Green’s formula

/ p-ndy = / divepdy =0, since div ¢ = 0 (second line of (138))).
r Q

To conclude, it suffices to show that for any v € M, there exists a unique
@ € K such that y¢ = v. For the existence, let p be the unique solution of the
Neumann problem (note that v € M yields the compatibility condition required
for the unique solvability of this problem)

Find p € H'(Q)/R such that
—Ap = 0, inQ (142)
Onp = v, inT,
Then setting ¢ = Vp we have divep = curlp = 0 and p-n = d,p = v on T,
hence ¢ € K.

For the uniqueness, we have simply to remark that curle = 0 in 2 implies that

¥ = Vq, with ¢ € H(2)/R (see Theorem 2.9 in [2]). Then if 49 -n =0on I’

and divip = 0 we have Ag = 0 as well as 0,,q = 0 therefore ¢ = 0 and ¥ = 0.
|

The above proof shows that the inverse of the map ~ is the lifting operator
&e ‘C(M7 Ko),

where Eu := Vp, with p the unique solution of (142)). In other words, Theorem
[3:20] can be rephrased as

Ko={€v/veM}. (143)

This characterization brings a new light on the absence of positivity of the
bilinear form m(-, ).
Corollary 3.21. For all ¢ € Ky, m(¢, 1) < 0.

Proof. From (143) we know that there exists v such that ¢ = £ v = Vp with

p the unique solution of (142)), then
1 1 1
m(Vp,Vp) = —2/ |01p|?da + —2/ |0op|*da — — [ Z(Vp-1)Vp-ndy.
Ve Ja Vs Ja Vs Jr

Since Z(Vp - T) = p + ¢ for a constant ¢ and since Vp - n = v has zero average
along I'

/I(Vp-T)Vp-n:/ |Vp|2dm—|—/pApdw:/ |Vp|?de.
r Q Q Q

Therefore combining the two previous equation we obtain

1 1
m(Vp,Vp) = <V2 - Vg) /Q |01p?dz < 0.
P 5
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The result of Corollary confirms that fact that the space Ky must be
eliminated in the functional space in which the solution is sough.

Remark 3.22. Observe that if 1 € K then m(1,4) = 0 if and only if v = Vp
with O1p = 0. Hence p is a function of xo only. Since it is harmonic it can only
be an affine function in xo and therefore 1 is proportional to (0,1). It is also
noticeable that the result of Corollary[3.21) uses explicitly the inequality Vp > Vg
which was not the case for Theorem[3.6

3.3.5 A second stabilized mixed formulation

Using Lemma |3.19 and (143]), we can now formulate a new mixed problem
equivalent to (136[), in which the Lagrange multiplier ¢ is replaced by the

(1, ®R):

Find (¢, (n,¢R)) : RT — V x M x K g satisfying and
d2
+m(pgr(t),¥) =1t y), VYpeV, (144)
b(v,p(t)) =0, YveM,
m(so(t)7 1/"R) = Ov v 1/)R € KR-
where the bilinear form b(-, ) is defined by
V() e M xV, b)) :=mEv,). (145)

3.3.6 Numerical approximation

Introduction. The structure and notations of this section follows the struc-
ture of section As previously explained, we consider as an approximation
of V' the space Vi, = Vpj x Vg where Vpj, and Vs, are approximations of
HY(Q). The space M is approximated by Mj and Kp is already finite dimen-
sional and therefore no approximation is needed. The semi-discrete problem
reads

Find (¢, (., ¢r)) : RT — V), x M), x K g satisfying and
51722 m(ey(t), ¥n) + alen(t), ) + bn(nn(t), ¥y,

+m(pr(t),¥y) = Ut by), Vb, € Vi, (146)
br(vn, pp(t)) =0, Y, € My,
m(ey(t), ¥ r) =0, Vpr € Kg,

where by, (-, -) := m(EL(+), ) with &, a discrete lifting operator that approximates
& and which description is postponed to a forthcoming work.
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Remark 3.23. The last two equations of show that it is equivalent to say
that the solution ¢, belongs to a subspace of Vi, of co-dimension dim My, + 3.
This subspace is not a subspace of Vi, in other words we realize a non-conform
approximation of the space Vy and that is why the multiplier n, is not 0 (see
remark 9.1 in [20] and [21] for similar situations).

The corresponding algebraic system of ODEs reads

d*®
Mth + Ap®), +BLH), +Mp @ = Fj,

BI®), =0, (147)

ME @), =0,

where, ®, ®r and H), are the vectors of degrees of freedom of ¢;,, @r, 7
respectively. Our objective being to show that the semi-discrete problem is
stable we use the most simple time scheme one could use to solve , namely
an explicit centered time discretization (i.e. the leap-frog scheme)

ot 28] 4 P!
At?
B! &7 =0, (148)

My,

+Ap®, +BLH) + Mg, ®% ), = Fj,

MtR,h =0
At each iteration the matrix
M, /At? B, Mg,

B 0 0 (149)
Mg, 0 0

has to be inverted. It is natural to think that a good choice of the approximation
spaces V}, and M}, would lead to an invertible matrix. The proof of such a result
would rely on a discrete inf-sup condition. This is a fundamental question
that we do not address in this paper, except in the next paragraph for the
toy problem. In the more general configuration addressed at the end of this
section, we will limit ourselves to describing the discretization spaces used in
the implementation.

Going back to the toy problem. We come back to the domain . As
already mentioned, this particular example does not fit completely in the theory
developed since 2 is unbounded. A consequence of this is that no rigid motion
exists in L%(Q2) and the discrete variational formulation is simplified. Some
other minor modifications are involved. In particular, the space M is defined as

M = {y cH 3 (—mm) ) [ v(ws) des = o}.

—T
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The lifting operator £ € L(M, V) is defined as Ev = Vp, where p,, is the unique
solution of the variational problem

K

Find p, € H;eT(Q) such that / Vp, -Vgdx = / v(x2) q(z2,0) dza,
Q

—T

where H!,,.(Q) = {p € H Q) s.t. p(z1,—7) = p(x1,7), 21 € RT}. Both p, and

per
Ev and can be computed explicitly, using separation of variables and Fourier

series in xo. More precisely, assuming that

vi=Y e (150)

££0

one can easily show that

. , 1 .
Py = Z ve pt(x1) e %2 with pi(zy) == —e e g £, (151)

1
££0
and, in consequence,
Ev="> v & (x1) e "™, (152)
££0
with .
Exy) = —( e~ 11 i sign(¢) e 1612 ) , VL£0. (153)

For the discretization, we keep the same space V} as in section and we
define

L
M, = My, = {nh(@) = 3 pletr with n° = 0}. (154)
t=—1L

The mixed problem ([146]) can then be rewritten as a family of 2L + 1 problems
parametrized by £. For £ = 0, we simply solve (see section ) whereas,
for ¢ # 0, we have to solve the following problem (where the Lagrange multiplier
is simply a scalar)

Find (¢§,7%) : RY — V), x R s.t. Vbl € Vi,

q2

Tz me(Ph (1) 1) + algh (1), %) + 1 be(9r) = Le(t i), (155)

bf(cpi,) = 07
where the linear form by (%) := my (zbf;, &%) is, according to (152)),

-1 3 sign (¥
be(yh) = —2% Vo eedry + gz( ) jé Vs, epdr
VP R+ VS R+ ’

e Y
2VS2£ wS,h(O) + 2V52|€| wP,h(O)7

(156)
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where we have set ey(z;) = e~ Il71,

Next we investigate the invertibility of the operator (where the last column
and line must not be taken into account since no rigid displacements exist in
L2(Q)). Tt is well known (see [22]) that it is sufficient to prove the inf-sup
condition for the bilinear form c¢,(n, %) = nbe(p%) and the the coercivity of
the bilinear form my(-,-) on the kernel of by(-) (see Theorem 1.1 of [22]). The
former being rather easy to be obtained in this case, we will focus on the latter.
More precisely, we are going to prove that there exists C' > 0 independent of h
and ¢ such that for any cpr satisfying

be(ph) =0 then me(ph, k) > C 3. (157)

This results is a discrete equivalent of the result of Theorem It does not
only show the invertibility of ((149) but also demonstrates the stability of the
semi-discrete evolution proble. Indeed, this results from the control of
the discrete energy

1 d d 1
Fo(t) = = (7 ¢ a o ) 1 ¢ L.
1) = 5 me (A0, TEED) + 5 (0, #h(0)
We are going to prove that (157)) holds under some non degenerescence of the

mesh, namely
hL <1.

Let us prove estimate (157)). First of all, from we obtain
1 1 1 70
V. ¢ ‘ 7,0 4,0
me (@4 ph) = 7}%||¢P,h“i + V?st,hlli “ vz ™ (Ppwg).  (158)

Next we obtain bounds for the last term on the right hand side. From the

assumption in (157) we know that iwﬁg’o “be(ph) =0, ie.,

7,0 . . 0
Yp 20 ? 2,012 7,0 t¥pn  Psh sign(¢)
- pg = lop |* — 2¢p ?{ [ + }egdxl
vaes = a1 L S A

which implies

. Z e .

1 2,0 £,0 |90§50|2 0 Topn Yoy sign(d)

- I ’ ) — —2I ) |: ) s i| d )
vie " (eres’) valer AT .7R+ 72T e

Thus, using Cauchy-Schwarz inequality and the definitions , we get

1 2,0 £,0 |90§>’0|2 2,0 lebnlln lesnlln
C— Im (050 — 25 ( ’ : ) . (159
ngf m (@P Ps ) = VS2M| Pp | Vg + Vég ||eé||h ( )
Then by Young’s inequality, we get that for any n > 0 (Q € {P,S})
1
€0 2,0
2|¢B llegullnlledn < nleB’Plecdlr + ;H“P%,h”izr (160)
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Using this inequality into (159]) one gets

1 70 10 0,0 2( 1 1 1 2)

I | 0,8 > , (= + —
y2 (ep'vs’) = lep 27 ”(V,% + ng)lleellh .
(T llehall + T lleball). o

n\V3 ' VS2 ’

In consequence, from ([161)) and (158]) we finally get
1 1 1
2,0
me(soivsofl) = lep 2<VTW *n(ﬁ + W)”eeﬂi)

S P S (162)

1 1 1
+ (1= 2) (3 llehal} + T2l
( 77) Ig P,hllh VS2 S,h

).

To be able to conclude, i.e., to obtain (157)), it suffices to show that we can find
1 such that
n>1 and 1>n (1+V3/V3) €| e, (163)

which amounts to check that (14 VEZ/V3) |¢|[lec||? < 1. We compute
> _ h — —ojeing _ R 21¢|h —1
1| llecllr, = T—&—\K\hZe = 7+|g|h(€ —1)7" = g(|¢|h),
Jj=1

which, as a function of |¢|h, can be proven to be positive and monotonically
increasing in R™. Now, assuming that L h < 1 (such condition is more restrictive
than (97) but still reasonable as mentioned Remark [3.10) we have

L+ VE/VE) ll el < (1+VE/VE) g(1)

— (1+V2/V3) (% +(E-1) <1

~0.6565

where we have used that 1+ VZ/V2 < 3/2. In consequence, we can choose 7

such that (163]) and therefore ((157)) holds for 0 < ¢ < L.

We plot Figure [7] some snapshots of numerical results obtained with the same
parameters as in Section but the stable semi-discrete problem is
solved for ¢ # 0 instead o. No instability has been observed in time as
predicted by our analysis.

The case of P; finite element discretizations. In more general configu-
rations, the space Vj, is built with P; finite elements on triangular meshes of
stepsize h. Notice that different meshes could be used for each potential. The
space My, is built using P; continuous finite elements with discontinuities at the
corners and with mean value zero. Its construction is based on a mesh of the
boundary obtained by restricting to 92 one of the meshes used for the potentials
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epn(ti,-)

wpn(ts,-)

l“““““‘\‘

Figure 7: Snapshots at two different times ¢; < t3 of the solution of (146|) using
a spectral approximation in x5 and P, finite elements in x7.

(better results are obtained when the finest one is considered). This space is
generated as a Haar-like basis in which each function has a support along three
adjacent segments of the boundary mesh. The discrete lifting operator &£, used
in the definition of the bilinear form by,(+,-) is based in the numerical resolution
of . This is done once again using P; finite elements. The matrices Mg
and By, are full rectangular matrices, Mg has only 3 columns, whereas the
number of columns of B; corresponds the dimension of the space Mj; and is
equal to Np — 1 where Nr is the number of nodes along the boundary. We
consider that the domain of computation is Q = [—5,5] x [—5,5]. The physical
parameters are A = 20, p = 15, p =1 and

with zp = (1.5,1.5)" and s, = 0.1,tg = 0.8,s; = 0.04. Note that f(x,t) is
constructed such that it is orthogonal to rigid motion and satisfies (60). The
spaces Vpp and Vg, are constructed using standard P; finite elements on a

46



quasi-regular mesh of approximately 16000 triangles, the time step is At = 0.01
and the time scheme used is the explicit scheme . We plot Figure |8 and |§|
snapshots of the obtained solution. For comparison we also plot a snapshot of
the velocity field vy, obtained by the standard Py finite element discretization of
the elastodynamics equations . The results obtained are stable in time, even
for long time of simulations, moreover the reconstructed velocity field defined by

v, = Vop+curl g, —g show good agreements with the direct computations
of the velocity field.

epn(l,-) ws.n(l,)

~~

¢pn(1.5,) vs,n(1.5,-)

0.06 - 006
0.04 g 0.04
002 002
o 0
-0.02 002
-0.04 / -0.04
-0.06 I 006

Figure 8: Snapshot of (¢pn, ¥s,n), solution of problem (148) for different time
of simulation.

4 Conclusions and perspectives

We have presented a method for the computation of solutions of an isotropic
elastodynamics problem by solving scalar decoupled wave equations acting on
the potentials of a Helmholtz decomposition of the displacement field. We de-
tailed how these equations are coupled at the boundary and how this coupling
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|Vg0ph |cur1gog,h|(1.5,~)

N

Figure 9: Snapshot of the reconstructed velocity field from the solution of prob-
lem (148) as well as the solution ), computed by solving (2).

takes into account the nature of the boundary conditions satisfied by the dis-
placement field. Although the case of rigid boundary conditions presented no
specific difficulty, the challenge appeared to deal with the free surface boundary
conditions since severe stability issues was revealed. We solve these issues by
introducing an adequate functional framework in which one has to look for the
solutions to avoid these instabilities. A mixed formulation was constructed to
ensure, using a Lagrange multiplier, that the sought solutions indeed belongs
to the adequate functional space. Numerical results confirm the stability of the
proposed approach. Among the perspectives of this work we can mention, first,
the construction and analysis of an efficient numerical method, including the
analysis of the discrete lifting operator introduced in the last section. Then,
the analysis of the transmission problem between two isotropic media could be
addressed, however we do not expect theoretical difficulties since one can see
transmission conditions as both heterogeneous Dirichlet and Neumann bound-
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ary conditions. Finally, the 3D case should be addressed, the difficulty being
that the potential corresponding to the shear waves in the Helmholtz decompo-
sition is no longer scalar and is associated with a gauge condition that should
be taken into account.
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