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Degree and birationality of multi-graded rational maps
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Abstract

We give formulas and effective sharp bounds for the degree of multi-graded rational maps and provide
some effective and computable criteria for birationality in terms of their algebraic and geometric properties.
We also extend the Jacobian dual criterion to the multi-graded setting. Our approach is based on the study
of blow-up algebras, including syzygies, of the ideal generated by the defining polynomials of the rational
map. A key ingredient is a new algebra that we call the saturated special fiber ring, which turns out to be
a fundamental tool to analyze the degree of a rational map. We also provide a very effective birationality
criterion and a complete description of the equations of the associated Rees algebra of a particular class of
plane rational maps.
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1. Introduction

Questions and results concerning the degree and birationality of rational maps are classical in the liter-
ature from both an algebraic and geometric point of view. These problems have been extensively studied
since the work of Cremona in 1863 and are still very active research topics (see e.g. [2,13,14,22,32,49] and
the references therein). However, there seems to be very few results and no general theory available for
multi-graded rational maps, i.e. maps that are defined by a collection of multi-homogeneous polynomials
over a subvariety of a product of projective spaces. At the same time, there is an increasing interest in those
maps, for both theoretic and applied purposes (see e.g. [4,5,30,47,48]). This paper is the first step towards
the development of a general theory of rational and birational multi-graded maps, providing also new in-
sights in the single-graded case. We give formulas and effective sharp bounds for the degree of multi-graded
rational maps and provide some effective criteria for birationality in terms of their algebraic and geometric
properties. Sometimes we also improve known results in the single-graded case. Our approach is based on
the study of blow-up algebras, including syzygies, of the ideal generated by the defining polynomials of a
rational map, which is called the base ideal of the map. This idea goes back to [32] and since then a large
amount of papers has blossomed in this direction (see e.g. [5,14,16,24,25, 38, 44,45, 49]).

One of our main contributions is the introduction of a new algebra that we call the saturated special
fiber ring (see Definition 2.3). The fact that saturation plays a key role in this kind of problems has been
already observed in previous works in the single-graded setting (see [24], [34, Theorem 3.1], [43, Proposition
1.2]). Based on that, we define this new algebra by taking certain multi-graded parts of the saturation of
all the powers of the base ideal. It can be seen as an extension of the more classical special fiber ring. We
show that this new algebra turns out to be a fundamental ingredient for computing the degree of a rational
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map (see Theorem 2.4), emphasizing in this way that saturation has actually a prominent role to control
the degree and birationality of a rational map. In particular, it allows us to prove a new general numerical
formula (see Corollary 2.12) from which the degree of a rational map can be extracted.

Next, we refine the above results for rational maps whose base locus is zero-dimensional. We begin by
providing a purely algebraic proof (see Theorem 3.3) of the classical degree formula in intersection theory
(see e.g. [18, Section 4.4]) adapted to our setting. Then, we investigate the properties that can be extracted
if the syzygies of the base ideal of a rational map are used. This idea amounts to use the symmetric algebra
to approximate the Rees algebra and it allows us to obtain sharp upper bounds (see Theorem 3.9) for
the degree of multi-graded rational maps. Some applications to the more specific cases of multi-projective
rational maps (see Proposition 3.12) and projective rational maps (see Theorem 3.22) are also discussed,
with the goal of providing efficient birationality criteria in the low-degree cases (see e.g. Proposition 3.15,
Theorem 3.16 and Proposition 3.23).

The problem of detecting whether a rational map is birational has attracted a lot of attention in the
past thirty years. A typical example is the class of Cremona maps (i.e. birational) in the projective plane
that have been studied extensively (see e.g. [2]). Obviously, the computation of the degree of a rational
map yields a way of testing its birationality. Nevertheless, this approach is not very efficient and various
techniques have been developed in order to improve it and to obtain finer properties of birational maps.
Among these specific techniques, the Jacobian dual criterion introduced and fully developed in [14,45, 49]
has its own interest. In Section 4 of this paper, we will extend the theory of the Jacobian dual criterion
to the multi-graded setting (see Theorem 4.4) and will derive some consequences where the syzygies of the
base ideal are used instead of the higher-order equations of the Rees algebra (see Theorem 4.9).

We finish the paper with a study of the particular class of plane rational maps whose base ideal is
saturated and has a syzygy of degree one. In this setting, we provide a very effective birationality crite-
rion (see Theorem 5.14) and a complete description of the equations of the associated Rees algebra (see
Theorem 5.12). This latter result is of interest on its own because finding the equations of Rees algebra is
currently a very active research topic (see e.g. [11,31,37,39,40,56]).

Acknowledgments. All the examples in this paper were computed with the help of the computer algebra
software Macaulay2 [21]. A package containing some computational results is publicly available at the
second author’s web page. The three authors were supported by the European Union’s Horizon 2020
research and innovation programme under the Marie Sktodowska-Curie grant agreement No. 675789. The
last two authors also acknowledge financial support from the Spanish MINECO, through the research project
MTM2015-65361-P, and the “Maria de Maeztu” Programme for Units of Excellence in R&D (MDM-2014-
0445).

2. The degree of a multi-graded rational map

In this section we focus on the degree of a rational map between an irreducible multi-projective variety
and an irreducible projective variety. Our main tool is the introduction of a new algebra which is a saturated
version of the special fiber ring. The study of this algebra yields an answer for the degree of a rational map.

Our main result here is Theorem 2.4 where we show that the saturated special fiber ring (Definition 2.3)
carries very important information of a rational map. Another fundamental result is Corollary 2.12, which
is the main tool for making specific computations.

2.1. Preliminaries on multi-graded rational maps

Let K be a field, X; € P, Xy C P™2,...,X,, C P and Y C P? be irreducible projective vari-
eties over K. For ¢ = 1,...,m, the homogeneous coordinate ring X; is denoted by A; = K[x;]/a; =
Klzi0,%ia,-- s T/, and S = Klyo,y1,- - ., Ys]/b stands for the homogeneous coordinate ring of Y. We
set R= A1 Qk A2 Qk - Qk Am EK[X]/(al,ag,...,am).



Let F: X = X7 X Xog X+ X X, --» Y C P* be a rational map defined by s + 1 multi-homogeneous
elements f = {fo, f1,..., fs} C R of the same multi-degree. We say that F is birational if it is dominant
and it has an inverse rational map given by a tuple of rational maps

g Y --» (X17X2,...,Xm).

For ¢ = 1,...,m, each rational map Y --» X; C P" is defined by r; + 1 homogeneous forms g; =
{9i.0,9i1,---+9ir; } C S of the same degree.

Definition 2.1. The degree of a dominant rational map F : X = X1 X Xo X -+ X X, ==+ Y s defined
as deg(F) = [K(X) : K(Y)], where K(X) and K(Y) represent the fields of rational functions of X and Y,
respectively.

Now, we recall some basic facts about multi-graded rings; we refer the reader to [33], [20] and [19] for
more details.
The ring R = A1 ®g Az Rk - - - ®k Ay has a natural multi-grading given by

R = @ (Al)jl XK (AQ)j2 QK -+ Ok (Am)jm'

(jlw--ajm)EZm

Let M be the multi-homogeneous irrelevant ideal of R, that is

N= P R

71>0,...,5m >0

Similarly to the single-graded case, we can define a multi-projective scheme from R. The multi-projective
scheme MultiProj(R) is given by the set of all multi-homogeneous prime ideals in R which do not contain
N, and its scheme structure is obtained by using multi-homogeneous localizations.

For any vector ¢ = (¢1,...,¢n) of positive integers we can define the multi-Veronese subring

R©) = é Rj.c,
=0

which we see as a standard graded K-algebra. The canonical injection R(®) < R induces an isomorphism
of schemes MultiProj(R) = Proj (R(c)) (see e.g. [23, Exercise I1.5.11, Exercise I1.5.13]). In particular, if we
set A = (1,...,1), then Proj(R®)) corresponds with the homogeneous coordinate ring of the image of X

under the Segre embedding
P x P2 x - x P’ —s PV

with N = (ry + 1)(r2 + 1) -+ (rsn + 1) — 1. Therefore, for any positive vector ¢ we have the following
isomorphisms
X = MultiProj(R) = Proj(R®)) = Proj(R). (1)

Given a multi-graded R-module M, we get an associated quasi-coherent sheaf M = M of O x-modules.
We have the following relations between sheaf and local cohomologies (see e.g. [33], [15, Appendix A4.1]):

(i) There is an exact sequence of multi-graded R-modules

0 — Hy(M) - M — € H(X, M(n)) - Hy(M) — 0. (2)

nezm
(ii) For j > 1, there is an isomorphism of multi-graded R-modules

(M) = @D H (X, M(n)). (3)
nezm
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The homogeneous coordinate ring S is often called the special fiber ring in the literature. Using the
canonical graded morphism associated to F

Klyo,...,ys]/b — R
vi = fi

we classically identify S with the standard graded K-algebra K[I4], which can be decomposed as

oo

S =Kl =P [I",q

n=0
(see the next subsection for more details). For the rest of this section we shall assume the following.

Notation 2.2. Let F : X = X1 X Xog x -+ X X, --» Y C P?® be a dominant rational map defined by
s + 1 multi-homogeneous forms £ = {fo, f1,...,fs} C R of the same multi-degree d = (dy,...,d). Let
d; be the dimension 6; = dim(X;) of the projective variety X;, and 6 = 61 + -+ + §,, the dimension of
X. Let I be the multi-homogeneous ideal generated by fo, f1,...,fs. Let S be the homogeneous coordinate
ring S = K[fo, f1,..., fs] = K[Ia] of Y and let T be the multi- Veronese subring T = RY = K[Rq]. After
regrading, we regard S C T as standard graded K-algebras.

2.2. The saturated special fiber ring

In this section, we introduce and study an algebra which is the saturated version of the special fiber ring.
For any ideal J C R, the saturation ideal (J : t°°) with respect to N will be written as J5*.

Definition 2.3. The saturated special fiber ring of I is the graded S-algebra

S = é =]

n=0

Interestingly, the algebra S turns out to be finitely generated (Lemma 2.8(ii)).

The central point of our approach is a comparison between the two algebras S and S. Perhaps surpris-
ingly, we show that assuming the condition of S being integrally closed, then F is birational if and only if
these two algebras coincide, and more generally, we show that the difference between them yields the degree
of F. In addition, we also prove that the algebra S reduces the study of the rational map F to the study of
a finite morphism.

Theorem 2.4. Let F: X = X1 x Xg X -+ X Xy --» Y be a dominant rational map. If dim(Y') = 4§, then
we have the following commutative diagram

X =~
~ \\\\\\*‘F
Proj(T) - -~ 3y
Proj(S)

where the maps F : Proj(T) --» Y, G : Proj(T) --» Proj(S) and H : Proj(S) — Y are induced from the
inclusions S — T, S — T and S — S, respectively.
Also, the statements below are satisfied:



(i) H : Proj(S) = Y is a finite morphism with deg(F) = deg(H).
(ii) G is a birational map.
(iii) e(S) = deg(F) - e(S).
(iv) Under the additional condition of S being integrally closed, then F is birational if and only ng =5.

The rest of this section is dedicated to the proof of this theorem. Before, we need some intermediate
results and definitions. We begin with the following lemma that has its roots in a similar result for the
single-graded case (see e.g. [51, Proof of Theorem 6.6], [14, Proof of Proposition 2.11], [38, Remark 2.10]).

Lemma 2.5. The degree of F is given by deg(F) = [T : S].

Proof. By definition we have that deg(F) = [K(X): K(Y)] = [(R(d))(o) : S(O)}. Let 0 # f € Iq. Then, we
have
Quot(S) = Siy(f)  and  Quot(T) = (RY) 0.

Finally, since f is transcendental over (R(d)) © and S(g), then it follows that

deg(F) = [(R) ) : S| = [(RY) (1) : S0y ()] = [T+ 8],
as claimed. 0

Now, we introduce a new multi-graded algebra A defined by A = R[yo,y1,--.,¥s|]. By an abuse of
notation, for any multi-homogeneous element g € A we will write bideg(g) = (a,b) if a € Z™ corresponds
with the multi-degree part in R and b € Z with the degree part in K[y]. We give the multi-degrees
bideg(x;) = (deg(x;),0), bideg(y;) = (0,1), where 0 € Z™ denotes a vector 0 = (0,...,0) of m copies of 0.

Given a multi-graded A-module M and a multi-degree vector ¢ € Z™, then M, will denote the c-th
multi-graded part in R, that is

Mc = @ Mc,n-

neZ

We remark that M. has a natural structure as a graded K[y]-module.
We can present the Rees algebra R(I) = @D, ,I"t" C R|[t] as a quotient of the multi-graded algebra
A = Rlyo, y1, - --,Ys] by means of the map

v:A — R()CR[ (4)
yi = fit.

We set bideg(t) = (—d, 1), which implies that ¥ is multi-homogeneous of degree zero. Thus, the multi-graded
structure of R(I) is given by

R(D= @ RDL, and R, =1"Tcna

We shall denote [R(I)], = @~ [R(I)]

c o and of particular interest is the case [R(I)]y = @rro [1"],1.4-
We note that each local cohomology module Hi (R(I)) has a natural structure of multi-graded .A-module
(see e.g. [10, Lemma 2.1]), and also that [Hy(R(1))]_ = D,y [H&(I")]Hn.d has a natural structure as a

graded K|y]-module. Let b = Ker(K[y] — K[ft]) be the kernel of the map

c,n’

Kly] — K[ft] C R(I), yi = fit,



then we have that S = K[y]/b and that for any ~ € b the multiplication map R([) SN R(I) is zero. So the
induced map on local cohomology [Hgt(R(I )] . N [H;I (R(I))] . is also zero for any h € b. This implies that
[HZR(R(I ))]c has a natural structure as a graded S-module.

Remark 2.6. The blow-up X = Bl; (X) of X along V(I) is defined as the multi-projective scheme obtained
by considering the Rees algebra R(I) as a multi-graded A-algebra. We shall use the notation

X = MultiProj 4, (R(I)) C X x P*,

where X can be canonically embedded in X x P*.
By considering the Rees algebra R(I) only as a multi-graded R-algebra, then we obtain a multi-projective
scheme which is an “affine version” of the blow-up X, and that we shall denote by

MultiProjp .. (R(I)) C X x A**1,
where MultiProjp ., (R(I)) can be canonically embedded in X x A*T!.

Proposition 2.7. For each i >0 and ¢ = (c1,...,Cm), we have the following statements:

(i) [Hgt(R(I))}c is a finitely generated graded S-module.
1) ' ultiProj 5. , OMultiproi . (r()(€) ) @5 a finitely generated graded S-module.
i) H* ( MultiP RgrRI @ i (R(D)) fi l d ded S dul

Proof. (i) It is enough to prove that [ 3}(7'\’,(]))}c is a finitely generated K[y]-module. Suppose that F, :
- — Fy - F1 — Fy — 0 represents the minimal free resolution of R(I) as an A-module. Let Cgy be
the Cech complex with respect to the ideal %t. We consider the double complex F, ®r Cy. Computing
cohomology by rows and then by columns, gives us a spectral sequence that collapses on the first column
and the terms are equal to Hy{(R(I)). On the other hand, by computing cohomology via columns, we get
the spectral sequence
ByP = HY(F,) — HY P(R(D)).

Since each [H(F})], is a finitely generated (free) K[y]-module, then it follows that [H§ *(R(I))] is also
finitely generated as a K[y]-module.
(i4) When i > 1, we get the result from (3) and the previous part (¢). By (2) we have the exact sequence

C

0 — [R(I)], — H (MultiProjR-gr(R(f ), OMultiProjR_gr(R(l))(C)) = [Hy(R(1)], = 0.

The S-module [R(I)], is clearly finitely generated, and from part (i) the S-module [Hy(R(I))], is also
finitely generated. Therefore, the exact sequence above gives us the result for ¢+ = 0. O

By Proposition 2.7, the multi-projective scheme MultiProjp ., (R(I)) yields the following finitely gener-
ated S-algebra

§ = HO (MultiPrOjR_gr(R(I)), OMultiPrOjR,gr(R(I))) .

We will see that S carries the same information as S , but has the advantage of having some geometrical
content as the global sections of an “affine version” of the blow-up X, a fact which is going to be fundamental
in the proofs of Theorem 2.4 and Corollary 2.12.

Let {¥1,...,0,} be a set of generators of N, then MultiProjp ,,(R(I)) has an affine open cover

U= (U, Us = Spec (R(1),5,)) (5)



where R(I),,) denotes the graded S-module

R(I)(ﬂi) = [R(I)ﬂi]o *

s

obtained by restricting to multi-degree 0 in the multi-grading corresponding with R. Since
R(I) = EPI"(n-qd),
n=0
then computing Cech cohomology with respect to U gives us the following equality
S=EPu" (X, (I (n-d)).
n=0

In the next lemma, with some simple remarks, we show that S and S are almost the same.
Lemma 2.8. The following statements hold:

(i) There is an inclusion Sc §, which becomes an equality S, =28, forn > 0.

(i) S is a finitely generated S-algebra.

(ii) The two algebras have the same multiplicity, that is e(S) = e(g),

(iv) Proj(S) = Proj(S).

(v) If grade(RN) > 2, then S = S.

Proof. (i) Since we have an isomorphism of sheaves (I")™(n - d) = ((I”)Sat> (n-d), then from (2) we get
the short exact sequence

0— {(zn)wt} S HO (X, (1) (n-d)) — [H}2 ((I”)S“ﬂ =0 (6)

n-d n-d

for each n > 1. The short exact sequence 0 — (I")**" — R — R/(I")*™" — 0 yields the long exact sequence

5 (R | = [ ()] = @), [ (R0 (7)

n- n~d.

We always have that HY (R/(I")Sat) = 0, and that [Hy(R)] , = 0 for n > 0. Hence, we get that

[H%z <(I”)Sat>} 4= 0 for n > 0, and so the result follows.
(17) Straightforward from part (i) and Proposition 2.7(ii).

(92) Tt is clear from part (7).
(iv) Follows from part (i) (see e.g. [23, Exercise 11.2.14]).
(v) The condition grade(N) > 2 implies that Hy(R) = 0, then the required equality is obtained from (6)

and (7). O

All the rational maps that are considered in specific applications are usually such that grade(%) > 2. So,
in practice, we always have S = S. Nevertheless, we give an example where S and S are different.

Example 2.9. Let R =K [54,s3t,st3,t4] be the homogeneous coordinate ring of the rational quartic C in
the three projective space parametrized by

P! - C c P3, (s:t) > (s1: 83 st th).
7



Computing directly with Macaulay2 [21] or using [15, Exercise 18.8], we get the isomorphism

K[x()7x17x27x3]

R

13

3 2 2 2 3 2
(122 — TOT3, T — T1X3, ToT3 — TIT3, T — TET2)

and that R is not Cohen-Macaulay with dim(R) = 2 and depth(R) = 1. Moreover, by setting B =
K[z, x1, 2, 3] and m = (xg, 21,22, x3) C B, further computations with Macaulay2 [21] show that

Ext} (R, B(—4)) = (B/m)(1),
and so the graded local duality theorem (see e.g. [7, Theorem 3.6.19]) yields the isomorphism
HL(R) = (B/m)(~1).
Let I = (xo,x1,23) C R be the ideal corresponding with the morphism
C = Proj(R) 2021%), p2.
Since we have IS* = R, then our previous computation gives
1 sa ~ 1 sa _ 1 ~ ~
[Hug ()], = [Hy (5], = [Hu(R)], = [(B/m)(-1)], =K #0.
Finally, from (6) we obtain that S #5).
We are now ready to give the proof of the main result of this section.

Proof of Theorem 2.4. From our previous discussions (1), we have the following commutative diagram

X
Proj(T) ————/——: Y
f‘
The rational map F can be given by the tuple (fo: f1 :---: fs) because each f; € T. From a geometrical
point of view, here we are embedding X in the “right” projective space
M . . s r; + di
P of dimension M = H -1,
Ty

i=1

where the f;’s are actually linear forms. Then the rational map F : Proj(T) --» Y = Proj(S) is induced
from the canonical inclusion S < T'. Since we have the canonical inclusions S < S < T' then F is given
by the composition of the rational maps

Proj(T) --+ Proj(S) --» Proj(S).

From the condition dim(X) = dim(Y’), we have that

Quot(S) C Quot(S) C Quot(T)

are algebraic extensions. Therefore, by using the same argument of Lemma 2.5, we get the equalities
deg(F) = [T : 5], deg(G) = [T : S] and deg(H) =[S : 5].



(i) First we check that the rational map H : Proj(S) --» Y is actually a finite morphism. Since S is a
finitely generated S-module (Lemma 2.8(i¢)), we even have that S is integral over S. By the Incomparability
theorem (see e.g. [15, Corollary 4.18]), the inclusion S < S induces a (well defined everywhere) morphism

H : Proj(S) — Proj(S).

Indeed, for any q C §+ we necessarily have that gN S C S,. The finiteness of S as an S-module yields that
‘H is a finite morphism. _

Next we will prove that deg(H) = deg(F). Let us denote by X = MultiProj 4, (R(I)) the blow-up of
X along B = V(I), which can also be seen as the closure of the graph of 7. We then have the commutative
diagram

X CX xPs
{ \
1
X ----- }: --->Y CP?

with 71 being an isomorphism outside B (see e.g. [9, Proposition 2.2], [23, Proposition I1.7.13]).
Let £ be the generic point of Y and consider the fiber product W := X xy Spec (Oy¢). Denoting 7 as

the generic point of X , then we have the isomorphism Spec (O;( n) =W.

Even though W is just a point, we will consider a convenient (and trivial) affine open cover of it. The
scheme Y has an affine open cover given by Y; = Spec (S(yj)) for j = 0,...,s. The open set 7r2_1(Yj) is

isomorphic to MultiProjg_,, (R(I ) (yj)>, where R(I )(yj) denotes the multi-graded R-module

R(D),, = [R(),,]

(Deyyy = Ry, |,
defined by restricting to elements of degree zero in the grading corresponding with S. Then W can be
obtained by glueing the open cover

W; = MultiProjp 4, (R(I)(yj)) xspec(swj)) Spec (Oy¢)

for 7 =0,...,s.
Fix 0 < j < s. Similarly to (5), the scheme MultiProjp 4, (R(I)(yj)) has an affine open cover

(SpeC (R(I)(ﬁiyy‘)))i:L.. ’

LT

where we are using the similar notation R(I),, ) = [R(I)ﬂy]} . Now, Wj is obtained by glueing the
i Wilo,0
affine open cover given by

(Spec (R(1)y,,,) @51, Ovee) ) N (8)

i=1,...,r

Since Oy,¢ = S(g), then we have that the ring R(I)(ﬁiyj) ®5(,,) Oy ¢ does not depend on j. Therefore we
obtain that W = W;.

Let K be the multiplicative set of homogeneous elements of S and B be the localized ring B = K~18S.
We denote by W = (W;) . the affine open cover of (8). Since we have the following isomorphisms of
multi-graded A-modules

i=1,..,

R(D)y,,

ity OS,, B E R(I)’ﬁilﬁig'“'ﬁit ®s B forany 1 <y <idg < -+ <4y <,

9



the corresponding Cech complex is given by

(W) : 0= PRIy, @s BRIy, @B+ = R(I)y,..5 ®sB—0.
i i<k

Using the affine open cover (5) of MultiProjg ., (R(I)), we get the similar Cech complex
c*(U) 0= PRIy, = PRIy, = = Ry, ..y, = 0.
i i<k
Since B is flat over S, we get the isomorphism of multi-graded .A-modules
HY(C*(U)) ®s B = H(C*(W)),

and restricting to the multi-degree 0 part in R, we get the following isomorphisms of graded S-modules

S®¢B=H" (MultiPFOjR_gr(R(I))» OMultiProjR,gr(R(z))) ®s B

= [H°(C*(U))], ®s B = [H(C*OW))],.

From the fact that S < S is an algebraic extension, we have Quot(S) = S ®g Quot(S). So, by restricting
to the degree zero part, we get the following isomorphisms of rings

~

Sioy = [§®S B]O = [[HO(C'(L{))]O ®s B]O

IR

[H(C*OWV)], , = HY(W,Ow) = 0% .

0,0 X,n

Finally, since 7 is a birational morphism and §(0) = §(0) (Lemma 2.8(iv)), we obtain

deg(H) = [5’(0) : S(O)} = {5'\(0) : S(O)} = [Og,n : Oy{} = deg(ms) = deg(F).

(#4) From part (i) we have deg(F) = deg(H). Then, the equality deg(F) = deg(G) deg(H) gives us that
deg(9) = 1.
(#31) From the associative formula for multiplicity [7, Corollary 4.6.9] and part (i), we get

e(S) = [5: s] e(S) = deg(F)e(S).

(iv) We only need prove that assuming the birationality of F and that S is integrally closed, then we get
S = S. The equality deg(F) = deg(H) = {§ : s} and the birationality of F imply that Quot(S) = Quot(S).
Therefore we have the following canonical inclusions

S c S c Quot(S) = Quot(S),

and so from the fact that S is integrally closed and that S — S is an integral extension, we obtain S=S8. 0O

We end this subsection by providing a relation between the j-multiplicity of an ideal and the multiplicity
of the corresponding saturated special fiber ring. The j-multiplicity of an ideal was introduced in [1]. Tt
serves as a generalization of the Hilbert-Samuel multiplicity, and has applications in intersection theory (see
e.g. [17)).

Let A be a standard graded K-algebra of dimension é + 1 which is an integral domain. Let n be its
maximal irrelevant ideal n = A . For a non necessarily n-primary ideal J C A its j-multiplicity is given by

: 0 n n+1
J(J) = 81 i S (Fa (77/T77))

n—00 n

10



Lemma 2.10. Let J C A be a homogeneous ideal equally generated in degree d. Suppose J has mazimal
analytic spread £(J) = § + 1. Then, we have the equality

i(J)=d-e(D),

where D = @, [(J”)Sat} . is the saturated special fiber ring of J.

T

Proof. We consider the associated dominant rational map G : Proj(A) --» Proj (K[Jy]), that satisfies
dim(A4) = dim(K[J4]) because ¢(J) = + 1. From [38, Theorem 5.3] and Theorem 2.4(iii) we obtain

J(J) = d-deg(9) -e(K[Ja]) and e(D) = deg(9) - e(K[Ja]),
respectively. So the result follows by comparing both equations. O
As a direct consequence of this lemma we obtain a refined version of [34, Theorem 3.1(i4i)].
Corollary 2.11. Let J C A be a homogeneous ideal equally generated in degree d. Suppose J has maximal
analytic spread ((J) =& + 1. If [(J”)Sat} = [J"),,q for all n >0, then

J(J) = d - e(K[Ja).

2.8. Formula for the degree of multi-graded rational maps

In this subsection, we prove a new formula that relates the degree of F with the multiplicity of the
S-module [H;z(R(I )] o and the degree of the image. This result will be our main tool for making specific
computations. To state it, we will need the following additional notation: for any finitely generated graded
S-module N, the (§ + 1)-th multiplicity is defined by (see e.g. [7, §4.7])

e(N) if dim(N)=49+1,

0 otherwise.

€6+1(N) = {

Corollary 2.12. Let F : X = X1 x Xo x -+ X X, -+ Y be a dominant rational map. If dim(Y) = 4, then
the degree of F can be computed by

na)

dege. (¥)(deg(F) — 1) = esus ([HAR()]) = 8 lim T ([Ha ()]

In particular, we have that F is birational if and only if dimg ([H%I (R(I))]O) <d+1.

Proof. From (2) we have the exact sequence
0— [R(I)}O — HO (MultiProjR_gr (R(I)), OMultiPrOjR_gr(R(I))) — [H;}(R(I))]O — 0
which by using our previous notations can be written as

0— 8 — 8§ — [HY(R(I))], — 0.

We clearly have that es;1(S) = degps(Y), and from Theorem 2.4(4i7) and Lemma 2.8(iii) we get
es41(S) = €541(5) = deg(F)es41(S) = deg(F) degg. (V).
Therefore, the previous exact sequence yields the equality
esi1([HRR(N]g) = e11(8) = e511(5) = degg. (V) (deg(F) ~ 1),

11



as claimed. O

Remark 2.13. Let J be an ideal in the polynomial ring K[z1,...,x,], and m the mazimal irrelevant ideal
(1, ... xp). In [12], it was shown that the limit

i AU AL(R/T)

n—oo npbP n—o0 npb

always exists under the assumption that K is a field of characteristic zero, but, interestingly, it is proved
that it is not necessarily a rational number. Later, in [29] it was obtained that when J is a monomial ideal
this limit is a rational number. From the previous Corollary 2.12 we have that a similar limit obtained
by restricting to certain graded strands, is always rational and also can give valuable information for a
(multi-graded) rational map.

3. Rational maps with zero-dimensional base locus

In this section we restrict ourselves to the case where the base locus B = V(I) has dimension zero, i.e.
that B is finite over K. In this case, we obtain four main different lines of results, that we gather in four
subsections. Firstly, in §3.1, we provide an algebraic proof of the degree formula in the general multi-graded
case. Then, in §3.2, we derive bounds for the degree of a rational map from Corollary 2.12, in terms of
the symmetric algebra. Thirdly, in §3.3, we apply our methods in the case of rational maps defined over
multi-projective spaces. And we conclude by providing an upper bound for the degree of a single-graded
rational map in terms of certain values of the Hilbert function of the base ideal in §3.4.

We shall see that these upper bounds are sharp in some cases, and also that we obtain new effective
birationality criteria under certain conditions.

3.1. The degree formula

We give a formula for the degree of a multi-graded rational map, which depends on the degrees of the
source and the image, and the multiplicity of the base points. This known formula can also be obtained
with more geometric techniques (see [18, Section 4.4]). It can be seen as a generalization of the same result
in the single-graded case (see [9, Theorem 2.5] and [51, Theorem 6.6]). Hereafter we use the same notations
and conventions of §2.1. We begin with two preliminary results.

Proposition 3.1. Assume that F : X = X; X -+ X Xy, ==+ Y s generically finite. Then, we have that
dimg ([Hgt(R(I))]O) < dim(S) for all i > 2.

Proof. We have defined MultiProjg ., (R(I)) by considering R(I) as a multi-graded R-algebra, and so we
have the following morphisms

w2 ¢ MultiProj 4 ., (R(1)) C X x P* — Proj(S) C P*
v : MultiProjp o, (R(I)) C X x ASTh — Spec(S) c AST!

where both w9 and v are determined by the inclusion S = K[y]/b < R(I) that sends y; into f;t, and the
only difference consists on whether we take into account the grading in y or not. Therefore, we have that v
is also generically finite, and there exists some L € S for which the morphism

vr, : MultiProjp o, (R(I) ) — Spec(Sz)

is finite (see [23, Exercise I1.3.7]). Thus, it follows that MultiProjg ., (R(I),) is affine (see [23, Exercise
11.5.17)).
From the vanishing of sheaf cohomology (see [23, II1.3]) and (3), we get
([ER(R(D)]) , = [Ha(R(),)] o = B (MultiProj .y, (R(1) ), Osutibroi (R(1),) ) =0
12



for all i > 2. Since [Hy(R(I )], is a finitely generated graded S-module then it is annihilated by some
power of L, and the claimed result follows. O

We define the degree of X as the degree of its corresponding projectively embedded variety in PV by
means of the Segre embedding. We have the following relation between the degree of X and the degrees of
the projective varieties X; CP™ i =1,...,m.

Lemma 3.2. The degree of X = X1 X --- x X,;, can be computed as

J!

degPN (X) 761 '52 5

degpr, (X1) degpr, (X2) - - - degpr,,, (Xin)-

Proof. Since the homogeneous coordinate ring of the image of X in the Segre embedding is given by R(®)
then we have the following equality

Preay(t) = Pa, (t)Pa,(t) - -+ Pa,, (t)

between the Hilbert polynomials of the standard graded K-algebras Ai, ..., A,, and R(®). By comparing
the leading terms of both sides of the equation we get the claimed result. O

Under the present condition dim(B) = 0, we define the multiplicity of B in X by the following formula

n—oo n(S

(9)

Since we have the equalities

dinge (1 (X, 0x/(1")) ) = ZdlmK(OX/(In) ),)

peB

— SO KG) K] lengtho, ((Ox/(17)),)

reB

= Z ] -lengthp, ( p/I;L>,

peB

the expression dimg (HO (X,0x/(I")~)) becomes a polynomial for n > 0. Also, we can compute (9) with
the following equation

e(B) =Y [K(p) : K] - er,(Ry),

reB

where ey, (R,) denotes the Hilbert-Samuel multiplicity of the local ring R, with respect to the pR,-primary
ideal I, (see [7, Section 4.5]).

The degree of the base locus B = V/(I) is defined in a similar way to its multiplicity (9). When
dim(B) = 0, deg(B) is given by the formula

deg(B) := dimg (HO (X, Ox /JN)) =Y dimg (((’)X /I”)p)
peB
=Y [K(v) : K] - lengtho, ((Ox/17),)
=3 [K(p) : K] - lengthp, (R,J /Ip).
The theorem below provides a new algebraic proof of the degree formula for a multi-graded rational map

with finitely many base points.

13



Theorem 3.3. Let F : X = X7 x Xo x --- X X, -=» Y be a dominant rational map. If dim(Y) = d and
dim(B) = 0, then
d - dP degpn (X) = degp. (V) deg(F) + e(B),

m

or equivalently

0!
A o s degen, (Xa) -+ degenn (X,) = degea (V) deg(F) + e(B).

Proof. For n > 1 we have the exact sequence of sheaves

Ox

0—>({I""(n-d)— Ox(n-d) — W

(n-d)—0,
that gives us the following equation relating Euler characteristics:

X(X,(I")" (n - d)) +x(X, (lgf)i(n : d)) = x(X,0x(n-d)).

The term x(X,Ox(n - d)) for sufficiently large n becomes

d - dby degps (X)

51 n? + lower terms

X(X,0x(n-d)) = dimg (H*(X,Ox(n - d))) = dimg(Ry.q) =

the Hilbert polynomial of the standard graded K-algebra T'(= R@)) (recall that H (X, Ox(n - d)) = 0 for
i > 1 and n > 0; see [33, Theorem 1.6]).

Since dim(B) = 0, the summand X(X, (ﬁ))& (n- d)) for all n > 0 is a polynomial

@) B
X(X,0x(n-d)) =dimg (HO (X, (I"))(N )) = 6(6' )n5 + lower terms
whose leading coefficient is equal to the multiplicity of the base points.
We clearly have that F is a generically finite map, so Proposition 3.1 yields that for any ¢ > 1 and n > 0,
the expression

dimy (H'(X, (1) (n - d))) = dimg ([Hy™ (R(1))],,,)

becomes a polynomial of degree strictly less than 6. This implies that the leading coefficient of the polynomial
determined by x (X, (I")™(n - d)) coincides with the one of the polynomial determined by

dimg (H*(X, (I")~ (n - d))).
From Theorem 2.4(iit), for n > 0 the function x (X, (I")~(n - d)) is also a polynomial that has the form

degp. (V) deg(F)
0!

n® + lower terms.

X(X,(I")(n-d)) =
Finally, comparing the leading coefficients of these polynomials, the equation
A" - dom degpn (X) = degp. (V) deg(F) + e(B)

follows. The other formula is equivalent from Lemma 3.2. O

3.2. Degree and syzygies of the base ideal

In this subsection, using the close link between the Rees and the symmetric algebras, we derive some
consequences of Corollary 2.12 in terms of the symmetric algebra of the base ideal of a rational map. Under

14



the assumption of having a zero dimensional base locus, we bound the multiplicity esy; ([H}R(R(I )] 0) of

the Rees algebra with the corresponding multiplicity esy1 ([H\}z (Sym(] ))] 0) of the symmetric algebra, and
the later one is bounded by using the Z, approximation complex.

We keep here similar notations with respect to the previous one, but we assume that the image Y is the
projective space P°. We take this assumption because in general the symmetric algebra Sym([I) is only a
K[y]-module and not an S-module (Notation 2.2). To be precise, we restate the notations that we use in
this subsection.

Notation 3.4. Let F : X = X; x Xo X --- X X -——+ P% be a dominant rational map defined by § + 1
multi-homogeneous forms £ = {fo, f1,..., fs} C R of the same multi-degree d = (d1, ..., d.,), where § is the
dimension of X. Let I be the multi-homogeneous ideal generated by fo, f1,..., fs. Let S be the homogeneous
coordinate ring S = Klyo, y1, .. .,ys] of P°.

Remark 3.5. Given a finitely generated S-module N, from the associative formula for multiplicity [7,
Corollary 4.6.9], we get
es+1 (V) =rank (N).

The Rees algebra R(I) has a natural structure of multi-graded A-module by (4). Also, from the minimal

graded presentation of I

2 gy Yoo p g,

the symmetric algebra
Sym(I) = A/Ii (o, ys) )

has a natural structure of multi-graded .A-module. Therefore, we have a canonical exact sequence of multi-
graded A-modules relating both algebras

0— K — Sym(I) - R()— 0. (10)

Remark 3.6. From the pioneering work [42] (see also Lemma 4.10) we have that the torsion submodule K
is given by
K =H} (Sym(I)).

The following result is likely part of the folklore, but we include a proof for the sake of completeness.

Lemma 3.7. Let M be a multi-graded R-module (not necessarily finitely generated) and Z C X be a closed
subset of dimension zero. If (Suppp(M) N X) C Z, then we have H{ (M) =0 for any j > 2.

Proof. Let i : Z — X be the inclusion of the closed set Z, M the sheafification M = M (n) of M twisted
by n € Z™, and M |, the restriction of M to Z. Since the support of M is contained in Z, then extending
M |, by zero gives the isomorphism M = i, (M |,) (see [23, Exercise I1.1.19(c)]). Using (3), [23, Lemma
I11.2.10] and the Grothendieck vanishing theorem [23, Theorem I11.2.7], we get

(B (M)] =101 00 M) = 1 (X0 (M) = B (Z,M ) = 0

for any j > 2 and n € Z™. O
Lemma 3.8. The following statements hold:

(i) For each i >0, [H&(Sym(]))}o is a finitely generated graded S-module.

(i) If dim(B) = 0, then

rank([H\}t(Sym(I))]O) = rank([H;}t(R(I))]O) + rank([Hgl«‘ (H?(Sym([)))]o).
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Proof. (i) The proof of Proposition 2.7(i) applies verbatim.
(4i) From Remark 3.6, we can make the identification X = H}(Sym(I)) in the short exact sequence (10).
Hence, we can obtain the following long exact sequence in local cohomology

H(R(1)) — Hy (H7 (Sym(I))) — Hy(Sym(1)) — Hy(R(I)) — H§ (H7 (Sym(1))).

We clearly have that H3(R(I)) = 0, and from Lemma 3.7 we get that Hy (H?(Sym([))) = 0. Therefore, the
assertion follows. O

In the rest of this subsection one of the main tools to be used will be the so-called approximation
complexes. These complexes were introduced in [54], and extensively developed in [26], [27] and [28]. In
particular, we will consider the Z, complex in order to obtain an approximation of a resolution of Sym(T).

We fix some notations regarding the approximation complexes, and for more details we refer the reader
to [28]. Let K¢ = K(fo,..., fs; R) be the graded Koszul complex of R-modules:

ds d d d d
Ke:0—> K51 —5 Ks = ... 23K 5 Ko=%0

associated to the sequence {fo,..., fs}. For each i > 0, let Z; be the i-th Koszul cycle and H; be the i-th
Koszul homology, that is Z; = Ker(d;) and H; = H;(K,). Using the Koszul complex K(yo, ..., ys;.A), one
can construct the approximation complexes Z, and M, (see [28, Section 4]). The Z, complex is given by

Ze: 0= 2541 =25 = =21 = Z9g — 0,

where Z; = [Zi Or A] (i-d,—4) for all 1 < i <+ 1. We have that Ho(Z,) = Sym(I) and Z541 = 0.
Similarly, the M, complex is given by

Me: 0= Msiy > Ms — - = My — My —0,
where M; = [Hl QR A](z -d,—i) forall 1 <i<§+1.
The next theorem contains the main results of this subsection.

Theorem 3.9. Let F: X = X; X Xo X -+ X X,y -+ P? be a dominant rational map. If dim(B) = 0, then
the following statements hold:

(i) deg(F) = rank  [H§ (H} (Sym(D))] ) + 1.

(ii) We have
deg(F) < 1rank([H§t (Sym([))]o) +1,

with equality if I is of linear type.
(@ii) In terms of the Koszul cycles Z;, we get the following upper bound

0
deg(F) < 1+ 3 dimy ([H(Z)],)-

=0

Proof. (i) We will consider the double complex F** = Cg ® C$ @ Sym(I), where Cg and C$ are the Cech
complexes corresponding with 9t and I, respectively. We have the spectral sequence

EDY = HE (H(Sym(1))) = HP¥9(Tot(F**)) = HE*(Sym(I)).

From Lemma 3.7 we obtain that E5'? = 0 for p > 2. Therefore, the spectral sequence converges with
EY? = Epa.
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The filtration of the term H'(Tot(F**)) = Hy,(Sym(I)) yields the equality
rank( [Hy(Sym(1))] 0) = rank( [Hy (H} (Sym([)))] 0) + rank( [Hy, (HY (Sym([)))]o),
and assembling with Remark 3.5, Corollary 2.12, and Lemma 3.8(i7) we get
deg(F) = rank  [HS (H} (Sym(1)))] ) + 1.

(49) It follows from Remark 3.5, Corollary 2.12 and Lemma 3.8(i4).

(#4t) For any ¢ > 0, we have that - H; = 0 and so the support of H; is contained in B = V(I). Hence, for
any p ¢ B we have (M,), = 0. Applying basic properties of approximation complexes (see e.g. [28, Corollary
4.6]), we can obtain that H;(Z,), = 0 for any p ¢ B and ¢ > 1. Therefore, from Lemma 3.7 we get that
HY, (H;(Z,)) = 0 for any j > 2 and i > 1.

Let {¥1,...,9,} be a set of generators of % and G** be the corresponding double complex

0 *’ZJ®RG§?4’Z§—1®RG}E4’4’Z{)®RC§ 0
! ! 1
1 1 1

0 *)ZJ®RG}34>25*1®RGJI&4)"'4’Zo®RC§]1t 0

I f f

0 — Z;QprCY —> Z5_ 1 QpCHY —> -+ —> Zy@r CY —> 0

given by Z, ®r Cy. Then, the spectral sequence corresponding with the second filtration is given by

HE (Sym(I)) ifg=0
Upp=1— { HP (H,(Z,)) ifp<landg>1

0 otherwise.

Thus, it converges with EY'~¢ = EP»~4, In particular, we have H' (Tot(G**)) = Hy,(Sym(I)).
On the other hand, by computing with the first filtration we get

BT = HY(Z,).

Therefore we obtain the following upper bound

s
rank([Hs}‘(Sym(I))}o) < Zrank([H&-ﬁ-l(Zi)]O).
i=0
For each 0 < i <4, since Z; = [Z; ®r A] (i - d, —i) then we have that
rank([H;\fl(Zi)]O) = rank([Héjl(Zi)]i.d K S(—i)) = dimg ([Hé;rl(Zi)]i.d).
Finally, the inequality follows from part (i7). O

3.8. Rational maps defined over multi-projective spaces

Here we specialize further our approach to the special case of a multi-graded dominant rational map from
a multi-projective space to a projective space. The main results of this subsection are given in Theorem 3.16
and Theorem 3.18, where we provide effective criteria for the birationality of a bi-graded rational map of
the form P! x P! --» P2 with low bi-degree. We set the following notation.
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Notation 3.10. Let m > 1. For each i = 1,...,m, let X; be the projective space X; = P" and A;
be its coordinate ring A; = K[x;] = Klzi0,Zi1,---,Tip] Let F: X = X3 x Xog x -+ x X, —-» o
be a dominant rational map defined by § + 1 multi-homogeneous polynomials £ = {fo, f1,...,fs} C R =
A ®k A Rk - - - Ay, of the same multi-degree d = (dy, . .., dy,), where § = r1 +ro+-- -+ 1y, is the dimension
of X. Let I be the multi-homogeneous ideal generated by fo, f1,..., fs. Let S be the homogeneous coordinate
ring S = K[yo,y1,.-.,ys] of P°. Let % be the irrelevant multi-homogeneous ideal of R, which is given by

N = @j1>0,‘..,jm>0 th...,jm-

First we give a description of the local cohomology modules Hg«‘ (R), with special attention to its multi-
graded structure. We provide a shorter proof than the one obtained in [4, Section 6.1].
Given any subset « of {1,...,m}, then we define its weight by ||a|] = > .. 1. For i € {1,...,m}, let

i€

m; be the maximal irrelevant ideal m; = (x;) = (24,0, %415 -, Tir;). We then have that
1 -1 e
. = K[x: fj=r,+1
H1jni (A) == [Xz ] ] 7”.1 +
0 otherwise.

Proposition 3.11. For any j > 0 we have that

H&(R) = @ <® ;K[Xilo ®K <® Ai> .
m} t

[A<Te" i¢a

Proof. First we check that Hy(R) = Hg,(R) = 0. It is clear that H$(R) = 0, and using (2) we get the exact
sequence
0= R— @ H(X,0x(n)) = Hy(R) - 0.

nezm

From the Kiinneth formula and [23, Proposition I1.5.13] we obtain

IR

H’(X,0x(n)) = H® (X1, 0x, (1)) ®k - - ®x H (X, Ox,, (nm)) = [A1],,, Ok -+ Ok [Am] Rn,

Nm

so we conclude that Hy,(R) = 0.
Let j > 2. Then, the Kiinneth formula and (3) yield the following isomorphisms

H(R) = P B (X, 0x(n))
nezm
= @ @ H7 (Xl,(’)Xl(nl)) QK - Ok Him (XmaoXm(nm))
nezZ™ \jit+-+jm=5—1
For each ¢ = 1,..., m we have that
A; if j; =0

@Hji (Xi, Ox,(n)) =  Hyit!(4;) it ji=mni
neZ 0 otherwise.

Therefore, we get the formula

Hy (R) = @ ® Hi P (A) | ®x ® Ai ),

it im=i—1 \{ilji=r:} {ilj1=0}
Ji=0 or j;=r;
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which is equivalent to the statement of the proposition. O

Now we give a different proof of Theorem 2.4(v); in this case we recover the equivalence between the
birationality of F and the equality S = S. The following result is a generalization of [43, Proposition 1.2].

Proposition 3.12. Let F : P"* xP™2 x. - - xP"™ --» P? be a dominant rational map with ri+ro+...4+r, = 6.
Then, the map F is birational if and only if for all n > 1 we have

g =[]

Proof. From Theorem 2.4(ii), the equality above implies the birationality of F.

For the other implication, let us assume that F is birational. Since F is dominant, then S = K[y, . . ., ys]
is isomorphic to the coordinate ring S = K[Iq] = K[fo, ..., f5] of the image. Let T be the multi-Veronese
subring T' = K[Rq], then after regrading we have a canonical inclusion S = K[Iq] C T of standard graded
K-algebras. From Lemma 2.5 and the assumption of birationality we get

[T:5] =deg(F)=1.
So we have Quot(S) = Quot(T') and the following canonical inclusions

S C T C Quot(T) = Quot(S).

Let n > 1. It is enough to prove that for any w € [(I")Sat} C T, we have that w is integral over S.
n-d

Indeed, since S is integrally closed, it will imply that w € S, = [I"], 4.
Let w € [(I ")sat} < We shall prove the equivalent condition that Sw] is a finitely generated S-module

(see e.g. [3, Proposition 5.1]). From the condition w € {(I")sat} g e can choose some r > 0 such that
n
Trn W = an‘d cw C [In](r+l)n-d'

We claim that for any ¢ > r 4+ 1 we have w? € S+ R,,.q. If we prove this claim, then it will follow that S[w]
is a finitely generated S-module.
Let {F},..., F.} be a minimal generating set of the ideal I". For ¢ = r + 1, since w” € R;,,.4 We can
write
’LUTJrl =w'w = thl + thl —+ -4 thc,

where deg(h;) =rn-d for each i = 1,...,c. For ¢ =r + 2, since h; € R,,,.a we get
w'? = ww™ =" (hw) F; =Y (> hyFy | F =Y hiFiFy,
i=1 i=1 \j=1 i,
where each h;; has degree deg(h;;) = rn-d. Following this inductive process, we have that for each ¢ > r+1

we can write
w! =" hsF?,
B

where deg(hg) = rn - d for each multi-index 8. This gives us the claim that w? € S - R,,.q for each
q>r+1. O

From Proposition 3.12 we deduce that for single-graded birational maps with non saturated base ideal,
the module I8 /] is generated by elements of degree > d + 1.
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Corollary 3.13. Let F : P" --» P" be a birational map whose base ideal I = (fo,- -, fr) is given by r + 1
relatively prime polynomials of the same degree d. Then, we have that

[ /1] _, = 0.

Proof. From Proposition 3.12 we already have [I%*'], = I;. If we assume that there exists 0 # h € [I%],_|,
then we get the contradiction Iy = (xoh,x1h, - ,z.h). Therefore, we have [Isat/l]gd =0. O

For multi-graded birational maps the previous condition must not be necessarily satisfied.

Example 3.14. Let F : P! x P! --» P? be the birational map given by
(ﬂ?1,0 : 961,1) X (902,0 : $2,1) = (951,01‘2,0 P T1,1T2,0 ¢ 961,1302,1)-

Here, the base ideal I = (x1,0%2,0, ©1,1%2,0, £1,122,1) 5 generated by forms of bi-degree (1,1) and M =
(1,0,21,1) N (x2,0,22,1). The map F is birational, but we have that I%** = (I : R>®°) = (x1,1,x2,0) and so
[/ 0 and (1% /1]

#0.

1,0 * (0,1)

From now on, we focus on a dominant rational map of the form F : P! x P! --» P2, We shall adapt our
previous results to this case and obtain a general upper bound for the degree of F. More interestingly, we
give a criterion for birationality when the bi-degrees of the f;’s are of the form d = (d1,ds2) and d; = 1. This
result extends the work of [5], where a criterion was given for the bi-degrees (1,1) and (1,2). Also, in the
case d = (d1,ds) = (2,2) we provide a general characterization for the birationality of F (see [5, Theorem
16] for a more specific result).

Proposition 3.15. Let F : P! x P! --s P? be a dominant rational map such that dim(B) = 0. Then, we
have the inequality

deg(F) < 1+ (di — 1)(dy — 1) + dimx ([Isat/f]d).
Proof. From Theorem 3.9(7i7) we have the inequality
deg(F) < 1+ dimy ([H}(Z2)],.4 ) + dimic ([H5:(20)],) + dime ([F(Z0)] ).

By Proposition 3.11 and the fact that Zy = R and Zs = R(—3-d), we obtain the isomorphisms Hy(Zy) = 0
and

Hj (Zy) = HY(R)(-3-d) = <X11K[x11]) (—3d1) ®x (;K[leo (—3dy).
Thus, we get that
dimg ([Hg?;(zg)]zd) — dimg (L;K[Xl—l]} e L;K[x;l]} y ) = (dy —1)(ds — 1).

The exact sequences

0— 7y = R¥(—dy,—ds) =T —0
0—-1I—-R—R/I—0

and Proposition 3.11 yield the isomorphisms
dimg ([H5(Z1)],) = dimg ([Hy(1)] ) = dimx ([HY(R/1)] ) = dimx ([Isat/]-]d).

Therefore, by combining these computations, we get the claimed upper bound. O
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Theorem 3.16. Let F : P! x P! --» P2 be a dominant rational map such that dim(B) =0 and d = (1,dz).
Then, F is birational if and only if Iq = [I%] .

Proof. We get one implication from Proposition 3.12 and the other by specializing the data in the inequality
of Proposition 3.15. O

To illustrate this theorem, let F be as above and assume moreover that there exists a nonzero syzygy of
I of bi-degree (0,1). As in [5, Remark 10], we deduce that 53270(25:0 a;fi) — m271(2520 Bifi) = 0 for some
a;’s and f;’s in K and hence we deduce that there exist three polynomials p, ¢, of bi-degree (1, ds — 1) such
that I = (z2,0p, 21D, T2,09+ T2,17). Therefore, the ideal I admits a Hilbert-Burch presentation of the form

Fo: 0— R(-1,-1—dy) ® R(-2,-2dy + 1) = R(—1,—d3)* = R.

Studying the two spectral sequences coming from the double complex F, ®pr Cg, together with Proposi-
tion 3.11, it is then easy to see that [I5°/], = [H%(R/I)}d = 0. Thus, Theorem 3.16 implies that F is
birational, a fact that can be deduced more directly and that is the main ingredient to ensure birationality
in [47]. But Theorem 3.16 provides actually a finer result. Indeed, suppose that the ideal I admits the
following more general Hilbert-Burch presentation

0— R(—1,—p —ds) ® R(—2,—2dy + 1) = R(—1,—d3)®> = R

where 4 is a positive integer. Then, a similar computation shows that [H% (R/I)]d = [Hg%(R)](O W and

from here we deduce that F cannot be a birational map if p > 1.

Lemma 3.17. Let F : P! x P! ——» P2 be a dominant rational map such that dim(B) = 0 and d = (2,2).
Then, Iq = [I%*]4 if and only if deg(B) = 6.

Proof. From (2) we have the short exact sequence
0— [HR(R/D)] 4 = [R/1lq — B (X, (Ox/I7) (d)) = [Hy(R/T)] 4 — 0.
Using [5, Lemma 5] we deduce that [H%;(R/ 1)) 4 = 0. Therefore, we obtain
deg(B) = dimg (H’ (X, (Ox/I7) (d)))
= dimg ([R/1]4) — dimg ([H}(R/T)],) = 6 — dimg ([Hy(R/1)],)
from the exact sequence above, and so the claimed result follows. O

Theorem 3.18. Let F : P! x P! ——» P2 be a dominant rational map. Suppose that dim(B) = 0 and
d =(2,2). Then, F is birational if and only if the following conditions are satisfied:

(i) Ia = [I"*]4.
(ii) T is not locally a complete intersection at its minimal primes.

Proof. The degree formula of Theorem 3.3 applied in our setting gives
deg(F) =8 — e(B).

Hence, we deduce that e(B) < 7 and that F is birational if and only if e(B) = 7. We know that deg(B) < e(B),
and that deg(B) = e(B) if and only if I is locally a complete intersection at its minimal primes. Moreover,
we have already seen that the condition Iq = [I5*'] is necessary for the birationality of F (Proposition 3.12)
and that it is equivalent to deg(8) = 6 (Lemma 3.17). Therefore, assuming Iq = [I°**];, we have that I is
not locally a complete intersection at its minimal primes if and only if

6 =deg(B) <e(B) =T,
21



and the later one is equivalent to the birationality of F. O

3.4. An explicit upper bound for the degree of a rational map defined over a projective space

In this subsection we consider the more specific case of single-graded dominant rational maps. The main
result here is Theorem 3.22 where the upper bound for the degree of a rational map given in Theorem 3.9(ii7),
is expressed solely in terms of the Hilbert functions of R/I and I8*/I, instead of some local cohomology
modules of Koszul cycles. We also show that this bound is sharp in some cases. We set the following
notation.

Notation 3.19. Let R be the standard graded polynomial ring R = K|z, x1, ..., 2], and m be the mazimal
irrelevant ideal m = (xq,...,2,). Let F : P" --» P" be a dominant rational map defined by r+1 homogeneous
polynomials £ = {fo, f1,..., fr} C R of the same degree d. Let I be the homogeneous ideal generated by
fos fi,-- o, fr. Let S be the standard graded polynomial ring S = Klyo,y1,...,yr]. Let A be the bigraded
polynomial ring A = R ®k S, where bideg(z;) = (1,0) and bideg(y;) = (0,1). For any graded R-module M,
we set MY = *Homg (M, K) to be the graded Matlis dual of M (see e.g. [7, Section 3.6]).

The following lemma is equivalent to [8, Lemma 1] in our setting; we include a proof for the sake of
completeness and the convenience of the reader.

Lemma 3.20. Let Z; and H; be the cycles and homology modules of the Koszul complex K (f; R), respectively.
Assume that dim(R/T) <1 and let £ = (r+1)(d —1). Then,

(i) Zyy1 =0, Z. = R(—(r+1)d), Zo = R, H; =0 fori > 1, Hy =0 if and only if dim(R/I) = 0. If
dim(R/I) =1, then Hy = wr/(—§).

(i) If r >2 and 1 < p <r, then
H1q‘f2(R/I) ifp=landg<r

HY(Zp) = H) 1 (=€) if2<p<randg<r
ZY_(~€) ifg=r+1.

Proof. (i) This part follows from well known properties of the Koszul complex (see e.g. [7, Section 1.6]).
(73) We only need to compute the local cohomology modules of Z,, for 1 < p < r.
Let 2 < ¢ < r. We denote by K. the truncated Koszul complex

K2 0-Ky =K== Ky — Z =0,

which is exact from the condition dim(R/I) < 1. Let F'** be the double complex given by F** = KJ‘*@rC®,

m*

The exactness of K¢ implies that H® (Tot(F**)) = 0. Hence computing with the first filtration we get the
spectral sequence 'E 77 = HY (Kp>f) = 0, which at the first page is given by

m

HL (K ppn) — HPH(G) —— - —— B (Kep) — HP(Z)

m m

0 0 0 H; (Z,)

0 0 e 0 HC (Z,).

From the graded local duality theorem (see e.g. [7, Theorem 3.6.19]) and the self-duality of the Koszul
complex, we have the following isomorphisms of complexes

H P (K,) = (Homp (Ko, R(—r — 1)) = (Kuor + 1] ((r + 1)d —r = 1)) = (K[r + 1)) " (~€),
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where [r + 1] denotes homological shift degree. So the top row of the diagram above is given by the complex

Ko (=€) = KY (=€) = - = K (=€) = HP (Z0).

m

For each ¢ < r, when we compute cohomology in the page r + 3 — ¢, we get the exact sequence

—(l+r+2—q),r -,
0 — 1B GOt gy, (€)= HL(Ze) = B, — 0.

Since 'E Jfgfz+2_q),7.+1 — I 2=+l g g ! E;fgq,q — 1EZ64 — 0, then we get the isomorphism
Hi(Z) = H/ , (=€) when ¢ <.

In the case of ¢ = r 4+ 1, we have the exact sequence

Y (er0) (=€) = K100y (=€) = HLH(Z0) = 0,

that induces the isomorphism Hi''(Z,) = ZY ,(—¢€).
When ¢ = 1, we consider the truncated Koszul complex

K)': 0Ky —K,— - —=Ky— Z; —0,

that is not exact only at the module Z;. The double complex G** = KJ! ®z C® now yields the spectral
sequence

— — o0 Hlln(Hl) 1f—p+q:0
L = M) — B (G) = |
0 otherwise.

Thus again we have the exact sequence
K o(—€) = K4 (=€) = B[P (Z1) = 0,

and this gives us the isomorphism H"(Z;) = ZY_,(=£).
Finally, using the following two short exact sequences

0—=-2Z - K —-1-=0
0—-I—-R—>R/I—0
we can obtain the isomorphisms H%(Z;) = H% '(I) = HS *(R/T) for ¢ < r. O

Since the linear type condition has almost no geometrical meaning, we briefly restate the equality of
Theorem 3.9(i¢) in the locally complete intersection case.

Lemma 3.21. Let F : P" --» P" be a dominant rational map with a dimension 1 base ideal I. If I is locally
a complete intersection at its minimal primes then

deg(F) = rank([H}n (Sym([))]0> + 1.
Proof. From either [28, Section 5] or [54, Proposition 3.7] we get that I is of linear type. Thus, the assertion
follows from Theorem 3.9(ii). O
The next theorem translates Theorem 3.9(¢ii) in terms of the Hilbert functions of R/I and I%**/I.

Theorem 3.22. Let F : P" --» P" be a dominant rational map with base ideal I. If dim(R/I) < 1, then
we have the following upper bound

r—1

deg(F) <1+ (d; 1) + dimg ([Isat/l] d) + ZdimK ([R/I](r+1—i)d—r—1) :

i=2
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Proof. Since Zy = R and Z, = R(—(r + 1)d), we have H},(Z) = 0 and

om0, e[ 2] )= (47 0)- ()

From Lemma 3.20 we obtain that
dimg ([H}(Z1)],) = dimg ([H), (R/1)],) = dimg ([I%**/1] ;)
and ‘
dimg ([H?l(zi)hd) = dimg ([Ha/](i—r—l)d+r+1) = dimg <[R/I](r+1—i)d—r—1>

for any 2 < ¢ < r — 1. Finally, by substituting these computations in Theorem 3.9(iii), we obtain the
required upper bound. O

To end this subsection, we show that the above upper bound becomes sharp for dominant plane rational
maps when the base ideal is of linear type and is defined by polynomials degree d < 3.

Proposition 3.23. Let F : P? ——» P? be a dominant rational map with a dimension 1 base ideal I. Then,
the following statements hold:

(i) deg(F) < U2 4 dimy ([1/1],) +1.
(ii) If I is of linear type and is generated in degree d < 3, then

(d-=1)(d—-2)

deg(F) = 5

o+ dimye ([1/1],) + 1.

Proof. (i) Tt follows from Theorem 3.22.
(#7) From Theorem 3.9(ii), the linear type assumption implies deg(F) = mnk([Hﬁl (Sym(1))] 0) +1. The
spectral sequence 'E; 77 = HY (Z,) of the proof of Theorem 3.9(ii4) is given by:

H (22) Hj (21) H (Zo)
0 H? (Z1) 0
0 0 0
0 0 0

Therefore, if we prove that [H?n(Zl)] o = 0 then the convergence of this spectral sequence implies the required
equality. Since Z; = [Z; ®p A|(d,—1), then it is enough to check that [Hi’l(Zl)]d = 0. The short exact
sequence

0= 2 = R¥~d)—>1—0

yields the following exact sequence
0— Hi(I) - Hﬁl(Zl) - H§1(R3)(_d)7

and so we have [Hj(Z1)], = [Hy(I)], = [Hy(R/I)], Finally, from [24, Theorem 1.2(ii)] we have that
end(H!

w(R/I)) <2d —4, and so under the assumption d < 3 we have [Hi(R/I)]d =0. O
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4. Multi-graded Jacobian dual criterion of birationality

A rational map is birational if and only if its degree is equal to one, so the results we have previously
developed provide birationality criteria. Nevertheless, because of its theoretical and practical importance,
some more specific techniques have been developed to decide birationality, mostly for single-graded rational
maps. In particular, it has been shown that birationality is controlled by a single numerical invariant that
corresponds to the rank of a certain matrix called the Jacobian dual matriz (see [50], [49], [14, §2.3 and §2.4]
and [5, Section 2.2]). In this section, we extend this theory to the multi-graded setting. In §4.1, the multi-
graded version of the Jacobian dual matrix is introduced and a general birationality criterion is proved
(Theorem 4.4). As an illustration, a very simple birationality criterion is deduced for certain monomial
multi-graded maps (Corollary 4.6). Then, in §4.2, we investigate how birationality can be detected by using
only the syzygies of the base ideal I of a rational map, instead of the whole collection of equations of the
Rees algebra of I (Proposition 4.8), which are required for the Jacobian dual matrix. Under the assumption
that I is of linear type, we also obtain a syzygy-based birationality criterion (Theorem 4.9).

In this section we use the same notations and conventions of §2.1. If the dominant rational map F : X =
X1 x X9 x -+ x X, --+ Y has an inverse, then it is denoted by

G:Y - (X1, X2, ., Xm).

Each rational map Y --» X; C P is defined by r; + 1 homogeneous polynomials g; = {gi.0,9i1,.--,i,r } C
S of the same degree. For each i = 1,...,m, we set J; to be the homogeneous ideal generated by g;.

4.1. Jacobian dual matrices and the main criterion

We begin this section with the following preliminary lemma which is based on [5, Lemma 1], [49, Propo-
sition 2.1] and [14, Theorem 2.18].

Lemma 4.1. Assume that F is a birational map with inverse G. Let I = (f) and J1 = (81),- -, Jm = (&m)-
Then, the identity map of K[x,y] induces a K-algebra isomorphism between the Rees algebra Rr(I) and the
multi-graded Rees algebra Rg(J1 @ Jo @ -+ D Jp).

Proof. First we note that both algebras can be identified as a quotient of R ®k S = “JK[xi,y]b_ The algebra

SR

Rr(I) has a presentation given by
Klx]

oo b~ Ra(l) = RIf]
v — fit.

LetZ = (Z,a1,...,0,)/(a1,...,a,) denote the kernel of this map. Since Y can be identified with Proj(K|f]
and the two algebras K[f] and K]ft¢] are isomorphic, then we get b = Ker(K[y] — K[f]) = Ker(K[y] —
K[ft]) C Z, as required.

Similarly, the algebra Rg(J1 @ - -- @ J,,) has a presentation

Klyl
b
Tij = Gigtic

[X] — Rs(J1 DD Jm) = S[gltla e 7gmtm}

We denote by J = (J,)/b the kernel of this map. For eachi = 1,...,m, we can identify X; with Proj(K[g;])
and as before we get a; = Ker(K[x;] - Klg;]) = Ker(K[x;] - K[g;t:]) C J.

Since now we can regard Rp(l) and Rg(J1 © -+ @ Ji) as quotients of —=*'- then it is enough to
prove that J C (Z,a1,...,0a,) and that Z C (J, D).

Let F(y,x1,...,Xm) € J be multi-homogeneous, then we have

F(y,git1,...,8mtm) =0 € S[git1,. .., Gmlm]
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and using the multi-homogeneity of F' we get F(y,g1,...,8m) = 0 € S. From the canonical injection
S = K[f] — R we make the substitution y; — f;, and we obtain

F(f,g1(f),....gn(f)) =0¢R.

By the assumption of F being birational, there exist nonzero multi-homogeneous forms D1,...,D,, in R,
possibly of different multi-degrees, such that

g1(f) = Dix1, g2(f) = Daxa, ..., gm(f) = DinXpm-
Again, from the multi-homogeneity of F' we get
F(f,gi(f),...,gn(f)) =D - Do F(f,x1,...,Xm) =0 € R,
and so F(f,x1,...,%X,,) = 0 because R is an integral domain. From the identification K[f] = K[ft] we get
F(ft,x1,...,%x,) =0 € R[ft],

then by definition we get F' € (Z,a1,...,a). Therefore, J C (Z,ay,...,ay).
We can prove the other containment with similar arguments. O

Let (a1,...,0,,Z) C K[x,y] be the defining equations of the Rees algebra Rr(I). We shall adopt the
following notation.

Notation 4.2. For each 1 <i <m, let {h;1,...,hik, } be a minimal set of generators of the multi-graded
part of (a1,...,0;n,T) of multi-degree
(0,...,01 ,...,0,%),
i-th
where * denotes arbitrary degree in'y. We denote by v; the Jacobian matriz of the collection of polynomials
{hi1,...,hig, } with respect to x;, that is

hi hi1 hi1
(9Ii10 6:67;)1 e ammi
hi 2 hi 2 hi 2
dzrio Oxian OTi,r;
»; = )
Rk, hik; hik;
dzri0 Oxian x4, r;

Following [5, 14, 49], the matriz 1; will be called the x;-partial Jacobian dual matriz. We note that its entries
are polynomials in Kly]. Finally, the matriz obtained by concatenating all the ;’s in the main diagonal

v 0 - 0
0 s -+ 0
v = C :
0 0 - Um

will be called the full Jacobian dual matriz.

The next proposition is based on [14, Proposition 2.15]. It shows that the ranks of the Jacobian dual
matrices are sensitive to the dimensions of the source and the target.

Proposition 4.3. Let F: Xq X -+- X X, -+ Y be a dominant rational map. Then, we have the following
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inequalities:

dim(Xy) + -+ + dim(Xp,) — dim(Y) <> vy — Y ranks(¥; @k S)- (11)
=1 =1
ranks(1); ®xpy] S) < 7 for each i =1,...,m. (12)

Proof. We begin with the first inequality. For each 1 <i < m. Let E; be the S-module E; = Cokerg (1} ®Kly]
S) with presentation
ke Vi®kS | qrit1
S ————= ST = Fy — 0.
The direct sum F = E1 ® By & -+ - ® E,, is an S-module with presentation

'QkiyS .
Sk @ Gk @ GEm LT gritl g gratl g gy gretl L By g,

By the definition of the Jacobian dual matrices we have that I1(x - 4') C Z, and we saw in the proof
of Lemma 4.1 that b C Z. Hence, we get a canonical surjective homomorphism Symg(E) — Rg(I) of
S-algebras given by

a: Symg(E) = S[x]/I(x - (' ®kpyy S)) = Klyl[x]/ (b, 11 (x - 9")) = Rly]/ (b, I (x - 9"))
— Re(I).
Following [52], we have that Rg(F) = Symg(E)/T where T represents the S-torsion submodule of

Symg(E). Let G € T, there exists some s € S\ 0 such that s- G = 0 € Symg(E). By using the
isomorphisms S = K[f] = K[ft] C Rr(I), we can see that

0=0a(s-G) =a(s)a(G) = s(ft)a(G) € Rr(I)

where s(ft) # 0. Since Rp(I) is an integral domain then it follows that a(G) = 0, and so we have a canonical

surjective homomorphism
Rs(E) - Rr(I) (13)

of S-algebras.
Finally, from [52, Proposition 2.2] we get

dim(R) + 1 < dim(S) +m + Z r; — Zranks(wi ®Kkfy S),
i=1

i=1
and using the equality dim(R) = dim(A;) + - - - + dim(A4,,), we substitute

dim(X;) + - +dim(X,,) +m+ 1 <dim(Y)+1+m+ Zri - Zranks(iﬁi ®Kly] S)
i=1 i=1

dim(X1) + -+ + dim(X,,) — dim(Y) <> vy — Y ranks(¢; @k S)-
1=1

i=1

Now, we turn to the proof of the second claimed inequality. We follow one of the steps in the proof of
[5, Proposition 3]. Fix ¢ =1,...,m. We have that A; ®k --- ®k A;—1 ®k Ait+1 Ok -+ @k A, is an integral
domain, then let us denote by L its quotient field. Let X; = Proj(L[x;]/(a;)), we define a rational map

F X, --»Y' =Proj(8) c P}
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given by the classes of fo, . .., fs inside L[x;]/(a;), and we denote S" := L[f]. Using the field inclusion K < L
we can check that any polynomial in the defining equations of the Rees algebra Rg([) is also contained
in the defining equations of the Rees algebra Riix,] /(o )( ) In particular we have that the row space of

i K[y S is contained in the row bpace of ¢ ®Lly] S where w denotes the Jacobian dual matrix of F .

Hence, ranks (¢; @k[y) S) < rankg (v Lyl S < ry, and the last inequality follows from [14, Corollary 2.16]
or (11). O

The following birationality criterion is the main result of this section; it is the multi-graded version of
[14, Theorem 2.18] and [5, Theorem 2].

Theorem 4.4. Let F : X1 X --- X X, -=+ Y be a dominant rational map. Then, the following three
conditions are equivalent:

(i) F is birational.
(i) ranks(Y; @kpy) S) =r; for eachi=1,...,m
(ii) ranks(v) @kpy) S) =71+ 712+ + 1.

In addition, if F is birational then its inverse is of the form G :Y --» X3 X --- X X, where each map
Y --s X, is given by the signed ordered maximal minors of an r; x (r; + 1) submatriz of ¥; of rank r;.

Proof. (i) = (ii). Let us suppose that F is birational. From Lemma 4.1 we get an isomorphism Rp([) =
Rs(J1 & - & J,,) induced by the identity of K[x,y]. So we obtain the equality (Z,ay,..., ;) = (J,b) that
in particular gives us

(Z,01,- - am)]0,.. 1,0+ ) =1T:0) « 0,...,1,...,0) (14)
—_———— ~N — —

for each i = 1,...,m. By reducing modulo b, the right hand side of (14) yields a presentation
0—[(J,b) /b] (%,0,...,1,...,0) S[x;] — Symg(g:) — 0

of the symmetric algebra Symg (gi) of gi. On the other hand, from the definition of Jacobian dual matrices
we have

[(I7 ag, - . ‘vam)/b](o,...,l ..... 0,%) — I (Xi : (wf ®K[Y] S))

Let Syzg(g;) be the matrix of syzygies of g;. By the two previous reductions of (14), we obtain

I (xi - (v ®ky S)) = L(xi - Syzg(8:))- (15)

Since both matrices 1} @[y S and Syzg(g;) have entries in S, the column space of Syzg(g;) is equal to the
one of 1} ®k[y) S. Finally, the fact that rankg(Syzg(g;)) = 7; implies that rankg (¥} @y S) = 7i.

(ii) = (i). We assume that ranks(1; ®kpy) S) = r; for each i = 1,...,m. Let i = 1,...,m. Let M;
be a 7; x (r; + 1) submatrix of 1; such that rankg (M; ®k[y] S) = ri. Denote by Ag(y), A1(y), -+, A (¥)
the ordered signed minors of M}. The Hilbert-Koszul lemma ([14, Propositon 2.1]) implies that the vector
eaAp(y) — esA,(y) belongs to the column space of M}, and so also to the one of ’l/Jt Since by definition

Li(x; - ¢y) = [(Z, ala“wam)](o, L,..,0,)0 We get T aAb( ) = zipAa(y) € [(Z,ay, ... )](0 ....... ,0,%)°
Making a substitution via the canonical homomorphism K[x,y] = Rr(I), we automatlcally get

i o Ap(f) — 250 (f) =0 € R, for every pair a,b.
From the inclusion S = K[f] = K[ft] C Rr(I) and the rank assumption, we have that the tuple

(AO(f)7 AR Am (f))
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does not vanish on R. Let G : ¥ --» X; x --- X X, where each map ¥ — X, is given by the tuple
(Ao(¥)s -+, Ar,(¥)) ®k[y) S- We have proven that G is the inverse of F.

(ii) < (44). This part follows from the inequalities of (12) and the fact that ranks(y ®gpy) S) =
Yoy ranks (i ®xpy) S).

To illustrate this theorem, we provide two corollaries. The first one is a rigorous translation of birational-
ity in terms of an isomorphism between the corresponding Rees algebras; this result is the multi-graded
version of [49, Proposition 2.1]. The second is a specific birationality criterion dedicated to some particular
monomial maps.

Corollary 4.5. The rational map F : X = X7 X -+ X Xy, ==+ Y s birational with inverse G if and only
if F is dominant, the image of G is X, and the identity map of K[x,y] induces a K-algebra isomorphism
between the Rees algebra Rr(I) and the multi-graded Rees algebra Rg(J1 @ Jo @ -+ B Jpn)-

Proof. One implication was proved in Lemma 4.1. Let us assume that F and G are dominant and the
identity map of K[x,y] induces an isomorphism between Rr(I) and Rg(J; & - - B Jn,).
As in Proposition 4.3, let E = Cokerg (¢! ®K[y] S). Identity (15) gives us a canonical isomorphism of
S-algebras
Symg(E) = Symg(J1 @ -+ & Jp).

From the assumption Rg(J; & -+ ® Jn) = Rr(I), we get the following isomorphisms

which are induced by the identity map on K[x,y].
Performing the same computation of Proposition 4.3, now we get

dim(S) + > (ri + 1) — rankg (1) @ S) = dim(R) + 1

i=1

dim(Y)+m+1+ Zri —rankg (¢ ®kpy) S) = dim(Xy) + - + dim(X,,) +m + 1.
i=1

Since F and G are dominant, we have dim(Y’) = dim(X;) +-- - +dim(X,,). So it follows that rankg (1) ®k[y]
S) =32t . , , ,

Therefore, from Theorem 4.4 we have that F is birational. Let us denote by G its inverse. Let J;,...,J,,
be the base ideals of G Applying Lemma 4.1, we have that the identity map of K[x, y] induces the following
isomorphisms

Re(J, @ ®J,) 2RI =Rs(J1 - ® Jm).

In particular, we have an isomorphism between the symmetric algebras of J; ®- - -® J,, and J{ O D J,/n over
S, which implies an equality between their syzygies. Therefore, the tuples defining G and G are proportional
and so they define the same rational map. O

Now, we focus on the case of a monomial multi-graded rational map F : (IE”)S --» P°. We assume

that I = (x*,x*,...,x%), where each o; = (e 1,...,®;2s) is a vector of 2s entries, and x** denotes the
monomial
a; i1 G2 Qi 2s—1 Qg 2s
XTP=T9 @1 0 Ty T

In this setting, the presentation (4) of R(I) can be encoded by the following matrix:

€1 €2 ... €95 Qo1 aq1 e Qs 1
M = , (16)
@p,2s (125 ... Qg2g
1 1 . 1
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where e, e, ...ess are the first 2s unit vectors in Z?**!. For any integer vector 8 € Z3*t!, we denote by
xy? the following monomial

B B1 B2 . B2s—1,.B2s , B2st+1, Bast2 Bast1

XY =Tio%l11 0 Tso Ts1 Yo Y1 T Ys

The ideal of defining equations of R(I) is a toric ideal (see [55, Chapter 4]). It is generated by the following
binomials

T (xy —xy" [MB=0, f=p" =57, 57,57 20). (7)

The following corollary contains a very effective way of testing the birationality of F, which can be done
for instance by using Hermite normal form algorithms.

Corollary 4.6. Let F : (Pl)s --+» P® be a monomial dominant multi-graded rational map. Let A be the
submatriz of M in (16) given by the last s + 1 columns. Then, F is birational if and only if the following
conditions are satisfied for each i =1,...,s:

{’)/ e 751! | Ay =egi1 — egi} # 0. (18)
Proof. From Theorem 4.4 we only need to check that

I(o 1,00 % 0 foreach ¢=1,...,m.

yeees,

i-th

By the description of (17), this inequality is equivalent to the solution of the systems of equations given in
(18). O

4.2. Linear syzygies and some consequences

The birationality criterion provided in Theorem 4.4 requires the computation of the equations of the
Rees algebra of the base ideal of a rational map. In this subsection, we investigate how the syzygies of the
base ideal can be used instead in order to deduce, or to characterize, the birationality of a multi-graded
rational map.

Notation 4.7. Let ¢ be the matrixz of syzygies of I whose entries are multi-homogeneous polynomials. We
denote by @1 the submatriz of ¢ whose columns are the columns of ¢ corresponding to syzygies of I of
multi-degree (1,...,0), (0,1,0,...),..., or (0,...,1). The matriz ¢y is called the linear part of the matriz .

The following proposition is based on [14, Theorem 3.2] and [5, Proposition 3].

Proposition 4.8. Let F : P" x . x P'm —— P11t +'m pe q dominant rational map. If rank(p;) =
1+ -+ 1, then F is birational.

Proof. We choose a matrix p with entries in S such that y - 93 = x - p. Let E = Coker(p), then the
previous equality gives us the isomorphism Symp (Coker(¢1)) = Symg (E). We present the Rees algebras
Rr(Coker(p)) and Rs(E) by

K[x,y] K[x, y]
(Il(y'<p1)77-1) (Il(X'P),’TQY

where Ty represents the R-torsion of Symp(Coker(y;)) and 7z is the S-torsion of Symg(E), both lifted to
K[x,y]. Since S is an integral domain and E has rank, then Rg(E) is an integral domain and so (I (x-p), T2)
is a prime ideal.

Let G(x,y) € T1. There exists F(x) € K[x] \ 0 such that F(x)G(x,y) € I1(y - ¢1) C (I1(x - p), T2). We
assume G(x,y) ¢ (I1(x - p), T2), then it follows that F'(x) € T3 due to the fact that (I1(x - p), T2) is prime
and the ideal I;(x - p) is generated by multi-homogeneous polynomials with positive degree on y. Thus,
there exists a polynomial H(y) € K[y] \ 0 such that H(y)F(x) € I;(x - p). Since I;(x - p) is generated by
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syzygies of I, when we substitute y; — f; then we get H(f)F(x) = 0. From the fact that H(f) # 0 (note
that here we have S = K][y]), it follows the contradiction F'(x) = 0.
Therefore, we have a surjective R-algebra map Rgz(Coker(y1)) - Rs(E), and so we get the inequality

dim(Rs(E)) < dim(Rg(Coker(¢1)))

dim(S) + Z(ri +1) —rank(p) < dim(R) + 1 + Z r; — rank(¢q).
i=1 1=1

Substituting rank(pq) = Y10 ri, dim(S) =1+ > 7 and dim(R) = >, (r; + 1), we get
Zri < rank(p).
i=1

The inclusion I; (x - p) C I1 (x - 9*) gives us the inequality rank(p) < rank(y)!). Combining this with Propo-
sition 4.3 we necessarily get ranks (¢ @k S) = >t 7. Therefore, the result follows from Theorem 4.4. [

The above proposition gives a sufficient syzyzy-based property to ensure birationality. In the next result
we prove that it becomes also a necessary condition under the assumption that the base ideal is of linear
type. This effective birationality criterion is the multi-graded version of [14, Proposition 3.4].

Theorem 4.9. Let F : P X -+« X P ——» P11t F"m pe g rational map whose base ideal I = (f) is of linear
type. Then, the following conditions are equivalent:

(i) F is birational.
(ii) rank(p1) =11+ -+ T

To prove this theorem, we will need the following preliminary lemma on the torsion of symmetric algebras
in the multi-graded setting. It is essentially an adaptation of [42] to the multi-graded case. As we are
following the general setup of [52], Rr(I1 & --- @ I,,) means Symg (1 @ --- & I,,) modulo its R-torsion.

Lemma 4.10. Let R be a Noetherian commutative ring and Iy, ..., I, be ideals having rank one. Then, we
have the following relation between (multi-graded) symmetric and Rees algebras

Symp (L @ -+ @ In)

Rr(Lh®--al,) = -
H(I)l"'In (SymR(Il oD In))

In particular, if R is local with mazximal ideal m and each I; is m-primary then we have

Symgp(l1 & -1,
RR([l@...@]n):HOY r(l1 )

m (SymR(Il DD In)) .

Proof. As part of the proof of this lemma we shall obtain that Rr(l; @ --- @ I,,) coincides with the usual
multi-graded Rees algebra

Re(h,....In)= @ LIty -t

By the assumption that each ideal I; has rank one then we have grade(l;) > 1, and from the Un-
mixedness Theorem (see e.g. [7, Exercise 1.2.21], [36, Theorem 125]) we can assume that I; = (f;) where
fi=(fi1,.-., fi,m,) and each f; ; is an R-regular element.

Let A be the polynomial ring A = R[Ty,...,T,] where T; = {T;1,...,Tim, | foreachi=1,...,n. The
symmetric algebra Symg(I; & --- @ I,,) can easily be presented by

071 = A—Symp(l1®---®1,) =0,
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where Zy = (I1(Ty - Syz(£;)), ..., [1(Ty - Syz(f,))). On the other hand, the Rees algebra can be presented
by

0—-7Z—A— Rg(l,...,I,) =0
T, — fit;,

where Z is the ideal generated by the multi-homogeneous polynomials F(Ti,...,T,) € A such that
F(fy,...,£,) = 0. Therefore, we want to analyze the canonical exact sequence

0= (Z/T)) = Symr(LL & - @ 1,) S Rr(l,...,1,) — 0.

It is clear that the R-torsion submodule of Symp (I @--- @ I,,) is contained in Ker(a), and in particular,
by the assumption on the ideals I;, the elements of Symp (I3 @ - -@®I,,) annihilated by some power (I ... In)l
are also contained in Ker(«). If we prove that any element in Ker(«) is contained in the R-torsion submodule

of Symp(l1 ®--- ® I,,) and is annihilated by some power (I3 - In)l, then we are done because we get the
following equality and isomorphism

Symg(l & - @ 1I,)

RR(II@"'@LL) =
HY ., (Symp(h @ @ I,))

= RR(Ila ce ,In)

By the assumption that all the f; ; are R-regular, the proof of the two previous assertions will follow
from the next claim.
Claim. Let F' € Z. Then, for any element of the form f; ;, f2 ;,
exists some integer [ > 0 such that (f1 ;, faj, = fujn ) F € T1.

-+ fnj, (i.e. a generator of I - -- I,,), there

Proof of the claim. Fix any generators f1 ;, € I, faj, € I2,..., fnj. € In. Let F' € Z be multi-homogeneous
of multi-degree (dy,ds, ..., d,) we shall proceed by induction on d = dy + -+ - + d,,. In the inductive step, it
is enough to prove that there exists integers oy > 0, ..., a, > 0 such that

ﬁ;ﬁ 222 T f;i;nF € Il'

If d = 1 then F clearly satisfies the previous condition. So, we assume that d > 1 and by simply ordering
the variables T; we may suppose that d; > 1. We can write F' in the following way

mq
F= ZTl,ka (Tl,ka cee 7T1,m17T23 EERE Tn)
k=1

Then we define the following polynomial

mi
G = ZTl,ka(fl,kv"'7f1,WL17f27"'afn)

k=1

which belong Z;. We compute the polynomial

T G =

2,j2 n.Jn 1j1 ~2,52 n,Jn

fdl_lfd2 L fdn F_le—leQ

L

mi

di—1 pd dn
N Tis (fl,;l S, i Hi (T Tigny, T, T ) =
k=1

dy—1d dy
ThUTd T (f1,k7...,f1,ml,f2, g fn))
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where each polynomial
di—1 d d dy—1rpd d
g S (T Ty Ty T ) = T TS T Hi(fresos from By 6o )

belongs to Z and has total degree smaller than d. Therefore, the proof of the claim follows by induction. [

Proof of Theorem 4.9. (ii) = (i) Since I is of linear type then the polynomials of f are algebraically inde-
pendent. Therefore, this implication follows from Proposition 4.8.

(i) = (i7) From the assumption of F being birational, let g1,...,gm, be a set of representatives of the
inverse map G : Prit o trm s Priox ... x P

Since [ is of linear type, we have Z = I;(y - ¢) and so we obtain the following equality

Il (y@l)zll (X'i/}t). (19)

Due to the isomorphism obtained in Lemma 4.1, the module (g;) @ - - - @ (g,») has the following presentation

t
SP 1/}_> Sr1+~~+rm+m - (gl) P---P (gm) — 0.
We also also consider the module £ = Coker(y1) with presentation
RP £ gritermtl L B0,

From the equality (19) we get an isomorphism Symg((g1) ® -+ @ (8m)) = Symp(E) induced by the
identity map of K[x,y]. Then, we have the following

Symg((g1) @ - ® (gm)) = Symg(E) - Rr(I).

Let 7 be the S-torsion of Symg((g1) @ -+ @ (gm)) and A be the isomorphism

A:Symg((g1) @ - @ (gm)) = Symp(E)
If we prove that A(7) is contained in the R-torsion of Sympy(E), we will get the following epimorphims

Rs((g1) ® - & (8m)) — Rr(E) - Rr(I).

Therefore, from Lemma 4.1 we get Rg((g1) @ -+ ® (gm)) = Rr(EF) = Rr(I) and so rank(FE) = 1 which
implies the statement.

Thus we shall focus on the claim below:
Claim: A\(7) is contained in the R-torsion of Symp(E).

Proof of the claim. First, by applying Lemma 4.10 we get that there exists some [ such that ((g;) - - (gm))lT =
0. Here, we are considering (g1) -+ (gn) C S C Symg((g1)®- - ®(gm)), thus ((g1) - - (gm))l lifts to K[x, y]
exactly as ((g1) - (gm))l. We map into Symp(FE) using the canonical map

K[x,y] = Symg(E)
X 7 X, Yi > €4,

where e; are the homogeneous generators of E given by its presentation. Summarizing, we have that

A(((81) -+ (8n))'T) = (81(€)) -+~ (gm(e)))'A(T).
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We have the canonical surjections

Symp(E) 25 Rr(E) 22 Re(I) C R[Y.

Also, we can make the identification
62(1(((82(0)) - (8m(e)') ) = ((82(E1) - (&m(£1))' € Ri(D),

and from the birationality assumption we have that ((gl(ft)) e (gm(ft)))l # 0. Hence, it follows that
o1 (((81(e)) -~ (gm(€))") 61 (\(T)) = 0 € Rp(E)

with ¢4 (((gl(e)) o (gm(e)))l) # 0. Since R (E) is an integral domain, we get our claim ¢ (A(7)) =0. O

5. Rational maps in the projective plane with saturated base ideal

In this section we focus on dominant rational maps F : P2 --» P? whose base ideal I is saturated and
has dimension 1. To emphasize our interest in these cases, we recall, for instance, that the base ideal of
birational maps of degree d < 4 must be saturated (see [24, Corollary 1.23]).

A straightforward application of the Auslander-Buchsbaum formula yields that the conditions of I being
saturated and perfect are equivalent. Therefore, we will assume that I has a Hilbert-Burch presentation
(see e.g. [15, Theorem 20.15]). We adopt Notation 3.19 with » = 2, and also the following

Notation 5.1. Assume that I = (fo, f1, f2) C R(= Kz, 2z1,22]) is saturated and dim(R/I) = 1. The
presentation of I is given by

0— R(—d — p1) ® R(—d — piz) = R(—d)® - I — 0, (20)

where I is generated by the maximal minors of ¢, p1 + pe = d and py < po. The matrix of ¢, which we just
denote by , is

ap,1  ao,2
Y= a1 ai2
az,;1 a2

The main result of this section is Theorem 5.14 where we derive a very simple birationality criterion for
rational maps F whose base ideal satisfy (20) with the additional assumption that g1 = 1. This result is
based on a complete description of the equations of the Rees algebra of I in this setting, which is given in
Theorem 5.12.

Before going further, we first notice that the degree of F under our assumptions is connected to the
couple of integers (1, o) defined in (20).

Proposition 5.2. Let F : P2 —-» P2 be a dominant rational map with a dimension 1 base ideal I that is
saturated. Then,

deg(F) < pipe

with equality if and only if I is locally a complete intersection at its minimal primes.

Proof. The degree formula of Theorem 3.3 gives us deg(F) = d* — e(B). We also know that deg(B) < e(B)
and deg(B) = e(B) if and only if T is locally a complete intersection at its minimal primes. Now, using the
resolution (20) and a simple computation with Hilbert polynomials , we get

t+2 t—d+2 t—d— +2 t—d— +2
deg(B)ZPR/I(t)Z( 5 )—3( 5 )—I—( 2/“ )+< 2M2 >=d2—M1M2.
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Therefore, we deduce that deg(F) < ujpe and deg(F) = piuo if and only if I is locally a complete
intersection at its minimal primes. O

5.1. Properties of saturated base ideals

Below, we gather three technical results on some properties of the base ideal I under our assumptions.
We will need them in the sequel.

Lemma 5.3. Assume that dim(R/I) =1 and I is saturated. Then, the following statements hold:
(i) H)(R) # 0 if and only if j = 2.
(ii) Assg (H7(R)) is a finite set and equal to

Assgp (H7(R)) = Assg (Exty(R/I,R)) = Assp (R/I).

Proof. (i) From the Grothendieck vanishing theorem [6, Theorem 6.1.2] we get that H’(R) = 0 for j > 3.
The connection of grade(I) with local cohomology [6, Theorem 6.2.7] implies that H?(R) = 0 for j < 2 and
Hg (R) # 0. Finally, a graded version of the Lichtenbaum-Hartshorne theorem [6, Theorem 14.1.16] yields
H7(R) = 0.

I((zz)) From [41, Proposition 1.1(b)] we have that Assg (H7(R)) = Assg (Ext}(R/I,R)). The module
Ext%{(R/ I, R) is the so-called canonical module wg,;, and its associated primes are given by the unmixed
part I" of I (see [46, page 250, Lemma 1.9(c)]), that is

Assp (Ext}(R/I,R)) = {p € Assp(R/I) | dim(R/p) = 1}.
Since dim(R) = 3, we finally get that I"® coincides with %" = I. O

Using the present hypotheses we would like to better exploit the exact sequence
0— K — Sym(I) = R() — 0.

We recall that the symmetric algebra can be easily described with the presentation (20) of I, and its defining
equations are given by

(91:92) = (Y0, Y1, ¥2) - . (21)
Hence, we have an isomorphism

Sym(I) = A/ (g1,92) -

We also have that {g;,¢2} is a regular sequence in A (see [53, Corollary 2.2]) and so the corresponding
Koszul complex

(2)

Le: 0 A(—d,—2) ~—" 25 A(—p1, —1) @ A(—po,—1) 222 4 (22)
is exact.

Lemma 5.4. Assume that dim(R/I) = 1, and I is saturated. Then, the torsion submodule K is described
by the exact sequence

0 K = 1 ()~ =2) L B () 1) @ B (A) ()

Proof. We consider the double complex L, ®r C7. Computing with the second filtration we obtain the
spectral sequence

Upp—q _ H7(Sym(I))  ifg=0
2 = .
0 otherwise.
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On the other hand, by using the first filtration we get that TE;”"? = H%(L,). Hence, from Lemma 5.3(4),
the only row that does not vanish in !E}"® is given by the complex

HE(La): 0= H3(A) (—d, ~2) > H2(A) (1, —1) & H2(A)(—pz, —1) — H3(4) = 0.

Thus we obtain

Tp=pa _ HP<H%(L°)) if g=2
2 0 otherwise.

Since both spectral sequences collapse, from Remark 3.6 we get
K =H) (Sym(I)) = Hs(H7(Ld)),
and so the assertion follows. O

Notation 5.5. For z = z; or z = y; and F € A, we denote with deg,(F) the maxzimal degree of the
monomials of F' in terms of z.

Using the presentation matrix ¢ of I, we characterize when I is of linear type.

Lemma 5.6. Assume that dim(R/I) =1 and I is saturated. Then, I is of linear type if and only if I (p)
is an m-primary ideal.

Proof. Using Notation 5.1, we have that g1 = ap,1%0 + a1,1y1 + a2,1y2 and g2 = ag,2Yo + a1,2y1 + a2,2Y2.

(=) Let us assume that I1 () is not m-primary. Then, we have that I1(¢) D Ia2(¢) = I and ht(I;(p)) =
ht(I) = 2. So the minimal primes of I (y) are contained in the set of associated primes of I. In particular,
there exists some p € Assg(R/I) with I1() C p. From Lemma 5.3(ii) we have that p € Assg (H7(R)), and
this implies the existence of an element 0 # v € H7(R) that is annihilated by I;(p). Considering v as an
element in H7(A), we get g, - v = go - v = 0. Therefore, from Lemma 5.4 we obtain K # 0.

(<) Here we suppose that I (¢) is m-primary. By contradiction, we assume K # 0, and choose 0 # w € K.
Since H3(A) = H3(R) ®k S, w can be written as w = 22:1 v; @ m; where v; € H2(R) and m; is a monomial
in S. For each 0 < j < 2, we have a unique decomposition

— . *
w=w; +w;,

where w; # 0 is obtained by adding all the terms v; ®x m; such that the value of degyj (m;) is maximal.
From the condition g; -w = g2 -w = 0, we automatically get that a;;-w; = a;2-w; = 0. Therefore, we have
obtained that I;(y) is composed of zero divisors in H2(.A). By the isomorphism H%(A) = H2(R) ®k S and
Lemma 5.3(i%), we have that Assg (H?(A)) = Assp (H%(R)) = Assr(R/I). Finally, the prime avoidance
lemma implies that I;(p) C p for some p € Assr(R/I), and this contradicts the fact that I is saturated. O

Remark 5.7. As in [24], an alternative proof of Lemma 5.6 can be obtained from either [28, Section 5] or
[54, Proposition 3.7]. Indeed, one can note that I is locally a complete intersection at its minimal primes
if and only if I1(v) is an m-primary ideal. Therefore, the result follows from the fact that I is an almost
complete intersection.

5.2. An effective birationality criterion in the case pp =1

In this subsection, we focus on computing the defining equations of the Rees algebra in the case yu; =1
(Notation 5.1). As a corollary of this computation, we obtain a simple characterization of birationality in
the particular case p; = 1 (Theorem 5.14) by means of the Jacobian dual criterion (see Section 4, but also
[14]). Our proof is inspired by the method used in [11]. We shall see that it is enough to treat the following
special case.
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Notation 5.8. Assume that dim(R/I) =1 and I is saturated. Suppose that the presentation matriz in (20)
is of the form

To Po
¥ = —T1 P1
0 D2

Here we have that g1 = xoyo — T1y1 and g2 = poyo + P1y1 + P2y2.

We now give a version of Lemma 5.4 that uses the more amenable ideal (zg,z1) as the support of the
local cohomology modules.

Lemma 5.9. Using Notation 5.8, the following statements hold:
(i) K =H{y, 4,) (Sym()).

(zo0,21)

(ii) The torsion submodule K is determined by the following exact sequence

0— K — Hi,p ) (A)(—d, —2) qu (A)(-1,-1) ® Hf,, . (A)(=d+1,-1).

(z0,z1 (zo,21) (z0,71)
(iit) Via this identification, we have that K is generated by

K = A-{wn | 0<n<d-2 and gg-wnz()}

where each w, is of the form

d—2—n

1 —2—n—1,1

Wn = Z i+1, d—1—n—i yg ? Y1 € {H%fbo,zl)(A)(Oa 72)] .
iz0 To T1 n—d
Proof. (i) From Lemma 5.4 we have that any F' € K can be written as F' = Zi:l a;y"t, where each
a; € H?(R), and satisfies g1 - F' = go - F = 0. Since g1 = zoyo — £1y1, we can conclude that there exists some
u > 0 such that 2 F = z}'F = 0. From the fact that I C (xg, 1), we get a neater description of K given by
(#i) To obtain the required exact sequence we follow the same arguments as in the proof of Lemma 5.4.
We consider the double complex L, ®p C(‘m0 21)7 where L, is the Koszul complex of (22). Examining the

spectral sequences corresponding to the first and second filtrations of L, ®p C(‘mo o) We obtain

K=H (Sym(I)) = Hy (H? (La)).

(z0,x1) (z0,x1)
From this isomorphism we get the claimed exact sequence.
(7i1) First we note that H%xo,xl)(A) ~ L K[xal,xfl,xg,yo,yhyﬂ. In this part, we describe a set of

xrox
generators of the kernel of the multiplicatioﬁ rlnap

2 91 112
H(mg,ml) (A) (7d7 72) - H(ro,zl) (A) (7d + ]-7 71) (23)
Using that g1 = xoyo — x1y1 does not depend on the variables xo and y», then a set of generators of the

kernel of this map is given by just considering elements inside the subring xolle[xa LTt yo, ). Let

Fe xolxl Klzg ', 27", 90, v1], then we expand it as follows:

m
F=Y Fyivi
=l
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where each F} € ﬁK[a@al, J:fl]. The condition (xoyo — z1y1)F = 0 gives the relations
JcOFlyngyll =0, J:lmegmy{nH =0, and (oniyorH - xlFi_lygi’l) yi=0 for I+1<i<m.

We can easily conclude that a set of generators of the kernel of (23) is given by elements of the form
1 m 1 m—1 1 m
xox;n'“ Yo 3 Yoo ¥t * a;gH'lxl h

where m > 0. Therefore, to conclude we only need to take into account the shifting of —d in the grading
part corresponding with R, and intersect with the elements that are also anihilated by the other equation
ga. O

Now, we describe the process of computing the so-called Sylvester forms that have been successfully used
in several papers like [11,24,31].

Algorithm 5.10. Using Notation 5.8, we compute iteratively the set of forms Sylv(zoﬁml)(go), as follows.
(1) Seti =0, Fo = g2 and Sylv,, ,\(p) = 0.
(II) While F; € (xg,x1) we perform the following steps:

(a) Write F; in the convenient form F; = (F;). o+ (Fi)mlml to get the equation

xo

(2)-Can @ ) ()

Then, the (i + 1)-th Sylvester form is computed with the determinant

Yo —U
Fi = det .
i ( (Fi)py  (Fi)y, )

(b) Set Sylv(xo,xl)((p) = Sylv(mo,wl)((p) U {Fi+l}'
(c) Seti=1+1.

(I1I) Set m =i and return the set of computed forms Sylv,, . (¢) = {F1,..., Fn}.
We emphasize for later use that bideg(F;) = (d —1—14,i+ 1) for each 0 <i < m.
The next lemma relates the torsion of the symmetric algebra with the Sylvester forms.
Lemma 5.11. In Algorithm 5.10, for each 1 < i < m the following statements hold:
(i) {q1, Fi} is a regular sequence.
(ii) There is an isomorphism

d—1—1

[(0 Sym(I) (xo’ml)i)} - [(9(19’1];1)} de1-i

Proof. The proof is obtained by induction on 3.
Let i = 1. Since {zo, 21} and {g1, g2} are regular sequences, from Wiebe’s lemma (see e.g. [35, Proposition
3.8.1.6]) we get the following exact sequence

0o

0 — A/(wo, 1) o, A/(91,92) Li‘% [A/(91792)]27 (24)
38



where F} is the first Sylvester form. Thus we have Fy ¢ (g1, ¢g2), and since g; is an irreducible polynomial,
we get that {g1, F1} is a regular sequence. From the fact that bideg(gs) = (d — 1, 1), for any v € A with
deg, (v) < d — 2 the exact sequence (24) gives the following equivalences

v € ((g1,92) : (z0, 1)) <= v € (1,92, F1) <= v € (91, F}).

In other words, we obtain the isomorphisms

(Oomo com], = (%5257 = [

Therefore, both conditions hold for ¢ = 1.
Let 2 < ¢ < 'm. By induction we assume that conditions (i) and (ii) are satisfied for ¢ — 1. Again, from
Weibe’s lemma we get the exact sequence

x0

0 — A/(z0,21) =5 A/ (g1, Fio1) M [A/(g1, Fi-1))%, (25)

where F; is the i-th Sylvester form. By the same previous argument, it is clear that (g1, F;) is a regular
sequence. Using the exactness of (25) and similar degree considerations, we have that

v € ((g1,Fi1) : (wo,21)) <= v € (91, Fim1, F;) < v € (1, F})

for any v € A with deg, (v) < d— 1 —i. Thus, we also have the isomorphisms

alcn R e

((91, Fi1) : (zo,21))
(91, Fi—1)

d—1—1

Since degy (Fj—1) =d —1— (i — 1) and [Sym(I)]. ;o = [A/(91)]<4_o, We get

(500) (25 )

d—1—1i

From the inductive hypothesis we already have

{(0 “Sym(I) ("’3075”1)1‘71)]%17@71) ) {(91(75/1?)1)}[1_1_@—1).

By assembling these isomorphisms we conclude that the condition (i7)

{(0 sym(1) (%0, Jfl)i)} = [(QIF)} o

d—1—i (91)

also holds for the form F;. Therefore, we have that both conditions are satisfied for all the Sylvester
forms. O

The following theorem gives explicit generators for the presentation of R(I). It can be seen as a natural
generalization of both [11, Theorem 2.3] and [24, Theorem 2.7(z)].

Theorem 5.12. Let Sylv(xojwl)(ga) be the set of Sylvester forms computed in Algorithm 5.10. Then, the
defining equations of R(I) are minimally generated by

{91,92} U SYW (g ,21) (©).
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In particular, it is minimally generated in the bi-degrees
(L,1),(d—1,1),(d-2,2),...,(d—1—m,m+1).

Proof. Let e =d —1—m. In Lemma 5.11(4¢) we proved that

{(0 ‘Sym(I) (fco’ml)m)}e = {(gl(jqin)k

which implies that for any j > 0 we have

{(0 ‘Sym (1) (zo,xl)mﬂ)} = K(gt’gim) “Sym(I) (xovxl)])L_j- (26)

€e=-J

Since F,,, ¢ (zo,x1) and g1 € (20, 1), we deduce that the term on the right is always equal to zero.
From Lemma 5.9(ii7), a set of generators for K is given by elements of the form

d—2—n

1 o
W= Y S [HY, o (A0, -2)]

Hence, for any j > 0 we have that (zo,21)™"” - w._; = 0. The vanishing of the equation (26) implies

that we—; ¢ K for all j > 0. Therefore, the elements wq—2,wq—1,...,w. generate K. Using the iso-

morphisms of Lemma 5.9(4¢) and Lemma 5.11(4¢), we identify wg—_1—; as a multiple of F;, and this im-

plies that Fy, Fs,..., F,, is also a set of generators of K. Finally, simple degree considerations yield that

{91,92, F1, Fs, ..., F,,} is a minimal set of generators. O

We are now ready for providing our birationality criterion. We notice that from Proposition 5.2, we have
that the rational map F is birational for d < 2 under our assumptions. Therefore, we only need to consider
the cases d > 3. Before stating the main result we make the following point.

Remark 5.13. In the presentation matriz ¢ of (20), if p1 = 1 and ht(I1(¢)) = 2 then the vector space
spanned by the linear forms of the first column has dimension 2. Therefore, in this case we can make a
linear change of coordinates and assume that ¢ is given as in Notation 5.8.

Theorem 5.14. Let F : P? ——» P2 be a dominant rational map with a dimension 1 base ideal I that is
saturated. Suppose that ¢ in (20) satisfies p1 = 1 and d > 3. Then, F is birational if and only if the
following conditions are satisfied:

(i) ht(I1(p)) = 2.
(ii) After the linear change of coordinates of Remark 5.13, in Algorithm 5.10 we have m = d — 2.

Proof. After a linear change of coordinates the condition of birationality remains invariant. From the
Jacobian dual criterion ([14, Theorem 2.18] or Theorem 4.4) we have that F is birational if and only if there
is another equation of bi-degree (1, ), and by Theorem 5.12 this is equivalent to m = d — 2. O

References
[1] Riidiger Achilles and Mirella Manaresi, Multiplicity for ideals of mazimal analytic spread and intersection theory, J. Math.
Kyoto Univ. 33 (1993), no. 4, 1029-1046.

[2] Maria Alberich-Carramifiana, Geometry of the plane cremona maps, Lecture Notes in Mathematics, vol. 1769, Springer-
Verlag Berlin Heidelberg, 2002.

[3] M. F. Atiyah and I. G. Macdonald, Introduction to commutative algebra, Addison-Wesley Publishing Co., Reading, Mass.-
London-Don Mills, Ont., 1969.

40



[4]
(5]

(6]

[7

(8]
(9

(10]
(11]

(12]

(13]
14]

(15]
[16]
(17]
(18]
(19]

20]
(21]

(22]
23]

24]
[25]
[26]

27]
(28]
29]

(30]
(31]
(32]

33]

Nicolds Botbol, The implicit equation of a multigraded hypersurface, J. Algebra 348 (2011), 381-401.

Nicolds Botbol, Laurent Busé, Marc Chardin, Seyed Hamid Hassanzadeh, Aron Simis, and Quang Hoa Tran, Effective
criteria for bigraded birational maps, J. Symbolic Comput. 81 (2017), 69-87.

M. P. Brodmann and R. Y. Sharp, Local cohomology., Second, Cambridge Studies in Advanced Mathematics, vol. 136,
Cambridge University Press, Cambridge, 2013. An algebraic introduction with geometric applications.

Winfried Bruns and Jiirgen Herzog, Cohen-Macaulay rings, 2nd ed., Cambridge Studies in Advanced Mathematics, Cam-
bridge University Press, 1998.

Laurent Busé and Marc Chardin, Implicitizing rational hypersurfaces using approximation complexes, J. Symbolic Comput.
40 (2005), no. 4-5, 1150-1168.

Laurent Busé and Jean-Pierre Jouanolou, On the closed image of a rational map and the implicitization problem, J.
Algebra 265 (2003), no. 1, 312-357.

Yairon Cid-Ruiz, A D-module approach on the equations of the Rees algebra, arXiv:1706.06215 (2017).

David Cox, J. William Hoffman, and Haohao Wang, Syzygies and the Rees algebra, J. Pure Appl. Algebra 212 (2008),
no. 7, 1787-1796.

Steven Dale Cutkosky, Huy Tai Ha, Hema Srinivasan, and Emanoil Theodorescu, Asymptotic behavior of the length of
local cohomology, Canad. J. Math. 57 (2005), no. 6, 1178-1192.

Igor Dolgachev, Lectures on cremona transformations, 2016. http://www.math.lsa.umich.edu/~idolga/cremonalect.pdf.

A. V. Doria, S. H. Hassanzadeh, and A. Simis, A characteristic-free criterion of birationality, Adv. Math. 230 (2012),
no. 1, 390-413.

David Eisenbud, Commutative algebra with a view towards algebraic geometry, Graduate Texts in Mathematics, 150,
Springer-Verlag, 1995.

David Eisenbud and Bernd Ulrich, Row ideals and fibers of morphisms, Michigan Math. J. 57 (2008), 261-268. Special
volume in honor of Melvin Hochster.

H. Flenner, L. O’Carroll, and W. Vogel, Joins and intersections, Springer Monographs in Mathematics, Springer-Verlag,
Berlin, 1999.

William Fulton, Intersection theory, Second, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in
Mathematics], vol. 2, Springer-Verlag, Berlin, 1998.

Shiro Goto and Keiichi Watanabe, On graded rings. I, J. Math. Soc. Japan 30 (1978), no. 2, 179-213.
, On graded rings. II. (Z™-graded rings), Tokyo J. Math. 1 (1978), no. 2, 237-261.

Daniel R. Grayson and Michael E. Stillman, Macaulay?2, a software system for research in algebraic geometry. Available
at http://www.math.uiuc.edu/Macaulay?2/.

Christopher D. Hacon, Effective criteria for birational morphisms, J. London Math. Soc. (2) 67 (2003), no. 2, 337-348.

Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York-Heidelberg, 1977. Graduate Texts in Mathematics, No.
52.

Seyed Hamid Hassanzadeh and Aron Simis, Plane Cremona maps: saturation and regularity of the base ideal, J. Algebra
371 (2012), 620-652.

, Bounds on degrees of birational maps with arithmetically Cohen-Macaulay graphs, J. Algebra 478 (2017), 220—

236.

J. Herzog, A. Simis, and W. V. Vasconcelos, Approzimation complezes of blowing-up rings, J. Algebra 74 (1982), no. 2,
466—-493.

, Approzimation complexes of blowing-up rings. II, J. Algebra 82 (1983), no. 1, 53-83.

, Koszul homology and blowing-up rings, Commutative algebra (Trento, 1981), 1983, pp. 79-169.

Jirgen Herzog, Tony J. Puthenpurakal, and Jugal K. Verma, Hilbert polynomials and powers of ideals, Math. Proc.
Cambridge Philos. Soc. 145 (2008), no. 3, 623-642.

J. William Hoffman and Hao Hao Wang, Curvilinear base points, local complete intersection and Koszul syzygies in
biprojective spaces, Trans. Amer. Math. Soc. 358 (2006), no. 8, 3385-3398.

Jooyoun Hong, Aron Simis, and Wolmer V. Vasconcelos, On the homology of two-dimensional elimination, J. Symbolic
Comput. 43 (2008), no. 4, 275-292.

Klaus Hulek, Sheldon Katz, and Frank-Olaf Schreyer, Cremona transformations and syzygies., Math. Z. 209 (1992), no. 3,
419-443.

Eero Hyry, The diagonal subring and the Cohen-Macaulay property of a multigraded ring, Trans. Amer. Math. Soc. 351
(1999), no. 6, 2213-2232.

41


http://www.math.lsa.umich.edu/~idolga/cremonalect.pdf
http://www.math.uiuc.edu/Macaulay2/

34]

(35]
(36]
37)

(38]
(39]
[40]

[41]

[42]
[43]

[44]
[45]

[46]
(47)
(48]

[49]
[50]
[51]

[52]
(53]

[54]
[55]

[56]

Jack Jeffries, Jonathan Montafio, and Matteo Varbaro, Multiplicities of classical varieties, Proc. Lond. Math. Soc. (3) 110
(2015), no. 4, 1033-1055.

Jean-Pierre Jouanolou, Aspects invariants de [’élimination, Adv. Math. 114 (1995), no. 1, 1-174.
Irving Kaplansky, Commutative rings, Revised, The University of Chicago Press, Chicago, Ill.-London, 1974.

Andrew Kustin, Claudia Polini, and Bernd Ulrich, Rational normal scrolls and the defining equations of Rees algebras, J.
Reine Angew. Math. 650 (2011), 23-65.

, Blowups and fibers of morphisms, Nagoya Math. J. 224 (2016), no. 1, 168-201.

, The bi-graded structure of symmetric algebras with applications to Rees rings, J. Algebra 469 (2017), 188-250.

_, The equations defining blowup algebras of height three Gorenstein ideals, Algebra Number Theory 11 (2017),
no. 7, 1489-1525.

Thomas Marley, The associated primes of local cohomology modules over rings of small dimension, Manuscripta Math.
104 (2001), no. 4, 519-525.

Artibano Micali, Sur les algebres universelles, Annales de l'institut fourier, 1964, pp. 33-87.

Ivan Pan and Francesco Russo, Cremona transformations and special double structures, Manuscripta Math. 117 (2005),
no. 4, 491-510.

Ivan Pan and Aron Simis, Cremona maps of de Jongquiéres type, Canad. J. Math. 67 (2015), no. 4, 923-941.

Francesco Russo and Aron Simis, On birational maps and Jacobian matrices, Compositio Math. 126 (2001), no. 3, 335—
358.

Peter Schenzel, On the use of local cohomology in algebra and geometry, Six lectures on commutative algebra (Bellaterra,
1996), 1998, pp. 241-292.

Thomas W. Sederberg, Ronald N. Goldman, and Xuhui Wang, Birational 2d free-form deformation of degree 1 X n,
Computer Aided Geometric Design 44 (2016), 1-9.

Thomas W. Sederberg and Jianmin Zheng, Birational quadrilateral maps, Computer Aided Geometric Design 32 (2015),
1-4.

Aron Simis, Cremona transformations and some related algebras, J. Algebra 280 (2004), no. 1, 162-179.
Aron Simis, Bernd Ulrich, and Wolmer V. Vasconcelos, Jacobian dual fibrations, Amer. J. Math. 115 (1993), no. 1, 47-75.

, Codimension, multiplicity and integral extensions, Math. Proc. Cambridge Philos. Soc. 130 (2001), no. 2, 237—
257.

, Rees algebras of modules, Proc. London Math. Soc. (3) 87 (2003), no. 3, 610-646.
Aron Simis and Wolmer V. Vasconcelos, On the dimension and integrality of symmetric algebras, Math. Z. 177 (1981),

no. 3, 341-358.
, The syzygies of the conormal module, Amer. J. Math. 103 (1981), no. 2, 203-224.

Bernd Sturmfels, Grébner bases and convex polytopes, University Lecture Series, vol. 8, American Mathematical Society,
Providence, RI, 1996.

Wolmer V. Vasconcelos, On the equations of Rees algebras, J. Reine Angew. Math. 418 (1991), 189-218.

42



	Introduction
	The degree of a multi-graded rational map
	Preliminaries on multi-graded rational maps
	The saturated special fiber ring
	Formula for the degree of multi-graded rational maps

	Rational maps with zero-dimensional base locus
	The degree formula
	Degree and syzygies of the base ideal
	Rational maps defined over multi-projective spaces
	An explicit upper bound for the degree of a rational map defined over a projective space

	Multi-graded Jacobian dual criterion of birationality
	Jacobian dual matrices and the main criterion
	Linear syzygies and some consequences

	Rational maps in the projective plane with saturated base ideal
	Properties of saturated base ideals
	An effective birationality criterion in the case 1=1

	References

