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Modélisation asymptotique de la diffraction des ondes
électromagnétiques par de petites sphères parfaitement

conductrices

Résumé : Dans ce rapport, nous utilisons la méthode des développements asymptotiques rac-
cordés afin d’approcher la solution du problème de diffraction d’ondes électromagnétiques par
une petite sphère parfaitement conductrice. Cette méthode consiste à définir deux approxi-
mations locales de la solution en utilisant des développements multi-échelles, dîts de champ
proche et de champ lointain. Ces développements sont raccordés dans une zone de transi-
tion. Nous effectuons les développements jusqu’au deuxième ordre pour le champ proche et
jusqu’au cinquième ordre pour le champ lointain. Nous illustrons ces résultats avec des expéri-
ences numériques qui mettent en évidence la performance des développements en fonction de la
taille de l’obstacle.

Mots-clés : Développements asymptotiques, Équations de Maxwell, Modèles réduits



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 3

1 Introduction

Many physical phenomena involve multiple electromagnetic scattering by small obstacles [7,
22, 40, 43]. All exact theories and numerical techniques for computing the electromagnetic
fields are based on solving Maxwell equations either analytically or numerically. For scatterers of
arbitrary shape, the use of numerical methods is required. Classical numerical approaches like
finite element and boundary element methods, developed for example in [5, 18, 32] for solving
the scattering problem for Maxwell equations, are very efficient when the size of the scatterers
is larger than the incident wavelength. However, these methods become very expensive both
in terms of computation time and memory capacity when the scatterers are significantly small
in comparison with the wavelength and when we deal with large three-dimensional domains.
That is partly due to the necessity of refining meshes as finer as the obstacles are small. An
other method for the multiple electromagnetic scattering problem by large obstacles has been
developed by Ganesh and Hawkins in [23]. This is a meshless method based on the Galerkin
discretization of the corresponding integral equation into local spectral basis depending on the
center of the obstacles. But, according to the authors, this method is unstable when the obstacles
tend to be small. In the same philosophy, the multiple acoustic scattering by small obstacles is
treated in [4, 37] where the discretization of the integral equation in a Fourier basis is discussed
in two-dimensional domains. These spectral methods allow to get analytical formulations when
the obstacles have particular shapes like spheres [29, 44].

Several methods can be considered to overcome difficulties related to the small size of the ob-
stacles. For instance, techniques of local mesh refinement can be considered but remain limited
and expensive when we have a lot of inhomogeneities. The asymptotic analysis [15, 19, 24, 31]
is therefore a good approach. The asymptotic theory in singularly perturbed domains has turned
out to be very efficient in numerical techniques. Dependence of the solution on a small pa-
rameter is taken into consideration and the initial problem can be decomposed into a collec-
tion of elementary problems. Different methods bring out of this branch of analysis like the
method of multiscale expansions [8, 26, 34, 41] or the method of matched asymptotic expan-
sions [12, 13, 30, 38]. Although these methods lead to different iteration procedures for the
construction of the asymptotics, the approximations coincide locally [16]. Problems dealing
with multiple electromagnetic scattering by small obstacles have already given rise to numerous
works [1, 3, 11, 20, 26]. In [26], Korikov and Plamenevskii used the method of compound solu-
tions, that is a multiscale expansion method, to approximate the solution of the interior Maxwell
problem with a small hole, both for the time-harmonic and the time-dependent Maxwell equa-
tions. They set up a rigourous functional framework to express asymptotic expansions of the
solution, including elliptic regularization, at any order. Error estimates are proved in a dissi-
pative framework. In [3, 42], asymptotic formulas for perturbations in the tangential trace of
the magnetic field caused by the presence of heterogeneities have been derived and rigorously
justified. Nevertheless, only the first term of the volumical asymptotic expansion for the elec-
tromagnetic fields is given. The asymptotic formulas are used in the theory of inverse problems
through boundary integral methods in order to determine physical properties, location and size
of the small obstacles [1, 2].

The method of matched asymptotic expansions consists in constructing distinct expansions
of the solution in different regions of the domain of propagation with appropriate scales, and
matching them in intermediate regions also called matching areas [39]. The justification of
matching rules can be obtained from the hypothesis of structure of a uniform expansion into the
whole domain [21]. This approach allows to define local approximations of the solution at any
order, relatively to the obstacle size but is difficult to justify rigorously [38]. It is typically used to
study the single scattering problem and in this case, involves two different expansions. The tran-
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4 Labat & Péron & Tordeux

sition to the multiple scattering can be performed thanks to an appropriate model like Born or
Foldy-Lax model [6, 10]. The Born theory is based on a superposition principle and the solution
of the multiple scattering problem is approximated by the sum of the scattered fields generated
in the presence of isolated obstacles. This approximation is quite accurate when the distance
between the obstacles is sufficiently large. On the contrary, if interactions between obstacles
cannot be neglected, the Foldy theory improves the previous one [20]. Some intermediate mod-
els between Born and Foldy are compared in [11] for the multiple electromagnetic scattering by
finitely many point-like obstacles.

In this report, we develop the method of matched asymptotic expansions to approximate
the solution of the electromagnetic scattering problem by a small perfectly conducting sphere.
We derive explicitly the first terms of the asymptotics, up to the second order for the near-field
expansion and up to the fifth order for the far-field expansion. Moreover, we give a physical
interpretation of these first terms through the idealistic notion of electric and magnetic multi-
poles. In contrast with [26], this work is concerned essentially with numerical and applicable
objectives. By the way, we illustrate our results thanks to numerical experiments making evident
the performance of the asymptotic models.

This paper is organized as follows. In Section 2, we describe the problem that we consider and
we present the main results that we have established. These results characterize the first terms of
the asymptotic expansions for the electromagnetic scattering problem by a small sphere perfectly
conducting. In Section 3, we display some numerical results to make evident the performance
of the asymptotic expansions. From these local expansions, we construct a global approximation
by truncating suitably the whole domain. In Section 4, we present the full method of matched
asymptotic expansions applied on the electromagnetic scattering by a small perfectly conducting
sphere. We make explicit the matching conditions thanks to the use of modal decompositions for
the near-field and far-field terms introduced in Appendix C. Then, we pursue the construction
of the first terms of the far-field and near-field expansions based on their modal decomposition
in spherical geometries. In Section 5, we apply our results to define a collected model which
consists in gathering the terms, not with respect to the δ-powers, but with respect to their nature,
in terms of multipoles. Finally, we illustrate a multiple scattering model in electromagnetism
based on the Born approximation and we discuss about the Foldy-Lax model.

2 Problem description and main results

In this section, we describe the electromagnetic wave scattering problem by a finite number of
small spheres and we introduce the asymptotic expansions for the single scattering problem.

2.1 Normalization of the equations

The propagation of time-harmonic electromagnetic waves of angular frequency ω in a homoge-
neous and isotropic dielectric with electric permittivity ε > 0 and magnetic permeability µ > 0
is described by an incident wave Re

[(
E inc(x),Hinc(x)

)
exp(−iωt)

]
. The incident field (E inc,Hinc)

satisfies the time-harmonic Maxwell equations{
curl E inc − iωµHinc = 0 in R3,

curlHinc + iωεE inc = J in R3,

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 5

where the electric current density J is a smooth vector field with compact support in R3 that is
related to the electric charge density ρ through the charge conservation principle

− iωρ+ divJ = 0 in R3.

Remark 1. When J is of class CCC∞, the incident fields E inc andHinc are also of class CCC∞ into any
bounded sub-domain of R3.

In Table 1, we introduce the classical electromagnetic fields, densities and potentials, with
calligraphic symbols. Afterwards, we define a normalization and we denote the normalized
quantities with straight symbols.

Usual convention Normalized quantities
Electric field E [Vm−1] E = εµ

1
2E

Magnetic field H [Am−1] H = ε
1
2µH

Electric charge density ρ [Cm−3] % = µ
1
2 ρ

Electric current density J [Am−2] j = µ
1
2J

Electric potential V [V] V = εµ
1
2 V

Magnetic potential A [Vsm−1] A = ε
1
2A

Table 1: Normalization of the electromagnetic quantities

Taking in account this normalization, the incident field (Einc,Hinc), that is of class CCC∞ into
any bounded domain of R3, satisfies the time-harmonic Maxwell equations curl Einc − iκHinc = 0 in R3,

curl Hinc + iκEinc = j
c

in R3.

The wave-number κ satisfies the dispersion relation

κ = ω

c
,

with the wave-speed c = (µε)− 1
2 .

Remark 2. The charge conservation principle remains unchanged and we have −iω%+ div j = 0.

Remark 3. For example, the incident field (Einc,Hinc) can be an electromagnetic plane wave,

Einc(x) = p exp(ik · x) ; Hinc(x) = 1
κ

(k× p) exp(ik · x) , with k · p = 0, (2.1)

where the wave-vector k that is proportional to the wave-number κ sets the angle of propagation
and p denotes the polarization vector.

2.2 Description of the scattering problem

In the presence of small obstacles with characteristic length δ, the incident field (Einc,Hinc) is
scattered and gives birth to a new field (Etot

δ ,H
tot
δ ) which can be decomposed into the incident

field and a scattered field (Eδ,Hδ)

Etot
δ = Einc + Eδ ; Htot

δ = Hinc + Hδ.
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6 Labat & Péron & Tordeux

Both the total field (Etot
δ ,H

tot
δ ) and the scattered field (Eδ,Hδ) have to satisfy Maxwell equations

in the exterior domain of the obstacles with the same wave-number κ. The scattered field also
needs to satisfy the outgoing Silver-Müller radiation condition at infinity

lim
r→∞

r
(
Hδ × x̂− Eδ

)
= 0, r = |x| , x̂ = x

r
.

The created fields strongly depend on geometry and physical properties of the obstacles. In this
paper, we consider the multiple electromagnetic scattering by K spherical obstacles B(ck, δ),
k = 1, . . . ,K, perfectly conducting, each one being centered at ck with small radius δ > 0, see
Figure 1. We assume that any distance djk between two obstacles is not small in comparison

ck

cj

djk δ
Ωδ

(Einc,Hinc) (Eδ,Hδ)

Figure 1: Domain of propagation

with λ. The domain of propagation Ωδ is defined by

Ωδ = R3 \
K⋃
k=1

B(ck, δ).

The scattering problem reads as

curl Eδ − iκHδ = 0 in Ωδ,
curl Hδ + iκEδ = 0 in Ωδ,
n× Eδ = −n× Einc on ∂Ωδ,
n ·Hδ = −n ·Hinc on ∂Ωδ,
lim
r→∞

r
(
Hδ × x̂− Eδ

)
= 0 uniformly in x̂,

(2.2)

where n denotes the outward-pointing normal unit vector of ∂Ωδ. It is well-known that the
electromagnetic scattering problem by a finite number of spheres is well-posed, see for instance
[32, 33]. Moreover, the solution (Eδ,Hδ) have an analytical decomposition into Ωδ. In Appendix
D, we recall some properties about its decomposition.

Remark 4. For lipschitz obstacles, the exterior Maxwell problem (2.2) has a unique solution
(Eδ,Hδ) in Hloc(curl ,Ωδ) if the tangential trace of the electric field n×Eδ on ∂Ωδ belongs to the
Sobolev space

H−
1
2

t (div∂Ωδ , ∂Ωδ) =
{

u ∈ H− 1
2 (∂Ωδ), div∂Ωδu ∈ H−

1
2 (∂Ωδ) and u · n = 0 on ∂Ωδ

}
.

A characterization of this space for lipschitz domains is established in [9]. Moreover, this con-
dition ensures that the normal trace of the magnetic field n · Hδ on ∂Ωδ belongs to H−

1
2 (∂Ωδ).

Then, well-posedness in Hloc(curl ,Ωδ) derives from the Fredholm theory and can be proved
thanks to a boundary integral equation posed on ∂Ωδ and the use of integral representation

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 7

given by the Stratton-Chu formulas, see [14], or with an equivalent interior problem by equip-
ping the fictive boundary with a transparent condition. These formulations are also equivalent
to prove well-posedness of this problem into Sobolev weighted spaces for curl and div , see [33],
that allows to precise the behavior of the fields at infinity.

Remark 5. The numerical simulation of scattering by small obstacles, using finite element meth-
ods (FEM, DG, HDG, . . .), can become very expensive or not affordable in terms of computation
time and memory capacity even in the context of mesh refinement and parallel computation.
This is mainly due to the size of the linear system which should be inverted.

Afterwards, we introduce the results that we have established for K = 1 and c1 = 0, i.e.
for the scattering problem by one small sphere B(0, δ) centered at the origin with small radius
δ. We come back to the multiple scattering problem in Section 5. This is driven by the fact
that the numerical validation confirms these results only for one small sphere. For any smooth
vector field u we denote by γnu its normal trace on the unit sphere S2 in R3 and γtu and γ×u its
tangential traces on S2, defined by

γnu = (er · u)|S2 , γ×u = (er × u)|S2 , γtu = (γ×u)× er, (2.3)

where er denotes the outward-pointing normal unit vector of S2.

2.3 Main results

In this section, we present the local approximations in far and near fields of the solution to
problem (2.2). The asymptotic expansions introduced in paragraphs 2.3.1 and 2.3.2 have been
derived thanks to the method of matched asymptotic expansions. In the last paragraph, we give
a physical interpretation for the first terms of the asymptotics in terms of equivalent sources that
are electromagnetic multipoles.

2.3.1 Far-field approximation

Far from the obstacle, we prove that the exact solution possesses the following formal asymptotic
expansion

Eδ = δ3Ẽ3 + δ5Ẽ5 + . . . ; Hδ = δ3H̃3 + δ5H̃5 + . . . .

For any positive integer p, the far-field terms (Ẽp, H̃p) are defined in the asymptotic domain

Ω? = R3 \ {0} .

From this point of view, the scatterer is replaced by a point-like obstacle. Moreover, the third-
order far-field terms (Ẽ3, H̃3) are given by

Ẽ3(x) = −κ
3

2 h
(1)
1 (κr)γ×

(
Hinc(0)

)
− κ3h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt
(
Einc(0)

)
− 2κ3h

(1)
1 (κr)
iκr

γn
(
Einc(0)

)
x̂

(2.4)

and

H̃3(x) = −κ3h
(1)
1 (κr)γ×

(
Einc(0)

)
+ κ3

2
h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt
(
Hinc(0)

)
+ κ3h

(1)
1 (κr)
iκr

γn
(
Hinc(0)

)
x̂,

(2.5)
RR n° 9169



8 Labat & Péron & Tordeux

with x = rx̂, h(1)
n denotes the n-order spherical Hankel function of the first kind and γn, γ× and

γt are the trace operators defined in (2.3). The fifth-order far-field terms (Ẽ5, H̃5) are given by

Ẽ5(x) = 3κ5

10 h
(1)
1 (κr)γ×

(
Hinc(0)

)
− 3κ5

10
h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt
(
Einc(0)

)
− 3κ5

5
h

(1)
1 (κr)
iκr

γn
(
Einc(0)

)
x̂− κ4

9 h
(1)
2 (κr)γ×

(
Jsym

Hinc(0)x̂
)

− κ4

6
h

(1)
2 (κr) + κrh

(1)′
2 (κr)

iκr
γt

(
Jsym

Einc (0)x̂
)
− κ4

2
h

(1)
2 (κr)
iκr

γn

(
JEinc(0)x̂

)
x̂

(2.6)

and

H̃5(x) = −3κ5

10 h
(1)
1 (κr)γ×

(
Einc(0)

)
− 3κ5

10
h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt
(
Hinc(0)

)
− 3κ5

5
h

(1)
1 (κr)
iκr

γn
(
Hinc(0)

)
x̂− κ4

6 h
(1)
2 (κr)γ×

(
Jsym

Einc (0)x̂
)

+ κ4

9
h

(1)
2 (κr) + κrh

(1)′
2 (κr)

iκr
γt

(
Jsym

Hinc(0)x̂
)

+ κ4

3
h

(1)
2 (κr)
iκr

γn

(
JHinc(0)x̂

)
x̂,

(2.7)

where J� denotes the Jacobian matrix of � and Jsym
� = 1

2
(
J� + J>�

)
the symmetric Jacobian of �.

Remark 6. The fourth-order far-field terms (Ẽ4, H̃4) are reduced to null-field.

2.3.2 Near-field approximation

Close to the obstacle, we prove that the exact solution possesses the formal asymptotic expansion

Eδ(δ · ) = Ê0 + δÊ1 + δ2Ê2 + . . . , Hδ(δ · ) = Ĥ0 + δĤ1 + δ2Ĥ2 + . . . .

Here, for any non-negative integer p, the near-field terms (Êp, Ĥp) are defined in fast variable
X = x

δ in the dimensionless domain Ω̂ given by

Ω̂ = R3 \B(0, 1).

The zeroth-order near-field terms (Ê0, Ĥ0) are given by

Ê0(X) = 1
R3

{
3γn
(
Einc(0)

)
x̂− Einc(0)

}
; Ĥ0(X) = − 1

2R3

{
3γn
(
Hinc(0)

)
x̂−Hinc(0)

}
, (2.8)

with X = Rx̂ and R = r
δ . The first-order near-field terms (Ê1, Ĥ1) are given by

Ê1(X) = 1
R4

{
− γt

(
Jsym

Einc (0) x̂
)

+ 3
2γn

(
JEinc(0) x̂

)
x̂

}
+ iκ

2R2 γ×
(
Hinc(0)

)
,

Ĥ1(X) = 1
R4

{
2
3γt
(
Jsym

Hinc(0) x̂
)
− γn

(
JHinc(0) x̂

)
x̂

}
+ iκ

R2 γ×
(
Einc(0)

)
.

(2.9)

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 9

The second-order near-field terms (Ê2, Ĥ2) are given by

Ê2(X) = 1
R5

{
2
3γn

(
x̂>HEinc(0) x̂

)
x̂+ 2κ2

15 γn
(
Einc(0)

)
x̂− 1

2γt
(
x̂>HEinc(0) x̂

)
− iκ

3 γ×
(
Jsym

Hinc(0) x̂
)
− κ2

5 γt
(
Einc(0)

)}
+ iκ

3R3 γ×
(
Jsym

Hinc(0) x̂
)

− 3κ2

10R3

{
Einc(0)− 3γn

(
Einc(0)

)
x̂

}
+ κ2

2R

{
Einc(0) + γn

(
Einc(0)

)
x̂

}

and

Ĥ2(X) = 1
R5

{
− 1

2γn
(
x̂> HHinc(0) x̂

)
x̂− κ2

10γn
(
Hinc(0)

)
x̂+ 3

8γt
(
x̂>HHinc(0)x̂

)
− iκ

4 γ×
(
Jsym

Einc (0)x̂
)

+ 3κ2

20 γt
(
Hinc(0)

)}
+ iκ

2R3 γ×
(
Jsym

Einc (0) x̂
)

+ 3κ2

10R3

{
3γn
(
Hinc(0)

)
x̂−Hinc(0)

}
− κ2

4R

{
Hinc(0) + γn

(
Hinc(0)

)
x̂

}
,

where H� denotes the third-order Hessian tensor of �.
Remark 7. The Hessian tensor of a vector field f = (f1, f2, f3)> evaluated at 0, is defined by

(Hf (0))ijk = ∂k∂jfi(0)

and for x = (x, y, z), we define the product x>Hf (0)x as(
x>Hf (0)x

)
i

= (Hf (0))i11x
2 + (Hf (0))i22y

2 + (Hf (0))i33z
2 + ((Hf (0))i12 + (Hf (0))i21)xy

+ ((Hf (0))i13 + (Hf (0))i31)xz + ((Hf (0))i23 + (Hf (0))i32)yz.

Remark 8. In the context of the multiple scattering by K spheres, the method of matched asymp-
totic expansions involves K + 1 expansions. Firstly, the far-field expansion is defined in the
punctured domain R3 \

⋃
{ck} and read as the superposition of K scattered fields. The formulas

(2.4)-(2.5) and (2.6)-(2.7) have to be translated to deduce the scattered field generated by an
obstacle centered at ck. In the other hand, the K near-field expansions, that are defined in the
k-th fast variable X(k) = x−ck

δ , are living in Ω̂ again.

2.4 Physical interpretation

This section is based on results of classical multipole theory in electromagnetism, see for instance
[28, 35]. In Appendix B, we introduce the notion of electric and magnetic multipoles and we
develop expressions of electromagnetic fields created in the presence of such kind of sources in
static and time-harmonic regime. That allows to describe the first terms of the asymptotics in
terms of multipoles.

2.4.1 First near-field terms

The zeroth-order electric near-field term Ê0, given by (2.8), can be represented as an electric
field created in the presence of an electric dipole of direction 4πEinc(0), in static regime and

RR n° 9169



10 Labat & Péron & Tordeux

the zeroth-order magnetic near-field term Ĥ0 as a magnetic field created in the presence of a
magnetic dipole of direction −2πHinc(0) in static regime again. According to (B.4)-(B.10), the
zeroth-order near-field terms can be put in the compact form

Ê0 = Eelec
dip [4πEinc(0), κ = 0] , Ĥ0 = Hmag

dip [−2πHinc(0), κ = 0].

The first-order electric near-field term Ê1 given by (2.9) is represented as the superposition of

• an electric field created in the presence of a filiform magnetic current in a magnetic dipole
configuration in static regime, along the direction −2πccurlEinc(0) = −2πiωHinc(0), where
ω denotes the angular frequency of the incident wave,

• an electric field created in the presence of an electric quadrupole along directions (uE,vE),
in static regime, satisfying the following system of equations

uE
iv

E
i − uE

jv
E
j = −8π

3
(
∂iE

inc
i (0)− ∂jEinc

j (0)
)

(i, j) ∈ {(1, 2), (2, 3)} ,

uE
iv

E
j + uE

jv
E
i = −8π

3
(
∂iE

inc
j (0) + ∂jE

inc
i (0)

)
(i, j) ∈ {(1, 2), (2, 3), (3, 1)} ,

(2.10)

where uE = (uE
1, u

E
2, u

E
3), vE = (vE

1, v
E
2, v

E
3) and ∂iE

inc
j denotes the i-th partial derivative of

the j-th coordinate of Einc for i, j = 1, 2, 3.

The first-order magnetic near-field term Ĥ1 given by (2.9) is represented as the superposition of

• a magnetic field created in the presence of a filiform electric current in an electric dipole
configuration in static regime, along the direction −4πc curl Hinc(0) = 4πiωEinc(0),

• a magnetic field created in the presence of a magnetic quadrupole along directions (uH,vH),
in static regime satisfying the following systems of equations

uH
i v

H
i − uH

j v
H
j = 16π

9
(
∂iH

inc
i (0)− ∂jH inc

j (0)
)

(i, j) ∈ {(1, 2), (2, 3)} ,

uH
i v

H
j + uH

j v
H
i = 16π

9
(
∂iH

inc
j (0) + ∂jH

inc
i (0)

)
(i, j) ∈ {(1, 2), (2, 3), (3, 1)} .

(2.11)

where ∂iH inc
j denotes the i-th partial derivative of the j-th coordinate of Hinc for i, j =

1, 2, 3.

Remark 9. The systems of equations (2.10) and (2.11) have an infinity of complex solutions.
Indeed, if (u,v) is solution of one of them, then (v,u) or (cu, 1

cv) for c 6= 0 is also solution.
Actually, this formulation is only a physical interpretation and we have not the uniqueness for
the quadrupole configuration.

According to (B.5)-(B.12) and (B.11)-(B.7), the first-order near-field terms Ê1 and Ĥ1 can be put
in the compact form

Ê1 = Eelec
quad

[
uE,vE, κ = 0

]
+ Emag

dip

[
− 2πiωHinc(0), κ = 0

]
,

Ĥ1 = Hmag
quad

[
uH,vH, κ = 0

]
+ Helec

dip

[
4πiωEinc(0), κ = 0

]
.

Remark 10. The second-order near-field terms Ê2 and Ĥ2 appear like the superposition of oc-
tupoles, quadrupoles and dipoles, but we have not performed the whole computation in this
document.
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2.4.2 First far-field terms

The third-order electric far-field term Ẽ3 can be represented like the superposition of

• an electric field created in the presence of a time-harmonic electric dipole along direction
4πEinc(0),

• an electric field created in the presence of a time-harmonic magnetic dipole along direction
−2πHinc(0).

The third-order magnetic far-field term H̃3 can be represented like the superposition of

• a magnetic field created in the presence of a time-harmonic magnetic dipole along direction
−2πHinc(0),

• a magnetic field created in the presence of a time-harmonic electric dipole along direction
4πEinc(0).

According to (B.8)-(B.14) and (B.13)-(B.9), the third-order far-field terms can be put in the
compact form

Ẽ3 = Eelec
dip

[
4πEinc(0), κ

]
+ Emag

dip

[
− 2πHinc(0), κ

]
H̃3 = Helec

dip

[
4πEinc(0), κ

]
+ Hmag

dip

[
− 2πHinc(0), κ

]
.

(2.12)

Remark 11. In a same way, we can prove that the fifth-order far-field terms Ẽ5 and H̃5 can be
represented like a superposition of dipoles and quadrupoles.

3 Numerical experiments

Numerical experiments allow to make evident the orders of convergence associated to the differ-
ent levels of near-field and far-field approximations that we have postulated in Theorems 1 and
2 in Section A.3. To illustrate our results, we propose two test-cases: the first one consists in con-
sidering an incident plane wave involving an analytical solution; in the second one, we consider
an incident gaussian beam [36] involving the numerical approximation of the reference solution.
We compare the local approximations into sub-domains that are independent of δ in the suitable
system of coordinates. Moreover, we construct a global approximation of the solution thanks to
the near-field and far-field approximations. However, the numerical order of convergence that
we obtained in the comparisons for the global approximation is non-optimal.

3.1 The reference solution

Test 1: Incident plane wave. The spherical obstacle is enlighted by an electromagnetic plane
wave (Einc,Hinc) of wavelength λ defined in (2.1). The wave vector k and the polarization vector
p are chosen such that

k =

 0
0
−κ

 ; p =

1
0
0

 ; κ = 2π
λ
. (3.1)

On Figure 2, we represent cross-sections of the x-coordinates of the real part of the incident
electric field with λ = 1.
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Figure 2: Cross sections of the x-coordinates of the real part of the incident electric field associ-
ated to Test 1 with λ = 1

Test 2: Incident gaussian beam. For the same physical parameters given by (3.1), an electro-
magnetic gaussian beam of waist w polarized by the vector p and directed along the z-axis, is
given by

Einc(x) = z0 exp(iκz)
z0 + iz

exp
(
−1

2
κ(x2 + y2)
z0 + iz

)
p,

Hinc(x) = z0 exp(iκz)
z0 + iz

exp
(
−1

2
κ(x2 + y2)
z0 + iz

)


ix

z0 + iz
iy

z0 + iz

1− 1
κ(z0 + iz) + 1

2
x2 + y2

(z0 + iz)2

× p,

for any x = (x, y, z), where z0 = κw2

2 denotes the Rayleigh range. This is an approximate solution
of the time-harmonic Maxwell equations assuming that w ≥ 2λ

π . On Figure 3, we represent cross-
sections of the x-coordinates of the real part of the incident electric field with λ = 5 and w = 5.
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Figure 3: Cross sections of the x-coordinates of the real part of the incident electric field associ-
ated to Test 2 with λ = 5 and w = 5

Thereafter, we investigate the numerical order of convergence of the far-field and near-field
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Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 13

approximations. The norm used in the comparison is the Sobolev L2-norm of the difference
between the reference solution and our approximations, into some domains of interest. To obtain
the data, we calculate

• the reference solution (Eref
δ ,H

ref
δ ), based on the computation of the Mie series representa-

tion with analytical coefficients for the first test and approximated coefficients, calculated
from projections of the incident field, for the second one (see Remark 12 below for more
details),

• the near-field approximation (Êδ,P , Ĥδ,P ) or the far-field approximation (Ẽδ,P+3, H̃δ,P+3)
for P = 0, 1 or 2, defined by (A.10) and (A.9),

• the absolute errors ‖Eref
δ − �E‖ and ‖Href

δ − �H‖ or the relative errors ‖Eref
δ − �E‖/‖Eref

δ ‖ and
‖Href

δ −�H‖/‖Href
δ ‖, replacing (�E, �H) either by (Êδ,P , Ĥδ,P ) or (Ẽδ,P+3, H̃δ,P+3), in spherical

coordinates by using a Riemann sum for angles θ and ϕ and a trapezoidal rule for radius r
into domains of interest,

for a range of δ between 100 and 10−4.

Remark 12. The reference solution (Eref
δ ,H

ref
δ ) is calculated from the Mie series representation

(D.6)-(D.7) truncated at n = 5. For Test 1, the incident wave is a plane wave and possesses
analytical coefficients according to its Jacobi-Anger decomposition (D.4). For gaussian beams,
we approximate numerically the projections (D.8) with a quadrature formula based on Simpson’s
rule.

On Figures 4 and 5, we draw cross sections of the x-coordinates of the modulus of the scat-
tered electric fields Eref

δ induced by the two different tests with δ = 0.5.
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0

0.5

1

(c) y = 0

Figure 4: Cross sections of the x-coordinates of the scattered electric field modulus in logarithmic
scale associated to Test 1 with λ = 1

3.2 Near-field approximation

To illustrate the convergence results for the near-field approximations, we introduce a subdomain
of Ω̂ independent of δ in the fast variable X,

Ω2δ
δ = B(0, 2δ) \B(0, δ).

For the results on Figures 6 and 7, we investigate the numerical order of convergence for the
L2-norm of the near-field approximations into the domain Ω2δ

δ with respect to the size of the
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Figure 5: Cross sections of the x-coordinates of the scattered electric field modulus in logarithmic
scale associated to Test 2 with λ = 5 and w = 5

obstacles δ such that

δ ∈
{

1
10p , p = 1 : 0.1 : 4

}
.

Figure 6 makes evident the different orders of convergence for the near-field approximations
(Êδ,0, Ĥδ,0), (Êδ,1, Ĥδ,1) and (Êδ,2, Ĥδ,2) induced by Test 1, using the L2-norm into the domain
Ω2δ
δ , see Theorem 2 in Section A.3.
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Figure 6: Absolute L2-errors for near-field approximations associated to Test 1 with λ = 5

Figure 7 shows the same analysis for Test 2.
We observe that the different levels of approximation follow the rule

P -order approximation ⇐⇒ Convergence rate
(absolute L2-error)

:
3
2 + P + 1.

The power 3
2 is due to the behavior of the exact solution Eref

δ (δ ·) close to the obstacle. Conver-
gence of the near-field asymptotics is numerically validated regarding error estimates provided
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Figure 7: Absolute L2-errors for near-field approximations associated to Test 2 with λ = 5 and
w = 5

by Theorem 2. For the results stemed from Test 1, the different orders of convergence are satis-
fying. For the results from Test 2, the loss of convergence in asymptotic regime can be explained
by the consideration of an approximate incident wave. However, there exists a range of obstacle
sizes for which the convergence is valid.

3.3 Far-field approximation

To illustrate the convergence results for the far-field approximations, we introduce a subdomain
independent of δ,

Ω2λ
λ = B(0, 2λ) \B(0, λ).

For the results on Figures 8 and 9, we investigate the numerical order of convergence for the
L2-norm of the far-field approximations into the domain Ω2λ

λ with respect to the size δ of the
obstacles such that

δ ∈
{

1
10p , p = 0.5 : 0.1 : 2.9

}
.

Figure 8 makes evident the different orders of convergence for the far-field approximations
(Ẽδ,3, H̃δ,3) and (Ẽδ,5, H̃δ,5) induced by Test 1, using the L2-norm into the domain Ω2λ

λ , see The-
orem 1 in Section A.3.

Figure 9 shows the same analysis for Test 2.
Noting that the fourth-order far-field term is equal to null-field, we observe that the different

levels of approximation follow the rule

P -order approximation ⇐⇒ Convergence rate
(absolute L2-error)

: P + 1.

Convergence of the far-field asymptotics is numerically validated regarding error estimates pro-
vided by Theorem 1. For the results stemed from Test 1, the different orders of convergence are
made evident. Moreover, we observe a stagnation in asymptotic regime due to the numerical
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Figure 8: Absolute L2-errors for the far-field approximations associated to Test 1 with λ = 5

precision. For the results from Test 2, the loss of convergence in asymptotic regime can be ex-
plained by the consideration of an approximate incident wave. However, there exists a range of
obstacle sizes for which the convergence is valid.

3.4 Toward a global approximation

To link the different levels of approximation of near and far fields, we investigate the relative er-
ror with respect to the reference solution. For the results on Figures 10 and 11, we make evident
the numerical order of convergence for the different levels of approximation induced by Test 1
with respect to the size δ of the obstacle. Figure 10 shows the different relative orders of conver-
gence with respect to the reference solution of the different levels of near-field approximations
associated to Test 1.

Figure 11 shows the same analysis for the different levels of far-field approximations associ-
ated to Test 1.

We observe that a near-field approximation of order P is related to a far-field expansion of
order P + 3. Hence, from the local approximations (Ẽδ,P+3, H̃δ,P+3) and (Êδ,P , Ĥδ,P ) given by
Equations (A.9) and (A.10) for P = 0, 1 and 2, the derivation of a global approximation into the
whole bounded domain

Ωλδ =
{

x ∈ R3, δ < |x| < λ
}
,

goes through a combination of these both data. We introduce the sub-domains ΩF
δ,λ and ΩN

δ of
Ωλδ , related to the validity of the far-field and near-field expansions, see Remarks 15 and 18 in
Sections 4.2 and 4.3,

ΩF
δ,λ =

{
x ∈ R3, 2

√
λδ < |x| < λ

}
; ΩN

δ =
{

x ∈ R3, δ < |x| <
√
λδ
}
.

A global approximation (Eδ,P ,Hδ,P ) for P = 0, 1 or 2 is then given by

• (Eδ,P ,Hδ,P ) = (Êδ,P , Ĥδ,P ) in ΩN
δ ,

• (Eδ,P ,Hδ,P ) = (Ẽδ,P+3, H̃δ,P+3) in ΩF
δ,λ,
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Figure 9: Absolute L2-errors for the far-field approximations associated to Test 2 with λ = 5 and
w = 5

• a combination of the two data in the matching area
{

x ∈ R3,
√
λδ < |x| < 2

√
λδ
}

.

We consider a cut-off function χδ : R+ 7−→ [0, 1] which is equal to 1 in a neighborhood of the
obstacle and equal to 0 far from the obstacle, in terms of distance. For the numerical experiments
we choose χδ = χ( ·√

λδ
) where χ is such that

χ ∈ C∞(R) ; χ(r) =
{

1 if r ≤ 1
0 if r ≥ 2 ; χ′(r) ≤ 0 for any r ≥ 0.

A global approximation (Eδ,P ,Hδ,P ) of order P = 0, 1 and 2 is then defined for x ∈ Ωλδ by

Eδ,P (x) = χδ(|x|)Êδ,P (x
δ

) +
(

1− χδ(|x|)
)

Ẽδ,P+3(x),

Hδ,P (x) = χδ(|x|)Ĥδ,P (x
δ

) +
(

1− χδ(|x|)
)

H̃δ,P+3(x).

Remark 13. The choice of the sub-domains ΩN
δ and ΩF

δ,λ is non-optimal to make evident the
order of convergence of the global approximation in the whole bounded domain Ωλδ . Actually,
the dependence on

√
δ in the sub-domains creates a scale factor in the error computation. Error

estimates would enable to quantify this dependence.

For the results on Figure 12, we investigate the numerical order of convergence for the L2-
norm in the whole bounded domain Ωλδ with respect to the size of the obstacles δ such that

δ ∈
{

1
10p , p = 1 : 0.1 : 4

}
.

Figure 12 makes evident the different orders of convergence for the global approximations
(Eδ,0,Hδ,0), (Eδ,1,Hδ,1) and (Eδ,2,Hδ,2), using the L2 norm in the whole bounded domain Ωλδ
for the electric and magnetic fields.

Remark 14. By virtue of Remark 13, the order of convergence is non-optimal for (Eδ,1,Hδ,1) and
(Eδ,2,Hδ,2). We observe that the order is degrading between the first and the second order of
approximations.
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Figure 10: Relative L2-errors for near-field approximations associated to Test 1 with λ = 5

4 The matched asymptotic expansions

In this section, we apply the method of matched asymptotic expansions to tackle the exterior
time-harmonic Maxwell problem (2.2). Assuming that the obstacle size δ is significantly small
in comparison with the incident wavelength λ = 2π

κ , this method consists in defining an ap-
proximate solution using multi-scale expansions over far and near fields, related in a matching
area. We introduce the geometrical setting, the problems satisfied by any term of the asymptotics
at any order and the matching conditions applied on spectral coefficients. It is only in the last
paragraph that we focus on the first terms of the asymptotics.

4.1 Geometrical setting

Before postulating Ansatz of the far and near field expansions, we define the asymptotic domains
where the expansions will be defined. The far-field domain ΩF

δ is the exterior domain defined by

ΩF
δ =

{
x ∈ R3, |x| > ηF

δ

}
with lim

δ→0
ηF
δ = 0. (4.1)

The far-field expansion is then defined in Ω? that is the limit of the far-field domain when δ tends
to 0, see Figure 13,

Ω? = lim
δ→0

ΩF
δ = R3 \ {0} . (4.2)

The definition of the near-field domain ΩN
δ goes through the coordinate change X = x

δ . Then, ΩN
δ

is the interior domain defined in fast variable by

ΩN
δ =

{
X ∈ R3, δ < δ|X| < ηN

δ

}
with lim

δ→0

ηN
δ

δ
= +∞. (4.3)

The near-field expansion is then defined in Ω̂ that is the near-field domain when δ tends to 0, see
Figure 13 ,

Ω̂ = lim
δ→0

ΩN
δ = R3 \B(0, 1). (4.4)
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Figure 11: Relative L2-errors for far-field approximations associated to Test 1 with λ = 5

4.2 Far-field expansion

Far from the obstacle, the exact solution is approximated by the far-field expansion

Eδ(x) ∼
δ→0

∞∑
p=0

δpẼp(x) , Hδ(x) ∼
δ→0

∞∑
p=0

δpH̃p(x), (4.5)

where x = rx̂ is the spatial variable in spherical coordinates. This expansion begins at the third
order since all previous terms are reduced to null-fields, see Remark 19 in Section 4.4. The
set of (Ẽp, H̃p) with p ≥ 3 is singular solution, reading as (C.6), of the time-harmonic Maxwell
equations in Ω? given by (4.2),


curl Ẽp − iκH̃p = 0 in Ω?,

curl H̃p + iκẼp = 0 in Ω?,

lim
r→∞

r
(
H̃p × x̂− Ẽp

)
= 0 uniformly in x̂.

(4.6)

These problems are ill-posed in Hloc(curl ,Ω?) which is the space of vector fields u such that

∀ψ ∈ C∞c (R3), ψ = 0 in a neighbourhood of 0, ψu ∈ L2(R3), curl (ψu) ∈ L2(R3),

because it lacks a piece of information about their behavior at the origin. Actually, the terms
(Ẽp, H̃p) are finite sums of multipoles that are explicitly known up to their spectral coefficients
[32]. Obtaining these coefficients allows to define the far-field asymptotic expansion at any
order.

Remark 15. The far-field expansion is defined in Ω? but is a suitable approximation of the so-
lution into the exterior domains ΩF

δ, see (4.1). The proof goes through error estimates. For the
numerical results in Section 3.4, we have chosen ηF

δ = (δλ) 1
2 .
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Figure 12: Relative L2-errors for global approximations associated to Test 1 with λ = 5

4.3 Near-field expansion

In the vicinity of the obstacle, the solution can be approximated by the near-field expansion

Eδ(δX) ∼
δ→0

∞∑
p=0

δpÊp(X) , Hδ(δX) ∼
δ→0

∞∑
p=0

δpĤp(X), (4.7)

where X = x
δ = Rx̂ denotes the fast variable. The set of (Êp, Ĥp) for p ≥ 0 satisfies the nested

Maxwell equations given by {
curl Êp = iκĤp−1 in Ω̂,

curl Ĥp = −iκÊp−1 in Ω̂,
(4.8)

where Ω̂ is defined in (4.4). In (4.8), we use the convention Ê−1 = Ĥ−1 = 0.

Remark 16. These equations are said nested because the problem of order p depends on the pre-
vious term, of order p−1. They can be read as Maxwell static problems with a non-homogeneous
source term. Moreover, we can deduce from the problem of order p+1, complementary equations
for the divergence of the fields of order p, that are{

div Êp = 0 in Ω̂,

div Ĥp = 0 in Ω̂.
(4.9)

The boundary conditions are obtained by identifying the Taylor series expansion of the inci-
dent field in a neighborhood of the origin in the fast variable X = x

δ ,

Einc(x) =
∞∑
p=0

δpÊ
inc
p (X) , Hinc(x) =

∞∑
p=0

δpĤ
inc
p (X),

where
Ê

inc
p (X) =

∑
|α|=p

1
α!d

αEinc(0) · Xα , Ĥ
inc
p (X) =

∑
|α|=p

1
α!d

αHinc(0) · Xα,
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Figure 13: Far-field and near-field domains ΩF
δ and ΩN

δ and their limit Ω? and Ω̂

with the boundary conditions satisfied by the near-field expansion. In particular, on the boundary
∂Ω̂ = S2 = Γ̂, we have  er × Êp = −er × Ê

inc
p on Γ̂,

er · Ĥp = −er · Ĥ
inc
p on Γ̂.

(4.10)

Remark 17. The terms of order p depend on the zero value of the p-order derivative of the
incident field.

The problems made up of Equations (4.8)-(4.10) with p = 0 satisfied by Ê0 and Ĥ0, are
well-posed in the weighted Sobolev space

W =
{

u
(1 + R2) 1

2
∈ L2(Ω̂), curl u ∈ L2(Ω̂), div u = 0 in Ω̂

}
. (4.11)

However, for p ≥ 1 the nested problems made up of the equations (4.8)-(4.10) are ill-posed in
W because it lacks a piece of information about the behavior of the non-leading terms towards
the infinity. Actually, the terms (Êp, Ĥp) for p ≥ 1 can be described as the superposition of a
regular solution (Êp,0, Ĥp,0) in W of the static Maxwell equations and a finite sum of growing
vector fields which is a particular solution of the nested equations (4.8) satisfying

max
|X|=R

∣∣∣Êp(X)− Êp,0(X)
∣∣∣ = O

R→∞
(Rp−3) ; max

|X|=R

∣∣∣Ĥp(X)− Ĥp,0(X)
∣∣∣ = O

R→∞
(Rp−3). (4.12)
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These singularities also called shadow terms are produced by previous near-field terms. Then,
the near-field problems can be solved by induction, where the computation of the shadows goes
through previous terms and the computation of the leading term is done by solving a well-posed
problem in W.
Remark 18. The near-field expansion is defined in Ω̂ but is a suitable approximation of the
solution into the bounded domains ΩN

δ , see (4.3). The proof goes through error estimates. For
the numerical results in Section 3.4, we have chosen ηN

δ = 2(δλ) 1
2 .

4.4 Matching conditions

The far-field and near-field expansions are related thanks to a matching procedure which requires
the behavior of (Ẽp, H̃p) close to the origin and the behavior of (Êp, Ĥp) towards the infinity. In
a formal way, for p ≥ 0 we develop (Ẽp, H̃p) in a neighborhood of the origin as

Ẽp(rx̂) ∼
r→0

+∞∑
q=−∞

(κr)qẼ
q

p(x̂) , H̃p(rx̂) ∼
r→0

+∞∑
q=−∞

(κr)qH̃
q

p(x̂), (4.13)

and (Êp, Ĥp) with fast variable R = r
δ in a neighborhood of infinity as

Êp(Rx̂) ∼
R→+∞

+∞∑
q=−∞

(κR)qÊ
q

p(x̂) , Ĥp(Rx̂) ∼
R→+∞

+∞∑
q=−∞

(κR)qĤ
q

p(x̂). (4.14)

The expansions (4.5) and (4.7) are matched in the overlapping area by using the expansions
(4.13)- (4.14) and identifying the terms with respect to the δ-powers. Then, the matching con-
ditions read as {(

Ẽ
q

p, H̃
q

p

)
=
(
Ê
q

p+q, Ĥ
q

p+q
)

−p ≤ q < 0,(
Ẽ
q

p, H̃
q

p

)
= 0 p ≤ 0 or q < −p,

(4.15)

and {(
Ê
q

p, Ĥ
q

p

)
=
(
Ẽ
q

p−q, H̃
q

p−q
)

0 ≤ q ≤ p,(
Ê
q

p, Ĥ
q

p

)
= 0 p < 0 or q > p,

(4.16)

The conditions (4.15) allow to determine entirely the successive far-field terms while the con-
ditions (4.16) are redundant regarding (C.15). This step is formally expressed but fundamental
to the justification of the approximate models. Modal decomposition of the solutions allow to
define the angular terms (Ẽ

q

p, H̃
q

p) and (Ê
q

p, Ĥ
q

p) and make explicit these conditions through the
spectral coefficients.

Proposition 1. The formal matching conditions (4.15) are equivalent to
u(p),×
n,m = κn+2

i n hn,−n−1
ĥ(p−n−2)
n,m ,

u(p),t
n,m = κn+2

i n hn,−n−1
ê(p−n−2)
n,m ,

(4.17)

for any p ≥ 0, n ≥ 1 and −n ≤ m ≤ n. The coefficients u(p),×
n,m and u(p),t

n,m are given by (C.5) with
u = Ẽp. The coefficients ê(p−n−2)

n,m and ĥ(p−n−2)
n,m are given by (C.9)-(C.10) at the rank p − n − 2.

The coefficients hn,` come from the Laurent series expansion of the Hankel function of the first kind
h

(1)
n , see Proposition 3 in Appendix (C.1).

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 23

Remark 19. The coefficients u(p),×
n,m and u

(p),t
n,m are equal to 0 when p < 3. That implies that the

asymptotic far-field expansion is starting at the third order.

Proof. Inserting Laurent series expansions (C.7) of the modal coefficients �̃(p),×n,m , �̃(p),tn,m and �̃(p),rn,m

for � = e or h into the modal decomposition (C.6), we obtain (4.13) with

Ẽ
q

p =
∞∑
n=1

n∑
m=−n

u×n,mhn,qcurlS2Yn,m + ut
n,m

hn,q+1

i

[
(q + 2)∇S2Yn,m + n(n+ 1)Yn,mer

]
,

H̃
q

p =
∞∑
n=1

n∑
m=−n

−ut
n,mhn,qcurlS2Yn,m + u×n,m

hn,q+1

i

[
(q + 2)∇S2Yn,m + n(n+ 1)Yn,mer

]
.

On the other hand, inserting the coefficients �̂(p),×n,m , �̂(p),tn,m and �̂(p),rn,m for � = e or h into the modal
decompositions of (Êp, Ĥp), see Proposition 4 in Section C.3.2, and making the index change
q = `− n− 2, we obtain (4.14) with

Ê
q

p =
∞∑
n=1

n∑
m=−n

(
− iκn+2 1

n hn,−n−1
ĥ(p−q−n−2)
n,m

)
hn,qcurlS2Yn,m

+
(
− iκn+2 1

n hn,−n−1
ê(p−q−n−2)
n,m

)hn,q+1

i

[
(q + 2)∇S2Yn,m + n(n+ 1)Yn,mer

]
,

Ĥ
q

p =
∞∑
n=1

n∑
m=−n

(
iκn+2 1

n hn,−n−1
ĥ(p−q−n−2)
n,m

)
hn,qcurlS2Yn,m

+
(
− iκn+2 1

n hn,−n−1
ĥ(p−q−n−2)
n,m

)hn,q+1

i

[
(q + 2)∇S2Yn,m + n(n+ 1)Yn,mer

]
.

Finally, according to the matching conditions (4.15), we deduce (4.17).

Remark 20. The conditions (4.17) give us some pieces of information about the asymptotic
expansions. Since we have assumed that the near-field expansion starts at the zeroth order, the
coefficients ê(p)

n,m and ĥ(p)
n,m associated to an order p < 0 are equal to zero. In particular, conditions

(4.17) imply that the coefficients u(p),×
n,m and u(p),t

n,m are equal to zero when n > p − 2. Then, the
modal decomposition (C.6) for the far-field terms of order p ≥ 3 is a finite sum of multipoles
which needs the knowledge of the near-field terms of order p′ such that 0 ≤ p′ ≤ p − 3 to be
calculated.

4.5 First terms of the asymptotics

In this section, we introduce the problems satisfied by the first terms of the asymptotics and
we make it explicit. We recall that the near-field problems are solved by induction because the
calculation of the near-field term of order p requires the knowledge of the previous near-field
terms. In Figure 14, we illustrate the construction of the first near-field terms, where the arrows
describe the different contributions in order to compute the current term.

We can observe that the construction of the near-field terms does not depend on the far-field
terms. The far-field terms are found through their modal decomposition given by (C.6) where
the series are actually finite sums going up to n = p−2. In Figure 15, we illustrate the algorithm
to construct the far-field terms.

Hereafter, we make explicit the near-field terms (Êp, Ĥp) for p = 0, 1, 2 and the far-field terms
(Ẽp, H̃p) for p = 3, 4, 5.
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Einc

Ê0

Ê1

Ê2

Ĥ0

Ĥ1

Ĥ2

Hinc

Figure 14: Construction of the near-field asymptotics (—— Step 1, —— Step 2, —— Step 3)

(Ê0, Ĥ0)

(Ê1, Ĥ1)

(Ê2, Ĥ2)

(Ẽ3, H̃3)

(Ẽ4, H̃4)

(Ẽ5, H̃5)

Figure 15: Construction of the far-field expansion (—— Step 1, —— Step 2, —— Step 3)

4.5.1 Near-field terms

Zeroth order terms. The zeroth-order near-field terms Ê0 and Ĥ0 are solutions of the static
Maxwell problems, 

curl Ê0 = 0 in Ω̂,

div Ê0 = 0 in Ω̂,

er × Ê0 = −er × Einc(0) on Γ̂,

(4.18)

and 
curl Ĥ0 = 0 in Ω̂,

div Ĥ0 = 0 in Ω̂,

er · Ĥ0 = −er ·Hinc(0) on Γ̂.

(4.19)

These problems are obtained by taking p = 0 into Equations (4.8), (4.9) and (4.10). The unique
solution of (4.18), respectively of (4.19), in W see (4.11), is defined for X ∈ Ω̂, by

Ê0(X) = 1
R3

[
3(Einc(0) · er)er − Einc(0)

]
, Ĥ0(X) = − 1

2R3

[
3(Hinc(0) · er)er −Hinc(0)

]
. (4.20)
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First order terms. The first-order near-field terms Ê1 and Ĥ1 are solutions of the nested
Maxwell problems 

curl Ê1 = iκĤ0 in Ω̂,

div Ê1 = 0 in Ω̂,

er × Ê1 = −er ×
(
JEinc(0)er

)
on Γ̂,

(4.21)

and 
curl Ĥ1 = −iκÊ0 in Ω̂,

div Ĥ1 = 0 in Ω̂,

er · Ĥ1 = −er ·
(
JHinc(0)er

)
on Γ̂.

(4.22)

These problems are obtained by taking p = 1 into Equations (4.8), (4.9) and (4.10). Let us
decompose the vector fields Ê1 and Ĥ1 under the form

Ê1 = Ê1,0 + Ê1,1 and Ĥ1 = Ĥ1,0 + Ĥ1,1,

where Ê1,1 and Ĥ1,1 are particular solutions of the respective nested volumical equations{
curl Ê1,1 = iκĤ0 in Ω̂,

div Ê1,1 = 0 in Ω̂,

{
curl Ĥ1,1 = −iκÊ0 in Ω̂,

div Ĥ1,1 = 0 in Ω̂,
(4.23)

and Ê1,0 ∈ W and Ĥ1,0 ∈ W satisfy the static Maxwell equations in W with homogeneous
volumical source term {

curl u = 0 in Ω̂,

div u = 0 in Ω̂.
(4.24)

The boundary conditions satisfied by the leading terms Ê1,0 and Ĥ1,0 are determined by the
expression of Ê1,1 and Ĥ1,1. As a result,{

er × Ê1,0 = −er × (JEinc(0)er)− er × Ê1,1 on Γ̂,

er · Ĥ1,0 = −er · (JHinc(0)er)− er · Ĥ1,1 on Γ̂.
(4.25)

A particular couple of solutions of nested problems (4.23) is given by the modal decompositions
(C.19) which require the knowledge of the tangential traces on Γ̂ of the zeroth-order near-field
terms. On one hand, according to (C.17), we have

γtÊ0 =
1∑

m=−1
ê

(0)
1,m∇S2Y1,m and γtĤ0 =

1∑
m=−1

ĥ
(0)
1,m∇S2Y1,m on Γ̂. (4.26)

On the other hand, according to (4.20), the tangential traces of Ê0 and Ĥ0 on Γ̂ are given by

γtÊ0 = −γtEinc(0) and γtĤ0 = 1
2γtH

inc(0) on Γ̂. (4.27)

Hence, using that curlS2 = ∇S2 × er, we get from (C.19),

Ê1,1(X) = − iκ

2R2 γtH
inc(0)× er, Ĥ1,1(X) = − iκ

R2 γtE
inc(0)× er, X ∈ Ω̂.
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Consequently, the boundary conditions (4.25) are uniquely determined thanks to the relation − er × Ê1,1 = iκ

2 γtH
inc(0) on Γ̂,

− er · Ĥ1,1 = 0 on Γ̂.

Remark 21. Noting that

iκ

2 Hinc(0)× er = 1
2

(
(JEinc(0)er − (JEinc(0)er)>

)
on Γ̂,

the boundary conditions (4.25) can be put under the form
er × Ê1,0 = −er ×

(
Jsym

Einc (0)er
)

on Γ̂,

er · Ĥ1,0 = −er ·
(
JHinc(0)er

)
on Γ̂,

(4.28)

where Jsym = 1
2 (J + J>) denotes the symmetric part of the Jacobian operator.

The unique solutions in W of problems made up of static Maxwell equations (4.24) equipped
with the respective boundary conditions (4.28) are

Ê1,0(X) = 1
R4

[
− γt

(
Jsym

Einc (0)er
)

+ 3
2γn

(
JEinc(0)er

)
er
]
, X ∈ Ω̂,

Ĥ1,0(X) = 1
R4

[
2
3γt
(
Jsym

Hinc(0)er
)
− γn

(
JHinc(0)er

)
er
]
, X ∈ Ω̂.

Second order terms. The second-order near-field terms Ê2 and Ĥ2 are solutions of the nested
Maxwell problems 

curl Ê2 = iκĤ1 in Ω̂,

div Ê2 = 0 in Ω̂,

er × Ê2 = −1
2er ×

(
e>r HEinc(0)er

)
on Γ̂,

(4.29)

and 
curl Ĥ2 = −iκÊ1 in Ω̂,

div Ĥ2 = 0 in Ω̂,

er · Ĥ2 = −1
2er ·

(
e>r HHinc(0)er

)
on Γ̂.

(4.30)

These problems are obtained by taking p = 2 into Equations (4.8), (4.9) and (4.10). Let us
decompose the vector fields Ê2 and Ĥ2 under the form

Ê2 = Ê2,0 + Ê2,1 + Ê2,2 and Ĥ2 = Ĥ2,0 + Ĥ2,1 + Ĥ2,2,

where Ê2,` and Ĥ2,` for ` = 1, 2, are particular solutions of the respective nested volumical
equations, see (C.16),{

curl Ê2,` = iκĤ1,`−1 in Ω̂,

div Ê2,` = 0 in Ω̂,

{
curl Ĥ2,` = −iκÊ1,`−1 in Ω̂,

div Ĥ2,` = 0 in Ω̂,
(4.31)
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and Ê2,0 ∈ W and Ĥ2,0 ∈ W satisfy the static Maxwell equations (4.24) in W. The boundary
conditions satisfied by the leading terms Ê2,0 and Ĥ2,0 result from the derivation of the shadow
terms Ê2,` and Ĥ2,` with ` = 1, 2. Indeed,

er × Ê2,0 = −1
2er ×

(
e>r HEinc(0)er

)
− er ×

(
Ê2,1 + Ê2,2

)
on Γ̂,

er · Ĥ2,0 = −1
2er ·

(
e>r HHinc(0)er

)
− er ·

(
Ĥ2,1 + Ĥ2,2

)
on Γ̂.

(4.32)

A particular couple of solutions of nested problems (4.31) for ` = 1, 2 is given by the modal
decompositions (C.14) with p = 2 and ` = 1, 2. This calculation requires the knowledge of the
tangential traces on Γ̂ of Ê1,0 and Ĥ1,0 for ` = 1 and the normal traces on Γ̂ of Ê0 and Ĥ0 for
` = 2.
• ` = 2. On one hand, according to (C.17), we have

γnÊ0 =
1∑

m=−1
ê

(0)
1,mY1,m and γnĤ0 =

1∑
m=−1

ĥ
(0)
1,mY1,m on Γ̂. (4.33)

On the other hand, according to (2.8),the normal traces of Ê0 and Ĥ0 on Γ̂ are given by

γnÊ0 = 2γnEinc(0) and γnĤ0 = −γnHinc(0) on Γ̂. (4.34)

By using the relations (4.26) and (4.33)-(4.34), we get from (C.14) for p = ` = 2,

Ê2,2(X) = κ2

2R

[
γtEinc(0) + 2

(
γnEinc(0)

)
er
]
, X ∈ Ω̂,

Ĥ2,2(x) = −κ
2

2R

[
1
2γtH

inc(0) +
(
γnHinc(0)

)
er
]
, X ∈ Ω̂.

• ` = 1. On one hand, according to (C.18), we have

γtÊ1,0 =
2∑

m=−2
ê

(1)
2,m∇S2Y2,m and γtĤ1,0 =

2∑
m=−2

ĥ
(1)
2,m∇S2Y2,m on Γ̂. (4.35)

On the other hand, according to , the tangential traces of Ê1,0 and Ĥ1,0 on Γ̂ are given by

γtÊ1,0 = −γt
(
Jsym

Einc (0)er
)

and γtĤ1,0 = 2
3γt
(
Jsym

Hinc(0)er
)

on Γ̂. (4.36)

By using (4.35)-(4.36), we get from (C.14) for p = 2 and ` = 1,

Ê2,1(X) = − iκ

3R3

(
Jsym

Hinc(0)er
)
× er, Ĥ2,1(X) = − iκ

2R3

(
Jsym

Einc (0)er
)
× er, X ∈ Ω̂.

As a result, the boundary conditions (4.32) are uniquely determined by
er × Ê2,0 = −1

2er ×
(

e>r HEinc(0)er
)

+ iκ

3 γt
(
Jsym

Hinc(0)er
)
− κ2

2 er × Einc(0) on Γ̂,

er · Ĥ2,0 = −1
2er ·

(
e>r HHinc(0)er

)
+ κ2

2 er ·Hinc(0) on Γ̂.
(4.37)

RR n° 9169



28 Labat & Péron & Tordeux

The unique solutions in W of problems made up of the static Maxwell equations (4.24) equipped
with the respective boundary conditions (4.37) are

Ê2,0(X) = 1
R5

[
− 1

2γt
(

e>r HEinc(0)er
)

+ iκ

3

(
Jsym

Hinc(0)er
)
× er −

κ2

5 γtE
inc(0)

− 4
3

{
− 1

2γn
(

e>r HEinc(0)er
)
− κ2

10γnEinc(0)
}

er

]
+ 3κ2

10R3

[
3
(
γnEinc(0)

)
er − Einc(0)

]
,

and

Ĥ2,0(X) = 1
R5

[
− 3

4

{
− 1

2γt
(

e>r HHinc(0)er
)
− iκ

3

(
Jsym

Einc (0)er
)
× er −

κ2

5 γtH
inc(0)

}
−
{

1
2γn

(
e>r HHinc(0)er

)
+ κ2

10γnHinc(0)
}

er

]
+ 3κ2

10R3

[
3
(
γnHinc(0)

)
er −Hinc(0)

]
,

for X ∈ Ω̂.

4.5.2 Far-field terms

The third, fourth and fifth-order far-field terms are calculated thanks to their modal decomposi-
tion (C.6) where the series go up to n = p − 2 and by applying the matching conditions (4.17)
with p = 3, 4, 5. The third-order far-field terms Ẽ3 and H̃3 possess the following decomposition

Ẽ3(x) = κ3

ih1,−2
h

(1)
1 (κr)

1∑
m=−1

ĥ
(0)
1,mcurlS2Y1,m

− κ2

h1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

r

1∑
m=−1

ê
(0)
1,m∇S2Y1,m −

2κ2

h1,−2

h
(1)
1 (κr)
r

1∑
m=−1

ê
(0)
1,mY1,mer (4.38)

and

H̃3(x) = − κ3

ih1,−2
h

(1)
1 (κr)

1∑
m=−1

ê
(0)
1,mcurlS2Y1,m

− κ2

h1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

r

1∑
m=−1

ĥ
(0)
1,m∇S2Y1,m −

2κ2

h1,−2

h
(1)
1 (κr)
r

1∑
m=−1

ĥ
(0)
1,mY1,mer. (4.39)

This is a sum of electromagnetic dipoles. The expressions (2.4) and (2.5) are obtained by sub-
stituting the relations (4.26)- (4.27) and (4.33)-(4.34) into (4.38)-(4.39). The fourth-order
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far-field terms Ẽ4 and H̃4 possess the following decomposition

Ẽ4(x) = κ4

2i h2,−3
h

(1)
2 (κr)

2∑
m=−2

ĥ
(0)
2,mcurlS2Y2,m

− κ3

2h2,−3

h
(1)
2 (κr) + κrh

(1)′
2 (κr)

r

2∑
m=−2

ê
(0)
2,m∇S2Y2,m −

3κ3

h2,−3

h
(1)
2 (κr)
r

2∑
m=−2

ê
(0)
2,mY2,mer

+ κ3

ih1,−2
h

(1)
1 (κr)

1∑
m=−1

ĥ
(1)
1,mcurlS2Y1,m −

κ2

h1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

r

1∑
m=−1

ê
(1)
1,m∇S2Y1,m

− 2κ2

h1,−2

h
(1)
1 (κr)
r

1∑
m=−1

ê
(1)
1,mY1,mer

and

H̃4(x) = − κ4

2ih2,−3
h

(1)
2 (κr)

2∑
m=−2

ê
(0)
2,mcurlS2Y2,m

− κ3

2h2,−3

h
(1)
2 (κr) + κrh

(1)′
2 (κr)

r

2∑
m=−2

ĥ
(0)
2,m∇S2Y2,m −

3κ3

h2,−3

h
(1)
2 (κr)
r

2∑
m=−2

ĥ
(0)
2,mY2,mer

− κ3

i n h1,−2
h

(1)
1 (κr)

1∑
m=−1

ê
(1)
1,mcurlS2Y1,m −

κ2

h1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

r

1∑
m=−1

ĥ
(1)
1,m∇S2Y1,m

− 2κ2

h1,−2

h
(1)
1 (κr)
r

1∑
m=−1

ĥ
(1)
1,mY1,mer.

but ĥ(0)
2,m = ê

(0)
2,m = ĥ

(1)
1,m = ê

(1)
1,m = 0 for any −n ≤ m ≤ n (n = 1 or n = 2) according to

(C.17)-(C.18). Hence, we deduce that Ẽ4 and H̃4 are identically zero. The fifth-order far-field
terms Ẽ5 and H̃5 possess the following decomposition

Ẽ5(x) = κ4

2ih2,−3
h

(1)
2 (κr)

2∑
m=−2

ĥ
(1)
2,mcurlS2Y2,m

+ κ4

2ih2,−3

h
(1)
2 (κr) + κrh

(1)′
2 (κr)

iκr

2∑
m=−2

ê
(1)
2,m∇S2Y2,m + 3κ4

ih2,−3

h
(1)
2 (κr)
iκr

2∑
m=−2

ê
(1)
2,mY2,mer

+ κ3

ih1,−2
h

(1)
1 (κr)

1∑
m=−1

ĥ
(2)
1,mcurlS2Y1,m + κ3

ih1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr

1∑
m=−1

ê
(2)
1,m∇S2Y1,m

+ 2κ3

ih1,−2

h
(1)
1 (κr)
iκr

1∑
m=−1

ê
(2)
1,mY1,mer (4.40)
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and

H̃5(x) = − κ4

2ih2,−3
h

(1)
2 (κr)

2∑
m=−2

ê
(1)
2,mcurlS2Y2,m

+ κ4

2ih2,−3

h
(1)
2 (κr) + κrh

(1)′
2 (κr)

iκr

2∑
m=−2

ĥ
(1)
2,m∇S2Y2,m + 3κ4

ih2,−3

h
(1)
2 (κr)
iκr

2∑
m=−2

ĥ
(1)
2,mY2,mer

− κ3

ih1,−2
h

(1)
1 (κr)

1∑
m=−1

ê
(2)
1,mcurlS2Y1,m + κ3

ih1,−2

h
(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr

1∑
m=−1

ĥ
(2)
1,m∇S2Y1,m

+ 2κ2

ih1,−2

h
(1)
1 (κr)
iκr

1∑
m=−1

ĥ
(2)
1,mY1,mer. (4.41)

That is a sum of electromagnetic dipoles and quadrupoles. The normal and tangential part of
the electric and magnetic dipoles are given by

1∑
m=−1

ê
(2)
1,m∇S2Y1,m = −3κ2

10 γt
(
Einc(0)

)
;

1∑
m=−1

ê
(2)
1,mY1,m = −3κ2

10 γn
(
Einc(0)

)
,

1∑
m=−1

ĥ
(2)
1,m∇S2Y1,m = −3κ2

10 γt
(
Hinc(0)

)
;

1∑
m=−1

ĥ
(2)
1,mY1,m = −3κ2

10 γn
(
Hinc(0)

)
.

The normal and tangential part of the electric and magnetic quadrupoles are given by

2∑
m=−2

ê
(1)
2,m∇S2Y2,m = −γt

(
Jsym

Einc (0)er
)

;
2∑

m=−2
ê

(1)
2,mY2,m = −1

2γn
(
JEinc(0)er

)
,

2∑
m=−2

ĥ
(1)
2,m∇S2Y2,m = 2

3γt
(
Jsym

Hinc(0)er
)

;
2∑

m=−2
ĥ

(1)
2,mY2,m = 1

3γn
(
JHinc(0)er

)
.

It suffices to substitute these expressions into (4.40)-(4.41) to obtain the result.

5 Conclusion and perspectives

In this report, we have applied the method of matched asymptotic expansions on the electromag-
netic wave scattering problem by a small sphere. We have performed the near-field expansion
up to the second order and the far-field expansion up to the fifth order. This work is essentially
concerned with numerical objectives. The theoretical justification of the matched asymptotic
expansions, in particular the proof of error estimates, will be tackled in a further work. In this
conclusion, we introduce two different applications of the asymptotic expansions, in particular

• the derivation of collected dipolar models improving the third-order far-field approxima-
tion,

• the application of the Born theory for the extension to the multiple scattering, neglecting
interactions between the obstacles.

We will end this section with on-going works and perspectives.
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5.1 Collected models

The main interest of asymptotic analysis lies in describing the leading behavior of the solution
when one of their parameters tends to zero or to infinity, here the size of the obstacle tending
towards zero. For numerical analysis, information is exploitable if we can indeed calculate the
leading term, hoping that the computation will be less expensive than the computation of the
numerical solution. Besides, we observed that the more we increase orders of the approxima-
tions, the more we consume derivatives of the incident fields. But, for realistic applications, it is
not always possible to have access to these derivatives. With this in mind, we are interested to
collected models which consist in gathering the different terms, not with respect to the δ-powers,
but, with respect to their nature in terms of multipoles. In particular, if we do not want to use
derivatives of the incident fields, we consider only the dipolar terms stemed from the expansions.
From a far-field point of view, the dipolar collected model reads as

ECol
δ =

[
− (κδ)3

2 + 3(κδ)5

10

]
h

(1)
1 (κr)γ×(Hinc(0))

−
[
(κδ)3 + 3(κδ)5

10

]h(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt(Einc(0))− 2

[
(κδ)3 + 3(κδ)5

10

]h(1)
1 (κr)
iκr

γn(Einc(0))er

and

HCol
δ = −

[
(κδ)3 + 3(κδ)5

10

]
h

(1)
1 (κr)γ×(Einc(0))

+
[ (κδ)3

2 − 3(κδ)5

10

]h(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γt(Hinc(0)) + 2

[ (κδ)3

2 − 3(κδ)5

10

]h(1)
1 (κr)
iκr

γn(Hinc(0))er,

where γ×, γt and γn are defined by (2.3). This approximation improves the third-order far-field
approximation (δ3Ẽ3, δ

3H̃3) and its computation time is unchanged because it is only amplitude
of the dipole which have been changed. According to (B.8)-(B.9) and (B.13)-(B.14), the previous
expressions can be written in the compact form

ECol
δ = δ3

{
Eelec

dip

[
4π(1 + 3(κδ)2

10 )Einc(0)
]

+ Emag
dip

[
− 2π(1− 3(κδ)2

5 )Hinc(0)
]}
,

HCol
δ = δ3

{
Helec

dip

[
4π(1 + 3(κδ)2

10 )Einc(0)
]

+ Hmag
dip

[
− 2π(1− 3(κδ)2

5 )Hinc(0)
]}
.

In Figure 16, we illustrate the performance of the collected approximation (ECol
δ ,HCol

δ ) and we
compare it with to the third-order far-field approximation (δ3Ẽ3, δ

3H̃3).
In pre-asymptotic regime, we can remark that the order of convergence for the collected

approximation is close to six but the error does not decrease a lot in comparison with the third-
order far-field approximation. Actually, in the fifth-order far-field term, the predominant term
when δ is large enough is the dipolar term while the dominant term is the quadrupolar term when
δ decreases. For the same computation cost, the error decreases with a factor approximately
equal to 6.0.

5.2 Born approximation

The extension to the multiple scattering can be done directly thanks to the Born model. It
consists in superposing the scattered fields generated by the K isolated obstacles centered in ck,
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Figure 16: Absolute L2-errors for far-field approximations of the electric and magnetic fields

k = 1, . . . ,K. Interactions between obstacles are neglected. By considering this approximation,
the third-order far-field terms are given by

Ẽ
Born
3 (x) = κ3

K∑
k=1

{
− 1

2h
(1)
1 (κ|x− ck|)γ(k)

× Hinc(ck)

− h
(1)
1 (κ|x− ck|) + κ|x− ck|h(1)

1 (κ|x− ck|)
iκ|x− ck|

γ
(k)
t Einc(ck)− 2h

(1)
1 (κ|x− ck|)
iκ|x− ck|

γ(k)
n (Einc(ck))e(k)

r

}
and

H̃
Born
3 (x) = κ3

K∑
k=1

{
− h(1)

1 (κ|x− ck|)γ(k)
× Einc(ck)

+ 1
2
h

(1)
1 (κ|x− ck|) + κ|x− ck|h(1)

1 (κ|x− ck|)
iκ|x− ck|

γ
(k)
t Hinc(ck) + h

(1)
1 (κ|x− ck|)
iκ|x− ck|

γ(k)
n (Hinc(ck))e(k)

r

}
,

where e(k)
r denotes the unit vector x−ck

|x−ck| and the trace operators γ(k)
n , γ(k)

× and γ(k)
t are defined

by (2.3) relatively to e(k)
r . It is also possible to mix the Born approximation with a collected

approximation. In Figure 17, we illustrate the third-order Born approximation for K = 13
obstacles, where the physical parameters are given by (3.1) with λ = 5. We draw cross sections

of the x and y-coordinates of the approximate electric field given by δ3Ẽ
Born
3 , in a logarithmic

scale.
By virtue of (2.12), the previous expressions can be put into the compact form,

Ẽ
Born
3 (x) =

K∑
k=1

Eelec
dip

[
4πEinc(ck)

]
(x− ck) + Emag

dip

[
− 2πHinc(ck)

]
(x− ck),

H̃
Born
3 (x) =

K∑
k=1

Helec
dip

[
4πEinc(ck)

]
(x− ck) + Hmag

dip

[
− 2πHinc(ck)

]
(x− ck).

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 33

−2
0

2

−2

0
2

−2

0

2

x
y

z

0

0.5

1

1.5

−2
0

2

−2

0
2

−2

0

2

x
y

z
0

0.2

0.4

0.6

0.8

1

Figure 17: Cross sections of the x and y-coordinates of the scattered electric field in a logarithmic
scale

Moreover, each of the K near-field expansions are defined in the fast variable X(k) centered
around the k-th obstacle,

X(k) = x− ck
δ

.

For any k = 1, . . . ,K, the near-field terms (Ê
(k)
p , Ĥ

(k)
p ) are the same than for one obstacle except

the awareness of translations. However, the Born model is restricted to very small obstacles, that
are sufficiently far enough away from each other.

5.3 Other perspectives

A better approximation for the multiple scattering is the Foldy-Lax model which takes into ac-
count the interactions between the obstacles. Actually, the total scattered field is obtained by
considering the superposition of scattered fields generated by the incident field and by consider-
ing also that all the isolated scattered fields as new sources for the other obstacles. The scattering
problem related to this model is set by looking for an approximation of the scattered field as a
superposition of K unknowns electromagnetic dipoles

EFoldy
δ =

K∑
k=1

{
Eelec

dip

[
dE
k

]
(x− ck) + Emag

dip

[
dH
k

]
(x− ck)

}
,

HFoldy
δ =

K∑
k=1

{
Helec

dip

[
dE
k

]
(x− ck) + Hmag

dip

[
dH
k

]
(x− ck)

}
,

whose directions can be written thanks to the collected model,

dE
k = 4π

(
1 + 3(κδ)2

10
)
wE
k(ck), dH

k = −2π
(
1− 3(κδ)2

5
)
wH
k(ck).
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The vector fields wE
k(ck) and wH

k(ck) can be determined by solving the following linear systems

wE
k(ck) = δ3

{
Einc(ck) +

K∑
`=1
` 6=k

Eelec
dip [4πwE

`(c`)](ck − c`) + Emag
dip [−2πwH

` (c`)](ck − c`)
}
, k = 1, . . . ,K,

wH
k(ck) = δ3

{
Hinc(ck) +

K∑
`=1
` 6=k

Helec
dip [4πwE

`(c`)](ck − c`) + Hmag
dip [−2πwH

` (c`)](ck − c`)
}
, k = 1, . . . ,K.

We are still investigating the Foldy-Lax model for electromagnetic waves. We are interested by
the numerical comparison between the two models, Born and Foldy-Lax, with a spectral method
looking like the Ganesh’s method in [23] but adapted to small obstacles as in [4]. Besides,
the proofs of existence and uniqueness for solutions of elementary problems as well as the con-
vergence proofs justifying the asymptotic expansions have to be developed in order to validate
theoretically our results. The theoretical aspects will be performed in a further paper, for ob-
stacles of arbitrary shape. Since the method of matched asymptotic expansions allows to define
analytical approximations in geometries for which a parametrization give us explicit eigenfunc-
tions of the vectorial Laplace-Beltrami operator, we could adapt the process and develop the first
terms of the asymptotic expansions for ellipsoidal or spheroidal obstacles. An other perspective
is the extension to time-dependent Maxwell scattering problems. Thanks to the identification of
the time-harmonic symbol −iω with the partial time-derivative ∂t, we plan to adapt this work on
the Maxwell’s equations in time-dependant domain, that have been already done for the wave
equation in [30] in contrast with the Helmholtz equation in [6].
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A Comparison with the existing literature

In this appendix, we make the relation between the matched asympotic expansions and the
multiscale expansions provided by the work of Korikov and Plamenevskii [26] for the study
of electromagnetic scattering by a small obstacle. We summarize the results of [26] related
to the time-harmonic Maxwell problem and we make explicit the first terms of the multiscale
expansions when the scatterer is a small sphere.

A.1 Summary of the results

In [26], Korikov and Plamenevskii make the asymptotic analysis of the scattering problem of
electromagnetic waves by a small obstacle with smooth boundary included in a bounded domain.
They consider either a perfect conductor condition or an impedance condition on the boundary
of the domain of propagation. They deal with the time-harmonic Maxwell problem including
elliptic regularization and the time-dependent Maxwell problem. Here, we are concerned by the
results that they obtained for the time-harmonic Maxwell problem. Let Ω and ω be bounded
domains of R3 with smooth boundaries, containing the coordinate origin. We denote the small
cavity ωδ = 1

δω, where δ > 0 is a small parameter, the domain of propagation Ωδ = Ω \ ωδ and
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Γδ its boundary. We introduce the time-harmonic Maxwell system with elliptic regularization,
also called the extended Maxwell problem, which consists in seeking Etot

δ , Htot
δ ∈ H1(Ωδ) and a1

δ ,
a2
δ ∈ H1(Ωδ) satisfying

i curl Htot
δ − i∇a1

δ + τEtot
δ = f1 in Ωδ,

− i curl Etot
δ − i∇a2

δ + τHtot
δ = f2 in Ωδ,

− i div Etot
δ + τa1

δ = g1 in Ωδ,
− idiv Htot

δ + τa2
δ = g2 in Ωδ,

n× Etot
δ = 0 on Γδ,

n ·Htot
δ = 0 on Γδ,

a1
δ = 0 on Γδ,

(A.1)

with f1, f2 ∈ L2(Ωδ) and g1, g2 ∈ L2(Ωδ). In (A.1), the parameter τ is related to the wave-
number by τ = −κ and they assume that τ = α − iγ with α ∈ R and γ > 0. The system (A.1)
can be put in the compact form{(

A(Dx) + τ
)
uδ = f in Ωδ,

Γuδ = 0 on Γδ,
(A.2)

where Dx = −i∂x, uδ = (Etot
δ ,H

tot
δ , a

1
δ , a

2
δ)> belongs to the vector Sobolev space H1(Ωδ) given by

H1(Ωδ) = H1(Ωδ)×H1(Ωδ)×H1(Ωδ)×H1(Ωδ)

and

A(Dx)uδ =


i curl Htot

δ − i∇a1
δ

−i curl Etot
δ − i∇a2

δ

−i div Etot
δ

−i div Htot
δ

 , Γuδ =


−Etot

δ · τ2
Etot
δ · τ1

Htot
δ · n
a1

 .

Hereinabove, τ1 and τ2 are unit tangent vectors such that n×Etot
δ = −(Etot

δ · τ2)τ1 + (Etot
δ · τ1)τ2.

The regularized operator satisfies the relation

A(Dx)2 = −∆x.

Remark 22. According to [26, Proposition 6.7], if the wave-number τ and the right-hand side
f = (f1, f2, g1, g2) of (A.2) are subject to the compatibility conditions{

div fk − iτgk = 0 in Ωδ, for k = 1, 2,
f2 · n = 0 on Γδ,

then the components a1
δ and a2

δ of the corresponding solution uδ = (Etot
δ ,H

tot
δ , a

1
δ , a

2
δ) vanish in

Ωδ while (Etot
δ ,H

tot
δ ) satisfies the non-extended Maxwell system.

The method of compound solutions, or the multiscale expansion method, allows to derive an
asymptotic expansion for the solution uδ of (A.2) and to justify it by proving error estimates.
For the sake of shortness, we present their results by considering only the terms that appear for
the non-extended Maxwell problem. The solution uδ has the following asymptotic expansion for
almost any x ∈ Ωδ

uδ(x) ≈
∞∑
n=0

δn
(
vn(x) + χ(|x|)wn(X)

)
, (A.3)
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where X = x
δ denotes the fast variable and χ ∈ C∞c (Ω) is a cut-off function which is equal to 1

in a neighborhood of the origin and to 0 at infinity. Let us denote

uδ ≈ uNδ + ũN+1
δ ,

where

uNδ (x) =
N+1∑
n=0

δnvn(x) + χ(|x|)
N∑
n=0

δnwn(X),

and ũN+1
δ denotes the remainder of (A.3). The shift into the outer and inner expansions is chosen

such that the remainder ũN+1
δ be subject to the following error estimate

‖ũN+1
δ ‖0,Ωδ ≤ c δN+ 3

2−ε, (A.4)

for any ε > 0 where the constant c does not depend on δ, see [26, Theorem 7.2]. Hereafter,
we present the problems satisfied by the different terms of the asymptotic expansion. Firstly, we
introduce the Taylor series expansion of vn in a neighborhood of the origin, respectively of wn

at infinity,

vn(x) =
p−1∑
q=0

v(q)
n (θ, ϕ)|x|q + ṽ(p)

n (x) ; wn(X) =
p∑
q=1

w(q)
n (θ, ϕ) 1

|X|q + w̃(p+1)
n (X), (A.5)

for any positive integer p.

Far-field problems. The first term v0 in the asymptotic expansion belongs to H1(Ω) and corre-
sponds to the solution of the limit problem,{

(A(Dx) + τ)v0 = f in Ω,
Γv0 = 0 on ∂Ω.

For any n ∈ N∗, vn ∈ H1(Ω) solves (A(Dx) + τ)vn = −χ(|x|)τw(1)
n−1(θ, ϕ) 1

|x| − [A(Dx), χ(|x|)]
n∑
k=1

w(k)
n−k(θ, ϕ) 1

|x|k in Ω,

Γvn = 0 on ∂Ω.

Near-field problems. The first term w0 in the asymptotic expansion satisfies the static Maxwell
problem {

A(DX)w0 = 0 in R3 \ ω,
Γw0 = −Γv0(0) on ∂ω.

(A.6)

This problem is well-posed in the vector weighted Sobolev space W1
1(R3 \ ω) defined by

W1
1(R3 \ ω) =

{
u | ∇u ∈ L2(R3 \ ω) and

1
|X|u ∈ L2(R3 \ ω)

}
,

where L2(R3 \ ω) denotes the vector Lebesgue space given by

L2(R3 \ ω) = L2(R3 \ ω)× L2(R3 \ ω)× L2(R3 \ ω)× L2(R3 \ ω).
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For any n ∈ N∗, wn ∈W1
1(R3 \ ω) solves
A(DX)wn = −τw̃(2)

n−1 in R3 \ ω,

Γwn = −Γ
n∑
k=0

v(k)
n−k(θ, ϕ)|X|k on ∂ω.

A.2 Comparison with the matched asymptotic expansions

In this paragraph, we compare the different terms of the asymptotics involved by the method of
compound solutions and the method of matched asymptotic expansions. Indeed, the two asymp-
totic expansions involved by these two different methods are closely related. In the particular
case of the scattering by a small sphere, we make explicit the first terms of the asymptotics de-
rived by Korikov and Plamenevskii. The zeroth-order term v0 defined in the slow variable and
corresponding to the solution of the limit problem can be identified with the incident wave,

v0 = (Einc,Hinc, 0, 0).

The zeroth-order term w0 defined in the fast variable satisfies the static equation (A.6) and the
boundary condition reads as

Γw0 = −Γ(Einc(0),Hinc(0), 0, 0) on ∂ω.

Hence, in virtue of problems (4.18) and (4.19), w0 can be identified with the zeroth-order near-
field term. As a result,

w0 = (Ê0, Ĥ0, 0, 0).

The Taylor series expansion (A.5) of v0 in a neigborhood of the origin corresponds to the Taylor
series expansion of the incident field,

v0(x) = v0(0) + |x| Jv0(0)x̂+ |x|
2

2 x̂>Hv0(0)x̂+ O
|x|→0

(|x|3). (A.7)

Besides, the only term that is non-equal to 0 into the Taylor series expansion (A.5) of w0 at
infinity is w(3)

0 and in the particular case where ω denotes the unit open ball, we have

w(3)
0 (θ, ϕ) =

(
3(γnEinc(0))x̂− Einc(0),−1

2
(
3(γnHinc(0))x̂−Hinc(0)

)
, 0, 0

)
,

with x̂ = x
|x| . The first-order term v1 defined in the slow variable is the unique solution in H1(Ω)

of the homogeneous time-harmonic Maxwell problem{
(A(Dx) + τ)v1 = 0 in Ω,
Γv1 = 0 on ∂Ω,

thus, v1 ≡ (0, 0, 0, 0). The first-order term w1 defined in the fast variable is the unique solution
in W1

1(R3 \ ω) of the nested Maxwell problem{
A(DX)w1 = −τw0 in R3 \ ω,

Γw1 = −Γ(v(1)
0 (θ, ϕ)|X|) on ∂ω.
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Noting that v(1)
0 corresponds to the term behaving in |x| into the Taylor series expansion (A.7) of

v0, i.e.,

v(1)
0 (θ, ϕ) = Jv0(0)x̂,

in virtue of problems (4.21) and (4.22), w1 can be identified with the first-order near-field term

w1 = (Ê1, Ĥ1, 0, 0).

For the particular case of a sphere, the Taylor series expansion of w1 at infinity is given by

w1(X) = w(4)
1 (θ, ϕ) 1

|X|4 + w(2)
1 (θ, ϕ) 1

|X|2 ,

with

w(4)
1 (θ, ϕ) =

(
− γt(Jsym

Einc (0)x̂+ 3
2γn(JHinc(0)x̂)x̂, 2

3γt(J
sym
Einc (0)x̂− γn(JHinc(0)x̂)x̂, 0, 0

)
,

w(2)
1 (θ, ϕ) =

(
− iτ

2 γ×(Hinc(0)), iτ γ×(Einc(0)), 0, 0
)
.

The second-order term v2 satisfies the same problem than v1, thus v2 ≡ (0, 0, 0, 0). The second-
order term w2 is the unique solution in W1

1(R3 \ ω) of the nested Maxwell problem{
A(DX)w2 = −τw1 in R3 \ ω,

Γw2 = −Γ(v(2)
0 (θ, ϕ)|X|) on ∂ω,

where v(2)
0 corresponds to the term behaving in |x|2 into the Taylor series expansion (A.7) of v0,

i.e.,

v(2)
0 (θ, ϕ) = 1

2 x̂
>Hv0(0)x̂.

As a result, regarding problems (4.29) and (4.30), w2 can be identified with the second-order
near-field term

w2 = (Ê2, Ĥ2, 0, 0).

Furthermore, for the particular case of a sphere, the Taylor series expansion of w2 at infinity is
given by

w2(X) = w(5)
2 (θ, ϕ) 1

|X|5 + w(3)
2 (θ, ϕ) 1

|X|3 + w(1)
2 (θ, ϕ) 1

|X| ,

with

w(5)
2 (θ, ϕ) =

(2
3γn

(
x̂>HEinc(0) x̂

)
x̂+ 2τ2

15 γn
(
Einc(0)

)
x̂− 1

2γt
(
x̂>HEinc(0) x̂

)
+ iτ

3 γ×
(
Jsym

Hinc(0) x̂
)
− τ2

5 γt
(
Einc(0)

)
,

− 1
2γn

(
x̂> HHinc(0) x̂

)
x̂− τ2

10γn
(
Hinc(0)

)
x̂+ 3

8γt
(
x̂>HHinc(0)x̂

)
+ iτ

4 γ×
(
Jsym

Einc (0)x̂
)

+ 3τ2

20 γt
(
Hinc(0)

)
, 0, 0

)
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and

w(3)
2 (θ, ϕ) =

(
− iτ

3 γ×(Jsym
Hinc(0)x̂)− 3τ2

10
(
Einc(0)− 3γn(Einc(0))x̂

)
,

− iτ

2 γ×(Jsym
Einc (0)x̂) + 3τ2

10
(
Hinc(0)− 3γn(Hinc(0))x̂

)
, 0, 0

)
,

w(1)
2 (θ, ϕ) =

(τ2

2
(
Einc(0) + γn(Einc(0))x̂

)
,−τ

2

4
(
Hinc(0) + γn(Hinc(0))x̂

)
, 0, 0

)
.

The third-order term v3 is the unique solution in H1(Ω) of the time-harmonic Maxwell problem
(A(Dx) + τ)v3 = −χ(|x|)τw(1)

2 (θ, ϕ) 1
|x|

− [A(Dx), χ]
(

w(1)
2 (θ, ϕ) 1

|x| + w(2)
1 (θ, ϕ) 1

|x|2 + w(3)
0 (θ, ϕ) 1

|x|3

)
in Ω,

Γv3 = 0 on ∂Ω.

Hereinabove, the right-hand side is not equal to 0 that implies the term v3 is not identically zero.
If we denote

V3(x) = v3(x) + χ(|x|)
(
w(1)

2 (θ, ϕ) 1
|x| + w(2)

1 (θ, ϕ) 1
|x|2 + w(3)

0 (θ, ϕ) 1
|x|3

)
,

then, V3 satisfies the time-harmonic Maxwell problem outside the origin coordinate,{
(A(Dx) + τ)V3 = 0 in Ω \ {0} ,
ΓV3 = 0 on ∂Ω.

Thus, in virtue of problem (4.6), the term V3 can be identified with the third-order far-field term

V3 = (Ẽ3, H̃3, 0, 0).

Remark 23. A difference between the asymptotics involved by the two different methods appears
at the third-order term (and not before).

A.3 Error estimates

According the previous paragraph, we can state that, at least for the first terms, the asymptotic
expansions involved by the method of matched asymptotic expansions and the method of com-
pound solutions locally coincide. In addition, according to the article [16] of Dauge et al. in
which it is shown how the terms involved by the two different approaches can be split into a
finite number of sub-terms in order to reconstruct the other expansion, we can assume that the
two different expansions will locally coincide at any order. From the error estimate (A.4) which
evaluates the L2-norm of the remainder into the whole domain Ωδ, we could deduce local esti-
mates for the matched asymptotic expansions. However, our frameworks are slightly different.
The first noteworthy difference is that they consider dissipative medium which guarantees the
coercivity of the Maxwell operator whereas we consider real wave-numbers. That implies the
loss of coercivity and consequently the loss of stability. The second difference is the considera-
tion of a bounded whole domain whereas we consider unbounded domains. Hence, we should
adapt the estimates in local Sobolev spaces. In spite of that, it seems possible not only to adapt
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error estimates to a more general framework but also to improve it because these estimates ap-
pear non-optimal in the sense where an order-upgrading is required. For P = 3, 4 or 5, let us
introduce the vector fields (Ẽδ,P , H̃δ,P ) reading as the sum of the first far-field terms

Ẽδ,P =
P∑
p=3

δpẼp ; H̃δ,P =
P∑
p=3

δpH̃p (A.9)

and for P = 0, 1 or 2, the vector fields (Êδ,P , Ĥδ,P ) as the sum of the first near-field terms,

Êδ,P =
P∑
p=0

δpÊp ; Ĥδ,P =
P∑
p=0

δpĤp. (A.10)

Adapting the error estimates of Korikov and Plamenevski [26], we can postulate two theorems
which precise the expected order of convergence.

Theorem 1. For any P = 3, 4 or 5, there exists a positive δ0 such that for any r1 > r0 > δ0 there
exists c > 0 such that for any positive δ < δ0, we have

‖Eδ − Ẽδ,P ‖0,C(r0,r1) ≤ c δP+1 ; ‖Hδ − H̃δ,P ‖0,C(r0,r1) ≤ c δP+1.

Theorem 2. For P = 0, 1 or 2, there exist δ0, R? satisfying R? > δ0 > 0 such that for any R0
satisfying 1 < R0 < R?, there exists c > 0 such that for any positive δ < δ0, we have

‖Eδ(δ · )− Êδ,P ‖0,C(1,R0) ≤ c δP+ 5
2 ; ‖Hδ(δ · )− Ĥδ,P ‖0,C(1,R0) ≤ c δP+ 5

2 .

Remark 24. In [3], Ammari et al. showed that estimates in Theorem 2 hold for P = 0.
The rigorous proof of error estimates for the matched asymptotic expansions will be done in

a further paper.

B Multipole theory in electromagnetism

If fields are associated with forces, potentials are associated with energy and work. In the
presence of a charge distribution ρ and a current distribution J in the free-space with a time-
harmonic dependency, electromagnetic fields (E,H) are generated and can be described by their
potential decomposition

E = −∇V + iωA, H = 1
µ

curlA, (B.1)

where the electric potential V and magnetic potential A are given by

V(x) = 1
4πε

∫
R3

exp(iκ|x− y|) ρ(y)
|x− y| dy, A(x) = µ

4π

∫
R3

exp(iκ|x− y|) J (y)
|x− y| dy.

According to Equation (B.1), applying the normalization of Table 1, the normalized electromag-
netic fields (E,H) read as

E = −∇V + iκA, H = curl A, (B.2)

where the electric potential V and the magnetic potential A are given by

V(x) = 1
4π

∫
R3

exp(iκ|x− y|) %(y)
|x− y| dy, A(x) = 1

4πc

∫
R3

exp(iκ|x− y|) j(y)
|x− y| dy. (B.3)
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Remark 25. These formulas are also valid in electrostatics or magnetostatics, i.e. with ω = 0 and
where we deal with the following equations

curl E = 0 and div E = % or curl H = j
c

and div H = 0.

B.1 Electric multipoles

A N -point charge distribution is an idealistic configuration for electric charge distributions. It
can be represented as a combination of Dirac distributions δxk at points xk for k ∈ [1, N ] with
charge amplitudes qk that are constants in static or time-harmonic regime,

%(x) =
N∑
k=1

qkδxk(x).

The electric multipoles stem from an asymptotic process describing an ideal electric charge dis-
tribution. An electric multipole of order 2N , or electric dipole for N = 1, electric quadrupole for
N = 2, electric octupole and so forth, is obtained in bringing together a 2N -point charge such
that:

• there are 2N−1 positive charges (+q) and 2N−1 opposite ones (−q) such that the geometric
centers of the positive charges and the negative ones are blended.

• the charge amplitudes are given by q = q0
εN

, where q0 is measured in Coulomb and any
distance between two opposite charges is proportional to ε.

By in bringing together, we mean that any distance between two charges are tending towards 0,
while the amplitudes are tending towards infinity. In Figure 18, we schematize an electrostatic
dipole and quadrupole, where we have denoted by ε the parameter supposed to tend to 0.

+
0

+q−q εd
2− εd2 +

0

−q

−q

+q+q

εu εv

Figure 18: Electrostatic dipole on the left ; Electrostatic quadrupole on the right

Electric fields are produced through a such configuration thanks to the relation E = −∇V%
where V% is the scalar electric potential induced by % in a multipolar configuration. In particular,
Equations (B.2)-(B.3) with κ = 0 allow to deduce a general form of the electric field Eelec

dip created
in the presence of an electric dipole centered at the origin along a direction d,

Eelec
dip [d, κ = 0](r, θ, ϕ) = q0

4πr3

{
3(d · er(θ, ϕ))er(θ, ϕ)− d

}
, (B.4)
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where er = (sin θ cosϕ, sin θ sinϕ, cos θ)>. Moreover, the electric field Eelec
quad created in the pres-

ence of an electric quadrupole centered at the origin along directions (u,v), in a static regime,
can be represented as

Eelec
quad[u,v, κ = 0](r, θ, ϕ) = 3q0

16πr4

{[
(u · v)− 3(u · er)(v · er)

]
er

+
[
(u · er)(v · eθ) + (v · er)(u · eθ)

]
eθ +

[
(u · er)(v · eϕ) + (v · er)(u · eϕ)

]
eϕ
}
,

(B.5)

where (er, eθ, eϕ) denotes the spherical coordinate system.

Remark 26. The formula (B.4) can be found in [28, Section 1.16] as well as a discussion about
multipole of superior order but we have not found the formula (B.5) in the literature. The
computation of Eelec

quad goes through its potential decomposition (B.2) with

Vquad[u,v, κ = 0] = lim
ε→0

q(ε)
4π

[
1

|x− c1(ε)| + 1
|x− c2(ε)| −

1
|x− c3(ε)| −

1
|x− c4(ε)|

]
,

where ck(ε) denotes the center of the k-th charge. In the configuration of Figure 18, the centers
read as c1(ε) = εd1

2 , c2(ε) = − εd1
2 , c3(ε) = εd2

2 , c4(ε) = − εd2
2 with d2 − d1 = u and d2 + d1 = v.

Moreover, the charge q is given by q(ε) = q0
ε2 .

In classical magnetostatics, the presence of an electric current distribution j on a system of
electric dipole, drag the creation of a magnetic field. A filiform electric current distribution is
described by a curve γ and a constant intensity Iγ ,

Iγ =
∫
S

j · n ds,

where S denotes any wire section, ds its surface element and n its unit normal vector oriented
with respect to γ, see Figure 19. For γ parametrized along a direction d as in Figure 19, this
current affects the vectorial magnetic potential as

Adip[d, κ = 0] = lim
ε→0

Iγ
4πc

(∫ ε
2

− ε2

1
|x− sd| ds

)
d. (B.6)

− +j

n

Section S

Iγ

γ
− εd2

εd
2· ·I

0

d

Figure 19: Filiform current between two opposite charges

In particular, Equations (B.2)-(B.6) allow to deduce a general form for the magnetic field
Helec

dip created in the presence of a filiform electric current of intensity Iγ between two opposite
electric point charges along the direction d,

Helec
dip [d, κ = 0](r, θ, ϕ) = Iγ

4πcr2 (d× er). (B.7)
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In the time-harmonic regime, the charge conservation principle involves the creation of currents
in the presence of charges and reciprocally the creation of charges in the presence of currents.
In particular, the charge q is linked with the current intensity Iγ as Iγ = −iωq. The presence
of an electric dipole along a direction d generates electromagnetic fields (Eelec

dip ,H
elec
dip ). The two

following expressions generalize the previous ones that are expressed for κ 6= 0. According to
Equations (B.2)-(B.3) and Remark 2, electromagnetic fields read as

Eelec
dip [d, κ](r, θ, ϕ) = exp(iκr)

4πr

{( 3
r2 −

3iκ
r
− κ2

)
(d · er)er +

(
− 1
r2 + iκ

r
+ κ2

)
d
}

(B.8)

and

Helec
dip [d, κ](r, θ, ϕ) = exp(iκr)

4πr

(1
r
− iκ

)
(−iκd)× er. (B.9)

B.2 Magnetic multipoles

The notion of magnetic multipole, although very controversial in classical physics and running
counter to the existing theory, enriches the theoretical background of Maxwell’s equations. The-
oretically, it consists in adding magnetic sources to the Maxwell’s system - a magnetic charge
density ν and a magnetic current density m - related with a similar magnetic charge conservation
principle −iων + div m = 0. These densities become sources for the following equations

div H = ν and curl E− iκH = −m
c
.

In this case, when we consider that the two other equations are homogeneous, we would have

H = −∇Vν + iκAm and E = −curl Am.

By analogy with the previous section, the magnetic fields Hmag
dip and Hmag

quad created in the presence
of a magnetic dipole/quadrupole depending on respective directions dν and (uν ,vν) have the
following representations in static regime

Hmag
dip [dν , κ = 0](r, θ, ϕ) = n0

4πr3

{
3(dν · er)er − dν

}
(B.10)

and

Hmag
quad[uν ,vν , κ = 0](r, θ, ϕ) = 3n0

16πr4

{[
(uν · vν)− 3(uν · er)(vν · er)

]
er

+
[
(uν · er)(vν · eθ) + (vν · er)(uν · eθ)

]
eθ +

[
(uν · er)(vν · eϕ) + (vν · er)(uν · eϕ)

]
eϕ
}
.
(B.11)

Moreover, the electric field Emag
dip created in the presence of a filiform magnetic current density m

between two opposite magnetic point charges of direction dm in static regime reads as

Emag
dip [dm, κ = 0](r, θ, ϕ) = − Iγ

4πcr2 (d× er). (B.12)

Finally, the electromagnetic fields (Emag
dip ,H

mag
dip ) created in the presence of a time-harmonic mag-

netic dipole along a direction d, are given by

Hmag
dip [d, κ](r, θ, ϕ) = exp(iκr)

4πr

{( 3
r2 −

3iκ
r
− κ2

)
(d · er)er +

(
− 1
r2 + iκ

r
+ κ2

)
d
}

(B.13)

and

Emag
dip [d, κ](r, θ, ϕ) = exp(iκr)

4πr

(1
r
− iκ

)
(iκd)× er. (B.14)
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C Solutions of time-harmonic and nested Maxwell equations

C.1 Well-known properties on the scattering by spheres

Modal decomposition of solutions of Maxwell equations results from the spectral decomposition
of tangential vector fields in L2(S2), where S2 is the unit sphere. A tangential vector field λ in
L2(Sρ) reads as a series which converges into L2(Sρ)

λ =
∞∑
n=1

n∑
m=−n

λ×n,m∇S2Yn,m + λt
n,mcurlS2Yn,m, (C.1)

where Sρ denotes the sphere of radius ρ, see for instance [17, 32, 33]. The coefficients λ×n,m and
λt
n,m are defined as the projections of λ onto the orthogonal basis of the tangential vector fields

in L2(S2), composed of vectorial spherical harmonics ∇S2Yn,m and curlS2Yn,m

λ×n,m = 1
n(n+ 1)

∫
Sρ

λ · ∇S2Yn,m(x̂) ds ; λt
n,m = 1

n(n+ 1)

∫
Sρ

λ · curlS2Yn,m
(
x̂) ds. (C.2)

The spherical harmonics Yn,m constitute an orthonormal basis of L2(S2), see [33],

Yn,m(θ, ϕ) =

√
2n+ 1

4π
(n− |m|)!
(n+ |m|)!Pn,|m|(cos θ) exp(imϕ).

For any integer m ∈ [0, n], Pn,m is the m-th Legendre function of order n defined for t ∈ [−1, 1]
by

Pn,m(t) = (1− t2)m2
(

d
dt

)m
Pn(t),

where t 7−→ Pn(t) is the Legendre polynomial of order n

Pn(t) = (−1)n

2nn!

(
d
dt

)n
(1− t2)n.

The tangential operators ∇S2 and curlS2 are given in spherical coordinates by

∇S2 = ∂θ eθ + 1
sin θ∂ϕ eϕ ; curlS2 = ∇S2 × er = 1

sin θ∂ϕ eθ − ∂θ eϕ.

Proposition 2. The vectorial spherical harmonics ∇S2Yn,m and curlS2Yn,m are the eigenvectors
with multiplicity 2n + 1 associated to the eigenvalues −n(n + 1) of the vectorial Laplace-Beltrami
operator ∆S2 defined on the unit sphere, reading as

∆S2 = ∇S2(divS2)− curlS2(curlS2),

where surface operators divS2 and curlS2 are respectively dual operators of ∇S2 and curlS2 for the
pivot space L2(Sρ). In particular, the following properties hold

1. ‖∇S2Yn,m‖20,S2 = ‖curlS2Yn,m‖20,S2 = n(n+ 1) ;

2. the vectorial spherical harmonics are orthogonal in pairs and for (n,m) 6= (n′,m′), we have∫
S2
∇S2Yn,m · ∇S2Yn′,m′ ds =

∫
S2

curlS2Yn,m · curlS2Yn′,m′ ds = 0.

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 45

The tangential trace decomposition (C.1) in L2(S2) is the first step to determine modal de-
composition of solutions of time-harmonic Maxwell equations. The second one is the use Debye
potentials, see [32], which introduces a link between a scalar solution u of Helmholtz equation
and vectorial solutions of time-harmonic Maxwell equations given by(

curl (ux) , 1
iκ

curl curl (ux)
)
.

When u is a singular solution of Helmholtz equation, u can be represented as the series which
converges in L2

loc(R3 \ {0}),

u =
∞∑
n=0

n∑
m=−n

un,m h(1)
n (κr)Yn,m(x̂), (C.3)

where L2
loc(R3 \ {0}) is the space of scalar functions u such that

∀ψ ∈ C∞c (R3), ψ = 0 in a neighborhood of 0, ψu ∈ L2(R3).

The function h
(1)
n denotes the n-order spherical Hankel function of first kind and we have the

following properties:

Proposition 3. For any n ≥ 0, the spherical Hankel function of the first kind h
(1)
n is defined as

h
(1)
n = jn + iyn, where jn denotes the spherical Bessel function of order n and yn the spherical

Neumann function of order n. Both are solutions of the spherical Bessel differential equation in C∗,

d
dr

(
r2 du

dr

)
+ κ2r2u = n(n+ 1)u.

The spherical Bessel functions are smooth nearby 0 whereas the Neumann functions are singular.
Moreover, the spherical Hankel function can be described as a Laurent series expansion in a neigh-
borhood of 0 as

h(1)
n (z) =

∞∑
`=−n−1

hn,` z
`.

The coefficients hn,` read as

hn,` =

 jn,` if `− n is even and ` ≥ n,
i yn,` if `− n is odd and ` ≥ −n− 1,

0 otherwise,

where jn,` and yn,` are coefficients into series expansions of jn and yn given by

jn,` =


√
π

2`+1
(−1) `−n2

( `−n2 )! Γ( `+n+1
2 + 1)

if `− n is even and ` ≥ n,

0 otherwise,

yn,` =

(−1)n+1
√
π

2`+1
(−1) `+n+1

2

( `+n+1
2 )! Γ( `−n2 + 1)

if `− n is odd and ` ≥ −n− 1,

0 otherwise,

with Γ denotes the Euler gamma function, see [25] for more details.
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The coefficients un,m in (C.3) are defined as the projections of u onto the basis of L2(S2)
composed of Yn,m on every sphere Sρ of radius ρ > 0

un,m = 1
h

(1)
n (κρ)

∫
Sρ

u(x)Yn,m(x̂) ds.

Then, the associated Maxwell solution u is also singular and reads as the following series which
converges in Hloc(curl ,R3 \ {0}),

u =
∞∑
n=1

n∑
m=−n

{
u×n,mcurl

(
h(1)
n (κr)Yn,m(x̂)x

)
+
ut
n,m

iκ
curl curl

(
h(1)
n (κr)Yn,m(x̂)x

)}
. (C.4)

The complex magnitudes u×n,m and ut
n,m are defined as the projections of n× u onto the basis of

tangential vector fields in L2(S2) on every sphere Sρ of radius ρ > 0

u×n,m = −
λ×n,m

h
(1)
n (κρ)

, ut
n,m = −

iκρλt
n,m

h
(1)
n (κρ) + κρh

(1)′
n (κρ)

, (C.5)

with λ×n,m and λt
n,m are spectral coefficients (C.2) with λ = n× u.

C.2 Solutions of time-harmonic Maxwell equations as series

An outgoing solution (Ẽp, H̃p) with p ≥ 3 of the time-harmonic Maxwell equations reads as the
following series which converges into Hloc(curl ,R3 \ {0}), see for instance [32],

Ẽp(r, x̂) =
∞∑
n=1

n∑
m=−n

ẽ(p),×
n,m (r)curlS2Yn,m(x̂) + ẽ(p),t

n,m (r)∇S2Yn,m(x̂) + ẽ(p),r
n,m (r)Yn,m(x̂)er,

H̃p(r, x̂) =
∞∑
n=1

n∑
m=−n

h̃(p),×
n,m (r)curlS2Yn,m(x̂) + h̃(p),t

n,m (r)∇S2Yn,m(x̂) + h̃(p),r
n,m (r)Yn,m(x̂)er.

(C.6)

Convergence results are detailed in [27]. The radial coefficients are defined as projections of the
vector fields onto the basis of L2(S2) composed of curlS2Yn,m, ∇S2Yn,m and onto Yn,mer

ẽ(p),×
n,m (r) = 1

n(n+ 1)

∫
S2

Ẽp(r, x̂) · curlS2Yn,m(x̂) dx̂,

ẽ(p),t
n,m (r) = 1

n(n+ 1)

∫
S2

Ẽp(r, x̂) · ∇S2Yn,m(x̂) dx̂,

ẽ(p),r
n,m (r) =

∫
S2

(
Ẽp(r, x̂) · er

)
Yn,m(x̂) dx̂,

h̃(p),×
n,m (r) = 1

n(n+ 1)

∫
S2

H̃p(r, x̂) · curlS2Yn,m(x̂) dx̂,

h̃(p),t
n,m (r) = 1

n(n+ 1)

∫
S2

H̃p(r, x̂) · ∇S2Yn,m(x̂) dx̂,

h̃(p),r
n,m (r) =

∫
S2

(
H̃p(r, x̂) · er

)
Yn,m(x̂) dx̂.
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According to Eq. (C.4), these projections can be expressed thanks to the Hankel functions h(1)
n

ẽ(p),×
n,m (r) = u(p),×

n,m h(1)
n (κr), h̃(p),×

n,m (r) = −u(p),t
n,m h(1)

n (κr),

ẽ(p),t
n,m (r) = u

(p),t
n,m

iκr

(
h(1)
n (κr) + κrh(1)′

n (κr)
)
, h̃(p),t

n,m (r) = u
(p),×
n,m

iκr

(
h(1)
n (κr) + κrh(1)′

n (κr)
)
,

ẽ(p),r
n,m (r) = n(n+ 1)u(p),t

n,m

iκr
h(1)
n (κr, h̃(p),r

n,m (r) = n(n+ 1)u(p),×
n,m

iκr
h(1)
n (κr),

where the complex magnitudes u(p),×
n,m and u

(p),t
n,m are modal coefficients (C.5) with u = Ẽp. The

magnitudes u(p),×
n,m and u(p),t

n,m are not only defined through the spectral decomposition of Ẽp but
are also related to the modal decomposition of near-field terms using the matching conditions
(4.15). These conditions allow to establish that in (C.6), only a finite number of coefficients are
not equal to zero. To give details of this dependence, the study of behavior of the far-field terms
(Ẽp, H̃p) is required. That goes through a Laurent series expansion of the Hankel functions of the
first kind h(1)

n . According to Proposition 3, the radial coefficients �̃(p),×n,m , �̃(p),tn,m and �̃(p),rn,m for � = e
or h can be described as Laurent series expansions in a neighborhood of 0 as

ẽ(p),×
n,m (r) = u(p),×

n,m

∞∑
`=−n−1

hn,`(κr)`, h̃(p),×
n,m (r) = −u(p),t

n,m

∞∑
`=0

hn,`(κr)`,

ẽ(p),t
n,m (r) = u(p),t

n,m

∞∑
`=−n−2

hn,`+1

i
(`+ 2)(κr)`, h̃(p),t

n,m (r) = u(p),×
n,m

∞∑
`=−n−2

hn,`+1

i
(`+ 2)(κr)`,

ẽ
(p),r
n,m (r)

n(n+ 1) = u(p),t
n,m

∞∑
`=−n−2

hn,`+1

i
(κr)`, h̃

(p),r
n,m (r)

n(n+ 1) = u(p),×
n,m

∞∑
`=−n−2

hn,`+1

i
(κr)`.

(C.7)

C.3 Solutions of the static and nested Maxwell equations as series

C.3.1 Solutions of the static Maxwell equations as series

A regular solution (Êp,0, Ĥp,0) with p ≥ 0 of the static Maxwell equations in the exterior domain
Ω̂ reads as the following series which converges into H(curl , Ω̂),

Êp,0(X) =
∞∑
n=1

n∑
m=−n

ê
(p)
n,m

Rn+2

(
∇S2Yn,m(x̂)− (n+ 1)Yn,m(x̂)er

)
,

Ĥp,0(X) =
∞∑
n=1

n∑
m=−n

ĥ
(p)
n,m

Rn+2

(
∇S2Yn,m(x̂)− (n+ 1)Yn,m(x̂)er

)
.

(C.8)

The spectral coefficients ê(p)
n,m are defined as projections of Êp,0 onto the vectorial spherical har-

monics ∇S2Yn,m on the unit sphere S2,

ê(p)
n,m = 1

n(n+ 1)

∫
S2

(
er × Êp,0

)
· curlS2Yn,m ds.

The others coefficients ĥ(p)
n,m are projections of Ĥp,0 onto the basis vector fields Yn,mer on S2,

ĥ(p)
n,m = − 1

n+ 1

∫
S2

(
er · Ĥp,0

)
Yn,m ds.
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In order to obtain the boundary conditions (4.10) and apply the calculation of these coefficients
in pratice, we require the following recursive relations for any p ≥ 0,

ê(p)
n,m = − 1

n(n+ 1)
∑
|α|=p

1
α!

∫
S2

(
er × (dαEinc(0) · eαr )

)
· curlS2Yn,m ds

−
p∑
`=1

κ`
`− n
n

hn,`−n−1

hn,−n−1
ê(p−`)
n,m (C.9)

and

ĥ(p)
n,m = 1

n+ 1
∑
|α|=p

1
α!

∫
S2

(
er · (dαHinc(0) · eαr )

)
Yn,m ds−

p∑
`=1

κ`
hn,`−n−1

hn,−n−1
ĥ(p−`)
n,m . (C.10)

The coefficients hn,` denote the coefficients before the `-power of r into the expansion as Laurent
series of the n-order Hankel function h(1)

n of the first kind, see Proposition 3 in Section C.1.

Remark 27. Expressions in Equations (C.8) define a regular solution of the static Maxwell equa-
tions in exterior domain Ω̂. To show that, we go through intrinsic expressions of the rotational
and the divergence of a smooth vector field u = urer + ut, given by

curl u = 1
R

curlS2ut + 1
R

curlS2ur + 1
R
∂R

[
Rer × ut

]
, div u = 1

R2 ∂R

[
R2ur

]
+ 1

R
divS2ut, (C.11)

where the operators curlS2 and divS2 denote respectively the dual operators of curlS2 and ∇S2

for the pivot space L2(S2). Since the following properties hold

curlS2∇S2Yn,m = 0 ; er ×∇S2Yn,m = −curlS2Yn,m ; divS2∇S2Yn,m = −n(n+ 1)Yn,m, (C.12)

we observe that (Êp,0, Ĥp,0) satisfies

curl Êp,0 = 1
R

∞∑
n=1

n∑
m=−n

ê
(p)
n,m

Rn+2
[
− (n+ 1)curlS2Yn,m − (n+ 1)er ×∇S2Yn,m

]
= 0,

curl Ĥp,0 = 1
R

∞∑
n=1

n∑
m=−n

ĥ
(p)
n,m

Rn+2
[
− (n+ 1)curlS2Yn,m − (n+ 1)er ×∇S2Yn,m

]
= 0,

div Êp,0 = 1
R2

∞∑
n=1

n∑
m=−n

ê
(p)
n,m

Rn+1
[
n(n+ 1)Yn,m + divS2∇S2Yn,m

]
= 0,

div Ĥp,0 = 1
R2

∞∑
n=1

n∑
m=−n

ĥ
(p)
n,m

Rn+1
[
n(n+ 1)Yn,m + divS2∇S2Yn,m

]
= 0.

C.3.2 Solutions of the nested Maxwell equations as series

Proposition 4. For any p ≥ 0, a solution (Êp, Ĥp) of the nested Maxwell equations reads as the
following series which converges into Hloc(curl ,R3 \B(0, 1))

Êp =
p∑
`=0

Êp,`, Ĥp =
p∑
`=0

Ĥp,`, (C.13)
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where

Êp,` =
∞∑
n=1

n∑
m=−n

ê
(p),×
n,m,`(R)curlS2Yn,m + ê

(p),t
n,m,`(R)∇S2Yn,m + ê

(p),r
n,m,`(R)Yn,mer,

Ĥp,` =
∞∑
n=1

n∑
m=−n

ĥ
(p),×
n,m,`(R)curlS2Yn,m + ĥ

(p),t
n,m,`(R)∇S2Yn,m + ĥ

(p),r
n,m,`(R)Yn,mer.

(C.14)

The radial coefficients are given by

ê
(p),×
n,m,`(R) = − iκ`

Rn+2−`
1
n

hn,`−n−2

hn,−n−1
ĥ(p−`)
n,m ,

ê
(p),t
n,m,`(R) = − κ`

Rn+2−`
`− n
n

hn,`−n−1

hn,−n−1
ê(p−`)
n,m ,

ê
(p),r
n,m,`(R) = − κ`

Rn+2−`
hn,`−n−1

hn,−n−1
(n+ 1) ê(p−`)

n,m ,

ĥ
(p),×
n,m,`(R) = iκ`

Rn+2−`
1
n

hn,`−n−2

hn,−n−1
ê(p−`)
n,m ,

ĥ
(p),t
n,m,`(R) = − κ`

Rn+2−`
`− n
n

hn,`−n−1

hn,−n−1
ĥ(p−`)
n,m ,

ĥ
(p),r
n,m,`(R) = − κ`

Rn+2−`
hn,`−n−1

hn,−n−1
(n+ 1) ĥ(p−`)

n,m .

(C.15)

Remark 28. In (C.14), the series with ` = 0 correspond to the series expansions of (Êp,0, Ĥp,0),
according to the following identities

ê
(p),×
n,m,0 = 0 ; ê

(p),t
n,m,0 = ê

(p)
n,m

Rn+2 ; ê
(p),r
n,m,0 = −n+ 1

Rn+2 ê(p)
n,m;

ĥ
(p),×
n,m,0 = 0 ; ĥ

(p),t
n,m,0 = ĥ

(p)
n,m

Rn+2 ; ĥ
(p),r
n,m,0 = −n+ 1

Rn+2 ĥ(p)
n,m.

Remark 29. The sub-terms (Êp,`, Ĥp,`) are built such that they satisfy sub-nested Maxwell equa-
tions in the following sense

curl Êp,` = iκĤp−1,`−1 in Ω̂, curl Ĥp,` = −iκÊp−1,`−1 in Ω̂. (C.16)

In (C.16), we use the convention Êp,` = Ĥp,` = 0 if p < 0 or ` < 0. If each sub-term (Êp,`, Ĥp,`)
satisfies the equations (C.16) then the near-field term (Êp, Ĥp) defined as (C.13) satisfies the
nested Maxwell equations (4.8).

Proof of Proposition 4. The family (Êp,`, Ĥp,`) satisfies the nested Maxwell equations (C.16). Ac-
tually, we apply operators (C.11) on the previous series in order to compare them to the modal
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coefficients of (iκĤp−1,`−1,−iκÊp−1,`−1),

curl Êp,` =
∞∑
n=1

n∑
m=−n

(
curl Êp,`

)×
n,m

curlS2Yn,m +
(
curl Êp,`

)t
n,m
∇S2Yn,m +

(
curl Êp,`

)r
n,m

Yn,mer,

curl Ĥp,` =
∞∑
n=1

n∑
m=−n

(
curl Ĥp,`

)×
n,m

curlS2Yn,m +
(
curl Ĥp,`

)t
n,m
∇S2Yn,m +

(
curl Ĥp,`

)r
n,m

Yn,mer,

where the modal coefficients of (curl Êp,`, curl Ĥp,`) are given by

(
curl Êp,`

)×
n,m

= 1
R
ê

(p),r
n,m,` −

1
R
∂R

[
Rê

(p),t
n,m,`

]
,
(
curl Ĥp,`

)×
n,m

= 1
R
ĥ

(p),r
n,m,` −

1
R
∂R

[
Rĥ

(p),t
n,m,`

]
,(

curl Êp,`
)t
n,m

= 1
R
∂R

[
Rê

(p),×
n,m,`

]
,

(
curl Ĥp,`

)t
n,m

= 1
R
∂R

[
Rĥ

(p),×
n,m,`

]
,(

curl Êp,`
)r
n,m

= n(n+ 1)
R

ê
(p),×
n,m,`,

(
curl Ĥp,`

)r
n,m

= n(n+ 1)
R

ĥ
(p),×
n,m,`.

That is due to properties (C.12) and also to the following one

curlS2curlS2Yn,m = n(n+ 1)Yn,m.

Expanding radial coefficients of (curl Êp,`, curl Ĥp,`), we observe that

(
curl Êp,`

)t
n,m

= iκ
−κ`−1

Rn+2−(`−1)
(`− 1)− n

n

hn,(`−1)−n−1

hn,−n−1
ĥ(p−`)
n,m = iκ ê

(p−1),t
n,m,`−1,(

curl Êp,`
)r
n,m

= iκ
κ`−1

Rn+2−(`−1)
h(`−1)−n−1

hn,−n−1
(n+ 1) ĥ(p−`)

n,m = iκ ê
(p−1),r
n,m,`−1,(

curl Ĥp,`

)t
n,m

= −iκ −κ`−1

Rn+2−(`−1)
(`− 1)− n

n

hn,(`−1)−n−1

hn,−n−1
ê(p−`)
n,m =− iκ ĥ(p−1),t

n,m,`−1,(
curl Ĥp,`

)r
n,m

= −iκ −κ`−1

Rn+2−(`−1)
h(`−1)−n−1

hn,−n−1
(n+ 1) ê(p−`)

n,m =− iκ ĥ(p−1),r
n,m,`−1,

and (
curl Êp,`

)×
n,m

= iκ
iκ`−1

Rn+2−(`−1)
1
n

`(1 + 2n− `)hn,`−n−1

hn,−n−1
ê(p−`)
n,m ,

(
curl Ĥp,`

)×
n,m

= −iκ −iκ`−1

Rn+2−(`−1)
1
n

`(1 + 2n− `)hn,`−n−1

hn,−n−1
ĥ(p−`)
n,m .

Furthermore, we have `(1 + 2n− `)hn,`−n−1 = hn,`−n−3 and then, the set of shadows (Êp,`, Ĥp,`)
satisfies the nested Maxwell equations (C.16). Finally, the sum of shadows satisfies the property
(4.12) because n+ 2− ` ≥ 3− p for any n ≥ 1 and ` ≤ p.

C.3.3 First terms of the near-field expansion as finite sums

The decomposition of solutions of the nested Maxwell equations can be extended to more com-
plex geometries as well as those of the time-harmonic Maxwell equations, but in general with
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infinite series, see [27, 32]. In the particular case of scattering by a sphere, considering the
boundary conditions (4.10), these series are actually finite sums. The following corollary that is
a consequence of (C.8) and (4.10), characterizes the zeroth-order near-field term (Ê0, Ĥ0) as a
finite sum of dipoles.

Corollary 1. The zeroth-order near-field term (Ê0, Ĥ0) have the following modal decomposition

Ê0 = 1
R3

1∑
m=−1

ê
(0)
1,m

[
∇S2Y1,m − 2Y1,mer

]
; Ĥ0 = 1

R3

1∑
m=−1

ĥ
(0)
1,m

[
∇S2Y1,m − 2Y1,mer

]
. (C.17)

The result is due to the following lemma in which we decompose a vector field in the basis of
the spherical harmonics. Then, we observe that in (C.8), there is only a finite number of radial
coefficients ê(0)

n,m and ĥ(0)
n,m not equal to zero. In particular, it is for n = 1.

Lemma 1. Let u be a constant vector field of R3. Let us denote (u1, u2, u3) its coordinates in the
canonical basis of R3. The normal and tangential traces of u on S2 read in the basis of spherical
harmonics as

γnu = u1 + iu2

2

√
8π
3 Y1,−1 + u1 − iu2

2

√
8π
3 Y1,1 + u3

√
4π
3 Y1,0,

γtu = u1 + iu2

2

√
8π
3 ∇S2Y1,−1 + u1 − iu2

2

√
8π
3 ∇S2Y1,−1 + u3

√
4π
3 ∇S2Y1,0.

The following corollary characterizes the first-order ner-field terms (Ê1, Ĥ1) as a finite sum
of dipoles and quadrupoles.

Corollary 2. The leading part of the first-order near-field term (Ê1,0, Ĥ1,0) have the following modal
decomposition

Ê1,0 = 1
R4

2∑
m=−2

ê
(1)
2,m

[
∇S2Y2,m − 3Y2,mer

]
; Ĥ1,0 = 1

R4

2∑
m=−2

ĥ
(1)
2,m

[
∇S2Y2,m − 3Y2,mer

]
.

(C.18)

The associated shadows (Ê1,1, Ĥ1,1) have the following modal decomposition

Ê1,1 = − iκ
R2

1∑
m=−1

ĥ
(0)
1,mcurlS2Y1,m ; Ĥ1,1 = iκ

R2

1∑
m=−1

ê
(0)
1,mcurlS2Y1,m. (C.19)

The result is due to the following lemma in which we decompose a vector field reading as
Mer, where M is a constant matrix, in the basis of the spherical harmonics. Then, we observe
that in (C.13)-(C.14), there is only a finite number of radial coefficients ê(1)

n,m and ĥ(1)
n,m not equal

to zero. In particular, it is for n = 2.

Lemma 2. Let M be a constant matrix of size 3 × 3. Let us denote (mi,j) its coordinates relatively
to the canonical basis of R3. The normal and tangential traces of the vector field Mer on S2 read in
the basis of spherical harmonics as

γn

(
Mer

)
= m1,1 −m2,2

2

√
8π
15
(
Y2,2 + Y2,−2

)
+ m1,2 +m2,1

2i

√
8π
15
(
Y2,2 − Y2,−2

)
+

m1,3 +m3,1

2

√
8π
15
(
Y2,1 + Y2,−1

)
+ m2,3 +m3,2

2i

√
8π
15
(
Y2,1 − Y2,−1

)
+ m3,3

2

√
16π
5 Y2,0,
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γt

(
Mer

)
= 2m3,3 −m1,1 −m2,2

2

√
4π
45∇S2Y2,0 + m1,1 −m2,2

4

√
8π
15
(
∇S2Y2,−2 +∇S2Y2,2

)
+ m1,3 +m3,1

4

√
8π
15
(
∇S2Y2,−1 +∇S2Y2,1

)
+ m2,3 +m3,2

4i

√
8π
15
(
∇S2Y2,1 −∇S2Y2,−1

)
+ m1,2 +m2,1

4i

√
8π
15
(
∇S2Y2,2 −∇S2Y2,−2

)
+ m3,1 −m1,3

4i

√
8π
3
(
curlS2Y1,1 − curlS2Y1,−1

)
+ m3,2 −m2,3

4

√
8π
3
(
curlS2Y1,1 + curlS2Y1,−1

)
+ m2,1 −m1,2

2

√
4π
3 curlS2Y1,0.

D Analytical solution of the scattering problem by one small
sphere

In this section, we develop the Taylor expansion of the analytical solution of the electromag-
netic scattering by a small sphere. The result validates the expression of the far-field expansion
(δ3Ẽ3, δ

3H̃3). In a first time, we recall some results about regular solutions of Maxwell expan-
sions in order to introduce the modal decomposition of the incident field.

D.1 Analytical decomposition of the incident field

The incident electromagnetic fields (Einc,Hinc) are regular solutions of the time-harmonic Maxwell
equations, in any bounded domain of R3. Then, we can decompose these ones into the basis of
regular solutions of the Maxwell equations, related to the spherical Bessel functions jn, see [32],

Einc(x) =
∞∑
n=1

n∑
m=−n

{
hinc
n,mjn(κr)curlS2Yn,m(x̂)

+ einc
n,m

[jn(κr) + κrj′n(κr)
iκr

∇S2Yn,m(x̂) + jn(κr)
iκr

n(n+ 1)Yn,m(x̂)er(x)
]}

(D.1)

and

Hinc(x) =
∞∑
n=1

n∑
m=−n

{
− einc

n,mjn(κr)curlS2Yn,m(x̂)

+ hinc
n,m

[jn(κr) + κrj′n(κr)
iκr

∇S2Yn,m(x̂) + jn(κr)
iκr

n(n+ 1)Yn,m(x̂)er(x)
]}
.

(D.2)

In (D.1)-(D.2), the modal coefficients have the following expression for any δ > 0,

einc
n,m = − iκδ

jn(κδ) + κδj′n(κδ)
1

n(n+ 1)

∫
{|x|=δ}

(n× Einc)(x) · curlS2Yn,m(x̂) ds,

hinc
n,m = − 1

jn(κδ)
1

n(n+ 1)

∫
{|x|=δ}

(n× Einc)(x) · ∇S2Yn,m(x̂) ds,
(D.3)

where n denotes the outward normal unit vector to B(0, δ). This is the generic expression for
regular electromagnetic waves. In general, there is not analytical expression for the coefficients
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associated to this expansion. But, in specific cases, we can effectively compute it exactly. For in-
stance, an electromagnetic plane wave directed through the z-axis and polarized by e1 possesses
the Jacobi-Anger decomposition [18, Section A.3.4]

exp(−iκz)e1 =
√
π

∞∑
n=1

(−i)n+1

√
2n+ 1
n(n+ 1)

[
jn(κδ)

(
curlS2Yn,1(x̂)− curlS2Yn,−1(x̂)

)
− jn(κδ) + κδj′n(κδ)

κδ

(
∇S2Yn,1(x̂) +∇S2Yn,−1(x̂)

)]
.

(D.4)

Lemma 3. The sums of dipoles in the modal decomposition of the incident field are given by

1∑
m=−1

einc
1,m∇S2Y1,m = i

2j1,1
γtEinc(0),

1∑
m=−1

einc
1,mY1,m = i

2j1,1
γnEinc(0),

1∑
m=−1

hinc
1,m∇S2Y1,m = i

2j1,1
γtHinc(0),

1∑
m=−1

hinc
1,mY1,m = i

2j1,1
γnHinc(0),

(D.5)

where j1,1 = 1
3 denotes the first coefficient in the expansion of the spherical Bessel function jn, see

Proposition 3 in Appendix (C.1).

Proof. The result is obtained by identifying the Taylor expansion of (Einc,Hinc) in a neighborhood
of 0

Einc(x) = Einc(0) + O
r→0

(r), Hinc(x) = Hinc(0) + O
r→0

(r),

with the expansion of the modal decomposition in a neighborhood of 0 given by

Einc(x) = 2j1,1
i

1∑
m=−1

einc
1,m

[
∇S2Y1,m + Y1,mer

]
+ O
r→0

(r),

Hinc(x) = 2j1,1
i

1∑
m=−1

hinc
1,m

[
∇S2Y1,m + Y1,mer

]
+ O
r→0

(r).

D.2 Analytical decomposition of the scattered field

According to (C.6), the solution of the exterior Maxwell problem (2.2) have an analytical solu-
tion. Actually, the scattered fields (Eδ,Hδ) can be decomposed in the basis of singular solutions
of the Maxwell equations,

Eδ(x) =
∞∑
n=1

n∑
m=−n

hn,m(δ)h(1)
n (κr)curlS2Yn,m(x̂)

+ en,m(δ)
[h(1)

n (κr) + κrh
(1)′
n (κr)

iκr
∇S2Yn,m(x̂) + h

(1)
n (κr)
iκr

n(n+ 1)Yn,m(x̂)er
]

(D.6)
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and

Hδ(x) =
∞∑
n=1

n∑
m=−n

−en,m(δ)h(1)
n (κr)curlS2Yn,m(x̂)

+ hn,m(δ)
[h(1)

n (κr) + κrh
(1)′
n (κr)

iκr
∇S2Yn,m(x̂) + h

(1)
n (κr)
iκr

n(n+ 1)Yn,m(x̂)er
]
.

(D.7)

In (D.6)-(D.7), the modal coefficients depend on the small parameter δ through the expression
(C.5)

en,m(δ) = iκδ

h
(1)
n (κδ) + κδh

(1)′
n (κδ)

1
n(n+ 1)

∫
{|x|=δ}

(n× Einc)(x) · curlS2Yn,m(x̂) ds,

hn,m(δ) = 1
h

(1)
n (κδ)

1
n(n+ 1)

∫
{|x|=δ}

(n× Einc)(x) · ∇S2Yn,m(x̂) ds.
(D.8)

Remark 30. Identifying (D.3) and (D.8), we observe that

en,m(δ) = − jn(κδ) + κδj′n(κδ)
h

(1)
n (κδ) + κδh

(1)′
n (κδ)

einc
n,m ; hn,m(δ) = − jn(κδ)

h
(1)
n (κδ)

hinc
n,m. (D.9)

This relation makes evident the dependence in δ.

The following proposition gives the Taylor expansion of the exact solution (Eδ,Hδ) at the
fifth order. That allows to find the third-order far-field terms given by (2.4)-(2.5) and also the
expression of the collected model presented in Section 5.

Proposition 5. The analytical solution (Eδ,Hδ) have the Taylor series expansion when δ tends to 0,

Eδ(x) = (κδ)3
{(1

2 −
3(κδ)2

10

)
h

(1)
1 (κr)γtHinc(0)× er

−
(
1 + 3(κδ)2

10

)h(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γtEinc(0)− 2

(
1 + 3(κδ)2

10

)h(1)
1 (κr)
iκr

γnEinc(0)er
}

+ O
δ→0

(δ5)

and

Hδ(x) = (κδ)3
{(

1− 3(κδ)2

10

)
h

(1)
1 (κr)γtEinc(0)× er

+
(1

2 −
3(κδ)2

10

)h(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γtHinc(0) + 2

(1
2 −

3(κδ)2

10

)h(1)
1 (κr)
iκr

γnHinc(0)er
}

+ O
δ→0

(δ5).

Proof. By inserting the expressions (D.9) and (D.5) into (D.6)-(D.7), we obtain

Eδ = − j1(κδ)
h

(1)
1 (κδ)

i

2j1,1
h

(1)
1 (κr)γtHinc(0)× er

− j1(κδ) + κδj′1(κδ)
h

(1)
1 (κδ) + κδh

(1)′
1 (κδ)

i

2j1,1

[
h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γtEinc(0) + 2h

(1)
1 (κr)
iκr

γnEinc(0)er
]

+ Eδ,2(x)
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and

Hδ = j1(κδ) + κδj′1(κδ)
h

(1)
1 (κδ) + κδh

(1)′
1 (κδ)

i

2j1,1
h

(1)
1 (κr)γtEinc(0)× er

− j1(κδ)
h

(1)
1 (κδ)

i

2j1,1

[
h

(1)
1 (κr) + κrh

(1)′
1 (κr)

iκr
γtHinc(0) + 2h

(1)
1 (κr)
iκr

γnHinc(0)er
]

+ Hδ,2(x),

where the remainders Eδ,2 and Hδ,2 are of second order (n ≥ 2) in the expansions (D.6)-(D.7).
We remark that Eδ,2 and Hδ,2 are in O(δ5) when δ tends to 0. Then, we expand the coefficients
depending on δ

j1(κδ)
h

(1)
1 (κδ)

= j1,1
h1,−2

(κδ)3 +
[ j1,3
h1,−2

− j1,1h1,0

(h1,−2)2

]
(κδ)5 + O

δ→0
(δ6),

j1(κδ) + κδj′1(κδ)
h

(1)
1 (κδ) + κδh

(1)′
1 (κδ)

= − 2j1,1
h1,−2

(κδ)3 −
[2j1,1h1,0

(h1,−2)2 + 4j1,3
h1,−2

]
(κδ)5 + O

δ→0
(δ6),

and we inject them into the previous expansions in order to obtain the result.

The following proposition gives the Taylor expansion of the exact solution (Eδ(δ · ),Hδ(δ · ))
at the first order. That allows to find the first near-field term again, given by (2.8).

Proposition 6. The analytical solution (Eδ(δ · ),Hδ(δ · )) have the Taylor series expansion in fast
variable, when δ tends to 0,

Eδ(δX) = 1
R3

[
2γn
(
Einc(0)

)
er − γt

(
Einc(0)

)]
+ O
δ→0

(δ),

Hδ(δX) = − 1
2R3

[
2γn
(
Hinc(0)

)
er − γt

(
Hinc(0)

)]
+ O
δ→0

(δ).

Proof. Thanks to the Taylor series expansion of (Eδ,Hδ) in Proposition 5, we have

Eδ(δX) = (κδ)3
[
− h

(1)
1 (κδR) + κδRh

(1)′
1 (κδR)

iκδR
γt
(
Einc(0)

)
− 2h

(1)
1 (κδR)
iκδR

γn
(
Einc(0)

)
er
]

+ O
δ→0

(δ),

Hδ(δX) = (κδ)3
[
h

(1)
1 (κδR) + κδRh

(1)′
1 (κδR)

2iκδR
γt
(
Hinc(0)

)
+ h

(1)
1 (κδR)
iκδR

γn
(
Hinc(0)

)
er
]

+ O
δ→0

(δ).

According to the Laurent series expansions of the spherical Hankel function of the first kind, we
have

− h
(1)
1 (κδR) + κδRh

(1)′
1 (κδR)

iκδR
= h1,−2

i
(κδR)−3 +O(δ−1),

− 2h
(1)
1 (κδR)
iκδR

= −2h1,−2

i
(κδR)−3 +O(δ−1).

Then, we obtain the result by substituting the previous expansions into that of (Eδ(δ · ),Hδ(δ · )).
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