LES -SGS Models

Smagorinsky Variants :

Classic : ν t = (C s * ∆) 2 S,
(1)

Dynamic : C 2 s = - 1 2 L ij Mij M kl Mkl . (2) 
where,

L ij = T ij -τij (3) 
M ij = ∆2 | S| Sij -∆2 (| S| Sij ), (4) 
WALE :

ν t = (C w ∆) 2 (ς d ij ς d ij ) 3/2 ( Sij Sij ) 5/2 + (ς d ij ς d ij ) 5/4
(5) 

MULU

NS formulation as derived in [START_REF] Memin | Fluid flow dynamics under location uncertainty[END_REF] :

Mass conservation :

d t ρ t + ∇•(ρ w )dt + ∇ρ •σ dB t = 1 2 ∇• (a∇q)dt, (7) 
w = w - 1 2 ∇ • a (8) 
For an incompressible fluid :

∇• (σdB t ) = 0, ∇ • w = 0, (9) 
Momentum conservation :

∂ t w +w ∇ T (w - 1 2 ∇ • a)- 1 2 ij ∂ x i (a ij ∂ x j w ) ρ = ρg -∇p+µ∆w . ( 10 
)
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Modelling of a :

Stochastic Smagorinsky model (StSm) :

a(x, t) = C ||S||I 3 , (11) 
Local variance based models (StSp / StTe) : 

a(x, nδt) = 1 |Γ| -1 x i ∈η(x) (w (x i , nδt)-w (x, nδt))(w (x i , nδt)-w (x, nδt)) T C st , ( 
n x × n y × n z l x × l y ×

VDA -General Formulation

Objective : Estimate the unknown true state of interest x t (t, x)

Formulation : 

∂ t x(t, x) + M(x(t, x)) = q(t, x), (13) 
x(t 0 , x) = x b 0 + η(x) (14) Y(t, x) = H(x(t, x)) + (t, x) (15) q(t, x) -model error (Covariance matrix Q) η(x) -

VDA -General Formulation

Cost Function : 

J(x 0 ) = 1 2 (x 0 -x b 0 ) T B -1 (x 0 -x b 0 )+ 1 2 t f t0 (H(x t ) -Y(t)) T R -1 (H(x t ) -Y(t)).

4DVar -Adjoint Method

Evolution of the state of interest (x 0 ) as a function of time

∂J ∂η = -λ(to) + B -1 (∂x(t 0 ) -∂x 0 ). ( 17 
)
Le Dimet, Francois-Xavier, and Olivier Talagrand. "Variational algorithms for analysis and assimilation of meteorological observations : theoretical aspects." Tellus A : Dynamic Meteorology and Oceanography 38.2 (1986) : 97-110.
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Additional Control

Minimisation of J with respect to additional incremental control parameter δu :

δγ (i) = {δx (i) 0 , δu (i) } J(δγ (i) ) = 1 2 ||δx (i) 0 + x (i) 0 -x (b) 0 || 2 B -1 + 1 2 t f t 0 ||δu (i) + u (i) -u (b) || 2 Bc + ... (18) 
constrained by : 

∂ t δx (i) + ∂ x M(x (i) ) • ∂x (i) + ∂ u M(u (i) ) • ∂u (i) = 0 (19)
a(x, t) = C ||S||I 3 , (20) 
Local variance based models (StSp / StTe) : 

a(x, nδt) = 1 |Γ| -1 x i ∈η(x) (w (x i , nδt)-w (x, nδt))(w (x i , nδt)-w (x, nδt)) T C sp ,

τ

  Velocity fluctuation profiles for turbulent channel flow at Reτ = 395

  contour n x × n y × n z l x × l y × l z n y × n z l x /D × l y /D × l z /D ∆x/
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Optimisation Parameter -U(x, y, z, t 0 ) Control Parameters -U in (1, y, z, t) Cst (x, y , z)