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Abstract

Background. Since several decades, the experiments have highlighted the analogy
of fusing cell aggregates with liquid droplets. The physical macroscopic models have
been derived under incompressible assumptions. The aim of this paper is to provide a
3D model of growing spheroids, which is more relevant regarding embryo cell aggregates
or tumor cell spheroids.

Methods. We extend the past approach to a compressible 3D framework in order
to account for the tumor spheroid growth. We exhibit the crucial importance of the
effective surface tension, and of the inner pressure of the spheroid to describe precisely
the fusion. The experimental data were obtained on spheroids of colon carcinoma hu-
man cells (HCT116 cell line). After 3 or 6 days of culture, two identical spheroids were
transferred in one well and their fusion was monitored by live videomicroscopy acqui-
sition each 2hours during 72h. From these images the neck radius and the diameter of
the assembly of the fusing spheroids are extracted.

Results. The numerical model is fitted with the experiments. It is worth noting
that the time evolution of both neck radius and spheroid diameter are quantitatively
obtained. The interesting feature lies in the fact that such measurements characterise
the macroscopic rheological properties of the tumor spheroids.
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Conclusions. The experimental determination of the kinetics of neck radius and
overall diameter during spheroids fusion characterises the rheological properties of the
spheroids. The consistency of the model is shown by fitting the model with two different
experiments, enhancing the importance of both surface tension and cell proliferation.

General Significance. The paper sheds new light on the macroscopic rheological
properties of tumor spheroids. It emphasizes the role of the surface tension and the
inner pressure in the fusion of growing spheroid. Under geometrical assumptions, the
model reduces to a 2–parameter differential equation fit with experimental measure-
ments. The 3–D partial differential system makes it possible to study the fusion of
spheroids in non-symmetrical or more general frameworks.

Keywords: Tumor spheroid modeling;Surface Tension; Stokes descriptions; Fusing cell
Aggregates

1 Introduction

1.1 Motivations

For a decade, the fusion of cell aggregates has become a booming subject in bioengineer-
ing science. Biological self-assembly is the cornerstone of bioprinting techniques for tissue
reconstruction [24, 25, 10, 30], which provide an alternative to classic solid scaffold-based
approaches in tissue engineering. In cancer biology, tumor spheroids provide interesting in
vitro meso-scale tools, which can help in a better understanding of the tumor organisation
and of its viscoelastic properties, at least at the early stage of the tumor development [21].
Indeed, tumor spheroids are interesting tools to reveal the macroscopic rheological proper-
ties of tumors. It is worth noting that such physical properties are crucial to accurately
describe the tumor growth. Fusion of cell aggregates is also found in several development
mechanisms, such as in early heart formation [33, 43]. In this respect, cellular aggregates
are commonly modeled as viscoelastic fluids. Actually, their fusion is highly reminiscent of
the coalescence of liquid drops, driven by an effective surface tension, by analogy with the
surface tension in liquid drops. Furthermore, other experiments exhibit cellular tendency to
minimize interfacial area, which can be interpreted as a consequence of surface tension. For
instance, a mixture consisting of two different kinds of cell tends to form an aggregate where
the two cell populations are sorted, as presented in Sun and Wang [40].

The analogy between the fusion of soft tissues and droplet liquids has been observed
for several decades. One can cite for instance the cell sorting experiments on the early
embryonic tissue behavior [38] or more recently the evolution of aggregate from irregular
to spherical shape [31]. Moreover, specific devices have been developed to measure the
viscoelastic properties of cell assembly [12, 14, 13]. Regarding the fusion of cell assemblies,
the experimental data consist in measuring the so-called neck diameter of the fusion, which
is the length of the line contact between the 2 spheroids on a planar projection (it is twice
the radius neck r of Figure 1).
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As far as we know, the previous studies have been derived in an incompressible frame-
work. In this paper we are interested in modeling the fusion of multicellular tumor spheroids,
that are specific spheroids which grow during the experiments. Such a growth, which vi-
olates the incompressibility assumption, cannot be neglected to account precisely for the
fusion. Experimental measurements of the diameter of the spheroid assembly shows the
crucial importance of this growth: under volume conservation assumption, the increase of
the neck radius implies necessarily the decrease of the diameter of the spheroids in fusion,
while the experiments exhibit an increase or at least a stabilization of this diameter. We
aim at providing a new viscoelastic modeling of the fusion of such growing cell aggregates,
performing an analogy with droplet fusion, as proposed since several decades, but getting
rid of the incompressible condition.

Growth and velocity field are tightly linked since the divergence of the velocity is the
local growth rate of the tumor. In standard models of tumor growth, as proposed by
Greenspan [19], the choices of closure to determine the velocity are somehow arbitrary. The
simplest choice consists of the standard Darcy’s law, but Stokes equation or more complex
rheological laws have been studied [4, 35]. In this paper, we show that stuyding the fusion of
tumor spheroids makes it possible to choose the viscoelastic law which is relevant with the
experiments. We show that Stokes equation with a surface tension enables to recover the
experimental observations. This approach exhibits the crucial role of surface tension and of
the inner pressure on the growth and the fusion of spheroids. Our approach extends to the
compressible framework the previous studies of cell aggregates fusion. An interesting feature
of our approach lies in the fact that from experimental measurements, one can discriminate
the rheological (viscoelastic) properties of the spheroid assembly from its growth parameters,
which highly depend on the nutrient supply and the experimenal set-up. In particular, we
show that under simple geometrical symmetry, the measurements of the neck radius and
the diameter of the fusing spheroids assembly determine entirely the growth of the fusing
spheroids. In addition, the macroscopic rheological parameters of the spheroid, which consist
of the visco-capillary velocity and the pressure-viscosity ratio are entirely characterized by
these measurements.

Remark 1 Throughout the paper, we refer to the effective surface tension of spheroids, by
analogy with the surface tension in fluid mechanics. However it is worth noting that mul-
ticellular spheroids are much more complex than liquid drops. The observed surface tension
results probably from more complex biological phenomena, which are still unclear.

1.2 The standard modeling of spheroids fusion

Theoretical models for the coalescence of two identical spherical droplets of high viscous fluid
under the action of surface tension have been proposed within the framework of sintering
[15, 32]. In these papers, two spheres of radius a and center A and B respectively that have
one contact point O are considered (see Figure 1). During the fusion, both centers move

towards the point O and the angle θ = ÔBI, where I is an intersection point between the

spheres, goes from 0 to
π

2
, as reported in Figure 1.
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Modification of Frenkel’s Model for Sintering 
Ondtej Pokluda, C6line T. Bellehumeur and John Machopoulos 

Centre for Advanced Polymer Processing and Design (CAPPA-D), Dept. of Chemical Engineering, 
McMaster University, Hamilton, Ontario, Canada U S  4L7 

The coalescence of two equal spherical droplets of a New- 
tonian fluid is studied. Coalescence of particles under the ac- 
tion of surface tension is commonly referred to as sintering. 
Sintering has been studied in processing of ceramics, metals, 
and polymers. In a first attempt to model sintering, Frenkel 
(1945) used an asymptotic approximation to describe the ini- 
tial stage of the process. Frenkel’s model, which is based on 
Newtonian viscous flow under the action of surface tension, 
was corrected by Eshelby (1949) to satisfy the continuity 
equation and will subsequently be referred to as the 
Frenkel-Eshelby model. More recently, a model was devel- 
oped by Hopper (1984, 1990, 1991) which is based on using 
the Kolosoff-Muskhelishvili equations and complex function 
theory. Hopper’s analytical solution is hence limited to two- 
dimensional and Newtonian flow problems only. Numerical 
simulations of the sintering process have also been developed 
to predict the coalescence kinetics (Jagota and Dawson, 1988; 
Van de Vorst, 1994; Marthez-Herrera and Derby, 1994, 
1995). These simulations also include the effects of various 
geometric and physical arrangements on the coalescence rate. 

Qualitative assessments of Frenkel’s theory have been made 
by some authors (Kuczynski, 1949; Kingery and Berg, 1955; 
Rosenzweig and Narkis, 1980, 1981). A recent study showed 
the validity of Hopper’s model in the prediction of sintering 
rate for rotomolding grade polyethylene resins (Bellehu- 
meur et al., 1996). In an earlier study, Hornsby and Maxwell 
(1992) found that the Frenkel-Eshelby model combined with 
the use of the Trouton viscosity was in good agreement with 
their experimental results for polypropylene. However, exper- 
iments performed with acrylic resins, ultrahigh molecular 
weight high density polyethylene and copolymer resins 
showed that mechanisms other than viscous flow may be im- 
portant in polymer sintering (Siegmann et al., 1996; Mazur 
and Plazek, 1994; Vlachopoulos et al., 1996; Bellehumeur, 
1997). 

The objective of the present work is to develop a sintering 
model which describes the complete sintering process of two 
spherical particles. The emphasis of this work is on the devel- 
opment of a simple but yet general model which further could 
be adapted in simulating industrial processes, such as rota- 

Correspondence concerning this article should he addressed to J. Vlachopoulos. 
Current address of 0. Pokluda: Mathematical Institute, Charles University, 

Sokolovska 83. 186 00 Prague, Czech Republic. 

tional molding, in which sintering is involved. The approach 
is similar to that of Frenkel (1945) and Eshelby (1949) but 
goes beyond the description of the initial stages. Similar sim- 
plifications are used in order to reduce the number of param- 
eters in the model. The flow is approximated to be viscous 
extensional and the evolution of the particle shape is re- 
stricted, so the number of parameters is reduced. However, 
unlike Frenkel (1945), the variation of the particle radius with 
time in the coalescence process is considered. The resulting 
model is relatively simple and compares relatively well to ex- 
perimental data. 

Derivation of the Model 
The model is based on the balance of the work of surface 

tension and the viscous dissipation. All other forces, includ- 
ing gravity, are neglected. We assume that the shape of two 
spheres evolves as shown in Figure 1. At time t = 0, two equal 
sized spheres of radius a,, centered at points A and B, have 
only one contact point 0. At time t ,  both centers have moved 
towards point 0 and a shape of two intersecting spheres of 
radius a(t)  has been created. The angle of the intersection 
and the radius of the neck are denoted by O(t)  and x ( t ) ,  re- 
spectively. In the final stage, only one sphere of radius af 
remains and all three points A ,  B and 0 coincide. The fol- 
lowing relation for a( t )  vs. O ( t )  is obtained from the conser- 
vation of mass with the assumption of a constant density 

I 

Figure 1. Shape evolution. 
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Figure 1: Schematic descriptions of the fusion as defined by Shaler, Frenkel et al [15] and
Pokluda et al. [32].

Equaling the works of the effective surface tension and of the viscous dissipation, the
authors found a relation between the angle θ, the radius a and their time derivatives. Adding
the volume conservation hypothesis leads to the following ordinary equation on θ as presented
by Pokluda et al. – see equation (14), pp 3254 [32]:

θ̇ =
1

2

Γ

ηa0θ
,

where η is the viscosity of the spheroid, Γ is the effective surface tension and a0 the initial
radius of the spheroid, before the fusion. The ratio Γ/η is referred to as the viscocapillary
velocity. Several studies have adapted this approach in its simplified version to model the
radius neck during the fusion of spheroids [11, 23, 10] by setting

r2 = 2
2
3a20
(
1− e−t/τ

)
, (1)

where τ = 2
2
3a0η/Γ. The above approach has been barely validated in the case where the

fusion is much faster than the cell division. However, regarding growing spheroids, and in
particular tumor spheroids, the time scale of fusion is much larger than the time of cell
division. Moreover the exponential term has been set to fit with the experiments but it is
not justified by physical considerations. For all these reasons, it seems necessary to provide
a new model for the fusion of growing spheroids.

In addition, in this paper we are interested in studying the fusion of tumor spheroids,
during several tens of hours (up to 72 hours). Such cell spheroids are proliferating and the
volume conservation is not satisfied: the previous approach of Shaler, Frenkel et al. fails to
provide relevant results. One of the most clear justification of such inconsistency is provided
by the measurement of the spheroid diameter (the largest diameter of the spheroid), which
stays constant or even increases during the experiments, while the theory of Shaler, Frenkel
et al predicts a decreasing.
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1.3 Goal and outline of the paper

Among the mathematical models used to describe the fusion of cell aggregates and to opti-
mize biofabrication, Monte Carlo methods on the cell-to-cell interactions have been widely
used [16, 40, 41]. In this microscopic approach, each cell is discretized and its motion results
from its interactions with its neighbors. Agent-based models makes it possible to include
many biological phenomena to study the spheroids behaviors under different experimental
configurations. In particular, one can cite the multiphysics software CellSys [22], which en-
ables to incorporate many physical behaviours of cell spheroids. Such models are well-suited
for the study of all the mechanisms acting at the cellular level, such as cell adhesion and
motility. However due to their computational cost, such methods are not suited to deal with
large spheroids or tumors with more than several tens of thousands of cells.Morever, beyond
their computational costs it is still a current challenge to link these cell-scale models with
macroscopic viscoelastic properties. Our goal is different in the sense that we aim to study
the viscoelastic properties of spheroids to infer the rheological properties of tumors.

Indeed, we are generally interested in macroscopic tumor growth models, with macro-
scopic viscoelastic properties. For such a purpose, we derive a continuum mechanics model
of the fusion of cell spheroids. The model is based on the analogy of cell spheroid with
viscous fluid with specific the surface tension. The growth of the spheroid is accounted for
by a standard growth law model, which consists in a simple ordinary differential equation
proposed by Gompertz [18] for instance. Other more complex models involving hyperbolic
partial differential equations can also be chosen, as discussed in Michel’s PhD thesis [29].
The growth model leads to the divergence of the velocity field inside the spheroid, which is
governed by Stokes equation. The analogy with liquids is modeled thanks to the introduction
of an effective surface tension. Interestingly, we show how the approaches of Shaler, Frenkel
et al. and later on the works of Pokluda et al. are simplifications of our model, under the
incompressibility hypothesis. Our approach is validated by quantitative comparisons of the
numerical and experimental measurements of the neck radius and the spheroid diameter.

The outline of the paper is as follows. In the next section, we provide the complete partial
differential system based on Stokes equation, describing the fusion of growing spheroid. The
complete model combines a tumor growth model with a viscous model describing the velocity
field. Interestingly, both model are linked thanks to the divergence of the velocity field, which
equals the rate of volume changes. Under symmetry assumptions similar to Pokluda et al.,
we simplify the 3D model into a 0D model which consists in an ordinary differential system.
We show that under the incompressibility assumption, our 0D model is similar to the model
of Pokluda et al., but it is formulated in a simple way, that prevents numerical issues unlike
the model of Pokluda et al. We conclude by comparing the 0D model with experimental
data, proving the consistency of the modeling.
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2 Viscoelastic model of the fusion of growing spheroids

The purpose of this section is to propose a model, which accounts simultaneously for the
spheroids growth and their fusion. The spheroids are seen as viscous fluid with specific
rheological properties. To account for the tumor growth, the cell densities are generically
supposed to be driven at a velocity whose divergence equals the production terms, as pro-
posed by Greenspan [19] in the late 70’s, Byrne et al. [6] and more recently by Colin, Saut
et al. [5, 2, 7]. Then a phenomenological law such Darcy or Stokes law is used to close the
system. Such a modeling involves parameters, whose determination needs advanced exper-
imental techniques. For instance determining the proportion of proliferating and quiescent
cells can be performed thanks to metabolic rate activity measurements or by examining
specific markers such as BrdU or EdU. Oxygen and nutrient consumption rates are also a
crucial in tumor proliferation [17, 28]. These models are interesting to investigate the influ-
ence of the different configurations on the tumor growth, but given a specific experimental
set-up, it is hard to determine which parameters have to be used a priori. Regarding the
fusion of spheroids, which is the goal of the paper, we interesting show that measuring the
neck radius and the spheroids assembly diameter gives the growth curve of the spheroid.
Therefore the growth law is no more an unknown but it is given by the experiments. The
remaining unknowns are the macroscopic rheological properties, which are somehow intrin-
sic to the spheroid cell type, and can be fitted by the experiments. It is worth noting that
these rheological parameters can be hardly measured, but they can be obtained by fitting
the model with the experimental measurements. Even though such full 3D models are the
most relevant to describe in general the fusion of spheroids, it is interesting to simplified the
tumor growth model into a 0D model for calibration purpose. Such a 0D simplification is
based on the following assumptions:

• The growth of the spheroid volume can be described by an simple ordinary equation.

• The 2 spheroids in fusion are identical.

2.1 Growth law and area and volume of the fusing spheroids

Denoting by f the volume of one spheroid, let assume that f follows the following ordinary
differential equation:

ḟ(t) = ϕ(f), f(0) = f0. (2)

This class of ordinary differential equation for tumor growth has been used in preclinical
studies for several decades, essentially to track the tumor volume dynamics in mice models.
One can cite the papers of Von Bertalanffy [42], Laird [27], Spratt et al. [37], or more recently
Wilson et al. [44] for instance. We refer to Benzekry et al. [1] for an exhaustive comparison
of the many different 0D–tumor growth models that can be found in the literature. The
choice of the function ϕ is related to the experimental observations on the growth of single
spheroid. For instance, a power law can be used – that is ϕ(f) = αfβ – but Gompertz
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model is widely used – that is ϕ(f) = βf log(α/f), where α and β are the parameters of the
growth, and f0 is the volume of the spheroid at the beginning of the sintering, when the two
spheroids have only 1 contact point.

Denoting by A and V the area and the volume of the assembly of the spheroids in fusion,
simple geometric considerations based on Figure 1 imply that

A(t) = 4πa2(t)(1 + cos(θ(t))), (3)

V(t) =
2π

3
a3(t)

(
2 + 3 cos(θ(t))− cos(θ(t))3

)
= 2f(t), (4)

where a is the radius of one of the spheroid in fusion, and θ is the acute angle between the
axis (OA) and the line (AI) (see Figure 1). The neck radius r is just given by

r(t) = a(t) sin(θ(t)),

and the spheroid diameter reads

d(t) = 2(a(t) + a(t) cos(θ(t))).

2.2 Stokes equation

The spheroids are seen as viscous liquid with a viscosity η and a surface tension Γ. The
velocity field v and the pressure Π are unknowns which satisfy the so-called Stokes equation

∇ · ¯̄T = 0, in S(t), with ¯̄T =

[
2ηD[v]−

(
2

3
η∇ · v + Π

)
Id

]
, (5)

where D[v] = 1
2
(∇v +∇vT ) is the rate of deformation tensor. Assuming that the spheroid

is homogeneous, thanks to the so-called Reynolds formula1 the divergence of v is given by

∇ · v =
V̇
V

=
ϕ(f)

f
, in S(t). (6)

On the boundary of the spheroid, the surface tension minimizes the mean curvature κ = ∇·n:

¯̄Tn = 2ηD[v]n−
(

2

3
η∇ · v + Π

)
n = Γκn, on ∂S(t). (7)

The boundary of the fusing spheroids is then transported by the normal velocity v.

2.3 Ordinary Differential systems for the fusion of growing spheroids

The above problem can be simplified into a 0D differential system. More precisely, one
can recover the approach of Shaler, Frenkel et al. [36], and more recently Pokluda et al.
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Multiplying the Stokes equation by v and integrating by part, one obtains the following
equality: ∫

S(t)

¯̄T : ∇v dx =

∫
∂S(t)

Γκv · n ds, (8)

This is exactly the balance between the work Ẇv of the viscosity forces per unit of time, and
the work per unit of time of the effective surface tension Ẇs as stated by Shaler, Frenkel,
Pokluda et al. The difficulty here lies in the fact that the spheroids are growing, and thus
the assembly has to be seen as a compressible fluid, whose divergence is linked to the rate
of change of the volume. The right hand side of (8) is nothing but the change of the area
multiplied by the surface tension as shown by Grinfeld [20]:∫

∂S(t)
Γκv · n ds = −Γ

dA
dt
.

Assuming that the stress tensor and the gradient of the velocity are constant in the cell
aggregate, the work of viscous forces per unit of time Ẇv –that is the left hand side of (8)–
at any point of the spheroid is similar to the same work per unit of time at the point A (see
Figure 1):

Ẇv = V(t)

{
η
(
∇v(A) +∇vT(A)

)
: ∇v(A)− 2

3
η

(
ϕ(f)

f

)2

− Π
ϕ(f)

f

}
.

Using the symmetry one infers that the ∂xvx(A) = ∂zvz(A), where the x−, y−, and z−
directions are given in Figure 1. In addition, since the displacement is only along the axis
ey, one also has

∂zvx(A) = ∂xvz(A) = ∂zvy(A) = ∂yvz(A) = ∂xvy(A) = ∂yvx(A) = 0.

Thanks to the divergence condition (6), one infers

2∂xvx(A) + ∂yvy(A) = 2∂zvz(A) + ∂yvy(A) =
ϕ(f)

f
,

and therefore(
∇v(A) +∇vT(A)

)
: ∇v(A) = 2(∂yvy(A))2 +

(
−∂yvy(A) +

ϕ(f)

f

)2

.

Similarly to Pokluda et al., approximating ∂yvy ∼
1

a cos θ

d

dt
(a cos θ) one infers2

(
∇v(A) +∇vT(A)

)
: ∇v(A) = 3

(
ẇ

w

)2

− 2
ϕ(f)

f

ẇ

w
+

(
ϕ(f)

f

)2

,

2Let us mention that the formula (6) page 3254 should involve the term cos θ at the denominator. This
has no influence in Pokluda et al.’s paper since they consider small angle θ and thus cos θ ∼ 1.
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where for conciseness w = a cos θ. Therefore, the work due to viscous forces per unit of time
is given by

Ẇv = 2f(t)

{
3η

(
ẇ

w

)2

− 2η
ϕ(f)

f

ẇ

w
+

1

3
η

(
ϕ(f)

f

)2

− Π
ϕ(f)

f

}
. (9)

On the other hand, the work Ẇs due to the surface tension per unit of time is given by

Ẇs = −Γ
dA
dt

= −4πΓ (ȧ(2a+ w) + aẇ) . (10)

Therefore, identifying the works per unit of time due to the viscous forces and to the surface
tension, and using the volume formula (4) one infers the nonlinear differential system satisfied
by a and w:

2f(t)

{
3η

(
ẇ

w

)2

− 2η
ϕ(f)

f

ẇ

w

+ (η + ξ)

(
ϕ(f)

f

)2

− Π
ϕ(f)

f

}
= −4πΓ (ȧ(2a+ w) + aẇ) ,

(11a)

2a3 + 3a2w − w3 =
3

π
f, (11b)

where f is entirely determined as the solution to (2). Deriving (11b), one gets

ȧ =
1

2π

ϕ(f)

a(a+ w)
+
w − a

2a
ẇ,

and then one infers(
ẇ

w

)2

+
2

3

{
π

Γ

η

(w + a)

f

w2

2a
− ϕ(f)

f

}
ẇ

w
+

1

9

(
ϕ(f)

f

)2

− Π

3η

ϕ(f)

f
+

Γ

3η

ϕ(f)

f

2a+ w

a(a+ w)
= 0.

(12)

Defining the functions (w, a, f) 7→ B(w, a, f) and (w, a, f) 7→ C(w, a, f) by

B(w, a, f) =
w

3

{
π

Γ

η

(w + a)

f

w2

2a
− ϕ(f)

f

}
, (13)

C(w, a, f) =
ϕ(f)

f
w2

(
Γ

3η

2a+ w

a(a+ w)
+

1

9

ϕ(f)

f
− 1

3η
Π

)
, (14)

we thus infer that the triplet (f, w, a) is solution to the differential system

ḟ = ϕ(f), (15a)

ẇ = −B(w, a, f)−
√
B(w, a, f)2 − C(w, a, f), (15b)

ȧ =
1

2π

ϕ(f)

a(a+ w)
+
w − a

2a

(
−B(w, a, f)−

√
B(w, a, f)2 − C(w, a, f)

)
, (15c)
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with the initial conditions

f(0) = f0, w(0) = w0 , a(0) = a0, (15d)

where f0, w0 and a0 are the respective initial values of f , w and a. Note that at the very
begining of the sintering, w = a , however in the experiments the measurements start after
this very begining, and the fusion has already started. The neck radius r and the largest
diameter d of the assembly are then given by

r(t) =
√
a(t)2 − w(t)2, d(t) = 2(a(t) + w(t)). (16)

Remark 2 (Fusion of non-growing spheroids) One can compare our approach to Pok-
luda et al. regarding the fusion of non growing spheroids. In this case, ḟ = 0 and then the
problem reads

ẇ = −2B(w, a, f0), (17a)

ȧ = −w − a
a

B(w, a, f0). (17b)

It is worth noting that this problem is well-posed for any initial conditions a0 > 0 and
w0 > 0. Moreover, making the assumption of small angle θ, and reminding that w = a cos θ,
one infers that

2B(w, a, f0) ∼
Γ

2η
.

Then, since cos θ ∼ 1− θ2/2, equation (15b) can be approached by

a0
2

d(θ2)

dt
=

Γ

2η
,

which is exactly the differential equation of Pokluda et al. [32]:

θ̇ =
Γ

2a0ηθ
.

However, as noted by Pokluda et al., the later equation does not fall in the Cauchy-Lipschitz
theory if θ|t=0 = 0, while the exact system (17) remains well-posed with the initial conditions
w0 = a0 > 0, which correspond to θ = 0, a(0) = a0.

Remark 3 (On the choice of the root of (12)) In equation (15b), the choice of the small-
est root of (12) has been made. This choice is driven by the experimental data. To make
thing clear, let us first consider the fusion of non growing spheroids. In this configuration,
the term C(w, a, f) vanishes and the two possible equations for ẇ are :

ẇ = 0 or ẇ = −2B(w, a, f).

Since fusion occurs in the experiments, necessarily the second equality has to be chosen.
Actually the physiological values of the visco-capillary velocity in spheroids ranges in 1 to
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0.1 µm/min, while the pressure-viscosity ratio is about 10−3 s−1 in solid tumors and much
lower in multicellular spheroids according to [39, 34, 3]. Moreover the experimental mea-
surements show that the order of magnitude of ẇ is about 1 nm/s, while w and a are about
several hundreds of microns. These rough estimates show that√

B(w, a, f)2 − C(w, a, f) ∼ B(w, a, f),

and ẇ is not negligible, this justifies choice of root of the polynomial in equation (15b).

3 Calibration and comparison with experimental data

This section is devoted to justifying the relevance of the modeling by comparison with ex-
perimental data.

3.1 Experimental set-up

Spheroids of colon carcinoma human cells (HCT116 cell line) were formed by using the
centrifugation method in 96–well plates, as described by Desmaison et al. in [8]. Two
HCT116 cell lines stably expressing either the H2B-mCherry red-emitting fluorescent fusion
protein or the fusion protein H2B-GFP were used. After 3 or 6 days of culture, two spheroids
at the same growth stage – one made of the HCT116-H2B-mCherry cells and the other
one with the HCT116-H2B-GFP cells – were transferred in one well and their fusion was
monitored by live videomicroscopy. In each experiment, the acquisition was performed for 10
wells in parallel, a z–stack with a 20µm z–step was acquired for each well to ensure obtaining
in-focus images of the fusion zone. The total duration of the time lapse experiment was 72h
with an acquisition every 2 hours. Figure 2 provides an example of videomicroscopy images
acquisition by the experimental set-up. From these images the neck radius and the diameter
of the assembly of the fusing spheroids are extracted.

3.2 Fusion of identical growing spheroids

The calibration of the parameters involved in the 0D model is required to compare the
numerical results with the experimental data. A priori, it is necessary to have the growth
law of the spheroid, that is to have the expression of the function ϕ(f)/f from (2), as well as
the ratio Γ/η referred to as viscocapillary velocity [32] and the pressure–viscosity ratio Π/η.
Therefore, considering for instance Gompertz growth law, one has a priori 4 parameters to
fit.

The interesting point lies in the fact that taking advantage of the symmetry, as assumed
for the 0D–model, one can obtain directly the growth law from the measurements of the
neck radius and of the spheroid diameter. More precisely, from (16), one also has the reverse
maps from (r, d) towards between (a, w):

11



(a) Two spheroids at t = 0. (b) Fusing spheroids at t = 24h. (c) Fusing spheroids at t = 48h.

Figure 2: Images of the fusing spheroids acquired from the live videomicroscopy at t = 0
(Left), t = 24h (Center) and t = 48h (Right). An acquisition was perfomed every 2hours
for a total duration of the experiments of 72h. Grey: transmitted-light, red: mCherry
fluorescence, green: GFP fluorescence. Scale bar: 100µm.

a(t) =
1

4
d(t) +

r2(t)

d(t)
, w(t) =

1

4
d(t)− r2(t)

d(t)
, (18)

and then the volume of the spheroids in fusion V is given by equation (11b). Therefore from
the time-measurements of r and d, one extracts the evolution of the spheroid volume, which
then gives the function ϕ(f)/f .

Therefore the number of parameters is reduced to the viscocapillary velocity Γ/η and the
pressure–viscosity ratio Π/η. The data provided by Figure 3 justify straightforwardly the
motivation of our approach since the volume of the spheroid assembly is far from constant.

Knowing the ratio ϕ(f)/f , the differential equations (15) are then solved with the routine
odeint from the python library SciPy [26], which is optimized to solve ordinary differential
systems. From then, we obtain the best fits of the data for both experiments with the
value Γ/η = 3.10−3µm/s, and Π/η = 1.0µs, which seems consistant with the value of visco-
capillarity that can be found in the literature3. Figure 4 and Figure 5 show that the 0D
model provides consistant results. It worth noting that the approach of Frenkel, et al. as
used in [9, 39] would have failed since the diameter of the spheroid is far from decreasing, as
reported by Figure 5.

4 Conclusion

In this paper, we have presented a viscoelastic model of the fusion of growing spheroids which
extends the classical approach used since 90’s. Our model combines a classical tumor growth
model as proposed by Greenspan [19] and used extensively by Colin, Saut et al. To close the

3Stirbat et al. found 7.6µm/s for the visco-capillarity velocity of aggregate of mouse embryonic carcinoma
F9 cell line [39].
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(a) Fusion of 2 spheroids of 300µm diameter. (b) Experiment with 2 spheroids of 500µm diam-
eter.

Figure 3: Spheroid volume evolution obtain from the measurements of the neck radius and
the spheroid diameter. For both experiments the evolution is almost linear. For each setup,
6 experiments have been performed.

(a) Fusion of 2 spheroids of 300µm diameter. (b) Experiment with 2 spheroids of 500µm diam-
eter.

Figure 4: Radius neck evolution obtained from the measurements (red dots) and from the
model (continuous line), with the parameter values Γ/η = 3.10−3µm/s, and Π/η = 1.0µs.

system, the simple Darcy law used in [2, 5] is replaced by Stokes equation for compressible
fluid with an effective surface tension. This complex 3D model is simplified into an ordinary
differential system of 3 unknowns, which is easy to solve with standard ODE solver. Using
the Python library odeint, we obtain a set of parameters for which the numerical results
are closed to the data. Interestingly, in the case of non growing spheroid, our approach is
equivalent with the approach of Pokluda et al., but our system is well-posed for any positive
initial data. It thus avoids the numerical difficulties mentioned in [32].

The biological outcome of our results lies in the fact that measuring the neck radius
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(a) Fusion of 2 spheroids of 300µm diameter. (b) Experiment with 2 spheroids of 500µm di-
ameter.

Figure 5: Spheroid diameter evolution obtained from the measurements (red dots) and from
the model (continuous line), with the parameter values Γ/η = 3.10−3µm/s, and Π/η = 1.0µs.

and the diameter of the spheroid assembly makes it possible to characterize the macroscopic
viscoelastic properties of the spheroids. The experimental data make it possible to obtain
the visco-capillary velocity and the pressure-viscosity ratio, which are the parameters that
describe the rheological properties of the spheroids. The way the viscocapillary velocity
and the pressure-viscosity ratio behave in term of tumor aggressiveness is still unclear. A
forthcoming study would compare the rheological properties of different tumor spheroids
aggressiveness, in the sense of growth velocity.

Interestingly, from the continuum fluid mechanics, we recover and extended the 0D model
previously obtained by Douezan et al. [9], and Pokluda et al. [32] and more recently Jakab et
al. [25]. Since our model is written in the general 3D configuration, it makes it possible
to study the fusion of spheroids in non-symmetrical configurations. Moreover, the study of
multicellular spheroids, with different cell species is possible thanks to our approach. For
these reasons, this paper provides a way to better understand the rheology of tumor at least
at its early stage. It enhances the importance of the effective surface tension in the fusion
of cell aggregates.
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