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Abstract: In this paper, we develop a method of matched asymptotic expansions for solving the
time-harmonic electromagnetic scattering problem by a small sphere perfectly conducting. This
method consists in defining an approximate solution using multi-scale expansions over far and
near fields, related in a matching area. We make explicit the asymptotics up to the second order
of approximation for the near-field expansion and up to the fifth order of approximation for the
far-field expansion. We illustrate the results with numerical experiments which make evident the
performance of the asymptotic models. The reference solution is an analytical solution computed
thanks to Montjoie code.
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Modélisation asymptotique de la diffraction des ondes
électromagnétiques par de petites spheres parfaitement
conductrices

Résumé : Dans ce rapport, nous utilisons la méthode des développements asymptotiques rac-
cordés afin d’approcher la solution du probléme de diffraction d’ondes électromagnétiques par
une petite sphere parfaitement conductrice. Cette méthode consiste & définir deux approxima-
tions locales de la solution en utilisant des développements multi-échelles, dits de champ proche
et champ lointain. Ces développements sont ensuite raccordés dans une zone de transition. Nous
effectuons les développements jusqu’a I'ordre deux pour le champ proche et jusqu’a I'ordre cing
pour le champ lointain. Nous illustrons ces résultats avec des expériences numériques qui met-
tent en évidence les ordres de convergence de ces développements, en fonction de la taille de
I'obstacle. La solution de référence est une solution analytique calculée a 'aide du code Montjoie.

Mots-clés : Développements asymptotiques, Equations de Maxwell, Modéles réduits
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1 Introduction

Many physical phenomena involve multiple electromagnetic scattering by small obstacles [7} 22}
38| [41]]l. All exact theories and numerical methods for computing the electromagnetic fields
are based on solving Maxwell’s equations either analytically or numerically. For scatterers of
arbitrary shape, the use of numerical methods is required. When the scatterers are larger or
comparable to the wavelength, classical numerical methods as continuous or discontinuous finite
element methods and boundary element methods have been developed in [[5, 18, [30] for solving
the time-harmonic Maxwell’s equations. However, these methods become very expensive, both
in terms of computation time and memory capacity, when the scatterers are significantly small
in comparison with the incident wavelength. That is partly due to the necessity of refining
three-dimensional meshes as finer as the obstacles are small but also to the consideration of
a low-frequency regime, where the refractive index is significantly smaller than one [34]. A
recent method treating the multiple electromagnetic scattering proposed by Ganesh and Hawkins
in [23], is based on a fully discrete spectrally accurate algorithm but their study is limited to
obstacles of diameter larger than the incident wavelength.

Several methods can be considered in order to overcome difficulties related to the small ob-
stacle size as local mesh refinement techniques or asymptotic analysis [15} (19} [24,[29]. An other
spectral method which has been proposed in [4] [35], is based on a spectral approximation of the
solution for solving the multiple acoustic scattering by small obstacles in two-dimensional do-
mains. The asymptotic theory in singularly perturbed domains has turned out to be very efficient
in numerical techniques. Dependence of solution on a small parameter is taken into consid-
eration and the initial problem can be decomposed into a collection of elementary problems.
Different methods bring out of this branch of analysis as the method of multiscale expansions
[8[32,[39]] or the method of matched asymptotic expansions [12}[13],128][36]]. Even if these meth-
ods lead to different iteration procedures for construction of the asymptotics, the approximations
coincide locally [16]. Others asymptotic formulas for the perturbations in the tangential trace of
the magnetic field caused by the presence of heterogeneities have been derived and rigorously
justified by Ammari et al. in [3]] and also in the Volkov’s thesis [40]]. In these works, a boundary
integral equation point of view is approached. Moreover, an inverse problem is considered to
determine both the physical properties and the location of the small obstacles [1, 2. Only the
first terms of the asymptotics are performed and it seems to be a difficult task to derive the next
terms. In other word, there is no algorithm of construction for successive terms of the asymptotic
expansions.

The matched asymptotic expansions consists in constructing distinct expansions of the solu-
tion in different regions with appropriate scales, and matching them in an intermediate region
also called the matching area [37]. The justification of matching rules can be obtained from
hypothesis on the structure of the uniform expansion in the whole domain [21]]. This method
allows to define local approximations of the solution at any order, relatively to the obstacle size
but is difficult to justify rigorously [I36]]. This method is typically used for the case of one small
obstacle that involves only two different expansions. The transition to the multiple scattering can
be performed thanks to an appropriate model as Born or Foldy-Lax model [6, [10]. If obstacles
are sufficiently distant, the principle of superposition given by the Born approximation can be
taken into account. On the contrary, if interactions between obstacles cannot be neglected, the
application of the Foldy theory should improve the previous one [20]. Some intermediate models
between Born and Foldy approximations are compared in [11]] for the multiple electromagnetic
scattering by finitely many point-like obstacles. It is worth noting that the matched asymptotic
expansions applied on the multiple electromagnetic scattering involve a such problem, in a punc-
tured domain. From a viewpoint of far field, obstacles are reduced to point-like obstacles. The
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4 Labat & Péron & Tordeux

physical nature of the equations is unchanged. In addition, we can employ this method to give
explicit analytical solutions in specific geometries as spheres, spheroids or ellipsoids - in geome-
tries for which a parametrization give us explicit eigenfunctions of the vectorial Laplace-Beltrami
operator.

The search for an exact analytic solution goes traditionally through the solution of the vector
Helmholtz equation for the electric field using the technique of separation of variables in one of
the few parametrizations in which this equation is separable. The incident field is expanded in
eigenfunctions that are regular in bounded domains, whereas the scattered field is expanded in
eigenfunctions that are outgoing waves at infinity. The elementary problems identified by the
method of matched asymptotic expansions are separable in the same coordinate system, either
in slow or fast variable. However, the solutions of the elementary problems have not always the
same physical nature. Actually, from a viewpoint of near field, created fields which contain the
information of the perturbation, appear as in static regime.

This paper is organized as follows. In Section |2, we describe the problem that we consider
and we present the main results that we have established. These results characterize the first
terms of the asymptotic expansions for the electromagnetic scattering by a perfectly conducting
small sphere. They are obtained thanks to the application of the method of matching asymptotic
expansions and are performed at the second order for the near-field expansion and at the fifth
order for the far-field expansion. Then, we give a physical interpretation of the first terms of
the asymptotics through the idealistic notion of electric and magnetic multipoles. In Section
we display some numerical results which make evident the performance of he asymptotic mod-
els. From these local expansions, we construct a global approximation by truncating suitably the
whole domain. In Section |4, we present the full method of matched asymptotic expansions ap-
plied on the electromagnetic scattering by a small sphere. It consists in defining an approximate
solution using multi-scale expansions over far and near fields, related in a matching area. We
make explicit the matching conditions thanks to the use of modal decomposition of the near-field
and far-field terms that we have introduced in Appendix B} Then, we pursue the construction of
the first terms of the far-field and near-field expansions based on the modal decomposition in
spherical geometries. Finally, in Section [5, we extend our results to define a collected model
which consists on gathering the terms, not with respect the d-powers, but with respect to their
nature, in terms of multipoles. Moreover, we propose a multiple scattering model in electromag-
netism, based on the Born approximation.

2 Problem description and main result

2.1 Normalization of the equations

The propagation of time-harmonic electromagnetic waves of angular frequency w in a homoge-
neous and isotropic dielectric with electric permittivity ¢ > 0 and magnetic permeability ;1 > 0
is described by an incident wave Re[(€"¢(x), H™(x)) exp(—iwt)|. The incident field (£, H™)
satisfies the time-harmonic Maxwell equations

curl £ — jupH™ =0 in R3
curl H™ 4 jweE = 7 in R?

where the electric current density J is a smooth vector field with compact support in R? that is
related to the electric charge density p through the charge conservation principle

—idwp+divg =0 in R3.

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 5

Remark 1. When J is of class €>°, then we can prove that £™¢ and ‘H™ are also of class ¥>
into any bounded sub-domain of R3.

In Table [1} we introduce the classical electromagnetic fields, densities and potentials, with
calligraphic symbols. Afterwards, we define a normalization and we denote the normalized
quantities with straight symbols.

Usual convention Normalized quantities
Electric field E [Vm—!] E euz€
Magnetic field H [Am~!] H = e
Electric charge density p [Cm—3] 0 = ©ip
Electric current density J [Am—2] j = ,u%J
Electric potential A [V] \Y = gu%\?
Magnetic potential A [Vsm—!] A ez A

Table 1: Normalization of the electromagnetic quantities

Taking in account this normalization, the incident field (E™, H™™), that is of class € into
any bounded domain of R3, satisfies the time-harmonic Maxwell equations

curl E™ — ikH™ =0 in R? (2.1a)
curl H™ + ixE™ = i in R®. (2.1b)

The wave-number « satisfies the dispersion relation
k=2 (2.2)

C

with the wave-speed ¢ = (ue)~2.
Remark 2. The charge conservation principle remains unchanged and we have —iwp + divj = 0.

Remark 3. For example, the incident field (E™, H™) can be an electromagnetic plane wave,
. ) 1
E™(x) = pexp(ik - x) ; H"™(x) = E(k x p) exp(ik - x) ; withk-p=0  (2.3)

where the wave-vector k that is proportional to the wave-number « sets the angle of propagation
and p denotes the polarization vector.

2.2 Description of the scattering problem

In the presence of small obstacles with characteristic length §, the incident field (E™, H™) is
scattered and gives birth to a new field (EY*, HY") which can be decomposed into the incident

field and a scattered field (E;, Hs)
Egot — Einc + E(S : H%Ot — Hil’lC + H(S-

Both the total field (EY", HY") and the scattered field (Es, Hs) have to satisfy Maxwell equations
in the exterior domain of the obstacles with the same wave-number x. The scattered field also
needs to satisfy the outgoing Silver-Miiller radiation condition at infinity

lim T(H(;XZE\—E(;) =0 r=Ix|, fzf. 2.4
r

r—00
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6 Labat & Péron & Tordeux

The created fields strongly depend on the geometry and the physical properties of obstacles. In
this paper, we consider the multiple electromagnetic scattering by K spherical obstacles B(cx, d),
k =1,..., K, perfectly conducting, each one being centered at ¢; with small radius § > 0, see
Figure [Ii We assume that any distance d;; between two obstacles is not small in comparison

(Einc7 Hin«:) / (E67H6)

_
Cj \
Gea
Qs
Figure 1: Domain of propagation
with A. The domain of propagation (25 is defined by
K —
Qs =R*\ | J B(cx,0). (2.5)
k=1
The scattering problem reads as
curl E5 — iliH(; =0 in Qg (2.63)
curl Hs +ikEs =0 in Qs (2.6b)
nx Es = —n x E™ on 90 (2.6¢)
n-Hs; = —n-H™ on 08 (2.6d)
lim 7(Hs; x Z — Es) =0 uniformly in 2 (2.6e)
T—00

where n denotes the outward-pointing normal unit vector of 9Qs. It is well-known that the
electromagnetic scattering problem by a finite number of spheres is well-posed, see for instance
[30}31]]. Moreover, the solution (Es, Hs) have an analytical decomposition into 5. In Appendix
we recall some properties about its decomposition.

Remark 4. For lipschitz obstacles, the exterior Maxwell problem (2.6) has a unique solution
(Es, Hs) in Hjoc(curl, Q) if the tangential trace of the electric field n x Es on 995 belongs to the
Sobolev space

H:%(diVaQ{s,aQ(s) = {u € H‘%(BQ(;), divao,u € H_%(aQ(s) andu-n=0on 895},

A characterization of this space for lipschitz domains is established in [9]. Moreover, this con-
dition ensures that the normal trace of the magnetic field n - Hs on 995 belongs to H -3 (09s).
Then, well-posedness in Hy,.(curl ,Qs) derives from the Fredholm theory and can be proved
thanks to a boundary integral equation posed on 925 and the use of integral representation
given by the Stratton-Chu formulas, see [[14]], or with an equivalent interior problem by equip-
ping the fictive boundary with a transparent condition. These formulations are also equivalent
to prove well-posedness of this problem into Sobolev weighted spaces for curl and div, see [31],
that allows to precise the behavior of the fields at infinity.

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 7

Remark 5. The numerical simulation of the scattering by small obstacles, using finite element
methods (FEM, DG, HDG, ...), can become very expensive or not affordable in terms of compu-
tation time and memory even in the context of mesh refinement and parallel computation. This
is mainly due to the size of the linear system which should be inverted.

Afterwards, we introduce the results that we have established for K = 1 and ¢; = 0, i.e. for
the scattering problem by one small sphere B(0,0) centered at the origin with small radius ¢.
We come back to the multiple scattering problem in Section |5 This is driven by the fact that
the numerical validation confirms these results only for one small sphere. For any smooth vector
field u we denote ~,u its normal trace on the unit sphere 82 in R? and ~;u and v u its tangential
traces on 82, defined by

Yot = (& - u)|s2 ; Yxu = (e, X u)s2 ; Yiu = (yxu) X e, (2.7)

where e, denotes the outward-pointing normal unit vector of §2.

2.3 The main result

In this section, we present the local approximations in far and near fields, for the solution to
problem that we have derived thanks to the method of matched asymptotic expansions.

2.3.1 Far-field approximation

Far from the obstacle, we prove that the exact solution has the following formal asymptotic
expansion

Es = 0°Es + 0°E5 + ... ; H; = 0°Hs 4+ 6°Hs + ... (2.8)
For any positive integer p, the far-field terms (Ep, ﬁp) are defined in the asymptotic domain

O =R3\ {0}. (2.9)

From this point of view, the scatterer is replaced by a point-like obstacle. Moreover, the third
order far-field terms (Es3, Hs3) are given by

1 1)
3 hg )(nr) + m"hg ) (kr)

3
~ K3 ) _
Es(x) = 7?h§ )(ﬁ7')7>< H™(0) — — ’YtEmC(O())
JA .
2T e (g)e,  (2.10a)
iKY
and
~ . 3 h(l) + h(l)' )
Hs(x) = _ﬁ3h§1)(l-€’r)'y>< EmC(O) + % 1 (k1) Z‘lj: 1 (k1) ,ythC(O)
(1) )
L) ine (e, (2.10D)
iKkT

RR n° 9169



8 Labat & Péron & Tordeux

with x = rZ and hsll) denotes the n-order spherical Hankel function of the first kind. The fifth
order far-field terms (E5, Hs) are given by

~ 3k (1 ; 365 WY (r) + krhY (kr)
Es(x) = T3 km)wz?m%m T E(0)
3K h1 (HT) inc K (1) sym
- vn (E"€(0)) e, — ghz (K7)vx (JHinC(O)eT)
K hél)(m“) + lﬂ"hél)/(/ﬂ“) sym K4 hél (k)
-5 — 7 (JER (e, ) = 50 (Jene(O)er Je,  (2.11a)

and

36 h(er) + ek ()
10 IKT

~ 3K° . .
Hs (x) = — 2\ (kr)y E™(0) ™ (0)

10

3K° h(l)(m“) - K
— YIZ.T’Yn(HmC(O))er — th)(/w)’yx (JZ};IIIL(O)eT)
K hél)(lﬂ“) + m“hgl)/(/er) sym K hél)(lﬂ“)
+ 9 = Ve (JHmC(O)e,«) + FERTTE <JHmc(0)er)er (2.11b)
where J, denotes the Jacobian matrix of o and J$™ = 1 (J, + I ) the symmetric Jacobian of o.

Remark 6. The fourth order far-field terms (E47 F|4) are reduced to null-field.

For P = 3,4 or 5, let us introduce the vector fields (E(;y P, ITI(;, p) reading as the sum of the first
far-field terms

P P
Esp =) O0°E,; Hsp =) o°H,. (2.12)
p=3 p=3
The following conjecture is a transposition of the numerical results obtained in Section [3.3]
which precises the expected order of convergence.

Conjecture 1. For P = 3,4 or 5, there exists 69 > 0 such that for any r; > ro > 0y there exists
¢ > 0 such that for any positive 6 < &g, we have

IEs — Es.pllsc.c(rom) < €87 2| Eslloc.erom) i 1Hs = Hs Pllos,ctrom) < 07| Hsloo.e(rom)
and

|IE5 — Es.pllo.c(ro,m) < ¢ ?|IEsllo.e(ror) s |Hs — Hs,p

0,C(ro,r1) <c 5P72||H5||0,€(m,r1)

where C(ro,r1) = {x € R3, 7o < |x| <71}, || - [lo,0 denotes the L*-norm in o and || - ||, denotes
the L*>°-norm in ©. The constant ¢ depends on &y, ro and ry but does not depend on 0.

Furthermore, thanks to the regularity of the analytical solution, we can establish the following
conjecture that is a consequence of the previous one.

Conjecture 2. For any P = 3,4 or 5, there exists 6y such that for any vy > ro > do there exists
¢ > 0 such that for any positive § < &y, we have

IEs — Es.pllo,c(rom) <67 IHs — Hs.pllos,c(rg.r) < ¢

and

1Es — Es.pllo,e(ro,m) < 671 |Hs — Hs,pllo,e(re,ry) < 07T

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 9

2.3.2 Near-field approximation
Close to the obstacle, we prove that the exact solution have the formal asymptotic expansion

Es(0-) = Eo+0E; + 6°Ex + ... ; Hs(6-) = Hy + 6Hy + 0°Hy + .. ..

~

Here, for any positive integer p, the near-field terms (E,, ﬁp) are defined in fast variable X = §
in the dimensionless domain given by

Q =R3\ B(0,1). (2.13)

The zeroth order near-field terms (EO, ﬁo) are given by

. N _ |
E, = R:,){?)%,,(EIHC(O))JJ — EmC(O)} : Hy = — 53

{3%(Hi“°(0))§ - HinC(O)} (2.14)

with X = Rz. The first order near-field terms (El, Ifll) are given by

~ 1 SYIM /Ay o~ 3 A~ i inc
E, = R4{ =7 (Tgn (0) 2) + 57n (T (0) x)x} + —221’:2 vx (H™(0)) (2.15a)
- 1 2 s ~ ~\ ~ ' inc

The second order near-field terms (Es, ﬁg) are given by

~ 1 (2 . 2K ey~ L .
E, = Rs{?,% (2 Hgne (0) 2)7 + 1—5%(E (0)z — 3 (2 "Hgine (0) 7)
iK N K2 in ik .
— 3 (Thne (0) 7) — g%(E C(O))} 38 (Jhe (0) 7)
352 inc inc ~ 52 inc inc ~
Tk (0) — 37, (E™(0))Z ¢ + 551 E (0) + 7, (E™(0))Z ¢ (2.16a)
and
A= L 6T Hin(0) )5 — o (H™(0)) + 2 (3T Hygee (0)3)
TR 2™ H 10" g H
K s .\ 3K? ; 1K s A
- (JE};T(O)QC) + 20%(Hmc(0))} + 2r3 1 (JEQ(O) )
+ 3% 37 (H™(0))Z — H™(0) § — K H™(0) + 7, (H™(0))Z ¢ (2.16b)
10R3 Tn 4R Tn g .

where H, denotes the Hessian tensor of ¢. For P = 0,1 or 2, let us introduce the vector fields
(Es p, Hs p) reading as the sum of the first near-field terms,

P P
Esp=) 0"E,; Hsp =Y 6°H,. (2.17)
p=0 p=0

The following conjecture is a transposition of the numerical results obtained in Section
which precises the expected order of convergence.

RR n° 9169



10 Labat & Péron & Tordeux

Conjecture 3. For P = 0,1 or 2, there exist §y,R* satisfying R* > &g > 0 such that for any Rg
satisfying 1 < Rg < R*, there exists ¢ > 0 such that for any positive § < oy, we have
IE5(6 ) — Es pllsc.ccing) < €87 IE5(8 ) loo.en)
|Hs(6-) — Hs plloo,c(1,r0) < € 5P Hs (0 - Mloo,e(1,r0)
and R
IEs(6-) = Es.pllo.cing) < 0" HIES (8- )llo.e(1n)
IH5(3 ) = Hs.pllo,cme) < ¢0" M [H5(3 - )llo,em0)
where €(1,Rg) = {X € R?, 1 < [X| <Rg}.

Moreover, thanks to the regularity of the analytical solution, we can establish the following
conjecture that is a consequence of the previous one.

Conjecture 4. For P = 0,1 or 2, there exist §,, R* satisfying R* > dg > 0 such that for any Rg
satisfying 1 < Rg < R*, there exists ¢ > 0 such that for any positive § < 0y, we have

IEs(8 ) — Es plloc.cing < cd7Fh; [H5(3 ) — Hs,ploo.e(100) < €07

and

IE5(5-) — Es pllo.cing < 6772 IH5(3 ) — Hs.p grrs.,

|0»@(1;R0) <c

Remark 7. In the context of the multiple scattering by K spheres, the method of matched asymp-
totic expansions involves K + 1 expansions. Firstly, the far-field expansion is defined in the
punctured domain R3 \ |J{cx} and read as the superposition of the K scattered fields by the
isolated obstacles. Our formula have to be translated to deduce the scattered field by an obstacle
centered at ¢;. In the other hand, the K near-field expansions, that are defined in the k-th fast
variable X% = *=&, are living in Q again.

2.4 Physical interpretation

This section is based on results of the classical multipole theory in electromagnetism, see for in-
stance [27,[33]. In Appendix[A] we introduce the notion of electric and magnetic multipoles and
we develop expressions of electromagnetic fields created in the presence of such kind of sources
in static and time-harmonic regime. That allows to describe the first terms of the asymptotics in
terms of multipoles.

2.4.1 First near-field terms

The zeroth order electric near-field term Eq, given by (2.14), can be represented as an electric
field created in the presence of an electric dipole of direction 47E™(0), in static regime and
the zeroth order magnetic near-field term Ho as a magnetic field created in the presence of a
magnetic dipole of direction —27H"™¢(0) in static regime again. According to (A.6)-(A.16), the
zeroth order near-field terms can be put in the compact form

Eo = ES[4nE™(0), 5 = 0] ; Ho = H 8 [—27H™(0), & = 0].

The first order electric near-field term E; given by (2.15) is represented as a superposition of

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 11

* an electric field created in the presence of a filiform magnetic current in a magnetic dipole
configuration in static regime, along the direction —2mccurl E™(0) = —2miwH"¢(0), where
w denotes the angular frequency of the incident wave,

* an electric field created in the presence of an electric quadrupole along directions (u®, v),
in static regime, satisfying the following system of equations

upvp — usvs = 8; (0; Ei(0) — @E}nC(O)) (i,7) € {(1,2),(2,3)} (2.18a)
uiv§ + usvp = 8; (0:E(0) + 0;E™(0)) (i,7) € {(1,2),(2,3),(3,1)} (2.18b)

where u® = (uf,us, ug), vE = (vf, vE, v5) and 8¢E;“C denotes the i-th partial derivative of
the j-th coordinate of E™ for i, j = 1,2, 3.

The first order magnetic near-field term H, given by (2.15)) is represented as a superposition of

* a magnetic field created in the presence of a filiform electric current in an electric dipole
configuration in static regime, along the direction —4wc curl H"¢(0) = 4miwE™(0),

* amagnetic field created in the presence of a magnetic quadrupole along directions (u”, v?),
in static regime satisfying the following systems of equations

ufoy —ufvlf = 16m (a H(0) — 9;H™(0)) (4,7) € {(1,2),(2,3)} (2.19a)
ol + e = fﬂaww>+@Hﬁw) (i,7) € {(1,2),(2,3), (3, 1)} (2.19b)

where 6iH}nC denotes the i-th partial derivative of the j-th coordinate of H™ for i, j =
1,2,3.

Remark 8. The systems of equations and have an infinity of complex solutions.
Indeed, if (u,v) is solution of one of them, then (v,u) or (cu, 1v) for ¢ # 0 is also solution.
Actually, this formulation is only a physical interpretation and we have not the uniqueness for
the quadrupole configuration.

According to (A.7)-(A.18) and (A.17)-(A.11), the first order near-field terms El and ﬁl can be
put in the compact form

By = EQS [u' v, = 0] + ERR[ — 2ricsH™(0), = 0]

quad [W dip
H, = Hf;laa% [u' v" k=0] + Hfﬁ;c [47iwE™(0), k = 0].

Remark 9. The logical consequence is that the second order near-field terms E, and H, seem
like a superposition of octopoles, quadrupoles and dipoles, but we have not performed the whole
computation in this document.
2.4.2 First far-field terms
The third order electric far-field term E; can be represented as a superposition of

» an electric field in the presence of a time-harmonic electric dipole along direction 47E™(0),

» an electric field in the presence of a time-harmonic magnetic dipole along direction —27H™(0).
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The third order magnetic far-field term Hy can be represented as a superposition of
* amagnetic field in the presence of a time-harmonic magnetic dipole along direction —27rH™™(0),

* amagnetic field in the presence of a time-harmonic electric dipole along direction 47E™(0).

According to (A.12)-(A.20) and (A.19)-(A.13), the third order far-field terms can be put in the
compact form

Es = Egiy [47E™(0), K] + EG:¥ [ — 27H™(0), &) (2.20a)
Hy = He [47E™(0), k] + Hges[ — 27H™(0), 1]. (2.20b)

Remark 10. In a same way, we can prove that the fifth order far-field terms Es and H; can be
represented as a superposition of dipoles and quadrupoles.

3 Numerical experiments

Numerical experiments allow to make evident the order of convergence of the near-field and
far-field expansions that we have assumed in Conjecture |[1| and [3] We compare these local ap-
proximations with a reference solution computed thanks to Montjoie code [[18] into sub-domains
independent of § in the suitable system of coordinates. Moreover, we construct a global approx-
imation of the solution thanks to the near-field and the far-field approximations. However, the
numerical order of convergence that we obtained in the comparisons for the global approxima-
tion is non-optimal.

3.1 The reference solution

The spherical obstacle is enlighted by an electromagnetic plane wave (E™, H™) of wavelength
A defined in (2.3)). The wave vector k and the polarization vector p are chosen such that

0 1 o
k=1| 0| ; p=1{0]; K=—; A=05. 3.1
A
—K 0

Thereafter, we investigate the numerical order of convergence of the far-field and near-field
approximations. The norms used in the comparison are the Sobolev norm L? and the uniform
norm L of the difference between the reference solution and our approximations, into some
domains of interest. To obtain the data, we calculate

* the reference solution (EXf, H™f) that is an analytical solution computed with Montjoie,
* the near-field approximation (Eg, P, I?I& p) or the far-field approximation (Eg, P13, I?I& P+3)

for P =0,1 or 2, from (2.17) and (2.10),
ref

* the absolute errors ||[EX' — o and ||HEf — o| or the relative errors ||EXf — of| /|| EXT|| and
IHXf — ol /|HE'|| computed in the spherical coordinates using a Riemann sum for angles ¢
and ¢ and a trapezoidal rule for radius r,

for a range of § between 10° and 10~*. In Figure [2} we draw cross sections of the z-coordinates

of the reference electric field EX' in a logarithmic scale in base 10, for § = 0.5.
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Figure 2: Cross sections of the z-coordinates of the scattered electric field in a logarithmic scale

3.2 Near-field approximation

To illustrate the convergence results given by the near-field approximations, we introduce a
subspace of Q independent of § in the fast variable,

0% = B(0,26) \ B(0,9). (3.2)

For the results in Figures|3|and E we investigate the numerical order of convergence for the L2
and L* norms of the near-field approximations into the domain Q2 with respect to the size of
the obstacles ¢ such that

1

Figure [3| makes evident the different orders of convergence for the near-field approximations
(Es0,Hs,0)s (E(; 1, H5 1) and (E§ 2, H5 2), using the L? norm into the domain 925 FlgureEShows
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Figure 3: Relative L2-errors for near-field approximations of the electric and magnetic fields

the same analysis but in the L* norm in the domain Q2.
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Figure 4: Relative L°-errors for near-field approximations of the electric and magnetic fields

3.3 Far-field approximation

To illustrate the convergence results given by the far-field approximations, we introduce a sub-
space independent of 9,

Q3 = B(0,2)0) \ B(0, \). (3.9
For the results in Figures[5|and[6] we investigate the numerical order of convergence for the L2

and L°° norms of the far-field approximation into the domain 3* with respect to the size § of
the obstacles such that

1
— =05:01:3.1,. .
(56{10p,p 0.5:0 3 } (3.5)

Figure [5] makes evident the different orders of convergence for the far-field approximation
(63E3, 6°H3), using the L? norm into the domain Q3*. Figure |§I shows the same analysis but

10—1 i

1071 L\ T T T T IIIT] T T T IIIT] L 7\
o o
o .
< o} °
c 0 0
C:l-/ © 5 2
= 1070 o 1 105 o 1
s .-Qs o
s /6 =6
v o (o)
9] o 1 o 1
5 1077 ° 1 1077 .
§ “Q, o
..2 o 5-order EF oo 5-order MF
13| ©°° Booo® o 6-order EF oooBooo® o 6-order MF
10_ Il Lol | T T TTTTTT m—— 10_13 ol Lol | T T TTTTTT ———
1073 1072 1071 1073 1072 107!
) 0

Figure 5: Absolute L2-errors for far-field approximations of the electric and magnetic fields

in the L°° norm into the domain Q3*.
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Figure 6: Absolute L°-errors for far-field approximations of the electric and magnetic fields

3.4 A global approximation

From the local approximations (E(; P43, ITI(;, p+3) and (/E\(;’ P, IT|57 p) given by Equations (2.12) and
(2.17) for P = 0,1 and 2, the derivation of a global approximation into the whole bounded
domain

Q = {xeR3 5 <|x <A} (3.6)
goes through a combination of these both data. We introduce the sub-domains €25 , and Qf of
03, related to the validity of the far-field and near-field expansions, see Remarks|13|and

g}A:{xeRf’” 2\/)\6<|x|<)\} ; §:{xeR3,6<\x|<\//\6}. (3.7)
A global approximation (Es p, Hs p) for P = 0,1 or 2 is then given by
* (Esp,Hs p) = (Esp,Hsp) in QF,

* (Es,p,Hs,p) = (Es.py3,Hs pi3) in Q5 s
* a combination of the two data in the matching area {x eR?, VA < |x| <2V )\6}.
We consider a cut-off smooth function xs : RT —— [0, 1] which is equal to 1 in neighborhood

of the obstacle and equal to 0 far from the obstacle, in terms of distance. In these numerical
experiments we choose xs = x(—=) where Y is such that

VA8
X € €°(R); x(r) = {(1) g: § % ; xX'(r) <0 for any r > 0. (3.8)
A global approximation (Es p,Hs p) of order P = 0,1 and 2 is then defined for x € Q} by
~ X ~
Es.p(x) = x5 (1X)Es.p(5) + (1= xs(x]) ) Espra(x) (3.92)
Hs,p(x) = xs(x)Hs,p (5) + (1= (X)) Hi s (). (3.95)
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16 Labat & Péron & Tordeux

Remark 11. The choices of the sub-domains Qf and Qf , as well as the cut-off function y; are
non-optimal to make evident the order of convergence of the global approximation in the whole
bounded domain Q). Actually, the dependence on V/§ in the sub-domains creates a factor scale
in the error computation. Error estimates would enable to quantify this dependence.

For the results in Figure 7, we investigate the numerical order of convergence for the L? and
L norms in the whole bounded domain 2} with respect to the size of the obstacles § such that

1
— =1:01:4;. 1
56{10p,p 0 } (3.10)

Figure[7]makes evident the different orders of convergence for the global approximations (Es,o, Hs,0),
(Es.1,Hs1) and (Es 2, Hs 2), using the L2 norm in the whole bounded domain Q’\ for the electric
and magnetic fields.
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Figure 7: Relative L2-errors for global approximations of the electric and magnetic fields

Remark 12. By virtue of Remark the order of convergence is non-optimal for (Es 1, Hs 1)
and (Es 2, Hs2). We observe that the order is degrading between the first and the second order
approximations.

4 The matched asymptotic expansions

In this section, we apply the method of matched asymptotic expansions to tackle the exterior
time-harmonic Maxwell problem (2.6). Assuming that the obstacle size ¢ is significantly small
in comparison with the incident wavelength A = 22 this method consists in defining an ap-
proximate solution using multi-scale expansions over far and near fields, related in a matching
area. We introduce the geometrical setting, the problems satisfied by any term of the asymptotics
at any order and the matching conditions applied on spectral coefficients. It is only in the last
section that we focus on the first terms of the asymptotics.
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4.1 Geometrical setting

Before postulating Ansatz of the far and near field expansions, we define the asymptotic domains
where the expansions will be defined. The far-field domain €2 is the exterior domain defined by

05 = {x e R?, x| > nj} with gir%ng =0. 4.1
—

The far-field expansion is then defined in * that is the limit of the far-field domain when § tends
to 0, see Figure

QO = lim Q5 =R*\ {0}. (4.2)
6—0
The definition of the near-field domain Qf goes through the coordinate change X = %. Then,

is the interior domain defined in fast variable by

N
OF = {X R, 5 < §|X| < )} with lim 2 = 4o, (4.3)

—0

The near-field expansion is then defined in ) that is the near-field domain when § tends to 0, see

Figure[g],
Q= lim O =R3\ B(0,1). (4.9
—

4.2 Far-field expansion

Far from the obstacle, the exact solution is approximated by the far-field expansion

Es(x) ~ D 0"E,(x); Hs(x) ~ > 0"H,(x) (4.5)
p=0 p=0

where x = r7 is the spatial variable in spherical coordinates. This expansion begins at the third
order since all previous terms are reduced to null-fields, see Remark The set of (E,, H,,) with
p > 3 is singular solution, reading as (B.18)), of the time-harmonic Maxwell equations in * given
by (@.2),

curlE, —ixH, =0 in Q* (4.62)
curl H, + ikE, = 0 in Q* (4.6b)
JLm r(ﬁp X T — Ep) =0 uniformly in 2. (4.6¢)

These problems are ill-posed in Hjo.(curl , 2*) which is the space of vector fields u such that

Vih € €2°(R?), ¢ = 0 in a neighbourhood of 0, Yu € L?(R?), curl (Yu) € L(R?),  (4.7)

because it lacks a piece of information about their behavior at the origin. Actually, the terms
(Ep, H,) are finite sums of multipoles that are explicitly known up to their spectral coefficients
[30]. Obtaining these coefficients allows to define the far-field asymptotic expansion at any
order.

Remark 13. The far-field expansion is defined in Q* but is a suitable approximation of the so-
lution into the exterior domains 2, see (4.I). The proof goes through error estimates. For the
numerical results in Section we have chosen n§ = (6)) 3,
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Figure 8: Far-field and near-field domains 2§ and Q} and their limit Q* and Q

4.3 Near-field expansion

In the vicinity of the obstacle, the solution can be approximated by the near-field expansion

Es(0X) ~ D 0PE,(X); H3(0X) ~ > 0"H,(X) (4.8)

p=0 p=0

where X = ¥ = RZ is the fast variable in spherical coordinates. The set of (Ep, ﬁp) forp >0
satisfies the nested Maxwell equations given by

)

curl Ep = imﬁp_l in (4.9a)
curl H, = —ixE, , in Q (4.9b)

where O is defined in (-4). In (@.9), we use the convention E_; = H_; = 0.

Remark 14. These equations are said nested because the problem of order p depends on the pre-
vious term, of order p— 1. They can be read as Maxwell static problems with a non-homogeneous
source term. Moreover, we can deduce from the problem of order p+1, complementary equations

Inria



Asymptotic Modeling of the Electromagnetic Scattering by Small Spheres 19

for the divergence of the fields of order p, that are
divE, =0 in ) (4.10a)
divH, =0 in Q. (4.10b)

The boundary conditions are obtained by identifying the Taylor series expansion of the inci-
dent field in a neighborhood of the origin in the fast variable X = %,

o oo

E™(x) = > 67E, (X); H"(x) = 3 67H, " (X) 4.11)
p=0 p=0
where
~inc 1 o pine o, oyinc 1 apginc a
E, X)=)_ —d7E™(0) - X7 ; H, (X)zlz —d H™(0) - X", (4.12)
al=p al=p

with the boundary conditions satisfied by the near-field expansion. In particular, on the boundary
00 = 82 =T, we have

~inc

e, X Ep = —e, X E, onT (4.13a)
e, - I/-\Ip = —e,- I:Iglc onT. (4.13b)

Remark 15. The terms of order p depend on the zero value of the p-order derivative of the
incident field.

The nested problems made up of the equations (4.9), (4.10) and (4.13) are ill-posed in the
weighted Sobolev space W defined by

W = {” € L2(Q), curlu € L2(Q), divu = 0in ﬁ} (4.14)
(1+r2)3

because it lacks a piece of information about the behavior of the non-leading terms towards the

infinity.

Remark 16. The problem made up of the equations (4.9), (4.10) and (4.13)) with p = 0 satisfied

by (Eo, Ho), is well-posed in the space W. The terms (E,,H,) for p > 0 can be described

~ ~

as a superposition of a regular solution (E, o, H, o) in W of the homogeneous static Maxwell
equations and a finite sum of growing vector fields, that are the non-leading terms, which are
particular solutions of the nested equations and satisfying

~ ~ ~ o~

_ — p—3y . _ _ p—3
max [E,00) ~ BpoX)| = O (R7): max [Hy(X) ~Fyo(X)| = 0 (7). (419)
These singularities also called shadows terms are produced by previous near-field terms. Then,
the near-field problems can be solved by induction, where the computation of the shadows goes
through previous terms and the computation of the leading term is done by solving a well-posed
problem in W.

Remark 17. The near-field expansion is defined in Q but is a suitable approximation of the
solution into the bounded domains Qf, see (4.3). The proof goes through error estimates. For
the numerical results in Section we have chosen 7§ = 2(5N)z.
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4.4 Matching conditions

The far-field and near-field expansions are related thanks to a matching procedure which requires
the behavior of (E H ») close to the origin and the behavir of (E, H p) towards the infinity. In a

formal way, for p > 0 we develop (Ep, H p») in a neighborhood of the origin as

+oo too
E,(rd) ~ Y (k7)IE, (7) ; Hy(rd) ~ % (k7)TH, (Z) (4.16)
g=—00 g==—°°

and (Ep, ﬁp) with fast variable R = £ in a neighborhood of infinity as
= = =q o = na
E,(RT) ~ > (KR)TE,(3); Hy(RZ) ~ > (5R)TH,(@). (4.17)
q=—00 g=—00

The two expansions are matched in the overlap area by using Equations (4.5), (4.8), (4.16) and
(4.17). Then, the matching conditions read as

(~‘I Nq) ( pt+q> p+q) -p<q<0 (4.18a)
(Eq qu) 0 p<O0orq< —p. (4.18b)

These relations allow to determine entirely far-field terms. This step is formally expressed but
fundamental to the justification of the approximate models. Modal decomposition of the solu-

tions allow to define the angular terms (Efﬂ ﬁZ) and (EZ, ITI;) and make explicit these conditions
through the spectral coefficients.

Proposition 1. The formal matching conditions (4.18)) are equivalent to

), X Hn+2 T(p—n—2)
Uy = mhn’fm (4.192)
Hn+2
uPht = ——  glp—n=2) (4.19b)
’ n bn,—n—l ’

forany p > 0, n > 1and —n < m < n. The coefficients uPk* and uP)t are from the
modal decomposition (B.18)-(B.19) of the far-field terms (E,, H,). The coefficients e~ and
ﬁ(f w2 are from the modal decomposition (B-21)-(B-22) of the regular part of the near-field terms
(T:'p n—2,05 I/:Ip n—20). The coeﬁ‘icients B¢ come from the Laurent series expansion of the Hankel
function of the first kind Ay , see Proposition

Remark 18. The coefficients u(” )% and ugf ,)nt are equal to 0 when p < 3. That implies that the

asymptotic far-field expansion starts at the third order.

n,m 2

into the modal decomposition , we obtain the expansion in the vicinity of the origin of the
far-field terms

Proof. Injecting expansions (B of modal coefficients (P> ;plnt and 555?2;; foro =eorh
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where the angular coefficients (EZ, I:IZ) are given by

(o) n
=4q h7, +1
Ep = z_:l m;n u:,mhn,qcurISQKL,'rn + U;m% |:(q + 2)VSQYn,m + Tl(?’l + 1)KL,me'r:|
Hy =3 S —ulbugcurls: Y + u;m% {(q +2)Vs2 Yo + n(n + 1)Yn7me,«}.
n=1lm=-—n
On the other hand, injecting coefficients 355 )X Sff? )t and 355 )T for o = ¢ or h into the modal
decompositions of (Ep, ﬁp), see Proposition and making the index change ¢ = ¢ — n — 2, we

obtain
o0 o0

E = D (wR)E,(@): Hy= >~ (vR)H,(@)

g=—00 g=—00
where the angular coefficients (EZ, ﬁg) are given by

oo n

~ 1 ~
EZ = Z Z (* iﬁn+2ﬁhq(£;nqin72))hn,qCUI’ISQYnﬁm
n=1m=—n ==
1 n
+ ( . i5n+27é\§zpr_nq_n_2)) M |:(q + 2)v52Yn,m + n(n + 1)Yn’meT]
NOhn,—n-1 7
1 = n 1 g
Hp = Z Z (Z’{ +2nh 1 hsgmq 2)>bn,qcur|52}/n,7n
n=1m=-—n n,—n—
n ( _ipn? : ﬁgp&q*”’m) L{Hl [(q £ 2) V2V + 10+ 1)Yn,7ne'r:| _
N Yn,—n—1 ’ (3 ’
Finally, according to the matching conditions (4.18]), we deduce (4.19). O

Remark 19. The conditions (4.19) give us some pieces of information about the asymptotic
expansions. Since we have assumed that the near-field expansion starts at the zeroth order, the

coefficients éﬁf ,)n and hgff ,)n associated to an order p < 0 are equal to zero. In particular, conditions

(@.19) imply that the coefficients uﬁf’ )% and uﬁf’ )t are equal to zero when n > p — 2. Then, the
modal decomposition (B.18) for the far-field of order p > 3 is a finite sum of multipoles which
needs the knowledge of the near-field terms of order p’ such that 0 < p’ < p — 3 to be calculated.

4.5 First terms of the asymptotics

In this section, we introduce the problems satisfied by the first terms of the asymptotics and
we make explicit these terms. The near-field problems are solved by induction because the
calculation of the near-field term of order p requires the knowledge of the previous near-field
terms. In Figure [9] we illustrate the construction of the first near-field terms, where the arrows
describe the different contributions in order to compute the current term.

Remark 20. The construction of the near-field terms does not depend on the far-field terms.

The far-field terms are found through their modal decomposition given by where the
series are actually finite sums going up to n = p — 2. In Figure we illustrate the algorithm to
construct the far-field terms. L

Hereafter, we make explicit the near-field terms (E,, H,) for p = 0, 1, 2 and the far-field terms
(Ep, H,) for p = 3,4, 5.
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Eo Ho
Einc El |/_\|1 Hinc
E, H,
Figure 9: Construction of the near-field asymptotics (—— Step 1, —— Step 2, Step 3)
(EOa I/:IO) (E37 FIS)
(Elaﬁl) (E47i:|4)
(/E\Q)F\IQ) (E57ﬁ5)
Figure 10: Construction of the far-field expansion (—— Step 1, —— Step 2, Step 3)

4.5.1 Zeroth order near-field term

The zeroth order terms EO and ﬁo are solutions of the homogeneous static Maxwell problems,

curl EO =0

in O (4.20a)
divEy =0 in Q (4.20b)
e, xEy= —e, x EmC(O) onT (4.20¢)
and
curl Hy = 0 in O (4.21a)
divHy =0 in O (4.21b)
e - ﬁo =—e,- HinC(O) onT. (4.21¢)
The unique solution of (4.20)-(4.21) in W, see (4.14), is
E _ 1 3 Einc 0 Einc 0| : Fl o 1 3 Hinc 0 Hinc 0
0= =5 |[3(E™(0) - e )e, — E™(0)] : 0= —35 [3H™(0) - e, )e, — H™(0)].
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4.5.2 First order near-field

The first order terms El and ﬁl are solutions of the nested Maxwell problems

curl E; = ixHy in O (4.23a)

divE; =0 in ) (4.23b)

e, X El = —e, X (JEmc(O)er) onT (4.230)
and R R R

curl H; = —ikEg in Q (4.24a)

divH; =0 in O (4.24b)

e, - ﬁl = —e,- (JHinc(O)eT) onT. (4.24¢)

These problems are ill-posed in W. Let us decompose the solutions (El, H1) as a superposition

of a field (E1 0, H1 .0) satisfying homogeneous static Maxwell equations and a field (E1 1s H1 1)
which is a particular solution of the nested problem (4.23)-(4.24),

E, = El,o + E1,1 ; H, = |t|1,0 + IT|1,1- (4.25)

The calculation of El,l and ITIM go through their modal decomposition (B.26) with p = 1 and

¢ = 1. According to the modal decomposition (B.29) of EO and ﬁo, their tangential traces on T
are given by

1
) . 1 .
—nE™0) =B = > gg?y)nval,m ; §%Hmc( = 7Ho = Z A mvS2Y1 m- (4.26)

m=—1 m=—1

Then, according to the modal decomposition (B.32) of E; ; and H; ;, we have

~ N (2 inc
Eii=—— Z h curlngl m = _R%H (0) x e,
m_fl
iK 1 K
H171 ? A( 7)nCul’|52Y1 m = — R tEmC(O) X €.
m=—1

The leading terms El,o and ITILO are solutions of the homogeneous static Maxwell problems,

curlE; o =0 in Q (4.27a)
divEy =0 in Q (4.27b)
e _ ) K inc A
e, xEjg=—e, x (JEmc(O)eT) + EytH (0) onI (4.27¢)
and
curl Hl,O =0 in Q (4283)
divH; =0 in O (4.28b)
e Hig=—e, - (JHiM(O)eT) onT. (4.28¢)
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Remark 21. In (4.27), the term %‘””Hinc(o) x e, is also the antisymetric part of the Jacobian
operator applied on the vector field E™(0). In particular, we have

e, x (Jew(O)e, ) + %“%HM(O) = e, x (I2m(0)e, ) (4.29)

where J¥™ = 1(J +J ") denotes the symmetric part of the Jacobian operator.
The unique solution of (4.27)-(4.28) in W is

E1 0= Rl [ Ve (Jgﬁl(O)eO + g’yn (JEinc(O)eT>eT:|
ﬁl,o = % E% (J;yifz(())er) - Yn (JHinc(O)eT)eT-:| .

4.5.3 Second order near-field

The second order terms Eg and ﬁg are solutions of the nested Maxwell problems

curl EQ = mﬁl in O (4.31a)

divEy = 0 in ) (4.31b)

e, x Ey = —e, x (e,THEmc(O)eT.) onT (4.31¢)
and R R R

curl H, = —ikE; in Q (4.32a)

divHy =0 in Q (4.32b)

e, -Hy=—e,- (eTTHHmC(O)eT) onT. (4.32¢)

These problems are ill-posed in W. Let us decompose the solutions (Eg, ﬁg) as a superposition
of a field (Eg 0, H2 0) satlsfymg homogeneous static Maxwell equations and a couple of shadows
(EQ 1, H, 1) and (E2 2, H, 2) whose their sum is a particular solution of the nested problem (4.3T))-
(4.32),

EQ = /E\Q’Q + E2,1 + /E\Q,Q ) |/'\|2 = I/:|2,0 + |/:|2,1 + I/:|2,2~ (433)

The calculation of (Eg 1, ﬁg 1) and (EQ 2, ﬁg 2) goes through their modal decomposition (B.26)

with p = 2 and ¢ = 1,2. According to the modal decomposition (B.29) of Eo and ﬁo, their
normal and tangential traces of Ey and Ho onT are given by

1 1
27, EM(0) = Z Yim —H™(0) = 7 Hy = Y RO Vi (4.34)

— m=—1

Then, according to (4.26), (4.34) and the modal decomposition (B.26) for p, ¢ = 2, the shadows
E: 2 and H; ; are given by

~ 2 1 2 . .
E2 2 — _ihli,o Z /\(107)n |:V52Y1 m T 2Yi me'r:| = % |:’YtEmc(0) + 2(7nEmc(0))er:|

' R b1, o .
o K2 Do = 0 21 i
H2 2= : Z hg r)n |:V82Y1 m + 2YPl meri| = 352 7’)/th€(0) + (PynHmc(O)>eT’ .
’ R hl’_2 m=—1 7 ’ , 2R [2 Inria
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According to the modal decomposition (B.31)) of ELO and I:ILO, their tangential traces on T are
given by

2 2
~ ) ~ ~
— (T O ) =vBo= Y & VsYom: sn(JmO)e) =vHio = Y AL VYo,

m=—2 m=—2

Then, according to the modal decomposition (B.26) for p = 2 and ¢ = 1, the shadows E271 and
H,  are given by

. 2 .
~ . 1K (1) - (2 sym
Eai = — o5 mgzhlmcurlngZm = o5 (T (0)e,) x e,

. 2 .
~ K (1) ik [ sym
H2,1 = E § 627mCUI’|52Y27m = _E (JEinc (0)67) X €.
m=—2

The leading terms /E\Q,o and |/:|2)0 are solutions of the homogeneous static Maxwell problems,

curl Ex g = 0 inQ  (4.35a)
divEyo =0 inQ  (4.35b)
= 1 1K
e x Exg= —5er X (e:HEinc(O)eT) + 3 (Jﬁﬁ(ﬂ)er)
2 . ~
- %er x E™(0) onT  (4.35¢0)
and
curl Hy g = 0 in O (4.36a)
divHgo =0 in (4.36b)
e Fl _ _1 ( TH 3 12 Hinc T~
r - Hoo = 2er (e, Hyn(0)e, | + 5 e, - (0) onl. (4.360)

The unique solution of (4.35) in W is

= 1 1 7:[{ [4:2 .
E2,0 = E [_ §7t (e:HEinc (O)e,) —+ g (JLY,I,E(O)ET> X e, — ?rytEmc(O)

4 1 T _ K inc 3K72 inc inc
_ 3{ _ i%(er HEmc(O)er) — T E™(0) e, | + <o 3(%5 (O))er —E™(0)].

The unique solution of (4.36) in W is

-~ _ 1 3 1 T ) K sym ’%2 inc
Hao = — [ - 4{ — 5 (e (0, ) — 5 (T2 (0)e, ) x e = T H™(0)

2

3K
Jri

1 T ’12 inc
— { 5"}/," (eT HHmc (O)er> 7’anH (0) e, 10R3

Jr10

3<7n,Hi“C(O))er - HinC(O)] .
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4.5.4 Far-field terms

The third fourth and fifth order far-field terms are calculated thanks to their modal decomposi-
tion (B.18)) where the series go up to n = p—2 and the matching conditions ([4.19), for p = 3,4, 5.
For (Eg, H3) we have

g, _ Zh,f:a_g 1) (kr m_z_l h( ) curlga Y m — h:: hgl)(ﬁzr) +:rh§1)'(nr) m_i_lg(o) VeV,
- [7217’{—22]151)7"“70) m_i_lg(l?r)n}/l’mer
and
Fy = m_i_laomcuﬂszyl g ) +:Th5”'<*"> m_i_lzg?;lvszyl,m

That is a sum of electromagnetic dipoles.

Remark 22. According to (4.26)-(4.34) The normal and tangential part of the electric and mag-
netic dipoles are given by

1

Z &) Vs Yim = —wE™(0); S &% Yim = 27.E™(0)
m=—1 m=—1
~ =) Lo ~ =) i
R Yim = —vH"(0) ; M2 Vi = =7, H™(0).
m;1 1,mv52 1 2% (0) mgl mil g (0)

By substituting these expressions into the modal decomposition of (Eg, ﬁg), we obtain the ex-
pected result.

For (E4, FI4), we have

E, = (kr h( meurlg2Y:
4 — 2% b2 3 m;2 §212'm
! 2
B K3 hé )(m“) + m"hél) (k1) 0 oy, 3K3 hél)(m’) 50)
ComVszlam €2,m¥2,mer
2b2 -3 T 2 52’73 T o

2 (1) ' 1
k* hy’(kr) + krhy’ (kr) Z (1) VaVim

1)
h( (k) E h CUI’lSQYLm— €1 m
b1,—2 T ’

Zbl -2 m=—1

m=-—1 Inria
2 (1) 1
2k% hy (k) NN
- h T 617 1 m,er
1,-2 m=—1
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and

4 2
Hy = ——h{Y( e curlgYs,,
4 2Zh2 3 :‘i’f’ Z 2 CUrig2Yo

s

2 1 2
K3 hg )(nr) +I<J7“h2) (kr) Z ﬁé%@Vszm B 3k3 hé )(m“) Z Eé?znyz,mer

 2hp 3 T =, bo,—3 1 =,
K3 1) : (1) K2 h(l)(m’) + m‘h(l)/(nr) ! 1
——F—h Is2Y1 1y — L L h()V Yim
in h1,72 1 (HT) mzz_l 61,771cur 82X11,m h1,72 r m_z_l 8211 m

2 h 1) 1
KZ H?" Z h(l Yl e,

1,m
— r ’
b1 =

but 5% = &0 = 7Y, = &),

€2 ,m

- - Then, we obtaln

E4:0; H4:0

=0forany —n < m < n (n =1o0rn = 2) according to

For (Es, Fls), noting that the sums of octopoles are reduced to null-fields according to (B.29), we
have

= K (1)
E h hs Is2Y5
5 = 2”)2 s HT m_Z_Q Cul’sz 2
K hgl)(mr)+nrh(21)/(nr) 2 (1) 3k h( ) (k1) 2 (1)
Vs2Y: m 3 Y ,mEr
2iby 3 iRr m;;?vm T, m;; 2
3 h(l)(mr)—I—m“h(l (kr) !
ri1( 22 curlga Yy + ——— 1 1 ot Yim
th - (kr mgl meurls2 Yy i — m;1617mV32 1
268 AV (kr) & o)
Y m>r
Zf)l —92 iK mzz_ 1m*1, €
and
H; = — s h(l)(r@r) 22: etV curlg: Y-
5= 2,”)2,73 2 m_72 2,m 8212,m
K h(1 (m")—|—m“h (m‘ 2 ~( 3k (kr)
h Yom hl) m€r
2“]27 3 iI{T ; 82 2 +Z[]2 -3 le<6 mZ;Q 2,m 2 €
K3 (1) ! (2) K3 h(l)(FLT)-‘rFL’I‘h (kr) 9
A 5 ) curlg2Y1,, + L B2 Vs Yim
iy 2! ; Lm S5 ih1,—2 7’;1 8221,
2k2 hgl)(m“) ! ~(2)
- h Y mer-.
+Z'[’)1’,2 Z r m;1 1,m 1, e

That is a sum of electromagnetic dipoles and quadrupoles. The normal and tangential part of
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the electric and magnetic dipoles are given by

1

1
3 2 . 3 2 .
> AT =S @)Y i = (E0)
m=—1 me——1
! 1
~ 3 2 X R 3 9 ‘
Z hﬁ)ﬂVszYLm = —%% (Hlnc(o)) ; Z hg?v)nyl,m = _T’BV”(HIHC(O))'
=-1 m=—1

The normal and tangential part of the electric and magnetic quadrupoles are given by

2 2
1
Z éé{g,,,vsng,m T (JSE"{i?(O)e,) ; Z /égr)nYZ,m = _§7n (JEinc(O)ev')
m=—2 =,
- ) 2 G 1
S : = Sym . ~(1 . .
m;Q h2,mvSZY2,'m - g% (JHinc(O)er) ) 7n;2 h2’mY2,'m — g'yn (JHmc (O)GT,) .

It suffices to substitute these expressions into the modal decomposition of (E;, Hs) given herein-
above in order to obtain the result.

5 Conclusion and perspectives

In this report, we have applied the method of matched asymptotic expansions to the electromag-
netic scattering by a small sphere. We have performed the near-field expansion at the second
order and the far-field expansion at the fifth order. We have tackled the subject from a formal
point of view by validating numerically our results, which have several direct applications. Here,
we develop the following ones:

¢ the derivation of collected models,
* the application of the Born theory to the multiple scattering.

Finally, we end this section with the on-going works and the perspectives.

5.1 Collected models

The main interest of asymptotic analysis lies in describing the leading behavior of the solution
when one of their parameters tends to zero or to infinity. For the numerical analysis, the infor-
mation is exploitable if we can indeed calculate this leading term, hoping that this computation
will be less expensive than the one of the exact solution. In the case of the sphere, we have
indeed been able to compute explicitly the first terms but we can remark that the computation
of the exact solution is less costly than the one of the approximate solution on a refined mesh.
Nevertheless, our method allows us to calculate the solution on uniform and enough coarse
meshes, that is clearly a benefit on the necessity of using refined meshes depending on the small
parameter. In order to decrease the computation time of the approximate solution, we can con-
sider a collected model which consists in assembling the different terms, not with respect to the
d-power but with respect to their nature (dipole, quadrupole, ...). From a far-field point of view,
the dipole collected model reads as

15)3 15 )
E5C01 _ |:_ ( ;5) 3((1?5) }hgl)(/ﬂ“)(’Y;(Hmc(O)) )
— |:(/€5)3 + 3(";3)0} hl ("W‘) tl::hl (KT) ’}/t(EinC(O)) _ 2[(:‘{5)3 + 3 ";g)5 hlzﬂ(fr) ’yn(Einc(O))er

Inria
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and

Kkd)® i
HE = —[(0)" + 3(13) |1V () (B (0))

(k6)? B 3(55)5} hgl)(,«;r) + Iﬂ"hgl)l(,‘ﬂ”)
2 10 )

o (HP(0)) 4 2] (D 3021 Y Ger)

+[ KT 2 10

1RT
where v, 7¢ and v, are defined by (2.7). This approximation improves the first approximation
(63Es, 6*H3) and its computation time is unchanged because it is only the dipole amplitude which
have changed. According to (A.12)-(A.13) and (A.19)-(A.20), the previous expressions can be
written in the compact form

ES! — 53{53111? [4r(1+ %)Eim(o)} + Eqes[ - 2n(1 - @)Hi“(o)} }
HEO! — 63{H§1§f [4n(1+ 3(fg)2)EinC(0)] + HpeE [ — 2n(1 - @)HW(O)} }

In Figure 11| we illustrate the performance of this collected model, given by (E$*, HS®') and we
compare this one to the first approximation (6°E3, 6°Hs).

'Vn(HmC(O))er

10_1 7\\‘ T LA T LA T \\7 1071 7\\‘ T LA T LA T \\7
© ©
—~ B 5]
< O.»O‘ o
< o o
o,lq 1075 | _‘_o"o N 1075 | ._o"'o B
8 _,o"Q ,o"o
o) e_.O O_.O
o K
& -9l o° . -9 e
5 10 o 1079 | o .
o .
8 =l 30,0
"2 o° 5-order EF ] © 5-order MF
10-13 e0od0® o Collected EF 13 coobo® o Collected MF
N (L Lol | T T T — 10_ (T Ll R A T ——
1073 1072 1071 1073 1072 10~1
1 o

Figure 11: Absolute L2-errors for far-field approximations of the electric and magnetic fields

In pre-asymptotic regime, we can remark that the order of convergence for the collected ap-
proximation is close to six but the error does not decrease a lot in comparison with the first
approximation (§°Ez, 63H3). Actually, in the fifth order far-field term, the predominant term
when § is enough large is given by the dipolar term while the predominant term is the quadrupo-
lar term when § is small. For the same computation cost, the error decreases with a factor
approximately equal to 6.0.

5.2 Born approximation

The extension to the multiple scattering can be done directly thanks to the Born model. It consists
in superposing the scattered fields by the K isolated obstacles centered in ¢, k¥ = 1,..., K.
Interactions between obstacles are neglected. By considering this approximation, the third order
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far-field terms are given by

K
~Born 1 .
B, () =n") { — 5 (klx = ey H™ ()
k=1
WY (slx = ex]) + mlx = el A (klx — e l)
ik|x — ¢

1 (sl — ex])
ik|x — ¢

%EinC(ck) _9 (Elnc< ))e(k)}

and

~Born 3 Z{ h( ) (k|x — cx|)y Einc(ck)

1 1
N ,h% el — ) b = enlVGelx = enl) e B GIX = ) e )0
2 ik|x — k] iKk|x — il
where el*) denotes the unit vector | ‘ . In Figure we illustrate this formulation for K = 13

obstacles, where the physical parameters are given in Section[3] We draw cross sections of the z
. . s e . ~Born | . .
and y- coordinates of the approximate electric field given by §°E; , in a logarithmic scale.

Y -2 =2

T Y -2 -2 T

Figure 12: Cross sections of the z and y-coordinates of the scattered electric field in a logarithmic
scale

By virtue of (2.20), the previous expressions can be put into the compact form,

~B .
Z ESe [4mE™ (c1)] (x — cx) + ERe¥[ — 20H™ ()] (x — c3)

~Born Z Hgllgc ArEC Ck)] (X _ Ck) + Hdlp [ 27THinC(Ck)] (x — Ck)~

Moreover, each of the K near-field expansions are defined in the fast variable X*) centered
around the k-th obstacle,
X — Ck

X *) —
0

(5.1)
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)
Forany k =1, ..., K, the near-field terms (E( , Hz() ) are the same than for one obstacle except
the awareness of translat10ns However, the Born model is restricted to very small obstacles, that

are sufficiently far enough away from each other.

5.3 Other perspectives

A better approximation for the multiple scattering is the Foldy-Lax model which takes into ac-
count the interactions between the obstacles. Actually, the total scattered field is obtained by
considering the superposition of scattered fields generated by the incident field and by consid-
ering also all the isolated scattered fields as new sources for the other obstacles. The scattering
problem related to this model is set by looking for an approximation of the scattered field as a
superposition of K unknowns electromagnetic dipoles

K
EX'Y = > B[] (x — o) + Ee¥ () (x — i) }
k=1
K
HY' = 3 {Hgiec (3] (x — o) + MR ] (x — o) }

b
I
—_

whose directions can be written thanks to the collected model,

3(k6)?
10

3(k6)?

E _

IYACHE dj = —2n(1—

YW (cr).

The vector fields wj (cx) and wj(c) can be determined by solving the following linear systems

k(ck) _ 53{Emc (ck) + ZESIIEC 471‘W2(cg)](0k —co)+ Edlp [— 27TW2[(05)](C;€ — Cg)} k=1,....K
{=1
Z;ék

WI]j(Ck) _ 53{Hinc + ZHEIIEC 47TW[ Cy ](Ck — Cp) + H$p [ 27‘(W?(Cg)](¢21€ — Cg)} k=1,... ,K.

Z;ﬁk

We are still investigating the Foldy-Lax model for electromagnetic waves. Our next objective is
to compare numerically the two models, Born and Foldy, with a spectral method looking like the
Ganesh’s method in [23] but adapted to small obstacles as in [4]]. In addition, the proofs of exis-
tence and uniqueness for solutions of the elementary problems as well as the convergence proofs
justifying the asymptotic expansions have to be developed in order to validate theoretically our
results. The theoretical aspects will be performed in a later paper. Finally, another perspective is
the extension to the time-dependant domain. Thanks to the identification of the time-harmonic
symbol —iw with the partial time-derivative 9;, we can plan to adapt this work on the Maxwell’s
equations in time-dependant domain, that have been already done for the wave equation in [28]]
in contrast with the Helmholtz equation in [6].
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Appendices

A Multipole theory in electromagnetism

If fields are associated with forces, potentials are associated with energy and work. In the
presence of a charge distribution p and a current distribution J in the free-space with a time-
harmonic dependency, electromagnetic fields (€, H) are generated and can be described by their
potential decomposition

1
E=-VV+ivA; H = ;curl A (A.1)
where the electric potential V and magnetic potential .4 are given by
1 : p(y) p / , J(y)
Vx:—/ exp(ik|x — dy; Ax) = — exp(ik|x — dy.
(x) = — . (ix] y\)|x7y| y () = . (ix| y|)|X7yl y

According to Equation (A.I)), applying the normalization of Table [1] the normalized electromag-
netic fields (E, H) read as

E=-VV+irkA; H=curl A (A.2)

where the electric potential V and the magnetic potential A are given by

1 1 j
Vi) = - [ etk -y 2 dyi A = = [ ek y) P gy @)

Remark 23. These formulas are also valid in electrostatics or magnetostatics, i.e. with w = 0 and
where we deal with the following equations

curlE=0anddivE=p or curl H = ! and divH = 0. (A4
C

A.1 Electric multipoles

A N-point charge distribution is an idealistic configuration for electric charge distributions. It
can be represented as a combination of Dirac distributions dy, at points x; for k& € [1, N] with
charge amplitudes g, that are constants in static or time-harmonic regime,

N
0(x) =Y aiy, (). (A.5)
k=1

The electric multipoles stem from an asymptotic process describing an ideal electric charge dis-
tribution. An electric multipole of order 2%, or electric dipole for N = 1, electric quadrupole for
N = 2, electric octopole and so forth, is obtained in bringing together a 2"V-point charge such
that:

* there are 2V ! positive charges (+¢) and 2V ~! opposite ones (—q) such that the geometric
centers of the positive charges and the negative ones are blended.

¢ the charge amplitudes are given by ¢ = J, where ¢ is measured in Coulomb and any
distance between two opposite charges is proportional to .
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Figure 13: Electrostatic dipole on the left ; Electrostatic quadrupole on the right

By in bringing together, we mean that any distance between two charges are tending towards 0,
while the amplitudes are tending towards cc. In Figure[13] we schematize an electrostatic dipole
and quadrupole, where we have denoted by ¢ the parameter supposed to tend to 0.

Electric fields are produced through a such configuration thanks to the relation E = —VV,
where V,, is the scalar electric potential induced by g in a multipolar configuration. In particular,

Equations (A.2))-(A.3) with x = 0 allow to deduce a general form of the electric field ESC created

dip
in the presence of an electric dipole centered at the origin along a direction d,
ESe(d, 1 = 0](r,0,¢) = —2_{3(d- e, (0, p))e (0, ) — d (A.6)
dip L™ O, ¢ dmr3 rv,¥))er(t,p .

where e, = (sin 6 cos p, sin fsin ¢, cos §) T. Moreover, the electric field Ef;f:d created in the pres-

ence of an electric quadrupole centered at the origin along directions (u, v), in a static regime,
can be represented as

elec 3q
quuad[m v,k =0](r,0,p) = 1671'(;"4 { [(u v)—3(u-e.)(v- er)}eT

+[(u-e)(v-eg) +(v-e)(u-eg))es+ [(u-e.)(v-e,)+ (v-e)(u- ega)}e@} (A7)

where (e,, eg, e,,) denotes the spherical coordinate system.

Remark 24. The formula can be found in [27, Section 1.16] as well as a discussion about
multipole of superior (l)rder, but in general, we do not find the formula (A.7) in the literature.
elec

The computation of Egg,4 goes through its potential decomposition (A.2) with

q(e) 1 1 1 1 }

Vquad[1, vV, £ = 0] = lim —= (A.8)

=0 A7 |[x—ci(e)] | x—c2(e)]  [x—e3(e)]  [x— cale)]

where ¢ (€) denotes the center of the k-th charge. In the configuration of Figure the centers

read as 01(6) = %, CQ(G) = —6(171, 63(6) = Ede, C4(6) = —6d72 with Cl2 — Cl1 = u and d2 +d1 = V.

Moreovert, the charge ¢ is given by ¢(¢) = %.

In classical magnetostatics, the presence of an electric current distribution j on a system of
electric dipole, drag the creation of a magnetic field. A filiform electric current distribution is
described by a curve v and a constant intensity I,

I = /j~nds, (A.9)
S
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where S denotes any wire section, ds its surface element and n its unit normal vector oriented
with respect to v, see Figure For ~ parametrized along a direction d as in Figure this
current affects the vectorial magnetic potential as

5 1
T A O B A10
dip[d; & = 0] 20 drre (/; x — sd| S) ( )

Section S

Figure 14: Filiform current between two opposite charges

In particular, Equations (A.2)-(A.I0) allow to deduce a general form for the magnetic field
Hﬁli’ff created in the presence of a filiform electric current of intensity I, between two opposite
electric point charges along the direction d,

L
HE[d, & = 0](r, 0, ¢) = —25(d x e,). (A.11)

4dmer?

In the time-harmonic regime, the charge conservation principle involves the creation of currents
in the presence of charges and reciprocally the creation of charges in the presence of currents.

In particular, the charge ¢ is linked with the current intensity I, as I, = —iwg. The presence
of an electric dipole along a direction d generates electromagnetic fields (Eﬁli‘;f, Hgli‘ff). The two

following expressions generalize the previous ones that are expressed for « # 0. According to
Equations (A.2)-(A.3) and Remark electromagnetic fields read as

47y r2 r

B [d, k] (1,0, ) = eXp(“””){ (22 ) eet (~ 5+ S n2>d} (A12)

and
elec _ exp(isr) 1 AT
Haip [d, k](r,0,¢) = B (7‘ m)( ird) X e,. (A.13)

A.2 Magnetic multipoles

The notion of magnetic multipole, although very controversial in classical physics and running
counter to the existing theory, enriches the theoretical background of Maxwell’s equations. The-
oretically, it consists in adding magnetic sources to the Maxwell’s system - a magnetic charge
density v and a magnetic current density m - related with a similar magnetic charge conservation
principle —iwv + div m = 0. These densities become sources for the following equations

divH = v and curlE—ixH = -1 (A.14)
C
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In this case, when we consider that the two other equations are homogeneous, we would have

H=-VV, +ixAn and E=—curl A,. (A.15)

By analogy with the previous section, the magnetic fields Hy’® and HZ'% created in the presence
of a magnetic dipole/quadrupole depending on respective directions d,, and (u,,v,) have the
following representations in static regime

ma, n
HIE(d,,, k= 0)(r, 6, ) = ﬁ{i’)(du e)e, — dl,} (A.16)
and
ma 3TLO
Hquagd[uwvl,7 Kk =0](r,0,¢) = 16 { [(u, - vy) = 3(u, -e.)(vy - e )]e,

+ [(uy - er)(vy-eg) + (V- ) (u, - eg)]eg + [(w, - €,)(vy - €p) + (vi, - &) (u, -e¢)]e¢}.(A.17)

Moreover, the electric field Eg};g created in the presence of a filiform magnetic current density m
between two opposite magnetic point charges of direction d,, in static regime reads as

ma, I
Edipg[dm7 k=0](r,0,0) = _47rzr2 (d xep). (A.18)

Finally, the electromagnetic fields (Eg;gg, Hg;;g) created in the presence of a time-harmonic mag-

netic dipole along a direction d, are given by

mag _expinr) J 3 3ik 5 (g, _L iR

HeE[d, 1] (1,0, ) = 02 {( n)(d er)er—f—( - —&—T—i—ﬁ;)d (A.19)
and

_exp(ikr)

Edip [d, 5](r,0,¢) =

ma (1 —ir) (~ind) x e,. (A.20)

47r T

B Solutions of time-harmonic and nested Maxwell equations

B.1 Well-known properties on the scattering by spheres

Modal decomposition of solutions of Maxwell equations results from the spectral decomposition
of tangential vector fields in L?(82), where 82 is the unit sphere. A tangential vector field A in
L?(8,) reads as a series which converges into L?(S,)

A= N Vs Yo + A, curlse Y, (B.1)
n=lm=—n

where §, denotes the sphere of radius p, see for instance [17,130,31]]. The coefficients A;; ,, and
Ah.m are defined as the projections of A onto the orthogonal basis of the tangential vector fields

in L?(8?), composed of vectorial spherical harmonics Vg:Y,, ,, and curlg2Y,, ,,,

1
n(n+1)

— 1
A-VeVom(@)ds: AL — -
/Sp 821In, (‘T) s n,m n(n+1)

X —
)‘n,m -

/ A curlg2Y), , (T) ds. (B.2)
s

O p
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The spherical harmonics Y, ,,, constitute an orthonormal basis of L?(8?), see [31]],

2 1(n— !
Yom(0,0) = \/ n4: EZ m :Tmn:;!Pn,m(cos 0) exp(imep). (B.3)

For any integer m € [0,n|, P, , is the m-th Legendre function of order n defined for ¢t € [—1, 1]
by

m d m
Pom(t)=(1—-1%)% (dt) P, (t) (B.4)
where ¢t — P, (t) is the Legendre polynomial of order n
(=)™ (d)" 2

P,(t) = — 1—t)™. B.5
®) 2nnl \ dt ( ) (B.5)

The tangential operators Vg2 and curlg: are given in spherical coordinates by

1 1

Vs2 = 0geg + m@, €y ; curlg2 = Vg2 x e, = maw ey — Oy €,. (B.6a)

Proposition 2. The vectorial spherical harmonics Vg2Y,, ,, and curls:Y, ., are the eigenvectors
with multiplicity 2n + 1 associated to the eigenvalues —n(n + 1) of the vectorial Laplace-Beltrami
operator Ag: defined on the unit sphere, reading as

Ag2 = Vg2 (divgz2) — curlgz (curlg:), (B.7)
where surface operators divgz and curlgz are respectively dual operators of Vg2 and curlg: for the
pivot space L*(8 ). In particular, the following properties hold

1 ||VseYnmll§ se = lleurls2Yy,ml[§ 52 = n(n +1) ;
2. the vectorial spherical harmonics are orthogonal in pairs and for (n,m) # (n',m’), we have

Vs2Ynm - Vs2Yy py ds = / curls2Y,, ., - curlg2Y,: 1, ds = 0. (B.8)

82 82

The tangential trace decomposition in L2(8?) is the first step to determine modal de-
composition of solutions of time-harmonic Maxwell equations. The second one is the use Debye
potentials, see [30], which introduces a link between a scalar solution u of Helmholtz equation
and vectorial solutions of time-harmonic Maxwell equations given by

1
(curl (ux) , —curl curl (ux)). (B.9)
1K
When w is a singular solution of Helmholtz equation, v can be represented as the series which

converges in LZ (R3\ {0}),

oo

= Z Z Un,m hstl)(md)yn,m(f)a (B.10)

n=0m=—n

where L2

2 .(R3\ {0}) is the space of scalar functions u such that

Vip € €°(R?), + = 0 in a neighborhood of 0, u € L?(R?). (B.11)

The function h{"” denotes the n-order spherical Hankel function of first kind and we have the
following properties:
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Proposition 3. For any n > 0, the spherical Hankel function of the first kind A s defined as
h%l) = jn + iyn, Where j, denotes the spherical Bessel function of order n and vy, the spherical
Neumann function of order n. Both are solutions of the spherical Bessel differential equation in C*,

c;ir (7"23%) + &2 r%u = n(n + 1)u. (B.12)

The spherical Bessel functions are smooth nearby 0 whereas the Neumann functions are singular.
Moreover, the spherical Hankel function can be described as a Laurent series expansion in a neigh-
borhood of 0 as

()= > bue2t. (B.13)

l=—n—1
The coefficients b, ¢ read as
ing ff—nisevenand { > n
Dne=<19e ifl{—nisoddand{> —n—1 (B.14)

0 otherwise

where j,, ¢ and v, ¢ are coefficients into series expansions of j, and y,, given by

L—n
VT (=)= . .
. 0 — de>
jne = { 26T (Em) T (AT 1 1) ift —nisevenand £ > n
0 otherwise
£4+n+1
VT (=1 > . :
_J=nmH - — ift —nisoddand { > —n — 1
e = 2T (B LG8 1 1)
0 otherwise

with T" denotes the Euler gamma function, see [25]] for more details.

The coefficients u,, ,, in (B-10) are defined as the projections of « onto the basis of L?(8?)
composed of Y,, ,,, on every sphere §, of radius p > 0

1 ~
o = 15— /S W)V (7) ds. (B.15)

P

Then, the associated Maxwell solution u is also singular and reads as the following series which
converges in Hjo(curl ,R?\ {0}),

[e'e) n t
u= Z Z {u,fymcurl (WD (k7)) Yom (T)x) + u;m curl curl (A (kr) Yo m (Z)x) } (B.16)

The complex magnitudes u,; ,,, and u;, ,,, are defined as the projections of n x u onto the basis of

tangential vector fields in L2(82) on every sphere § o of radius p > 0

X >‘1>1<m t lﬂp/\;’ m (B 17)
Up,m = — ’ ; Up,m = — : / ) .
) (sp) " ) (sp) + bl ()
with A\ and X}, ,, are spectral coefficients (B.2) with A = n x u.
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B.2 Solutions of time-harmonic Maxwell equations as series

A singular solution (E,, H,) with p > 3 of the time-harmonic Maxwell equations reads as the
following series which converges into Hy,.(curl ,R3 \ {0}), see for instance [30],

3 S A (r)eurlge Yo+ B0 Vs Yo + B ()Y e, (B.182)

n=1lm=-n

Z Z h(p) >< Cur|S2Yn m + h ( )VSQY —+ h(p) r( )Yn’mer. (B.18b)

n=1m=-n

Convergence results are detailed in [26]. The radial coefficients are defined as projections of the
vector fields onto the basis of L?(8?) composed of curlg:Y}, ,,,, Vs2Y,, », and onto Y, e,

1 - -~ 1 . S
e x -~ [ E,(r,7)- curlg:Y, d-h<p)’X:7/H 7) - curlg2Y, , ds ;
Eam Y /52 »(1 @) - curlg2Y,, o, ds; o n D) Jse »(1 @) - curlg2Y,, ., ds;
1 -~ S ~ 1 ~ S
"'(p),tzi E A'V.ZYnmd ) hp7t: / H A.V2Ynmd 3
en,m n(n+1) /82 P(r?x) 8 s S5 n,m ’I’I(’I’L+1) 32 P(Tﬂx) 8 ) S5
gpr — / E,(r, %) €Y, ,ds; pPlr — / H,(r, %) - e,Y, , ds.
, s> , 52

According to Eq. (B.16)), these projections can be expressed thanks to the Hankel functions Ay

e = w B (sr); I = —uilit i (sr) (B.192)
MO _ wlP):x ,
elp)t — (h(l)(lﬂ') + nrh(l) (kr));  RPhE= T (h;l)(nr) + krhll) (k1)) (B.19b)
’ iKT : iKT
(p),t (p),x
g = Pt D o, e 1t DUty (B.190)
o iR e KT "

where the complex magnitudes u,, %’f and uﬁf z,f are modal coefficients 7) with u = E The
magnitudes u(p )X and u(p )t are not only defined through the spectral decomposmon of E but
are also related to the modal decomposition of near-field terms using the matching COI‘ldlthI‘lS
(4.18). These conditions allow to establish that in (B.18)), only a finite number of coefficients
are not equal to zero. To give details of this dependence, the study of behavior of the far-field
terms (E,, H,) is required. That goes through a Laurent series expansion of the Hankel functions
of the first kind hSL ) According to Proposmon 3| the radial coefficients 3(P):* (” ) tand <>(” )T for

nm’

o = e or h can be described as Laurent series expansions in a nelghborhood of 0 as

=il D0 bualan) RO = —u® Zhy (1) (B.202)
l=—n—1
S =l D Ot (g 1 9)er)t s R = uld) > Dotel iy 4 9y er)t (B.20b)
, , i ! 7 ;
l=—n—2 l=—n—2
~(p).r 00 T (p),r 00
_fnm L (p)t Dnet1 0. M — (), Bn,e+1 ) B.20
TL(TL + 1) Up,m EZ_ZH_Q i (HT) 5 n(n T 1) Uy m Z_;_Q 71 (HT) . (B.20c)
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B.3 Solutions of the static and nested Maxwell equations as series
B.3.1 Solutions of the static Maxwell equations as series

A regular solution (Ep,o, Iflp,o) with p > 0 of the homogeneous static Maxwell equations in the
exterior domain () reads as the following series which converges into H(curl , (2),

Z Z ﬁZIZ (Vs2Ynm( ) — (n+1)Yn,m(£)er) (B.21a)
n=1lm=-—n

n h(l))
ST Y e (90Y, @) (0 DY@l ). (B.21b)

n=1m=-—n

The spectral coefficients éﬁlp )., are defined as projections of Epyo onto the vectorial spherical har-

monics Vg:Y,, ,, on the unit sphere 82,

1 ~ _
e - E . ls2Y, ds.
er), OES) /52 (e, x Epp) - curls2Y,, , ds

The others coefficients ﬁ%p Zn are projections of I?Ip,o onto the basis vector fields Y,, ,,e, on 8,

1

W= =g L (o o) T s

In order to obtain the boundary conditions (4.13) and apply the calculation of these coefficients
in pratice, we require the following recursive relations for any p > 0,

~p) _ _ inc . . Y
e = n+1 Z o /52 e, X (d*E™(0) - e2)) - curls2Y,, ,, ds

\I—
P

E - n n
_ Z P n Bne—n—1 er=0  (B.22a)

nm
n h
—1 n,—n—1

and

hp), = n+1 > a,/ - (d"H™(0) - e7) nmds—zme Dnton-1 h@ D, (B.22b)
82

la|=p hnfn 1

The coefficients ,, , denote the coefficients before the ¢-power of r into the expansion as Laurent
series of the n-order Hankel function h$ of the first kind, see Proposition

Remark 25. Expressions in equations (B.21)) define a regular solution of the homogeneous static
Maxwell equations in exterior domain 2. To show that, we go through intrinsic expressions of
the rotational and the divergence of a smooth vector field u = u,e, + uy, given by

1 1
— O [RPur] + Jdivseue  (B.23)

1 1 1
curlu = —curlg2u; + —curlg2u, + =9z |Re, X u¢| ; divu =
R 8 t R 8 T R R[ T t] 9 R2

where the operators curlgz and divg2 denote respectively the dual operators of curlgz and Vg:
for the pivot space L?(82). Since the following properties hold

CUI‘152V32Yn)m =0; e X VSQYn,m = —CUI’|32Yn)m ; diV32V32Yn)m = —n(n + I)Yn,m (B.24)
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we observe that (E, o, H, o) satisfies

~(p)
o= 23" 3 T 1k Dewrlye - (14 Doy x ViV =0
n=lm=-—n R
h(P)

O3 1 n,m
culH, o = = Z Z iz [— (n+ Deurlg2Y, m, — (n+ 1)e, X Vg2V, 1] =0 :

n=1m=-—n

o n Ap)
- 1 En,m .
div Ep,o = ? Z Z R+ [ (’n + 1)Yn,m + leSQVSZYn,m] =0 ;
n=1m=-n
N 1 00 n ’}i(pzn
divH,o = — > T [n(n +1)Ym + divs: V2 Yy m] =0
n=1lm=-—n

B.3.2 Solutions of the nested Maxwell equations as series

Proposition 4. For any p > 0, a solution (Ep, IA-Ip) of the nested Maxwell equations reads as the
following series which converges into Hy,(curl ,R3 \ B(0,1))

P P
E, =Y E.; =Y H,, (B.25)

£=0 £=0
where
- Z 5;’?2;1’ (R)curlsz Y, + 270 ((R) V2 Yo + 2807 ,(R) Yo mer (B.26a)
e S 3 AW Yo+ R 0o 4 B T (5260

n=1m=-n

The radial coefficients are given by

.0 - X

A(p) X K l hn,@—n—Q E(p_z) . Tl(p),x K 1 Bn,e—n—2 A(p z) .

n m,l Rn+2ff n h 1 n,m ) n,m,l Rnt+2— £ n b 1 ’
s _ K L=nm fJnf L ) S N (O SN Sk hn#nfl Pr-0)

n ml Rn+2_g n hn o n m ) nmt R+2—¢ n hn,—n—l n,m

/ L

s _ K barna o). e _ K bnrna H=0)

7L me — Rn+2_‘€ h (n + ].) en’m ) hn,m,é - - Rn+2_€ h (n + 1) hn,m

n,—n—1 n,—n—1

Remark 26. In (B.26)), the series with £ = 0 correspond to the series expansions of (Ep,o, Iflp,o),
according to the following identities

~(p)

/e\(p),x —0: /\(p) o €n,m . /e\(p I n+1 /e\(p) .
n,m,0 — Y n m,0 — Rn+2 ) n,m,0 — Rn+2 n,m?
7(p)
P . pose b PO X ()
n,m,0 ’ n,m,0 RPt+2° n,m,0 rnt+2 mme

Remark 27. The sub-terms (EM, I?IM) are built such that they satisfy sub-nested Maxwell equa-
tions in the following sense

cur B,y = ikH, 141 in Q; curl Hy = —ikE, 14 1 in Q. (B.27)
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In (B.27), we use the convention EM = I?IM =0if p < 0or ¢ < 0. If each sub-term (EM, ITIM)

satisfies the equations (B.27) then the near-field term (E,, ﬁp) defined as (B.25) satisfies the
nested Maxwell equations (4.9).

Proof of Proposition[d] The famlly (Ep., H,() satisfies the nested Maxwell equations (B.27). Ac-
tually, we apply operators (B on the previous series in order to compare them to the modal
coefficients of (irHp_1 1, —iKEp_Lg_l),

curlE, , =

n
= X = t = r
E E (curl Ep,g)n77rbcurlngn,m + (curl Ep7g)7l7mV52Yn’m + (curl Epyg)n,mYn’mer
n=1m=—n
curlH, , =
n

oo

- X - t - r
E E (curl H,,,g)nmcurlszYn’m + (curl Hp’z)mmv‘gzyn’m + (curl Hp74)7hmYn,mer
n=1

where the modal coefficients of (curl Ep ¢, curl ITIM) are given by

=~ \x 1), Rt g o\x (), 1 7(p)st
(curl Ep’f)n,m = R npmr[ _ Ra [ npnl A ; (CUI’I Hp,g)nﬂn = hnpmr[ _ E&z I:Rhn?TM,E] ;
(curl /E\p’e);,m = aR[ e, mXZ:I : (CUI’I ﬁp’z);,m = 8}{ [Rhn m Z] ;
~ 1 ~ 1)~
(curlEpy), . = (n: )*n”i@ E (curlH, ) = %h;pm
That is due to the properties (B.24) and also to the following one
curlgzcurlg2Y;, , = n(n + 1)Y,, . (B.28)
Expanding radial coefficients of (curl Ep,g, curl ﬁpyg), we observe that
-1
- (=1) =7 hn,—1)—n-1 70 Slp=1),t
(curl Epz)n m = W Rn+27(471) n n,—n—1 h7£m = en bl
PN AL By n H=0 gP-1)r
(curlEpy),, ,, N Rere—-n) Ty, (1) ol = G
-1
= t . —K (f_ 1) —n hn (L—1)—n—1 /\(p g) o . (p—1),t
(curlH, ), = —ik R+2-(0—1) n Bnn1 A
(corl Fp) = —in Bt gy = — ik R
p,L n,m Rn+27(571) bn,—n—l n,m - n,m,f—1
and 1
= x i1 (1 20— )hnﬁnlz\( 0
(CUI’| Ep7g)n)m R"J"Q @« Brn1 npm
-1
~ X . —1iK 1 f(l +2n — )hn L—n—1 7( /)
(curl le)n,m = W =) o, B —n_1 ham” -

Furthermore, we have (1 +2n —£)h,, ¢—n—1 = by ¢r—n—3 and then, the set of shadows (Ep,@ Iflp’g)
satisfies the nested Maxwell equations (B.27). Finally, the sum of shadows satisfies the property
(4.15) becausen +2 —¥¢ >3 —pforanyn > 1and ¢ < p. O
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B.3.3 First terms of the near-field expansion as finite sums

The decomposition for solutions of tie-harmonic Maxwell equations can be extended to more
complex geometries as well as these ones for the time-harmonic Maxwell equations, but in gen-
eral the series are infinite, see [26] [30]. In the case of the scattering by a sphere, in particular
considering the boundary conditions (4.13)), these series are actually finite sums. The following
corollary that is a consequence of and (4.13), characterizes the zeroth order near-field
term (Ey, Hp) as a finite sum of dipoles.

Corollary 1. The zeroth order near-field term (IA:'O, IA-IO) have the following modal decomposition

1 1
~ 1 ~ 1 ~
Eo=— > @0 [VerYim —Mime|: Ho=— 3 B [VsYim = Wime | (B29)

m
m=—1 m=—1

The result is due to the following lemma in which we decompose a vector field in the basis of

the spherical harmonics. Then, we observe that in (B.21)), there is only a finite number of radial

coefficients éﬁg?n and ﬁSf’?n not equal to zero. In particular, it is for n = 1.

Lemma 1. Let u be a constant vector field of R3. Let us denote (u1,us,u3) its coordinates in the
canonical basis of R3. The normal and tangential traces of u on 82 read in the basis of spherical
harmonics as

up + tug /87 UL — Uy \/87 47
U= —4/—Y; _ —4/—Y; —Y B.30
Tl 5\ 3 1+ 5 3 V11 + usy 5 Y10 ( a)
] uy — tug | 8w 47
Yed = T gvngL_l + T ?VS2YL_1 “+ us ?VS2Y1,0. (BBOb)

The following corollary characterizes the first order ner-field terms (El, ﬁl) as a finite sum of
dipoles and quadrupoles.

Corollary 2. The leading part of the first order near-field term (IA:'LO, IA-ILO) have the following modal
decomposition

2 2
~ 1 ~ 1 ~
El,O = ? Z é\(zz}y)n |:VS2Y2,m - 3Y2,’m,e7' 5 Hl,O = ? Z hélzn [VSZYVQ,W - 3}/2,'me’r' . (B31)

m=—2 m=—2

The associated shadows (E—m, IA-IM) have the following modal decomposition

. 1 . 1
~ 1K ~ -~ K
Ei=—r5 ) h"), curls: Y, ,, ; Hii= 2 1é1?;cur182y1,m. (B.32)

m=-—1 _

The result is due to the following lemma in which we decompose a vector field reading as
Me,, where M is a constant matrix, in the basis of the spherical harmonics. Then, we observe

that in (B.25)-(B.26), there is only a finite number of radial coefficients 6%1,2,1 and B;{Zn not equal
to zero. In particular, it is for n = 2.

Lemma 2. Let M be a constant matrix of size 3 x 3. Let us denote (m, ;) its coordinates relatively
to the canonical basis of R3. The normal and tangential traces of the vector field Me, on 82 read in
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the basis of spherical harmonics as

mi1—m 8 mio+m 8
%(Mer):¥ /”(Yzﬁyg,g) 1’222-2’1\/7(1/221/2 )+
mis+msy (8T You+ Yo 1)+ ma3+msz |87

ms.s 167
: Y5 Ys : —Y
2 15 ( 2 75 (21— Vo) + 5 V5 20
2mg 3 —mi1+m 4 mi1—m 8
Ve (Mer) = =23 21’1 22 \/ £V52Y2,0 + %\/ i (Vs2Ya, 5 + Vs2Y30)
8
+ w‘ /£<v52y2771 + V52Y2)1) + w /7(V82Y2,1 _ VSQYZA)
4 15 41
L2t ST Gy, VY o)+ B ST (v ) curlse Yy )
1 15 (Ve2T22 s2Y2 o 1 3 s2Y1,1 s2Y1 1
139 — /8 -m /4
+ w ?ﬂ-(CUﬂSzYiJ + Cur152Y17_1) + w %Cul’ls2yl,0.

C Analytical solution of the scattering problem by one small
sphere

In this section, we develop the Taylor expansion of the analytical solution of the electromag-
netic scattering by a small sphere. The result validates the expression of the far-field expansion
(6%E3, 0°H3). In a first time, we recall some results about regular solutions of Maxwell expan-
sions in order to introduce the modal decomposition of the incident field.

C.1 Analytical decomposition of the incident field

The incident electromagnetic fields (E™, H™) are regular solutions of the time-harmonic Maxwell
equations, in any bounded domain of R3. Then, we can decompose these ones into the basis of
regular solutions of the Maxwell equations, related to the spherical Bessel functions j,,, see [30],

Emc Z Z { ;L mjn KT curlngn,m(f)

n=1m=-—n

L gine [jn(li’l“) —|— krjn (KT) Ve Yom(3) + j"_<mn)n(n + 1)yn’m(§)er(x)} } (C.1a)

T KT KT

and

Hmc Z Z {_ },rllcm]n HT)CU"|S2Yn,m(i7\)

n=1m=—n

e [J + K1yl SR R
+hine [1”(”“") K1 (A7) V2 Y m(3) + 2 L,(Kr)n(n—k 1)1/",,”(3;)&.()()} (C.1b)
’ 1RT 1RT

In (C.1I), the modal coefficients have the following expression for any § > 0,

inc ) 1 / ine .

Fnm T TS (k8) + ol (k0) n(n + 1) " 6}(n x E™)(x) - curls:Y,, ,(Z) ds (C.2a)
: 1 1 . L

hyS, = —= 7/ n x E™)(x) - Vs2Y,, 1 (Z) ds (C.2b)
’ Jn(K0) n(n+1) Sy 5}( )(x) - Vs (@)
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where n denotes the outward normal unit vector to B(0, §).

Lemma 3. The sums of dipoles in the modal decomposition of the incident field are given by

1 . 1 .
> el Vs Yim = z—nE™(0); > el Vi = 51 E™(0)  (C.3a)
m=—1 J1,1 m=—1 2]1’1
1 . 1 .
inc _ v l_linc . inc _ v l_,inc b
Z hlijSZYVI,m - 2] Vt (0) ’ Z hl,m}/lfm - 2] Tn (0) (CS )
m=—1 L1 m=—1 b

where j;,1 = denotes the first coefficient in the expansion of the spherical Bessel function j,, see
Proposition

Proof The result is obtained by identifying the Taylor expansion of (E™, H"™) in a neighborhood
of 0 _ ' _ _
E™(x) =E7(0)+ 0 (r); H™(x) = H™(0) + O (r)

with the expansion of the modal decomposition in a neighborhood of 0 given by

1
Emc(x) = 71%’1 elln(;n |ZVS2Y1,m —+ Y177,Ler:| —+ @) (’I")
i : : )

r—0
m=—1

. 1
i 211 i

HIHC — 2752 hlnC |: Y m Y m T:| .

(x) = — > B, [VseYim + Yime + 0 (1)

m=—1

C.2 Analytical decomposition of the scattered field

According to (B.18), the solution of the exterior Maxwell problem have an analytical solu-
tion. Actually, the scattered fields (Es, Hs) can be decomposed in the basis of singular solutions
of the Maxwell equations,

Es(x) =Y > hym(0)h) (5r)curls> Yy, ()

n=1m=-n

+ enm() [

W)l ) o e )
; 8§2Inm

: n(n+1)Y, n(T)e.| (C.4a)
KT QKT

and
Hs(x) =Y Y —enm(®)h) (sr)curlsY,, m (2)

n=1m=-—n
+ h'n,m((S) |: VSZYn,m(i\) + 3
1RT 1RT

In (C.4), the modal coefficients depend on the small parameter § through the expression (B.17)

Ay (kr) + m‘hs)/ (kr) A (kr)

n(n + 1)Yn,m(a?)e,} (C.4b)

iKkd 1 / . -
enm(d) = _ n x E™)(x) - curlg2Y,, ,,,(Z) ds (C.5a)
) R (k6) + k6hGY (k6) n(n + 1) {|x\=5}( ) - curls )
1 1 . .
hy, m(0) = / n x E™)(x) - Vg2V, (Z) ds (C.5b)
( ) hﬁf)(né) n(n—|—1) {\x|:6}( )( ) 8 ( )
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Remark 28. Identifying (C.2) and (C.5)), we observe that

jn(’%é) + '%5];1(’{5) inc

in (KO
(1) (1) Cn,m s hn,m(5) — J (H )
hn (Ii(S) Hdhn (K?(;) ’

hin
A (k6)

n,m:-

(C.6)

enm(0) =

This relation makes evident the dependence in ¢.

The following proposition gives the Taylor expansion of the exact solution (Es, Hs) at the
fifth order. That allows to find the third order far-field term again given by (2.10) and also the
expression of the collected model presented in Section

Proposition 5. The analytical solution (Es, Hs) have the Taylor series expansion when § tends to 0,

1 3(/15)2 (1) i
_ 3 - nc
Es(x) = (k) {(2 0 )hl (kr)veH™(0) x e,
3(K0)? hﬁl)(mr)mmﬁl)'(w) inc 3(Kd)? hgl)(m“) inc
- (1+= ) - 7E™(0) - 2(1 HSTY ) i ET (O
5
%)
and
3(k0)? ;
H;s(x) = (né)?’{ (1 - %)hgl)(nr)%Emc(O) X e
1 3(kd)? h§1)(mr)+nrh§1)/(m) inc 1 3(kd)? hﬁ”(m) inc
+ (5 EST) ) i 1H™(0) +2<§ T)) ) i mH O
5
+ 5(—20(5 )
Proof. By injecting the expressions and into (C.4), we obtain
jl("ﬂ;) { (1) inc
Es = — —hy(kr)H(0) x e,
g hgl)(mé) D1 ! (k1)1 (0)
. v ; (1) )+ h(l)'( ) h(l)( )
B (.1])1(l€(5) +/€(5j}1()/?5) K [hl (kr ~rhy ” (r 2 ER(0) + 2 KT vnEmC(O)er] L €a(x)
RV (k6) + kOB (k) 21 LRT (47
and
. y . .
H6 _ ]]_(K/(S) + K/é]l(fié) (3 (1) (,‘ﬁ?")’ytElnc(O) X e,

7 . h
hgl)(né) + méhgl) (k6) 211 !

. . (1) (1)’ (1)
Jji(k6) i [hl (k) + Krhy” (K1) ine hy (k) L ine }

- - - H™(0) +2—— ~H" (0)e, | +
hgl)(né) 211 Ve (0) inr Y (0) $5,2(x)

1IKT

where the remainders &2 and £ 2 are of second order (n > 2) into the expansions (C.4). We
remark that €5, and §; are in O(6°) when § tends to 0. Then, we expand the coefficients
depending on §

Ji(kd) i W6)P + [ s Jiabio ](“5)5+5OO(56)
e

hVY (ko) b1-2 bi—2  (b1,-2)?
. y . . .
51(55) + fi5]1l(fjé5) _ 2 e [211,1[71,2 4j1,3 (K0)* + O (6%
W (k6) + koh{M (k6) b1,—2 (b1,—2)*  b1,—2 50
and we inject them into the previous expansions in order to obtain the result. O
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The following proposition gives the Taylor expansion of the exact solution (Es(d - ), Hs(d - ))
at the first order. That allows to find the first near-field term again, given by (2.14).

Proposition 6. The analytical solution (Es(d - ), Hs(d - )) have the Taylor series expansion in fast
variable, when ¢ tends to 0,

Es(0X) = 5 (270 (E™(0)) e, — 2 (E(0))] + 0 (6)

5—0

[2%(:4"6(0))@ . %(Hf“(()))} + 0 (9).

Hé ((5X) - 5—0

283

Proof. Thanks to the Taylor series expansion of (E;, H;) in Proposition 5| we have

(1) (1)’ (1)
hi”’(kOR) + KORhy (KOR) i hi” (kOR) i
_ 31 "1 1 inc _ 1 inc
E(;((SX)_(MS)[ e v (E™(0)) 2 — 7 (E"€(0)) e, +.0 ()
H;(0X) = (k6)? ) sdw) + o) (o) (H™(0)) +7hgl)(“5“) (H™(0))e,| + O (6)
LR =R 2iK6R n ikoR " O] T 550\

According to the Laurent series expansions of the spherical Hankel function of the first kind, we
have

_2h§1)(H5R) _ 2(]17_2

-3 -1
(k0R) ™% + O(571) — Z

(kOR) 2+ 0(57 ).

 h{Y(woR) + woRA (KOR)  Buo
iKOR g

Then, we obtain easily the result by substituting the previous expansions into the one of (Es(d-), Hs(d)).
O
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