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Abstract

We propose a new estimator for extreme quantiles under the log-generalized Weibull-tail model,
introduced by Cees de Valk. This model relies on a new regular variation condition which, in
some situations, permits to extrapolate further into the tails than the classical assumption in
extreme-value theory. The asymptotic normality of the estimator is established and its finite

sample properties are illustrated both on simulated and real datasets.
Keywords: Extreme quantiles, Extreme-value theory, Extended regular variation.

AMS 2000 subject classification: 62G32, 62G20.

1 Introduction

Let X be a random variable with distribution function F(-) = P(X < -) and survival function
S :=1— F. Starting from a n—sample from X, our goal is to estimate extreme quantiles from
S of level 1 — B, with 3, — 0 as n — oco. Recall that a quantile of level 1 — 8 is given by
Q(B) = inf{y; S(y) < B}. The rate of convergence of 3, to zero drives the difficulty of the
estimation problem. Indeed, if ng3, — 0 as n — oo, then Q(5,) is asymptotically almost surely
larger than the sample maxima. In finance or assurance contexts, an extreme quantile is interpreted
as the Value-at-Risk associated with an extreme loss, see [10, 19] for links between extreme-value
theory and risk theory. In environmental applications, an extreme quantile coincides with the
return level associated with an exceptional climatic event (extreme rainfalls [6], extreme wind
velocities [16], extreme wave heights [18], river peak flows [17],...).

Dedicated methods have been designed to address the estimation of extreme quantiles, see [9,
Chapter 6] or [15, Chapter 4], for an overview. Most of them rely on an extended regular varia-
tion assumption on the function Q). Recently, an alternative method has been initiated by Cees
de Valk in a series of papers [21, 22|, the goal being to estimate “more” extreme quantiles i.e.

associated with sequences [, tending to zero at a faster rate than in the previously mentioned
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approaches [9, 15]. The idea is to put the extended regular variation assumption on the function
V(:) :=InQ(1/exp-) rather than on Q(-), see Paragraph 1.1 for technical details and Paragraph 1.2
for examples. Dedicated estimation methods are introduced in [23]. The goal of this work is to
contribute to the popularity of this model by proposing alternative estimators, which are more

efficient than the initial ones [23] in some situations.

1.1 Tail model

Let X be a random variable with survival function S. For the sake of simplicity, we assume in
what follows that S(1) =1 i.e. X is almost surely larger than 1. The tail model considered in this
work is given by

S(z) = exp[- V" (Inz)], (1)
where V< () := inf{y; V(y) > -} is the generalized inverse of V() = InQ(1/exp-) with @ the
quantile function. The function V' is supposed to be of extended regular variation with index 6 € R.

More specifically, there exists a positive function a (called the auxiliary function) such that, for

allt >0 (t2) (@)
. V(tx) = V(z) tueflu:'
ml;ngo T 7/1 du =: Lg(t). (2)

The class of extended regularly varying functions is denoted by ERV(0). Model (1) is referred to
as the “log-generalized Weibull-tail model” [21, 22, 23]. From [15, Corollary 1.1.10], a sufficient

condition for (2) is

(A1) V is differentiable with derivative V' satisfying
(3)

Such a function V' is said to be regularly varying with index 6 — 1 and this property is denoted
by V' € RV(6 — 1). We refer to [5] for a general account on regular variation theory. Moreover,

under (A1), a possible choice of auxiliary function in (2) is a(z) = zV'(z).

1.2 Properties and examples

Condition (A1) generalizes the tail model introduced in [8, 12] where it is assumed that the
function V in (2) is asymptotically proportional to L, for some 7 € [0,1]. One can then easily
show that such a tail parameter 7 coincides with the index 6 of extended regular variation in the
situation where 6 € [0, 1]. In terms of Maximum Domain of Attraction (MDA), the following result
has been established in [2, Proposition 4]:

Lemma 1 Assume F' is twice differentiable.
(i) If (A1) holds with 6 < 1 then F € MDA (Gumbel).
(ii) If F € MDA(Fréchet) then (A1) holds with 8 = 1.

(i5i) If (A1) holds with 0 > 1 then F does not belong to any MDA.



It thus appears that model (A1) with # < 1 is of particular interest since it is associated with most
distributions in MDA (Gumbel) U MDA (Fréchet). The situation # > 1 which does not correspond
to any domain of attraction is sometimes referred to as super-heavy tails, see for instance [3]. The

following examples are taken from [2, Proposition 3]:

Example 1 Let 2* :=sup{z > 1, F(x) < 1} be the endpoint of F. Then, under some monotoni-

city assumptions:

(i) If V- (In-) € RV(1/B), B > 0, then (A1) holds with 6 = 0. In this case, F is referred
to as a Weibull tail-distribution, see for instance [4, 11, 14]. Such distributions encompass

Gaussian, Gamma, Exponential and strict Weibull distributions.

(ii) V< € RV(1/8), 0 < B < 1 if and only if (A1) holds with § = 8 > 0. Here, F is called
a log-Weibull tail-distribution, see [3, 8, 12], the most popular example being the lognormal
distribution.

(iii) 1 < 2* < 0o and V<= (Inz* +In(1 — 1/-)) € RV_y,3, B < 0 if and only if (A1) holds
with @ = B < 0. This case corresponds to distributions with a Weibull tail behavior in the
neighborhood of a finite endpoint.

We also refer to Table 1 for examples of distributions corresponding to the three above families:
#=0,0>0andf<O0.

1.3 Outline

The inference aspects associated with model (1) are examined in Section 2: Estimators for extreme
quantiles are introduced as well as estimators for the extended regular variation index 6 and the
auxiliary function a. The asymptotic distributions of these estimators are established in Section 3.
Their finite sample performance are investigated in Section 4 on simulated data and compared to
the proposals introduced in [23]. Finally, an illustration on real data is presented in Section 5.
Proofs are postponed to Section 6.

2 Inference

Let X1,...,X, be n independent copies of a random variable X distributed as in (1). The as-
sociated ordered statistics are denoted by X;, < ... < X, , throughout the paper. Starting
from this random sample, we focus on the estimation of extreme quantiles i.e. Q(u) := S (u) =

exp[V (In(1/w))] when v — 0. Two situations for the level u are considered.

Intermediate case. If u = «,, where «,, is an intermediate level satisfying a,,, — 0 and na,, — oo
as n — 00, a natural estimator is obtained by replacing @ by its empirical counterpart Qn More
precisely, Q(ay,) is estimated by Qn(an) = Xp—nan|n-

Extreme case. If u = f3,, where 3, is an extreme level such that ng, — ¢ > 0 as n — oo, a

simple order statistics cannot be used. Extrapolation beyond the sample should be performed.



Starting from an intermediate level «,, := k,/n where k, — oo and k,/n — 0, we propose to
estimate Q(8,) by

R e P L e o e = (@

where 6,, and a,[In(n/k,)] are suitable estimators of 6 and a[ln(n/k,)]. The rationale behind (4)

is based on (2) which basically means that for « close to 0 and for all ¢ > 0,

In(t
In Q(ta) ~ In Q(a) + a[In(1/a)] g <1 + 11111((04))) :
Estimator (4) is then obtained by taking a = k,/n and ¢t = nf,/k, and by replacing the un-
known quantities Q(ky/n), a[ln(n/k,)] and 6 by their corresponding estimators. Since k,,/n is an
intermediate level, Q(k, /n) is estimated by Qp(kn/n) = Xn_k,.n-

Parameters estimation. Let us now propose new estimators of  and a[ln(n/ky)]. To this end,
for j € {1,2}, consider the statistic

1 Fed

j J
n kn

1n2 n— zn 1n2(X’rL—kn,7LH )
0

where Ins := Inln, as well as the functions
po(t, €) = /1 [L (1+ (1/8))] ds and W,(¢) := p(t, )
2o t k()

defined for ¢t > 0, b € N\ {0} and ¢ < 1. Let us mention that p1(¢,0) = e’ E;(t) where E1(t) :=

j;oo u~le~“du is the exponential integral, see for instance [1, eq 5.1.1]. Furthermore, it can be

shown (see Lemma 5) that U, is a decreasing function, at least for ¢t large enough, and thus

its generalized inverse W;~ is well defined for ¢ large enough. The following statistics are then

introduced:
(1)
U . S (5)
" pi[ln(n/ky,),0]’
(1)72
AM) [Mn"]
0,7 = Uik <M7(12)>’ (6)
oM = oM 400", (7)
i (k)] = B Enkan ), (8)

pa[In(n/ky), 65

»Vn,—

We conclude this section by giving the main ideas leading to the estimators (7) and (8) of respec-
tively 6 and a[ln(n/ky)]. The estimator (7) is similar in spirit to the moment estimator introduced
n [7]. Its construction is based on the following two results. Letting 6+ := 6V 0 and §_ := 6 A0,
for any increasing function V € ERV(6),

lim Vi) In Vi{tz)

T—00 a,(;c) V(IE) = Lo_ (t)’ (9)

W



locally uniformly in (0,00), see [15, Lemma B.3.16]. Moreover, one has (see for instance [15,
Eq. 3.5.5]),
. alx)
1
wmr00 V(1)

:9+.

Plugging = := In(1/a) and t := 1 4 In(s)/In(a) in (9) yields the approximation

Ing Q(sa) — Iny Q(ev) ~ 01 Lo <1 + ms) :
Ina

as a — 0 and for all s € (0,1). Integrating with respect to s on (0, 1) leads to

1 1 In
/0 [lng Q(sa) — Ing Q(ar)] ds //0 Ly (1 + 1n:u> ds ~ 0.

Considering o = k,,/n where k, is an intermediate sequence such that k, — oo and k,/n — 0
and replacing @ by its empirical estimator Qn lead to the estimator (5) of .. Similarly, remark
that (9) leads to the approximation

{ /0 1y O(s0) — Iny Q1) ds}2 / /0 " lns Q(s0) — Iz Q)] ds ~ Wyt oy (6-),

as @ — 0. Replacing again in the previous approximation « by k,/n and @ by its empirical
counterpart suggests to estimate 6_ by (6). Finally, estimator (8) is obtained by remarking that,
from (9)

a[ln(l/a)]/o oW ¢ pa[n(1/a), 0],

for « close to 0. Replacing a by ky,,/n, Q by Q. and 6_ by é;j\{) gives (8).

3 Main results

3.1 Quantile estimation: Intermediate case

Let us first focus on the asymptotic behavior of the quantile estimator in the intermediate case.

Theorem 1 Under model (1), assume that (A1) holds. For all intermediate level o, (i.e. such
that o, — 0 and na, — 00 as n — 00), one has

(nan)l/z ln(l/an) Qn(an) d
(/o)) ( Qlan) ) N,

First, remark that introducing k, = |na,| and choosing a(t) = tV'(t) (see Paragraph 1.1), the
above asymptotic normality result can be rewritten as

/ A
we (m(kn/n)) -5 N0 D).

V'[in(n/kn)] Q(kn/n)

If, moreover,
kY2 /v [In(n/ky,)] — oo as n — oo, (10)



then
/2

TR (Grlhn/) = Qla/m)) =5 N(O.),

where U(-) = Q(1/-) is the tail quantile function. This result coincides with [15, Theorem 2.2.1]
established under a von Mises’ condition for the maximum domain of attraction of an extreme-value
distribution. Clearly, (10) holds when 6 < 1 since, in this case, V'(t) — 0 as t — oo. Moreover, if
F € MDA (Fréchet) then § = 1 from Lemma 1(ii) and U € RV(v) for some > 0. It thus follows
that V'(Int) = tU'(t)/U(t) — v as t — oo and (10) is verified. The case § > 1 is not relevant here,
since, in this case, F' does not belong to any domain of attraction, see Lemma 1(iii).

Second, under additional conditions,

. (M)
arn [In(1/an)] P
dm(jon)] ¢

see Theorem 4 below, and thus
(nan)1/2 hl(l/an) 1 Qn(an) d
N(0,1
a M n(1/an,)] "\ Q) ©.1)

which provides a way for constructing asymptotic confidence intervals for intermediate quantiles
Q(a,) based on Q, (a,). Letting u¢ the (14¢)/2th quantile from a standard Gaussian distribution,

A &%M) n(l/ay, A &%M) n(l/ay,
[Qnmn)e}(p(_( n(1/a,)] >;Qn(an)exp<( [n(1/ >]) <>]

no, )t/? ln(l/an)uC na, )2 In(1/ay,

is a confidence interval for Q(a,,) of asymptotic level (.

3.2 Quantile estimation: Extreme case

Our next goal is to establish the asymptotic normality of Q,,(8,) for an extreme level 3, satisfying
nB, — ¢ > 0. A second-order condition is needed on V' € ERV(0) to control the rate of convergence
in (2):

(A2) There exist a function A with A(z) — 0 as z — co and p < 0 such that for all ¢ > 0,

1 [V(tx) —V(x)
a(x)

lim —

t
— Lg(t)] = Hp ,(t) := / WL, (u)du.
1
locally uniformly for ¢ > 0.

Note that (A2) also provides the rate of convergence in (9). Indeed, from [15, Lemma B.3.16],
condition (A2) with 6 # p entails that there exists a function A with A(z) — 0 as x — oo such
that

. 1 [V(z), V(tx)
1 1 —Lg_(t)| = Hg_ (¢). 11
200 A(z) {a(m) M) L] = Hop ) )
The function |A| is regularly varying with index p’ < 0 where, according to [15, Lemma B.3.16],
0 if 0 < p,
, %) if p<9 <0,

12
—6 if(0<60<—pandl#D0), (12)

p if(0<@<—pandl=0)or (6 >—p),



with, for 6 > 0,

Tr—r00 9

Let us also introduce the positive function B defined by B(x) := max(|A(z)|, |A(x)|/z). Tt is easily

checked that B is regularly varying with index max(p, p’ —1). We are now in position to establish

l:= lim {V(:c)—a(x)}.

the asymptotic distribution of Q,(f,) for general estimators of 6 and a[ln(n/k,)] satisfying the

condition:

(A3) There exist a sequence o, — 0 and a random vector (B, O, A) such that

I Xp g —InQ(kn/n) 5 B Lo(dn) [ an[In(n/ky,)] - ;
M ) g (ot 1)} @00

where d,, :=1In(1/8,)/In(n/k,).

g

Theorem 2 Under model (1), assume conditions (A2), (A3) hold. Let (k,) and (5,) be two
sequences such that nf, — ¢ > 0, k, — o0, kp/n — 0, d, — d € [1,00], o, In(d,) — 0 and
o ' Alln(n/ky,)] — 0 as n — oo. Then,

U,Tl . (Qn (Bn)

Under the conditions of Theorem 2, three situations can arise for the extreme quantile level (3,,.

>i>Q+®+/\.

The first one is when d,, — 1 which corresponds to the least extreme case. This condition is
achieved for instance when nf3,, — ¢ > 0. In this situation,
dn—1
Hoo(dn) “~" (dn = 1)*/2 = 0. (13)
The second case corresponds to the situation where d,, — d € (1, 00). Here,

Hoo(dn) ™= Hyo(d) > 0. (14)

Note that for these two situations, o, In(d,) — 0 is a consequence of the assumption o, — 0 as

n — oco. Finally, the most extreme case occurs when d,, — oo leading to

4 1n(d,)/0 if 6> 0,
Hyo(dy) "= 1%(d,)/2  if6=0, (15)
1/6? if 0 < 0.

As expected, the rate of convergence in Theorem 2 is getting worse when the quantile level 3, is
getting more extreme. Let us also highlight that, when 6 < 0, the rates of convergence in situations
d, — d > 1 and d,, — oo are of the same order.

To conclude this section, let us give the following consistency result.

Proposition 1 Under the conditions of Theorem 2,

anlln(n/k,)] »
m — 1 and 7H9,O<dn)

0'7:1 n Qn(ﬁn) d
ammwmn%mwml(me>‘%Q+@+*

Proposition 1 can be used to construct asymptotic confidence intervals for extreme quantiles Q(/5,)
based on Q,,(8,), see (18) below.

Hy (dy
CONN (16)

and therefore




3.3 Parameters estimation

First, the asymptotic distribution of the estimator of 8 proposed in (7) is provided.

Theorem 3 Under model (1), assume that condition (A2) holds with 0 # p. Let (k) be a
sequence such that k,/In*(n) — oo, kn/n — 0 and k,A?[In(n/k,)]/In*(n/k,) — 0 as n — oo.
Then,
k'?lz/2 A(M) d
BT (9n —9) 5 N(0,1).
Note that from [13, Lemma 1], condition k, A[In(n/k,)]/ In*(n/k,) — 0 implies In(k,)/In(n) — 0
as n — oo and thus In(n/k,) ~ In(n). Second, the asymptotic distribution of the estimator

of a[ln(n/k,)] proposed in (8) is established in the following theorem.

Theorem 4 Under model (1), assume that condition (A2) holds with 0 # p. Let (k) be a
sequence such that k,/In*(n) — 0o, kn/n — 0 and k,B*[In(n/k,)] — 0 as n — co. Then,

&(M) n(n
kL2 ("a[hgl(n(/k/nk)’]‘)] - 1) %5 N(0,2).

Note that, if p > —1 and k,A%[In(n)] — 0, then k,/In*(n) — 0. Hence, Theorem 4 does not
apply when p € (—1,0). Let us stress that this limitation also appears in [8, Theorem 1]. As a
straightforward consequence of Theorems 1 — 4, the asymptotic normality of the extreme quantile
estimator Q%M)(,Bn) is obtained by considering 6,, = 0 and @, In(n/ky)] = S In(n/k,)] in (4).
Corollary 1 Under model (1), assume that (A2) holds with 0 # p. Let (k,) and (8,) be two
sequences such that nB, — ¢ > 0, ko/n — 0, k,B?[In(n/k,)] — 0, d, — d € [1,00] and
[In(n) max(1,1n(d,))]?/kn — 0 as n — co. Then,

kL2 1n(n/ky,) WM B\ 4
allnrn/ k) Ho o (d) 1“( Q@n )N

It appears that ln(n/kzn)a[ln(n/kn)]H¢970(dn)/k}/2 — 0 is a sufficient condition to ensure that
H M) (Bn) is a relatively consistent estimator of Q(3,), i.e. such that Q%M) (8r)/Q(Br) 1
Recalling that In(n/k,) ~ Ilnn as n — oo, that B € RV(max(p,p’ — 1)) and a € RV(6),
we end up with a set of three conditions on the sequences (k,) and (3,): k,B?(lnn) — 0,
[In(n) max(1,1n(d,))]*/k, — 0 and [In(n)a(lnn)Hgo(d,)]?*/kn — 0 as n — oo. Let us illustrate
how these conditions may limit the extrapolation range (,, depending on the index 6 of extended

regular variation in three typical situations:

e Let 8, =c¢/n, c € (0,1). Here d,, — 1 as n — oo, this is the least extreme case considered
in Subsection 3.2, and, in view of (13), Hpo(dyn) ~ [In(k,)/In(n)]?/2. Two constraints arise
on the distribution parameters: p < —1 and 6 < min(1 — p,2 — p’). The first one, p < —1,
was already imposed by Theorem 4. The second one is fulfilled as soon as # < 2 including
MDA (Fréchet), see Lemma 1(ii), finite endpoint, Weibull-tail, log-Weibull tail distributions
defined in Example 1 and some super-heavy tail distributions.



e Let 8, =n"",d > 1. Here, d, = 7, this is the second extreme case considered in Subsec-
tion 3.2, and, as a particular case of (14), Hp o(dy) is constant. The constraints are: p < —1
and § < —max(1+ p,p’). The condition on 6 is fulfilled by finite endpoint distributions of
Example 1(iii), Weibull-tail distributions (Example 1(i)) and some log-Weibull tail distribu-
tions (Example 1(ii)). In MDA (Fréchet), # = 1 and thus the condition on the second order
parameters is strengthened: p < —2 and p’ < —1.

e Let 8, = exp(—cn), ¢ > 0. Here d,, — 00 as n — o0, this is the most extreme case
considered in Subsection 3.2. In view of (15), three subcases have to be considered. If § < 0
then Hpo(d,) is asymptotically constant and the conditions are p < —2 and p/ < —1. If
0 = 0 then necessarily p’ = 0 in view of (12), Hg o(d,) ~ (Inn)?/2 and it is not possible to
find sequences satisfying the constraints. If § > 0 then Hp o(dy,) ~ (¢?/0)n?(Inn)!=? and it

is not possible either to find sequences satisfying the constraints.

T

In the second case where 3, = n~", 7 > 1, it is possible to compare the asymptotic standard

deviation of In Q%M) (Brn), denoted by o, to the one associated with the estimator introduced
in [23], denoted by o,. Our Corollary 1 and [23, Corollary 2] yield:

On ~ Hyo(r)k;Y?(Inn)a(lnn),
ol ~ (L§(r)+ Hj (7)) ?k, *(Inn)a(lnn).

As a consequence, the asymptotic standard deviations are equivalent up to a multiplicative con-
stant:

/
0—7 — (1 + LE(T) ) =:Ag(r) <1 as n — oo. (17)
ol H, 970(7)
The behavior of Ag(7) with respect to 6 and 7 is illustrated on Figure 1. It appears that Ag(7) is
an increasing function of 7 and . As expected Ag(7) < 1 meaning that QM) (Br) is asymptotically
more efficient than [23]’s competitor, all the more so as 6 is small.

Finally, in view of Proposition 1, the unknown quantities Hp ¢(d,,) and a[ln(n/k,)] can be replaced
by their corresponding estimators Hy) (dn) and S [In(n/ky)] without changing the asymptotic
distribution in Corollary 1. As mentioned before, the obtained result can then lead to asymptotic

confidence intervals. Letting u¢ the (1 + ¢)/2th quantile from a standard Gaussian distribution,

CAlgLM) [ln(n/kn)]Hé;M%O(dn) d%M) [m(”/kn)]Hé;M),o (dn)

(M) xp | — ) €X
QM (Bn) |exp T k) V2 In(n/ k)

U¢ (18)
is a confidence interval for Q(5,,) of asymptotic level (.

4 Validation on simulations

The finite-sample behavior of the quantile estimator QE} ) (Bn) = Qn(B,) defined in (4) is inves-

tigated on N = 500 simulated random samples of size n = 5000, in the case where £, = n=2 =

4.1078,



Estimators. Three competitors are considered:

1. The first one, Q! (Br) is deduced from (4) by letting é,(iw_) =0 in &M [ln(n/k,)] and oM,
see (8) and (7). The resulting estimator QE ] (8r) should perform well for estimating extreme

quantiles from distributions with associated 6 > 0.
2. Similarly, the second one is also obtained by letting oM =0 in (4) and éflM) :=01n (8).
We thus obtain:

QW30) = X [t/ (]

which is exactly the estimator dedicated to extreme quantiles from Weibull-tail distributions
introduced in [13]. It should perform well for estimating extreme quantiles from distributions

with associated 6 = 0.

3. Finally, the third estimator was introduced in [23]:

. . In(1/8,
QW(B,) := Xn_t, nexp [aﬁ‘f} nLg (Uﬁ)ﬂ ,
v kn,n Vbﬁ-l,n
with
N Ve ,n
aén,n -

1 e Vi’
L Zj=1 LO,[fy]hn (V@n+1,n)

Koy — . .
S (I A0 — A, )

é,[:l] = 14 — )
" S (v, — v, 410)
) 1¢
Yion = ; Zl (11’1 anjJrl,n —1In ani,n) )
j=

R o U | _ 2
where v; 5, 1= Zj:i] and £y, = knVi 1 -

Distribution functions. The estimators are compared on the 8 distributions described in Ta-
ble 1: Gamma(a = 1.5, s), Weibull(k = 0.5, A1), Gaussian(p1, o0 = 1), Lognormal(ug, o = 1),
Burr(Ag, ¢ = 0.5, k = 0.5), Pareto-like, super heavy-tail and finite endpoint (z*). Note that the
Pareto-like distribution is taken from [23]. The position parameters py, po as well as the scaling
parameters s, A1, Ao and the finite endpoint x* are chosen such that the simulated data points are

all larger than 1.

Results. The log ratio errors 7 = n (QE‘] (ﬁn)/Qn(b’n)> are computed for all 4 estimators
(g =1,...,4), for each of the 500 datasets from the 8 distributions. The bias of each estimator
is then estimated (on a logarithmic scale) by averaging the 74 over the N = 500 replications.
Similarly, the mean-squared error (MSE) is evaluated (on a logarithmic scale) by averaging the
squared 1)7[{1] over the N = 500 replications.

The resulting bias and MSE are displayed on Figures 2-5 as functions of k,. In terms of bias, it
appears that QL} ] (Br) show pretty good results with a small bias over a large range of k,, values for

Gamma, Weibull, Gaussian, Lognormal, super heavy-tail and finite endpoint distributions. The

10



bias behavior of QL (Br) is less satisfying on Burr and Pareto-like distributions (# = 1 in both
cases) where Q%] (Br) is the best in terms of bias stability. From the MSE point of view, QQ] (Brn)
achieves better performances than QE?] (B) on almost all distributions except the Pareto-like where
the results are similar and the Burr distribution where Q%l (Br) is better than QE ) (Bn)-

Let us also note that assuming 8 = 0 improves the results only on the strict Weibull distribution,
the results of QE‘ ] (Bn) being disappointing for other Weibull tail-distributions such as Gaussian
or Gamma. Similarly, assuming # > 0 improves the results only on the Gamma distribution, the
results of QLZ] (Bn) are not convincing on other distributions. This phenomenon indicates that éff@

is useful even in case where 6 > 0, since it may temper the positive bias associated with HA,(l]‘Q

5 Illustration on real data

In this section, the extreme quantile estimators QE ] (B,) and Q% ] (Br) are compared on the average
daily river flows (in m3/s) of the Rhéne river (France). The dataset covers the period 1915-2013,
and for stationarity reasons, only the winter and spring seasons were considered (from December,
1st to May, 31st), leading to n = 18043 measures. We focus on the extreme quantile Q(53,) with
Bn = 5.5 x 1076 which is exceeded with a frequency of 10~2 per year. Figure 6 displays the index
estimates ) and é,[f]n as well as the estimates Q) (8,) and ol (Br) of the extreme quantile
together with their corresponding 95% asymptotic confidence intervals.

In both cases, the index estimates seem fairly stable as a function of k,, suggesting a pos-
itive value for 6 € [0.3,0.4] associated with a log-Weibull tail-distribution. The behavior of
extreme quantile estimates QL” (Bn) and Qii” (Bn) are also similar, QE] (Bn) being more stable
with respect to k,, than le] (Brn). The first estimator ] (Bn) points towards a constant value
Q(B,) = 10,000m? /s while the second one Q%] () exhibits a trend from 8000 to 12,000m3 /s as
ky, vary from 100 to 2000. At the opposite, the widths of the 95% asymptotic confidence intervals
associated with both estimators are significantly different. Indeed, the interval associated with
ol (Br) is 10 times narrower than the one associated with ol (8r)- This result is in accordance
with (17) since here 7 ~ 1.24 yields Ag(7) ~ 0.1 for a large range of 0 values, see Figure 1.
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6 Appendix: Proofs

Some preliminary lemmas are first provided in Paragraph 6.1, their proofs being postponed to

Paragraph 6.3. Proofs of main results are given in Paragraph 6.2.

6.1 Preliminary lemmas

We first give a general tool for establishing the convergence in distribution of random vectors.

Lemma 2 Forp € N\ {0} andn € N, let W,, := Wyp1,...,Wyp) and W := (Wy,...,W,)T
be two random vectors in RP. If there exist a sequence o, — 0 and X := (\q,. .., )\p)T € RP such
that o, *(W,, — \) A w then, for all ¢ € N\ {0} and all continuously differentiable functions
©1,. .-, 9q from RP to R,

_ d
o [ W), W) T = (@10, ()] =5 (DT V() TV, (V)
where, for alli € {1,...,q}, Vp;(\) is the gradient of @; evaluated at point .

The following lemma is the cornerstone for establishing the asymptotic normality of the quantile

estimator in the intermediate case.

Lemma 3 Let Zy,...,7Z, be n independent copies of a random wvariable Z. Denote by Sz the
survival function of Z and by Qz = S the associated quantile function. Assume Qz is differen-
tiable and that —Q'y(1/-) is regularly varying. Then, for all sequence (o) such that a,, — 0 and

now, — 00,

nl/2

ar?Q (o)

An elementary result on ordered statistics from standard uniform random variables is provided

(anLnanJ,n - QZ(Oén)) N N(0,1).

below.

Lemma 4 Let Uy,...,U, be independent standard uniform wvariables. For all intermediate se-

quence (ky), i.e. such that k, — oo and k,/n — 0, one has

(i) Ugyi1n — 0.

13



(i) Let {Fy,...,Fg, } and {E1,...,E,} be two independent samples of independent standard
exponential random variables. Then,

{IH(UHL"/U’“"“’”) i=0,....k —1} = {F’“l"*’“” i=0,... ky— 1}
ln(UknJrl,n) ’ , T Enfkn,n, ’ o ’

where {F1,...,Fy, } are independent from E,_j, .

(iii)
max ln(Ui+1’n/Uk"+1’n) i) 0.
i€{0,....kn—1} In(Uk, +1,n)

Let us introduce some additional notations. For J € N\ {0}, ¢ := (¢1,...,¢s)" € (—o0,1)7 and
t > 0, consider the functions

J InU; Ins
L, [ —Zbn d p(t L 17— d
-3 1 (g ) w0 = [T (152 o

and remark that, for J =1 and ¢ < 1, u(t,{) = p1(t,¢) and, for J = 2, plt, (¢, ()] = ua(t, ). Let
us also recall that, from Section 2, W,(¢) = p3(t,¢)/pu2(t,¢) for all t > 0 and ¢ < 1. The next
result is of analytical nature. It provides first-order asymptotic expansions as ¢ — oo for functions
u(t,¢) and ¥;(¢) locally uniformly on (.

Lemma 5 (i) Let J € N\ {0}. For all hyper-rectangle R; C (—o0,1)”, one has

lim sup ’t‘] (t,¢) — J!’ =0.
t—>oo<eR

(i) Denoting by W} the first derivative of Uy, one has, for all closed interval I C (—o0,1),

lim sup
t—o0 Cel

tw3(¢) +

o

As a consequence of Lemma 5(ii), the function W is decreasing at least for ¢ large enough. Lemma 6
below states Law of Large Numbers type results dedicated to particular triangular arrays of random
variables.

Lemma 6 Let (t,,) be a sequence such that log(m)/t,, — 0 as m — oo and let Fy,...,Fy, be
independent copies of a standard exponential random variable.
(i) For all § > 0 and ¢ € (—o00,1)” with J € N\ {0}, one has

T F ¢Gi—1 J F, P
mNCE 1+ L. L J/§7
(i) e () =

. m
1=

(ii) For all 6 > 0, (&1,...,&4) € (=00, 1)* with &3 > &4 and J; € N, i € {1,2,3}, one has for
J=J1+ Jo +2J3 that

m ; F; F; EN\1" & 0 §3— &4 s
o (g () o () -2 ()| 25 (55

Finally, Lemmas 7 and 8 are the key tools for establishing the joint asymptotic normality of the
; (1) 2s2)
random pair (My "/, Myp™’).
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Lemma 7 Let (k) be an intermediate sequence such that k, — oo and In(k,)/In(n) — 0 as
n — oo. For Jy,Jo € N\ {0} and for all (V) € (—o00,1)t, (@ € (—00,1)”2, the random vector

L1/ Sn(c(l)) _1 SWL(C(Q)) _1
" lu(n(n/k,),¢M) 7 p(in(n/ky), ()
converges in distribution to a centered Gaussian random vector with covariance matriz

270!/ (1) —1 (J1+ J2)l/(J1la!) — 1
(Jo+ J)/(Jilah) =1 (242)!/(Jah)? — 1 '

Lemma 8 Let (k) be an intermediate sequence such that k, — oo and In(k,)/In(n) — 0 as
n — oo. For all (&1,...,&4) € (—o0,1)* with &3 > & and J; € N, i € {1,2,3}, one has for
J=J1+ Joy+ 2J3 that

ko —
[1n(n/kn)}‘] Zl LJl In Ui+17n LJ2 In Ui+1’n I In Ui+17n I In Ui+1,n I3
kn i—0 & ln Uk,,,—i—l,n & ln Ukn+1,n & ln Ukn-&-l,n € lIl Ukn-&-l,n

A
Y 1 3764
converges in probability to J! (T) .

6.2 Proofs of main results

Proof of Theorem 1 — Let {Z; := In(X;), ¢ = 1,...,n}. These random variables are in-
dependent with common quantile function Qz(u) = V[In(1/u)], w € (0,1). Under (Al), Qz is
differentiable with first derivative verifying —Q’,(1/z) = zV'[In(z)] € RV(1). One can thus apply

Lemma 3 to obtain
(nan)l/ 2

V/[In(an b))
Now, since a(x) ~ 2V’ (x) as © — oo in view of [15, Corollary 1.1.10], it follows that
(nam)'/? In(a,!)
alln(an )]
The result is then proved by remarking that Z,_|pa,|.n = IN(X5—|na,|n) and Qz = InQ. [ |

(anl_’ﬂanj,n - QZ(an)) i> N(O, 1)

(anLnanJm - QZ(an)) N N(0,1).

Proof of Proposition 1 — Let us first show that

an[ln(n/k,)] »p
a[ln(n/ky)] — 1L

1 Lo(dy) [ anlln(n/ky,)) d
o intay i) )

it is sufficient to prove that o, 'Lg(d,)/Hpo(dy) — 00 as n — oo.

Let us first assume that d, — 1 as n — oco. Since Lg(1 +u) ~ u and Hyo(1 + u) ~ u?/2 as

u — 0, Lg(dy)/Hpo(dyn) ~ 2/(dn, — 1) and o, 'Ly(d,)/Hpo(d,) — o0 as n — oo. Second, if

dn, — d € (1,00) then Ly(d,)/Hpo0(dn) — Lo(d)/Hp,o(d) > 0 and the result is proved. Finally, if

d, — oo, remarking that, as t — oo,

In view of

1/In(t) if0>0,
~{ 2/In(t) if6=0, (19)
’ -0 if0 <0
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implies o, ' Ly(d,,)/Hp 0(dy) — oo by assumption.

Let us now prove the second part of Proposition 1. The following equality holds:

eXp[(@in —0)In(s)] — 1
(0, — 6)1In(s)

dn
Hémo(dn) - H&,O(dn) = (én — 9)/1 89_1 1112(8) ds. (20)

Since for all s € (1,d,), |(0, — 0)In(s)| < |0, — 0| In(dy,) = Op(0y Ind,) = op(1) by assumption, it
is easy to check that

~ dn
Hy, o(dn) = Hoo(dn) = (6, — 6) /1 1 10 (s)ds(1 + op(1)),

or equivalently,

Hé O(d”) R o dn
ol 1=0,0,—0 an/ s97 1 In?(s)ds(1 4 op(1)).
Hoo(dy) o, ( ) Hoo(d) ), (s)ds(1 + op(1))

The three situations d,, — 1, d,, — d > 1 and d,, — co are again considered separately. First, since
14u 3 2
/ s971n?(s)ds ~ Y and Hyo(u) ~ u77

1 3 ’ 2
as u — 0, one has for d,, — 1 that
Hén,o(dn)

H070(dn)

The case d,, — d is straightforward. Finally, when d,, — oo,

A 2
~ 1~ 0 (00— 0) x Gou(dn — 1) 0.

) a4, In(dy) if 0 >0,
7/ s97 n?(s)ds ~ { 3In(d,)/2 if =0,
Hy,o(dn) J1 .
—2/8 if 6 < 0.
Collecting conditions o, In(d,,) — 0 and ¢, *(6,, — 6) —2, © concludes the proof. ]
Proof of Theorem 2 — Let us start with the expansion:
0 Qn(Bn)

In

=Tin+Ton + Tan + Tan,
alln(n/k,)|Hoo(dn) — Q(Bn) 1, 2, 3 4,

with
0;1

T, = alin(n ) Hy o(d) X, g, »—nQk,/n),
_ an[In(n/ky)] o1 _

T2,n - a[ln(n/kn)]He,o(dn) n [LO,,L (dn) LQ(dn):| ;
_ Le(dn) o1 dn[ln(n/kn)] o

B = Hy () { alin(n k) 1] |
_ Tn I Q(kn/n) —InQ(Bn)

T = sy L e Bl
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Clearly, under (A3), 11, 4 0 and ERS Ny Next, remark that Proposition 1 entails that the

asymptotic distribution of 75 ,, is the same as the one of

o1

2 [P () = La(dn)].

Furthermore, similarly to (20) in the proof of Proposition 1, one can show that Ly (dn)— Le(dn) =
(0, — 0)Hpo(dn)(1 4 0p(1)). As a consequence, Ty, —%, ©. Finally, since In Q(a) = V[n(1/a)], it

follows that
Vin(n/ky)| — Vn(B,)]

alln(n/kn)]
Let us consider separately the three cases d,, — 1, d, - d > 1 and d,, — oc.

First, if d, — 1, the second order condition (A2) entails Hp o(dy)onTan ~ Hy p(dy)Alln(n/k,)].
Since for all p < 0, Hp,(1 + u) ~ Hgo(l +u) ~ u?/2 as u — 0, it follows that Ty, ~
o Alln(n/k,)] = o(1) by assumption.

Next, if d,, — d > 1, conditions (A2) and o, ' A[ln(n/k,)] — 0 imply that Ty, — 0 as n — co.
Finally, when d,, — oo, [15, Lemma 4.3.5] entails that

HG,O(dn)O'nT4,n = + Lg(dn)

Lﬂ(dn) —1j }
Typn=08 ——~0, Alln(n/k, =o0(1),
47 {Heyo(d'n) [ ( / )] ( )
using (19). To conclude, if d,, — d € [1,00], T4,, — 0 as n — oo and the result is proved. [ |

Proof of Theorem 3 — Fori = 1,...,n, let U; := S(X;) so that {Uy,...,U,} is a set of
independent standard uniform random variables. Let § > 0 and 7(-) := a(-)/V(-). For s € (a°, 1),
let us plug z :=In(1/a) and ¢ :=1+1Ins/Ina in (11). Consequently, as o — 0,

_ In Q(sa) Ins Ins

1

In(1 In——==1L 14— Alln(1 Hy ,11+— (1 1 21

P (/o) S = Lo (14 ) A/ sy (14 ) (T o(n). (21)
uniformly in s € (a®,1). As a consequence of Lemma 4(i, ii), one may apply (21) with a replaced
by Uk, +1,n and s replaced by Uit1.n/Ugk, +1,n to get, for n large enough,

(1)
- - Mn Sn(6-)
r ! InU. ! el L — A sty —
( kn+1,n)u1[ln(n/kn),0_] i [(n/ky), 0]
A(ln U,;lﬂ ) kn—1 Uiy
- : H ’ - 1 1 .
T (/b 0] ; Op <1nUkn+11n>( +oe(1))
Similarly, we have
(2)
2 UL My Sul(0—.0-)
r 2 InU. ! Pt L Rt U\t Rt R—
( kn+1,n)u2[ln(n/kn),9_] pz[n(n/ky), 0]
2A(1n Ul;1+1 n) kn—1 MU WU
T : _— H / R St A 1 1
Fnpia[In(n/kn), 0] 2, - <1nUkn+1,n> o (anan,n)( + or(1))

=0

AUt ) el <ani+1n
i >

* Enpa[n(n/k,),0_] 0= \InUps, 1 1.0

) @+ oeta)
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From Rényi’s representation, In(1/Uy, +1,n)/In(n/ky,) %4 1 and since |A| is regularly varying, it

follows that
Alln(1/Ug,+1,n)]| »

1 22
Akl | (22)
as n — 0o. Now, since for all ¢ > 0,
1/p'[Lo_+p (t) — Lo_(1)] if p' #0,
Hp p(t) =14 Lo_(t)Lo(t) — 0-"[Lo_(t) — Lo(t)] if p' =0 and 6_ # 0,
L2(t)/2 if o =0_ =0,

Lemma 5(i), Lemma 7, Lemma 8 and condition &, A%[In(n/k,)]/In*(n/k,) — 0 yield

MY S,(62)
-1 —1 n 1= n B ~1/2
T WU ) im0 T (e k60 Ltoe (k;/2),
and @
_ _ M, Sul(0-,0-)] -
2 1 L B 12
L O v ey o B P Y oy Lop (K ?)

Note that Lemma 7 can be applied since k,, A%[In(n/k,)]/ In®(n/ky,) — 0 implies In(k,)/ In(n) — 0,
see [13, Lemma 1]. As a consequence, the random vector

Vi) M2
kL2 (r‘l(ln Uit o — 1,7 2(InU Y, ) ° -1 (23)

(i /kn), 0-) bottn) i ln(n /Ry ), (6, 0-)

converges in distribution to a centered Gaussian random vector (P;, Py) with covariance matrix

1 2
2 5 )
Let us investigate the asymptotic distribution of len/? (éf%r) — 0,) where we recall that

1
HOD _ My
pa(In(n/kn), 0)"

see (5). From [15, Eq. 3.5.13], r() is regularly varying and thus In(1/U, +1,,)/In(n/k,) 21
implies r[In(1/Uy, +1,,)]/r[In(n/ky)] 5 1. Since w1 (In(n/k,),0-) = p1(In(n/ky),0) for > 0 and
w1 (In(n/ky),0-) ~ p1(In(n/ky,),0) for < 0 from Lemma 5(i), convergence in distribution (23)
yields in both cases

kL2 (éfﬁ) - 9+) = r[In(n/kn)| Py + k2 {r[In(1/Us, 410)] = 04} (1 + (1)),

where P ,, —%, Pr. Now, [15, Eq. B.3.46] ensures that [r(z) — 04]/A(x) = X € R as  — oo and
thus, taking into account of (22),

ka2 (B = 0,) = rlin(n/ka) Py + O (KL Alln(n /Ko )]) = 04 Py o+ O (kL2 Alln(n /Ry )]), (24)

since r[ln(n/k,)] — 64+ as n — oo. Now, using convergence in distribution (23) and a Taylor
expansion yield

1 [MV]2

=14k Y2(2P,,, — Pay) + op(k; V),
\Ijln(n/kn)(af) My(LQ)

n
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where (P1,p,, Po.n) 4, (Pr, P2). From Lemma 5(i), Win(n/k,)(0—) — 1/2 as n — oo, and thus

2)

(1)q2
My,
2%/ <[M( F_ ‘I’ln(n/kn)(a—)> 9P — P, (25)

where it is easily seen that 2P — Py ~ N (0,1). Now let oy, := e /2 In(n/k,) — 0. For all z € R
and n large enough,

/s M)

3

since for n large enough, W,(, /1, is decreasing. Hence,

1 (M) 1/2 [Mr(tl)P
Pl (800 —0-) < 2] =P |2ky/ o~ i (02 | 2 2k |

n

with z, g, = 2/{,11/2[\11111(”/%) (0— 4 0n2) = Viy(n/k,) (0—)]. The mean-value theorem entails that
Zn,k, = 2]67];’/20'712\11111(”/]677) (07 + TanZ) s

where 7, € (0,1). We thus have that z,, — —z as n — oo from Lemma 5(ii) and replacing o,

by its expression. Taking into account of convergence (25) leads to

k/? A(M) d
(g _ _) 2P, — Py ~ N(0,1). 26
gy (2 =6-) 5 2P = P~ NOL) (26)
Collecting (24) and (26) concludes the proof. ]
Proof of Theorem 4 — Keeping in mind the notations introduced in the proof of Theorem 3,

the following expansion holds

an (/b)) o o

alln(n/ky,)]
with
= In(1/Ug, 41,0)] My a[n(1/Up, 11,0)] palIn(n/ky), 0]
Fip = nT , Fopn = = and Fj = = .
b paln(n/ky), 0] ? alln(n/ky)] P i lin(n k), 007
First, (23) entails that
BV (Fin—1) -5 Py (27)

Let us now consider F,,. From [15, Theorem 2.3.6 and Corollary 2.3.5], there exist a function ag
with, as t — oo

=14 O[A(t)]

and a function Ay with Ag(t) = O[A(t)] as t — oo such that, for all € > 0, § > 0 and n large
enough,

. aon(1/Uk,41.2)] (101 Upi10)\’| _ (01 Uki10)\* ,  (I(1/Uk,41.0)
A5 )] e - (MRS ”( i) e (M) e
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where

n(1/Up,+1.) \ 70 (In(1/Uk, 11.) 770
'R"'ng“{( o B G o e B B

Hence, since \fl| is a regularly varying function and nUy, 41 /kn N 1,

B m(1/Us,11.0)\’ Alla(n (/U 1.0)\’ . (0(1/Us,11.0)
e = {< i) ot (MRS 1, (M)

+ O{A[lnm/kn)mn}}{l+O{A[ln<n/knn}}. (28)

Let us now consider the expansion

6 6
KL2(Fy = 1) = kY2 [Bm B <1H(1/Uk"+1,n)) ] bR [(ln(l/Ukn+17ﬂ)) _q

=:T Ts ..
(k) (k) Ln+22n

Since In(Ug, +1.n)/ In(k,/n) 1, (28) entails that
Ty = O{ky/2Alln(n/ky)]} = op(1),

by assumption. Next, Lemma 3 yields &, := k,l/z[ln(l/Uan,n) —1In(n/ky,)] N N(0,1) and thus

(2
&n
Tg’n = k}l/z [(1 + 71/2]11(77//]{;,”)) — 1] = O[[»(].).

To sum up, we have shown that
kY2 (Fom — 1) = 0. (29)

Let us finally focus on F3,. The mean-value theorem entails that
i [ /k), 02| = i (k) 0] = (O = 0-)ji [In(n/ ), 05, -]
where 0, _ =0_ + T(ég\{) —0_) for some random value 7 € (0, 1) and
0
i(t,x) = —p(t, x).
it x) = 5-nlt,z)

It has been shown in the proof of Lemma 5(ii) that Z; (¢, z) = t?/1(t,x) — 1 as t — oo, uniformly on
all closed intervals included in (—oo,1). Hence, under the assumptions of Theorem 4, 67 S0

n,—

from Theorem 3 and

kY2 In(n/ky) {ul [m(n/k;n), o ﬂ — 1 [In(n/ky), 0_]}

. kn!® A(M d
= [In(n/kn)*i [In(n/ka). 65, ] — ] (95173 - 9_) 9P — P2
from (26). Lemma 5(i) yields
kY2 (Fsp—1) -5 Py — 2P, (30)
Collecting (27), (29) and (30), Lemma 2 leads to
(M
kL/2 [‘W - 1] 4 Py — P~ N(0,2),
which is the expected result. u
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Proof of Corollary 1 — Tt is sufficient to show that condition (A3) is satisfied by the estimators
0 and 6 [In(n/ky,)] with o, = kn/*In(n/k,) and (Q,0,A) = (0,0,0) where © follows a

standard Gaussian distribution. First, from Theorem 1,

k' (X g, n) — mQ(Kn/n) ( 1 )
m(n/k,)  aln(n/k)Hpo(dn) \In2(n/kn)Hoo(dy)/)
Clearly, when d,, — d € (1, 00|, In*(n/k,)Hg o(dy,) — c0. When d,, — 1,
w? () Hyolda) ~ 22 () (@ — 12 = (P} 5 o0 (31)
ko) 00T T2 k) 0 \nB. ’

since nf, — ¢ > 0. As a consequence, if d,, — d € [1, o],

1 ln(ankn,n) - IHQ(kn/n) P

o, — 0. 32
alln(n/k,)Heo(dy) (32)

Next, Theorem 3 entails that
o1 (é;w - 9) 5 N(0,1). (33)

Finally, from Theorem 4,

k'® Lo(d) (s In(n/ka)]
In(n/ky,) Hoo(dn) alln(n/ky)]

If d,, — 1, since Hyg o(dy)/Lo(dy) ~ (dy, — 1)/2,

B Lo(dy,)
= Or (m(n/kn)H@,o(dn)) ‘

Ly(d,)
In(n/k,)Hp o(dn)
as shown in (31). When d,, — d > 1, it is clear that (34) holds. Finally, when d,, — oo, (19)
entails that Lg(d,)/Hpo(dn) — —60_ and thus (34) also holds. To sum up, when d,, — d € [1, 00|,

— 0, (34)

1 Lo(dn) (a5 in(n/ky)] i
ot —1| —0, 35
Hyo(d) ( all(n/k,) ()
and the conclusion follows from (32), (33) and (35). |

6.3 Proofs of auxiliary results

Proof of Lemma 2 — Let ¢ : RP — R be a continuously differentiable function. It suffices to
show that
_ d
7, (p(Wa) = o(N) == W V().
Conclusion of the proof will be then straightforward by applying the Cramér-Wold device. The

multivariate version of the mean-value theorem leads to
o, (p(Wn) = o(N) = 0, (Wi = X) TV(A),

where A} := (A}

SREREEE)

A: )T with for all i € {1,...,p}, Ani =N +7i(Wh,i — Ai) where 7; € (0,1).

By assumption, A}, ; 5 \; and the continuous mapping theorem entails that Vip(AZ) SN V(A)

)
and the proof is completed. [ |
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Proof of Lemma 3 — We start with a result due to Smirnov [20] and that can be found for

instance in [15, Lemma 2.2.3]. Let (a,) be a sequence such that a, — 0 and na,, — oco. If

Uiy, ...,U, are independent random variables from a standard uniform distribution,
nl/2 J
Oél/2 (Ul_noznj-i-l,n - a") — N(O’ 1) (36)

Since Z,_nay | n £ Qz(Ulna,|+1,n), Our aim is to show that

nl/2

a2 Q' (o)

Since @z is a differentiable function, the mean-value theorem leads to

(Q2(Upna j11.0) — Qz(an)) —5 N(0,1).

Qz(Ulnanj+1,m) — Qz(n) = (Ulnay, 41,0 — n) Qz(as,),
where o}, := an + 7(Una, |+1,n — @) With 7 € (0,1). From (36) and since na,, — 0o,

U[nanj +1,n — Qnp
Qo

P
— 0,

and thus o = o, (14 op(1)). Since —Q',(1/-) is regularly varying,

nl/2 nl/2 4
1/27/ (QZ(ULnoznj—i-l,n) - QZ(an)) = 17/2 (Ulnanj+1,n - an) (]- + OP(l)) — N(Ov ]-)7
Qo Qz(an) Qi

and the proof is completed. ]

Proof of Lemma 4 — (i) The proof is based on Rényi’s representation of standard uniform

ordered statistics:
d Tk, +1

Ukn+1,n

)

Tn+1
where for j € N\ {0}, Tj is the sum of j independent standard exponential random variables. The
law of large numbers shows that Uy, +1.n L kn/n and the conclusion follows.

(ii) Remarking that

1 Ui n U n . Enfin_Enf, n .
{n( H’/k’L+1’),z:O,...7kn—1}i{ : b ,2:07...,1%—1}7
n(Uk, +1,n) En—k,n

the result is then a consequence of the following Rényi’s representation:

J
. d Fr .
{E]]najzla”'vn}:{g W7]=1,...,n}‘

r=1

(iii) It is clear that
Fr F
0< max kn—i,kn < kn kn '
i€{0,....,k,—1} En—kmn En—kn,n

Using the facts that k,l/z(En,kmn —In(n/ky)) -4 N(0,1) and that Fy, p, — Ink, converges in
distribution to a Gumbel random variable entails
Frok, p Ink,

s

En—kn,n ~ ln(n/kn)

— 0,

and the conclusion follows. [ ]
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Proof of Lemma 5 — (i) For j =1,...,J, let

Rj(t,s) = tL, (1 + ln(i/s)) —In(1/s).
Since 2|R;(t, s)| < (1 — ¢;)In?(1/s)/t, denoting by ¢ :=min{(1,...,(s}, one has

1—¢In?(1/s)
2t

1-C?(1/s)

< R;(t <
— 3(75)— 2 t

Hence

/01 [In(l/s) B ?W} st <t7pu(t,¢) < /01 [111(1/5) 4 %lng(# ! s,

As a consequence,

J—1 _ N L A
Ot - 1z SR - ine) (52 g o

§=0
uniformly for any hyper-rectangle included in (—oo,1)”. Similarly,

p - 2o 1-¢\’7 1
' Z2J—] 105 | —5= 55— 0,

7=0

uniformly locally and the proof is completed.

(ii) Tt is easily seen that

P ua(t, 2) P Wi(x) = 2Atpa(t, 2)][Epa(t, 2)[Ta(t, @) — [t (t,2)]Ta(t, ),

t%(t,x):/ol L1+ (1/s)>d
To(t,x) = t2,u'2(t,x):2/0 tQLx( 1/8) ( 1/s>> N

and where the following notations have been introduced

. 0 . 0
Lw(u) = %Lz(u) and /J/b(tvx) = %:U/b(tx)a be {1a2}

with

Il (t, (E)

The first step consists in studying the quantities L, (1 + u) and L,(1 +u) for u >0 and z < 1. A

Taylor expansion leads to

-1
L,1+u)=u+ ’ u? + Ry (u), (37)
where
—1)(z—2
0< Ry(u) < %u? (38)
Next, an integration by part entails
. 1
L,(1+u)= E[1n(1+u)(1+u)9”—LI(H-u)]. (39)
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Let us note that when x = 0,
. . 1
Lo (14 u) = lim L, (1 +u) = = In*(1 4 u).
x—0 2

Using (37), (39) and remarking that R, (u) = In(1 + u) — u + u?/2 yield

. u2

Ee(Uu) = % 4 Rafw), (40)
where
. -2 -1 1 —
Ry(u) = z 5 u® — xTu‘l + u[Ry(u) + Ro(u)] — §Rm(u)u2 + Bo(v) = R (u) (41)
-1
+ S5 Ro(wu? + Ry (u)Ro(u).
Taking account of
. Ro(u) — Ry(u) w1, u?
lim =T = KoL) + = o (1) +
it follows that
_ .= . w2 wt Ri(u)  w? u? Ry (u)
Ro(u)—il_anoRz(u)—Lo(l—i—u)—?—§+ 5 —7+uRo(u)—T

The second step is to focus on the integral Z; (¢, z). From (40), it can be rewritten as

Ti(t,z) =1+ /1 t*R, (mut/s)> ds.

0

Now, using (41),

/othR“' (ln(lt/s)) as = 202D _O@2D /01 In(1/s)t [Rw (1“(1/5)) + Ry (ln(lt/s)ﬂ ds
- ;/011&(1/5)& (hl(i/s)) ds + ;/Olt“’ [RO (m(i/s)) ~R, (111(1/3))} ds

ot [ (M) o [ en (B02) 5y () 0

It is clear that the first two terms converge to 0 as ¢ — oo uniformly on x € I. Considering the
third term, one has by (38) that

0< /01 In(1/s)t [Rm <ln(1/s)> + Ry (ma/s))} gs< e V@=2) 8

t - 12 t2

As a consequence, the third term also converges to 0 as t — oo uniformly on x € I. A similar proof
can be done for the fifth, sixth and seventh terms. Considering the fourth term, let us remark that
the function x — 7[Ry (u) — R, (u)] is decreasing for all u > 0. Thus, for all z € I =: [y, z2],

g < [0 ro(BE2) (M0 a1

X

where we have introduced

v o (252) o (22
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for x # 0 and

z—0

Jo(t) := lim J,.(t) = —% /01 2 1n2 (1 + 1n(1/s)> ds + 1.

From (38), one can show that J,(t) — 0 as t — oo uniformly on z € I. Finally Z;(¢,z) — 1
as t — oo, uniformly on x € I. A similar proof can be done to show that Zy(t,z) — 6 as
t — oo, uniformly on x € I. Moreover, Lemma 5(i) implies that t[t?us(t, )]V} () — —2 and
that [t?ua(t, 7)]> — 4 as t — oo uniformly on = € I. The result is thus proved: ¥}(x) — —1/2 as
t — oo uniformly on x € I. [ |

Proof of Lemma 6 — (i) Fori=1,...,m, let

¢G—-1 J
F, F,
Y, =t 'R (14 = ||L. 1 L.
’ m < +t7n> j:2 CJ( +5t7n>

Let ¢ := min{&;,&}. The following inequalities hold for all i = 1,...,m:

Fi (-1 R _F G-l B A
Stm 2 %2 = Ot 2 0%z — G Stm ) = Ot

Since max{Fi,..., F,} —In(m) converges in distribution to a Gumbel random variable,
F;  In(m) 1
o< w3 =M (1400 (55) ) =) >
by assumption. It follows that uniformly in i € {1,...,m},

Vi =6 F (14 0p(1)).

The law of large numbers entails that

1 m

— M F S EF) =,

m

=1
and the conclusion follows.
(ii) Since for all € < 1 and u > 0,
R S o
Le(l+u)=u— 5 U + Re(u),

with 0 < Re(u) < (€ —1)(€ — 2)u®/6 and taking into account of (42), it follows that uniformly in

ie{l,...,m}
Fi F; &6 (F\’
L 1 - L 1 = 1 1)).
a1 ) e (1450 ) =255 () o)
The rest of the proof follows the same lines as the one of (i) and is thus omitted. |

Proof of Lemma 7 — Using the Cramér-Wold device, it suffices to obtain the asymptotic distri-
bution of

Sn(¢M) S, (¢?)
(I /k),c) P2 ain(n k), C)

T, 5:k711/2{5lu — (b1 +52)}7
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where (31, 32) € R?. Let us introduce the random processes indexed by t > 0

= B A £ B2 = F;
W) = g L e (04 %) ey L e (1)

fori =1,...,k, and where Fy,..., F}, are independent standard exponential random variables.

Lemma 4(ii) yields

kn
T, 4 k;1/2 Z {Wim (En—kn,n) —-E [Wi,n (In(n/kn))l},

i=1
where E,,_j, n is the (n — k,)th ordered statistic associated to a sample Ei,..., E, of standard
exponential random values independent of Fi,..., F) . Let us consider the following expansion

Tn =: Tn,l + Tn,2 with
k"l
Toy =k, 2> Wi n(n(n/ky))
i=1
where W,-m(ln(n/kn)) =W, n(n(n/k,)) — E[W,; ,(n(n/k,))] and

kn
Tpa =k, 'Y AWin(Bn ko) = Win(n(n/ky))} .

The asymptotic normality of the random term 7, ; is obtained by Lyapunov’s theorem. Let us
observe that

ky
52 := Var <Z n(In(n/ky, )) =k, {E [an(ln(n/kn))] — (B1 + B2)*} .

Straightforward calculations then lead to
2 (In(n _ e i(n(n/k,), (€, ¢M)) o p(n(n/kn), (€2, ¢))
E [Wl,n(l ( /kn))] - 1 (ln n/k‘n), (1)) ﬁ2 /ﬂ(ln(n/kn), C(2))
p(n(n/kn), ¢V, ¢?))
p(n(n/kn), (D) u(in(n/ky), ()

As a direct consequence of Lemma 5(i), one has

nh—>m E [Wl n(ln(n/kn))] = E2J1)) E2J2))

and thus s2 ~ ¢(B1, B2)kn as n — oo where the constant c(f1, 32) is given by

_|_

23152

(J1 + J2)!
Ji!Ja!

Bt +

B3 +2 B152, (43)

c(Br, Ba) == [(2J0)!/(1)? = 1B + [(2J2)!/(J2)? = 1185 + 2[(J1 + J2)!/ (S J2!) — 1)1 Ba.
Let us now check Lyapunov’s condition i.e. that

n

k
iQ > R [W,(In(n/kn))] = kiuz (Wi, (In(n/k,))] =0, (44)

i=1 n

as n — oo. By similar arguments as the ones leading to (43), one can show that

'S

E Wi, (In(n/k))] = > (~1)'CLE [W1 ,,(n(n/kn))] B! (Wi (In(n/kn))]
=1
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converges to a constant as n — oo and thus (44) holds. As a conclusion
d
Th1 — N (0,¢(Br, B2)) - (45)

It remains to prove that 7}, o L0, Fori= 1,...,k,, let Wln() be the first derivative of the
random function W ,,(-). The mean-value theorem entails that

Wi,n(En—kn,n) - Wi,n(ln(n/k'n)) = Wi,n(E:L,i)[En—kmn - 1n(n/kn)]7

where for i = 1,...,ky,, B ; = In(n/k,) + On:[En—, n —In(n/k,)] with ©,,; a random variable
in (0,1). Recalling that k,l/Q[En,kmn —In(n/ky,)] <, N(0,1), in order to show that T}, » 20, it
suffices to prove that

. ZWM (E; ;) — 0. (46)

First, simple calculations show that for all t>0,

1 Fn 8 A _1 kn G- I ]
= a(t) = ~NF 1+ Lo (1422
20 = i m 2t (7)) T (17)
i=1 =1 | "=l Al |
J2 i kn <2)71 1

L () (%)

— Fz 1+ — L (2) 1+
I ) ) 2 |y 2 117

Hence, we have to deal with random terms proportional to T3 ,(t,t) where

J

1o F\C! E,
Tsn(te, t2) == W?; (1+ > jI:[QLCj (1+t2>

with J € N'\ {0} and ¢ € R’. To prove (46) let us check that

Ty, = 1 RS FCllJL oo 47
i e Ok 2\, ) L &lﬁ' 47)

For all n > 0, let 0 < & < min{ny,n_} where ny = 1 —[(1+n/2)/(1 +n)]"/? and n_ = [(1 —
n/2)/(1 —n)]*/? — 1. Let us also introduce the Borel set

En—k, n—In(n/ky,)
A e = n < . 4
=P < )
For all n > 0, remark that
P[|T,, | <P(AS.) + P [{|Tusl > n} N A (49)

and recall that, for i = 1,... k., E} ; = In(n/kn) + ©; n[En_k, n —In(n/k,)]. Since ©,,; € (0,1)
it is clear that under A, ., one has

(1= &) In(n/ka) < Ei, < (14 ) In(n/ky)
foralli=1,...,k,. Hence

Tos((1 —&)In(n/kn), (1 +&)In(n/kn)) < T3 < Tos (14 €)In(n/kn), (1 - €)In(n/kn)),



and thus
P[{|Ths| >ntNnAn:] < P[Ts((14¢e)In(n/ky,), (1 —e)In(n/k,)) > n)
+ P[Ths (1 —e)In(n/kn), (1 + ) In(n/kn)) < —n].
Applying Lemma 6(i) and the fact that from Lemma 5(i),

'~ (n/ky) 11
In?(n/ky)u(In(n/ky,),¢)  J'In(n/ky)

— 0,

it follows that T, 3 (1 £ ¢) In(n/k,), (1 Fe)In(n/k,)) 5 0. As a consequence,
P {|Twsl >n}NAn] =0 (50)

as n — oo. Furthermore, since [E,_g, » — In(n/ky,)]/In(n/ky,) = (’)p[kﬁl/z In"(n/k,)] = op(1),
one has that P(A,, .) L lasn— oo Collecting this last result, (49) and (50) implies (47) and

thus (46) and the conclusion follows. |

Proof of Lemma 8 — Let F1,..., E,, F1,...,F, be a sample of 2n independent standard expo-
nential random variables and let E,_j, ,, be the (n — k,)th ordered statistic associated with the

sample F1, ..., E,. Let us also introduce the random variable defined for all ¢ > 0 by
k J
[ln(n/kjn)]‘] = J Fz J. Fi Fz Fi 3
Wn(t)::TZLgf Lk ) L (1) e (177 ) = Lea (L) |
i=1

According to Lemma 4(ii), we have to prove that W,,(E,—_k, ») BLINy ‘g JU[(&3 —€&4)/2]72. For all

€ > 0, let us consider the Borel set

-An,s = {

introduced in (48). Remarking that the function z — L‘gll (x)ng (z)[Le, () — Le, (x)]7# is increasing

En—k n
—nehen | <
n(n/ky) ’ = } ’

on (1,00) leads to

P{|Wy(Epi,n) — K| >c} < P{Wa[(1+2)In(n/ky)] > K + ¢}
b P{W,[(1 - &) ln(n/k)] < K — e} +1—P(Ap.).  (51)

Using the inequality K +¢ — K/(1 +¢)? > ¢ yields
P{Wal(1+&)In(n/kn)] > K +¢} <P {Wn[(l + ) nln/hn)] - sy > g} .

Since In(ky,,)/In(n) — 0, one can apply Lemma 6(ii) with m = k,, and ¢, = In(n/k,,) to obtain

ILm P{W,[1+¢e)In(n/k,)] > K +¢c} =0. (52)
In the same way, one has

ILm P{W,[(1—¢)In(n/k,)] < K —e} =0. (53)
Finally, since E,_, »/In(n/ky) £, 1, we conclude the proof by collecting (51) to (53). ]
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F(x) 0 | » | /P
6=0
1 oo
Gamma 7/ to et/ 5 dy 0 -1 0
sT(a) Jy
(a>0,s>0) x>0
Weibull e~ (@/N" 0 | — 0
(k#1,1>0) x>0
1 [ 1 (t—p\’
Gaussian exp| —= ( ,u> dt 0 -1 0
oV2 Jy 2 o
(neR,oc>0) z€eR
6>0
1 *1 Int—p)?
Lognormal gy /z 7 OXP (_(n202,u)> at | 1/2] -1 | -1
(LeR,0>0) x>0
c1—k
Burr [1 + (;) } 1 —o0 | —1
(A>0,¢>0,k>0) x>0
Pareto-like 1)U (2), 1 -1 | -1
Ulx) == (1+ 2ln2(x))
Super heavy-tail ) 2 —00 | —00
rz>1
6<0
1
Finite endpoint exp| ————— -1 ] —oc0 | —1
Inz* —Inzx
(z* > 0) x € (0,2%)

Table 1: Examples of distributions verifying (A1) and (A2) with associated values of 6, p and p’
(see (12)).
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Figure 1: Ratio Ag(7) between the asymptotic standard deviations o, and o], (see equation (17))

as a function of 7 > 1 for § € {—2,—1.5,...,2}. Dark lines are associated with small values of 6.
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Figure 2: Results on simulated data. Bias (left) and MSE (right) associated with QL” (Br) (solid
line), gl (Br) (dotted line), QY (Bn) (dash-dotted line) and o (Bn) (dashed line) as functions of

kn for B, = n~2 and n = 5000. Top: Gamma, bottom: Weibull.
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Figure 3: Results on simulated data. Bias (left) and MSE (right) associated with Q[ ](6n) (solid
line), gl (Br) (dotted line), QY (Bn) (dash-dotted line) and o (Bn) (dashed line) as functions of

k, for B, = n~2 and n = 5000. Top: Gaussian, bottom: Lognormal.
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Figure 4: Results on simulated data. Bias (left) and MSE (right) associated with QL” (Br) (solid
line), gl (Br) (dotted line), QY (Bn) (dash-dotted line) and o (Bn) (dashed line) as functions of
ky for B, = n~2 and n = 5000. Top: Burr, bottom: Pareto-like.
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Figure 5: Results on simulated data. Bias (left) and MSE (right) associated with Q[ ](6n) (solid
line), gl (Br) (dotted line), QY (Bn) (dash-dotted line) and o (Bn) (dashed line) as functions of

k, for B, = n~2 and n = 5000. Top: super heavy-tail, bottom: finite endpoint.
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Figure 6: Results on Rhéne data. Estimates L (Bn) (top left) and Q%] (Bn) (top right) of Q(8,)
with (3, = 5.5 107%) and their corresponding index estimates oM (bottom left) and é,[:t]n (bottom
right) as functions of k € {100, ...,2000}. The 95% asymptotic confidence intervals are depicted
by dotted lines.
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