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model

PaorLa GOATIN* Ni1coLAS LAURENT-BRoOUTY!

April 6, 2018

Abstract

We study the behavior of the Aw-Rascle-Zhang model when the relaxation parameter
converges to zero. In a Lagrangian setting, we use the Wave-Front-Tracking method with
splitting technique to construct a sequence of approximate solutions. We prove that this
sequence converges to a weak entropy solution of the relaxed system associated to a given
initial datum with bounded variation. Besides, we also provide an estimate on the decay
of positive waves. We finally prove that the solutions of the Aw-Rascle-Zhang system with
relaxation converge to a weak solution of the corresponding scalar conservation law when
the relaxation parameter goes to zero.

1 Introduction

Conservations laws have first been used to model traffic flow as a fluid in mid-fifties by Lighthill
and Whitham [33] and Richards [38]. This became the Lighthill-Whitham-Richards (LWR)

model, which consists in a single conservation law accounting for the conservation of cars:
owp + 0x(pv(p)) =0, reR, t>0, (1.1)

where p = p(t, z) represents the density of vehicles on the road and v = v(p) denotes the mean
velocity of the flow. In order to capture particular characteristics of traffic flow, like stop-and-go
waves, second-order models were developed afterwards. The first one was the Payne-Whitham
model (PW) [36] [42]. Unfortunately, as mentioned in [21], it presents some drawbacks, like the
unrealistic fact that information may propagate faster than the actual velocity of cars. Taking
these limitations into account, Aw, Rascle [5] and Zhang [43], proposed a new two-equations
model, which is referred to as the Aw-Rascle-Zhang (ARZ) model:

{atp + 2(pv) =0, zeR, t>0, (1.2)

0t(v + p(p)) + voz(v + p(p)) = 0,
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where p(p) is a pseudo-pressure function accounting for drivers’ anticipation of downstream
density changes. To ensure that system ((1.2) is strictly hyperbolic, with a genuinely nonlinear
and a linearly degenerate characteristic fields, we impose the following constraints:

p>0,  plp)=0, pp)>0,  2p'(p)+pp"(p)>0. (1.3)

Subsequently, in [37] and [23] the authors suggest to add a relaxation term, to ensure that
the velocity of the flow is relaxed towards the equilibrium speed:

dep + 0z (pv) = 0,
{@(U +p(p)) + v (v + p(p)) = L=, (1.4)

where V(p) > 0 is a non-increasing function which represents the equilibrium speed, and § > 0 is
a relaxation parameter. To ensure a well-defined problem, the system must satisfy the so-called
sub-characteristic condition [14, [15] :

—p'(p) <V'(p) <0 for p>0. (1.5)

Note that if p'(p) = —V’(p), the system can be decoupled and reduced to the scalar case [31].
The case V'(p) = 0 does not make sense for traffic modeling, since it would imply that the
equilibrium velocity is independent of the density. Multiplying the first equation of by
p'(p) and subtracting its terms to the second equation, we obtain:

{@p + 0x(pv) =0,

o0 + (v — ppl () s = (1)

Vip)—v
—.

Under hypotheses (1.3]), the associated homogeneous system is strictly hyperbolic (away from
vacuum) with eigenvalues A\; = v — pp/(p) and A2 = v.

The conservative form of ((1.4]), (1.6]) is given by (see [5]):

{atp + 0z(pv) =0,
&1(p(v + p(p))) + Ox(pu(v + p(p))) = pYE=".

Defining w := v + p(p), we obtain:

Orp + 0z (pv) = 0,
Vi(p)—v (17)
Or(pw) + Oz(pvw) = p—55—,
which can be rewritten into Lagrangian coordinates (7', X) [18] as follows. We denote by 7 the
specific volume, such that 7 = %. Using the notations

we obtain the following equivalent hyperbolic system

orT — 0xv =0,

V(r)—v

1.8
o D (18)




where

with initial data

{T(O’ )=, (1.9)
w(0,-) = wy.

Remark. We remind the reader that systems and are equivalent if we consider classical
solutions, but weak solutions must be treated more carefully, particularly in the presence of
vacuum. We refer to [41] for precise equivalence conditions between weak solutions of Eulerian
and Lagrangian systems.

In Lagrangian notations, the sub-characteristic condition (|1.5) becomes

P(r) < =V'(1) <0. (1.10)
The homogeneous system in admits as eigenvalues \; = (1) = —p?p’(p) < 0 and Ay = 0,
and the associated Riemann invariants are w and v. The first characteristic field is genuinely
nonlinear, while the second is linearly degenerate. The system is a Temple class system, since
shock and rarefaction curves coincide [40].

The literature about relaxation limits of hyperbolic systems of conservation laws is huge,
starting from the seminal paper of Chen, Levermore and Liu [I4], which is based on the com-
pensated compactness method. Results relying on the Wave-Front Tracking (WFT) method
[20] 25] were obtained in [2] for the 2 x 2 elasticity system and in [I] for a 3 x 3 system modeling
multiphase reactive flows. For works concerning traffic models, we recall the result by Lattanzio
and Marcati [27] on the Payne-Whitham model with relaxation, which proves the convergence
to the equilibrium solutions for L* initial data by compensated compactness. Several results
by Li [28, 29, 30, 31}, 32] concern either different models, or an ARZ-type model in which the
pressure p satisfies p'(p) = —V’(p). They are mainly achieved using Glimm’s scheme or finite
difference approximations.

In this work, we provide a rigorous proof of existence of solutions for the relaxed ARZ system
, as well as the convergence of these solutions to the equilibrium LWR equation

Oy — 6)(17(7') =0,

as § — 0. The proofs are based on the construction of approximate solutions by means of
the wave-front tracking technique. This choice is motivated by the lack of Total Variation
(T'V) bounds on classical finite volume (Godunov) approximations, which were used in [4]
0, 23]. Indeed, it is well-known that, since these schemes are constructed taking means of the
conservative variables, they are not able to preserve the total variation of Riemann invariants. In
particular, in the case of the ARZ system, they may not capture correctly contact discontinuities,
and adapted schemes must be used [I3]. This point will be discussed in the Appendix.

The paper is organized as follows. In Section [2] we detail the construction of WFT approxi-
mations and we derive the necessary L™ and T'V uniform bounds to guarantee their convergence
towards a solution of , which is detailed in Section (3l In Section 4| we prove some decay
estimates for positive genuinely nonlinear waves occurring in solutions of system . Finally,
Section [5] is devoted to the proof of the relaxation limit.



2 WFEFT approximations

In this section, we construct wave-front tracking approximations of the solution following the
approach developed for similar cases in [2, [7]. The approximate solution is constructed in a two-
step process, which successively solves the homogeneous system for a given piecewise constant
initial datum, and then integrate the source term contained in the following ODE:

Vir)—w
—

wy =

Given two constants 0 < 7 < 7 < 400, let us define the domain E as

E = E(+,7) := {u — (rw) € [£,7] x [0, +o0[: minV(7) <w = p(r) < w < max (V(7) +ﬁ(7))} .
T T

In particular, note that vacuum states are excluded by the above domain. For any M > 0, we
define the family of functions:

D(M):={u:R—-E: TV(w(u)) + TV (v(u)) < M},

where v(u) = w — p(7) is the second Riemann invariant.

2.1 Construction of approximate solutions via wave-front tracking
Given a fixed time horizon T > 0, consider a sequence of time-steps At” > 0, v € N, such that
At — 0. Let Uy = (10, wo) € D(M). For each v € N, the interval (0, T") can be partitioned in

segments of the form [nAt”, (n + 1)At”], n € N. We denote U (t,z) = (7%, w")(t,x), t € [0,T1],
x € R, the sequence of WFT approximations of the solution of system (1.8). We construct it
iteratively, for each v € N, with the following process:

1. Define a sequence a piecewise constant functions U} = (7§, wg) € D(M) satisfying:
14 14 1 v 1
TV (wg) < TV (wo), lwg — wollLe < 176" = 7ol < (2.1)

R
Nl

TV (0(Ug)) < TV (v(Uo)),  [lv(Ug) =o)L= < =, [[o(Uy) = v(Uo)[lLr < (2.2)

The existence of such U} is provided by [8, Lemma 2.2].

2. For each v € N, the piecewise constant function Uj has a finite number of discontinuities.
Solve the homogeneous system

{an —dxv =0, 23)

ﬁtw = 0,

for each Riemann problem arising at all discontinuities for ¢ € [0, At”) using wave-front
tracking method [7], and name U¥(t,-), t € [0, At"), the corresponding piecewise constant
function.

We recall that the system (2.3) admits as eigenvalues \; = 7 (7) = —p%p'(p) < 0 and
Ao = 0, and the associated Riemann invariants are w and v. Each Riemann problem
can thus be solved by a shock or rarefaction with negative speed and/or a stationary

-1
contact discontinuity. More precisely, we fix the parameter €, = 23#, and we consider



an approximate Riemann solver in order to generate piecewise constant approximate so-
lutions. In particular, the solver does not modify shock waves and contact discontinu-
ities. Any rarefaction is approximated by a fan of waves of size €, moving with speed
ZTo(t) = A (7, w)(t, xo+) and thus violating the Rankine-Hugoniot and the entropy condi-
tions with a global error of order O(e,) (see [8, Section 7.1]). The approximate Riemann
solver can then be applied at each discontinuity, and the corresponding solutions be prop-
agated until a wave interaction occurs for ¢ < AtY. We can assume without loss of
generality that only two waves interact at a given time, by possibly altering slightly their
speed. When two waves interact, a new Riemann problem can be solved approximately
and the solution prolonged until the next interaction.

3. At t = AtY, we define
(A, ) = TV (A =, ), (2.4)

V(v (At ) — o(UY (AtY—, "))
5 .

Note that 7 is conserved during the splitting scheme, while w is updated according to the
relaxation term:

W’ (ALY, ) = w! (A —, ) + At (2.5)

_ V() —v~
wh =w" + At()é,
see Figure [T}
+
L, Wy (P Ting th
T, wl_ TT?wr_ t'r:

Figure 1: Notations used in step 3.

4. Treat UY(AtY,-) as a new piecewise constant initial condition and repeat the previous
steps 2-3 to define the solution U¥(t,-) for each t € [0,T], for any T' > 0 fixed.

We observe that for each v the total number of waves generated is finite. It does not increase
when solving the homogeneous system between two consecutive time-steps, and can only
increase by a finite rate at each time-step t = t,, = nAt”, n € N, when generating approximate
rarefaction fans.

2.2 Estimates on WFT approximate solutions

In order to achieve the necessary L* uniform bounds, we identify the invariant domains [24] of
system ([1.8]). For simplicity of notations we fix v > 0, At = At” and work on U = U".

Lemma 2.1. For At <9, the set E is an invariant domain for the proposed WFET scheme.

Proof. 1t is obvious that the domain E is invariant for the homogeneous system, since w and v
are the two Riemann invariants of the system. Let us therefore focus on the evolution step 3.
Skipping the index v for simplicity, we remind that we have:

wt =+ S (- ) =u (13 + 5 (T + ).

5



A At ~
vi=wt —p(r) = v 1——t +ftV(7')
) )
Let v~ = (7,w™) € E. The inequality v* < w™ is straightforward.

Assuming At < §, we distinguish the following situations:

e Case 1: The velocity is above the equilibrium speed

v 2 V(r)ew = V(r)+p(7)

Then

therefore u™ = (7,w*) € E.
e Case 2: The initial velocity is below the equilibrium speed
v <V(r) e w <V(r)+p((1)

Then

The uniform T'V bound is provided by the following lemma.

Lemma 2.2. For At < §, the total variation of the Riemann invariants of the constructed

approrimation UV is non-increasing in time:

TV (w”(t,-)) + TV(v(U"(t,-))) < TV (wy) + TV (v(Uy)), for a.e. t > 0.

Proof. When solving the homogeneous system in step 2, the total variation of both Riemann

invariants is non increasing in time since we are dealing with a Temple system [7].
focus on the evolution of the total variation at step 3. We recall that

Tt @) = 7(t;, ®),

wth ) =w(t,,z)+ % <\7(T) —w —i—ﬁ(T)) (t, ).

Therefore
i = | = |y =)+ 5 (V) = V@) + (o7 = o) = Gy - wf)”

6



v — vf‘ = ‘(w;r —w) — (p(m) — B(m))

9

(wy —wy) + % [(f/(n) - f/(n)) + (p(m) = p(m)) — (wy; — wl_)} — (p(7r) — (1))

We distinguish three cases, depending on the wave arriving at ¢t = ¢, .

1-rarefaction wave. We denote by U; and U, respectively the left and right states of the
wave hitting the line t = ¢,, at t = ¢,;. Let us consider first the case where U; and U, are
connected through a rarefaction wave. This implies w,” = w,” and 77 < 7. (and v;” < wv,;7). In
addition, V is an increasing function of 7, ie V(1) < V(7). The same way, p is a decreasing
function of 7. Thus p(7;) > p(7,). We have:

~ B
>0 s

v — v;" = ’% \(‘7(7}) — f/(n)) ~|—<1 — %) (15(77) —15(7'1")) ‘
>0 20

In addition:

wr_—wl_’—i— UT_—’UZ_‘Z vr_—vl_‘ = p(n) — p(7r).

By applying the sub-characteristic condition ([1.10f), we have:

Tr

B —9(m) = |

p'(7) dr,
<0

Tr Tr

) ) = |

Q)

7 (r)| dr = f

U

V' (7) ’dT V() - V(n).
——

Then:

Since At < 9, we get

Finally,

w, —w;‘ +

w:’—wf‘vL

+ +| —
v, —vl‘—

v, — |,

thus the total variation of the Riemann invariants is conserved through the splitting step.



1-shock wave. We now assume that U; and U, are connect~ed by a shock. This means
that w, = w; and 7, > 7. We also have, by monotonicity of V' and p, V(7)) > V(7.) and

p(1) < p(1). We can apply the same computations as before:

wf =i | = 5| (V) = () + (3() — () |
<0 >0
ot =ut] = |5 (Vo) - vw) + (1-5) G — ) |
<0 <0

In addition,

w, —w;‘ + (v, —Uf‘ = |v, —Uf‘ = p(rr) — p(m)-
The sub-characteristic condition still yields that :
B(ry) = B(n) = V(n) = V(7).

Thus we have

Finally,

w;“—w;“‘—l—

+ +| _ o= - - -
v, —vl‘— wr—wl‘+ v, — ’

2-contact discontinuity. We now consider the case where U; and U, are connected through
a 2-contact discontinuity, which means v;” = v,”. We compute

i =t | =|(@tm) = 3m) + 5 (V) - 7).

o =t | = |twr = u) + 5 (V) - 7)) = (3t) — )| -

5

In addition

wy —wp |+ oy = | = [wr —wp | = [5(n) - (n)

We note that
(5(r) = B(m)) - (V) = V(7)) <.

Since At < 9, we have:

wit = g = s (5(0) ~ ) (3) = o) + 5 (V) = 7)) ).

8



o | = —san (0tr) — p(w) 5 (Vi) V()

and thus

+ + — -
. — W w, —w,

+ +| _ - -
. ‘— v, — ’

O]

Lemma 2.3. Let v € N and U} € D(M). Then there exist a constant Cps independent of 6,
and a constant Ly such that, Va <b,V0 < s <t:

b
f (X)) — 775, X)|dX < Cug(t — 3), (2.6)

fb " (t, X) — w” (s, X)|dX < (Chr + Ls)(t — s + At). (2.7)

Proof. Lemmas and imply that U(t,) € D(M) for all t > 0. Let s,t € R such that
0 < s < t. If there are no time-steps between s and ¢, (2.6) and (2.7)) are true for any Ls > 0, as
a direct application of Temple-class system properties, see [39, Theorem 13.3.1] and [7, Theorem
1].

Suppose now that there are NV + 1 time-steps between s and ¢:

s<kAt< (E+ 1At << (k+ N)At<t for >1,
so that NAt <t —s.
Let a < b given and X €]a,b[. We can then write:
k+N-1
|77 (t, X) — 77 (s, X)| = |7"(t, X) = 77((k + N)At,X) + Z ((i + 1)At, X) — 7V (iAt, X))

+ 7 (kAt,X)—T (s, X)|
k+N-1
<IPEX) = NALX) 4 3 (4 DAL X) =7 GAL X)

+ |7' (k:At,X) —7Y(s, X)|.
Since 7 does not change through the splitting process, we can apply the previous property
between two consecutive time-steps to obtain (2.6)):
E+N—1

J\T (t, X) — (s, X)|dX < CM[(t—(k+N)At Z At+(k:At—s)]

< CM(t — S).

For the second inequality, we have to consider an additional term, since w" is modified at each
splitting-step. We can then write:

k+N kN A
Z J lw” (iAt+, X ) — w” (iAt—, X)|dX = Z f|v (iAt—, X)) — v(iAt—, X)|dX

A;uv +1(b—a) swp V()= —3(r"))
UveD(M)



< Ls(t — s + At),

where

O wp 7))
UveD(M)

Ls =

Summing this term with the estimates that remain valid between two consecutive time-steps,

we obtain (2.7)). O

3 Convergence of the WFT approximate solutions to a solution
of the relaxed ARZ system

The following theorem ensures the existence of weak entropy solutions of the Cauchy problem
(L-8), (L.9).

Theorem 3.1. Let Uy = (19, wo) € D(M) for some M > 0, and denote by U® = (19, w®) the
limit of a subsequence UY = (¥, w") of WFT approzimate solutions as v — oo. Then U° is a

weak entropic solution of (1.8), (1.9)).

Proof. The proof follows the guidelines of [I9]. The existence of the limit U® and the convergence
in L} ([0, +oo[ xR) is guaranteed by [8, Theorem 2.4]. Moreover, each component of U? satisfies

loc

[E6) and (7).
System ([1.8)) can be rewritten as:

U+ [F(U)]x = G(U),

U= (Z;) - PO = <(woﬁ(7))) . GU)= (V(T)(?vﬁ(f))) -
0

Let T > 0 a given finite time-horizon. Let ¢ € CL([0, T[ xR). For U? to be a weak solution of

(1.8), it must satisfy:

+00

with

$(0, X)US(X)dX + JOT foo[gz)t(t, X U°(t, X) + ox(t, X)F(U(t, X))]|dX dt

—00

T r+oo
+J f $(t, X)G(UP (£, X))dXdt =0 (3.1)
0 J-oo

We define N” € N such that T = NYAt¥ + g%, 5% € [0, At”[. We will proceed component by
component. Let us begin with 79.
For each k € {0, .., N,, — 1}, since 7" satisfies the first equation of ((1.8) we have:

(k+1)At" +o0 +00
f f [0 — b (w” — prN]aXdt = [ o((k+ )AL, X)r((k + 1)At—, X)dX

kEAtY —00 —00
7 srar, Xy (kA s X)dx (3.2)

—0o0

Then
T r+o0
J J (i7" — px (W’ — p(7¥))]dX dt =
0 —00

10



NY—1 ~(k4+1)AtY 40 T +00
> | o - oxtwr — s axar + | " foo (607" — dx (w” — p(r"))]dX dt

k=0 kAtY —00
+00 +00
— | H(NYA, X)TY(NYAF—, X)dX — | (0, X)r7(0+, X)dX
—00 —ao0

T +00
- JN”Atu foo (i7" — dx(w” — p(7"))]d X dt.

Thus, by reordering,

+00

(b(O X)1o(X dX—i—J JJFOO [peT" — px (w” — p(77))]dX dt =

+00

+00
H(NVA, X ) (N At —, X)dX + JN . f [ — dx (w” — p(r¥))](t, X)dXdt.
v tV

—0o0

Since T'— NYAt” < At”, and since ¢ has compact support, there exist 1 such that:
o(t,X) =0, VYv>nVXeRVt=N'At".

Thus the right hand side converges to 0 when v — 00 and then 79 satisfies (3.1)).
Let us now consider w’. The approximate function w satisfies:

(k+1)AtY r+o0 +00
J orw”dXdt = o((k+ DA, X)w"((k + 1)At—, X)dX
kAt —o0 —0
+00
- oA, X)w” (kA" +, X)dX
o
= o((k+ 1A, X)w”((k + 1)At"—, X)dX
—0
+0o0 (7 (VN oV
| e(kAt, X) [w”(kAt”—,X) n At”V(T()SU(kAt”—,X)]dX.
—0

Then we get

JTFOO@w"dth_ Z f [ ((k + DA, X)w ”((k+1)At”—,X)—qﬁ(kAt”,X)w”(kAt”—,X)]dX
0 J—oo

NY—1

- Z j (kAL X AtW(mtu,X)dX

T +00
+ J qbtw”dth

NVYAtY J—o0
+0 +00
= O(NVAtY, X)w” (NVAt'—, X)dX — ?(0, X)wo(X)dX
— 0 -0
NY—1 (7 (VN _ oV
- Z f o(kAtY, X AtV(T()SU(kAt”—, X)dX
T +0o0
+ f dprw”dXdt. (3.3)
NVYAty J—o0
By the same argument as before, picking At” small enough, we have:
d(NVAtY, X)w” (NVAt'—, X)dX + f prw”dXdt = 0.
—0 NVAtY J—owo

11



Let us define the sequence of functions ¥* such that

v & e v V(TV) — v v
W) = D Xppaw menae((t) p(kAt”, X) (kA" —, X)dX. (3.4)
k=0 —®

: 2
Setting for any (7,v) € RZ

NGt V(r)—wv
gt X,7,0) = D Xpaw,(ernyae| () ———
k=0

(kAL —, X),

we observe that gl, converges uniformly to V(Té)w on compact subsets of [0,T] x R x R%r. In

addition, 7 — 7% and v” — v° in L} . Thus, for almost every t € [0, 77

0 (7 6_v6
it o) V)

—00

(t, X)dX = O(t).

We notice that

TN —1 +00 V(Y — ¥
J WY (t)dt —J X[k, (k+1)Ae[ (1) (kALY X) (™)

(kA —, X)dX dt

NVY—1 T +o0 "N/ 7_1/ _,Ul/

- > f X[k, (k+1)aw[(t)dt ¢(kAtV,X)(()5(7€AtV—,X)dX
k=0 0 —00
NY—-1 400 (7 (VN __ UV

= > A ¢(kAt”,X)V(T<)$U(kAt”—,X)dX.
— —®

By the Lebesgue dominated convergence theorem,

T T
Jm [ o= | oo

Passing to the limit in (3.3|) we recover

+00 +00
qb(O,X)wg(X)dXJrJ f ¢t(t,X)w5(t,X)dth

—00

+00 )
j gth dXd,t—O

Therefore the limit U° of our sequence of approximate solutions is a weak solution of (1.8).
Let us prove that U? is an entropic solution as well. We fix a smooth convex entropy 1 with
associated flux ¢q. By definition, it satisfies:

2
for z e RY.

Existence of such an entropy, entropy-flux pair is guaranteed by [14, Theorem 3.2].
Let ¢ € CL([0,T[,R), ¢ = 0. We need to show that

T r+oo
[ [ [0 x) + e, 2060, )

12



+ V(U (¢, X))G(t, X, U (t, X)) o(t, X)}dth + m o0, X)n(US(X))dX =0.  (3.5)

—00

As we did in , we can write:
T r+o0
j f (U7 0)0n(0,X) + (07 )) 60, ) X

Z f [ ((k+ DA —, X))o ((k + DA —, X) — n(U”(kAt”Jr,X))(;S(kAt”Jr,X)]dX

n f JM [n(U”(t,X>>¢t<t7X> ¥ q<U“<t7X>>¢x<t,X>}dth 1 0(e).
NvAw J—

By the same compactness argument than before, we state that the last integral is identically
zero for At small enough. The remaining terms give

JT roo [n(U”(th))qbt(t,X) - q(U”(t,X))%(t,X)}dth

ZJ [ (U (kAL — ))gi)(kAt”—,X)—n(U”(kAt”+,X))gz5(kAt”+,X)}dX
k=1

+ f n(UY(NYAt"+,X)) p(NYAt"+, X ) dX — w (0, X)n(Up(X))dX + O(ey)
— 0 T — o

— At Z f Qun(U” (KA +, X))V(T()s_v(kAt”—,X)q&(kAt”,X)dX

(M &0, X)n(Uo(X))dX + O(e,).

—00

With the same reasoning as before we pass to the limit using the Dominated Convergence
Theorem, obtaining the desired inequality ({3.5). O

4 Decay estimates of positive waves

Oleinik type entropy estimates [34], 35] are known for scalar equations [26], genuinely nonlinear
systems [9], 10, 12], in particular of Temple class [3| [I1], and also balance laws [16] 17, 22]. In
this section, we provide a decay estimate for positive waves of the ARZ system with relaxation,
accounting for the source term contribution.

Proposition 4.1. Assume that Icg > 0 such that Yu,u' € E:

A (w) = M(w)] = B (1) = 7' ()] < co,
|AL(u) = Ao ()| = |P'(7)] = 2co. (4.1)

Then, there exists a constant C' > 0 such that, for any interval |a,b[, for any time horizon
T > 0, and every initial condition (L.9), the measure piy+ (]a, bl) of positive 1-waves contained
in the solution of (1.8) satisfies

ikt (Ja,b]) < Cb_TaeC%(TV(wo)+TV(vo)) + C% (TV (wo) + TV (v0)) - (4.2)
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Proof. Consider the sequence U (t,z) = (7%, w")(t, z) of piecewise constant approximate solu-
tion constructed by the WFT algorithm proposed in Section In Riemann-invariant coordi-
nates, we denote this approximate solution by W* = (v, w"), and then 7* = (p)~}(w” — v*).
We recall that a backward 1-characteristic is an absolutely continuous curve z = x(t) such that
x(t) € [M(WP(t,x(t)+)), M(W¥(t,z(t)—))], see[8, Section 10]. On each subinterval [t,, tyn+1],
if z(t) does not coincide with a wavefront x,(t), then @(t) = A\ (W¥(¢,z(t))). Else we have
z(t) = zo(t). We call y(t) a minimal backward 1-characteristic through a point T if

y(t) = min{xz(t), z is a backward 1-characteristic, z(T) = Z}.

Let us fix T > 0 and an interval ]a,b], and call t — a(t); t — b(t) the minimal backward 1-
characteristics passing through a,b at time T'. Let I(t) =]a(t),b(t)]. We call z,(t) the position
of wavefronts at time t. Each wavefront belongs to a family k, € 1,2 with a size o,. The first
family is genuinely non-linear, thus we set o1 = A\ (WY (t,z4(t)+)) — MM(W¥(t,z4(t)—)). The
second is linearly degenerated, then we take o9 = w”(t,z4(t)+) — w”(t, x4 (t)—).

Let z(t) := b(t) —a(t) = 0.

2(t) = b(t) — a(t) (4.3)
= M (WY (t,b(t)+)) — M(W" (¢, a(t)+))
= D MVt za(t)+) = MW (Eza(t)-))]

ka=1,2
za (t)EI(t)
= D AW (taa®) + D, AW (L za(t))).
ka=1 ka=2
To(t)el(t) Zo(t)EI()

3(vas wa) : AN (WY (t, 24(t))) = Vowdi (va, wa) - (WY (t, za(t)+) — WY (t, za(t)—))

1 1 w’ — v
_ p (Zj ( a)) (w”(t,:va(t)—i-) _ w”(t,:ca(t)—)) .

Since the domain E is compact, the mapping WY — A;(W") is Lipschitz continuous with
Lipschitz constant C,, = max |% ()| see (T3).
re(r7) P'(7)

For almost every ¢ (outside splitting moments), from (4.3|) we obtain

Z(t) = M(t) — CpLK(t), (4.4)

with

ka=1 ka=1
za(t)el(t) za(t)el(t)
K'(t):= > oal= D |w(t,za(t)+) —w”(tza(t)-)|. (4.6)
ka=2 ka=2
zo(t)el(t) zo(t)el(t)

To estimate K"(t), let

Ot) = D bt za(t)|oal,
xalf?):?(t)
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with

1 if x < af(t),
o(t.z) == { M5 Y it w e [at),b(1),
0 if > b(t).

Away from interaction points and splitting times the |o,| are constants and in |a(t),b(t)] we

have by ()

d b(t) —xa(t)  2(t)(b(t) — za(?))
_ () —a(t) + |b(t) — a(t)]
h z(t)
<_ 0
RTON
therefore
b(0) < — K

At interaction points (except splitting times), the quantity >}, _, (¢, z4(t))|oa| is constant,
since wave strength does not change when measured in Riemann coordinates (and for a linearly

degenerate field). Thus
A(t) — %z(t)cb(t) — M"(t) = 0. (4.7)
0

We seek now for a uniform bound for M¥(t):

MY(t) = Y MV (tza(t)+) = M (W ( za(t)-)))
xalz?)zll(t)
Note that Vko = 1,24(t) € I(1),
I(Va, wa) : AN (WY (t, 24 (1)) = ViwAi (Va, wa) - (WY (E za(t)+) — WY (E, za(t)—))

__p”(p_l(w(’;—vg)) v (t, x — WY (t _
= T Ty ) VBT~ aa(t)-)

Now observe that

MY (t) := Z (V" (t, wa(t)+) — V¥ (t, 20(t)—))
ko=1
zo (HEI(t)
is constant except at splitting times, since we are in the case of a Temple class system, and is
equivalent to M" again due to the Lipschitzianeity of the mapping W — A\ (W), see (1.3).
Let us estimate the changes occuring when the source term is integrated at a given splitting

V(p—(w” =) — v

time t = t,, = nAt”, for a given n. Setting gj(t,z) = (x,t), we have:

0
MY (ty+) = D"t zaltnt)+) — 0" (tn+, Ta(tn+)—))
ko (tn+)=1
Za(tn+)el(tn+)
= Z (Uy(tn_a To(tn)+) = 0" (tn—, wa(tn)_)) + AtY (gg(tn_> Ta(tn)+) — g5 (tn—, l‘a(tn)_))
ZTa(tn)el(tn)
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= M"(ta=) + Y A (g5 (ta—, altn)+) — g5 (tn—, Ta(tn)—))
o (tn)el(tn)
where we used that if there is a 1-wave in x,(t,—), then there is at least one 1-wave in x,(t,+).
For each v, we define N” such that T € [NYAt",(NY + 1)At”[. Assume now t € [(Ny —
1)At”, NoAt¥[. Since M is constant outside of splitting times, we have:
NV
MY(T) = M"(t)+ . AM(t,)
n=Np
~ N¥
=M+ D D A (g8 (b= Taltn)+) — g5 (tn—, Ta(tn)—))

n=No zq (tn)el(tn)

Therefore we have:

~ N nv
MY(t) > M) _ CL(M”(T) - DA (g8 (tn— Taltn)+) g’g(tn,xa(tn)))>

C
M n=No Ta (tn)el(tn)

NV

M” 1
= — Z axa<tn)+)_gg(tn_7xa(tn)_))~
M 1 =No watn)el(t )

Then from we recover

NV
z~<t>_%z<t>¢><t>_M DS AL (g (b Talta) ) — g8 (tn—, Taltn) )
o M 1 =No wa(t)el (tn)
which can be rewritten as
z‘(t)—sz(trb(t)—MC”; LY A b)) — b t))

n=No xq(tn)€Il(tn)

b Z DA (g5 (tn— Ta(tn)+) — g8 (tn— e (tn)—)) |
n=1zq(tn)el(tn)
N

_ Z ATV (g(; (tn—,-); I(tn)) .

Hence the solution of (4.7)) satisfies:

o Cpcb (t)dt MV(T) v Tt d(s)ds
AT) = b < 0+ | T - @ Z ATV (g8 (tn—, ) I(tn)) L fo o e(s)ds g,
Nv
Sg CPCD (t)dt MV(T) » J Sé Cpq,
> e’ <o - — At'TV tn—,); I(ty €0 dt ,
3,y 2 ATV (e i) ) |
which gives
cyz(T)e Sg%) <
MY(T) < i e +ear D) ATV (g8 (tn—,); I (tn))
SO o dt n=1
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202(T) 7 Cog -
< CM;()e o S PO G err ATV (g8 (bns ) I(t)) -

n=1
By the same process as above, we can estimate the contribution given by ® as follows:

T NY

f b(t)dt = O(T) — 3 (®(nAt+) — B(nAt—)) — B(0)
0 n=1
> &(T) — ®(0) — NZ |AD(nAL)|
> O(T) — 2(0) — > |AKY(nAt)]
n=1
v
= (I)(T> - (I)(O) - Z ATV (gg(tn_7 ')§ I(tn))
n=1

since ¢ is time-continuous, and we obtain

A2(T) (T Ceg) -
M¥(T) < M=me o Yt + e D) APTV (g8 (ta—, ) I(t0))
n=1
2 T) Cp NY v . ¥
< ML) S (HO—0 M n ATV R0) oy 3T ATV (g5 (0 ): (t0).

n=1

This estimate remains valid for any finite number [ of disjoints intervals I; = ]a;, b;]. We
call MY (T') the sum of strength of of 1-waves in W¥(T,.) contained in ]a;, b;] and write
TV (g4(t,-); Ii(t)) the total variation associated to the interval Ja;(t), b;(t)]:

M;(T) = > Oa

kazl,xae]ai,bi]

We now consider a given open-interval Ja,b[. We assume that the front tracking approxi-
mation U initially contains N shocks emanating from the initial datum. We can now define
half-open disjoint intervals I; = ]a;, b;], 1 < i < N + 1, such that:

e cvery l-rarefaction front in W" at T lying in |a, b[ is contained in an interval I;.

e cach interval I; can only contain shocks originating from the integration of the splitting
term at a time t¢,,, and cannot contain shocks originating from the initial datum.

The measure of positive 1-waves in W¥ (T, -) is then

l
= > M(T). (4.8)

i=1
We have the following bound:
l
22 TVi (95 (tn—, ) Li(tn)) < TV (g5 (ta— );]a, ) - (4.9)
i=1

By definition of T'g5 (¢, -), we have
TV (g4t ):Ja,b0) < 5TV (Vo (w” = o)t )sJasb) + TV (o1, 1a )
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< % (TV (w”(t,-);]a, b)) + TV (v"(t,-);]a, b[))
< % (TV (wg) + TV (vf))
< S @V () + TV(00)).

where we used the Lipschitz-continuity of Vo 5! on the domain E and the result of Lemma
Finally we get

l 2 N Cp ®;(0)—®;(T T% TV (w0))+TV (v C
< il a) 3 (O sV e TV (TV () + TV (uy))
b—a) SE(eO)+T VP TV (wo)+TV (v C
< C‘%W( Ta)e K ( o o 0))> + CMT% (TV (wo) + TV (vo))
b—a &2(1Tvw TVpTVw TV (v T
< C?w aeco < (wo)+ (TV (wo)+TV( o))> + CMCVpg (TV(wg) + TV(UO)) ’
proving (4.2]) with C' = max {C?\/je pTV(wo), erCyp, So ’ Cpgvp} -

Remark. Unfortunately, the lower semicontinuity of the total variation does not allow to pass to
the limit as v — o0 in the term TV (g§ (tn—,); ]a,b[) to recover a sharper estimate depending
on the time integral of the total variation of the relaxation term.

5 Convergence of the relaxed ARZ system towards LWR equa-
tion

We follow the methodology of [2]. For each é > 0, we constructed a sequence of approximate
WEFT solutions whose limit solves ([1.8) in the weak sense. We recall that under the assumptions
of Lemma for any a < b and 0 < s < t they satisfy estimates and (| .

b
f 7t X) — (5, X)|dX < Cur(t — 9,
f ¥ (1, X) — w” (s, X)|dX < (Car + Ly)(t — 5 + Ad).

To pass to the limit as § — 0, we need a stronger estimate on L.
Lemma 5.1. Under the same assumptions of Lemma[2.3, we have the following estimate:

g f IV (70(X)) = v0(X)|dX. (5.1)

a«.m

Proof. Let § > 0 and v be given. For each k > 1, we define:
9;:_r = fb V(¥ (kA +, X)) — v¥ (At +, X)|dX.
We develop
b
= j V(77 (EAt"+, X)) — vV (KAt +, X)|dX
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A;V(V(T”(k:At”—,X)) — 0¥ (kA —, X))) |dX

_ (1 _ A;”)g,; (5.2)

Therefore we get

- f [V (r (ALY, X)) <v”<kAt”—,X> +

J— + _
I — k-1 =

= fb V(1% (kA —, X)) — v” (kA —, X)| — [V (7 ((k — 1)AtY+, X)) — 0¥ ((k — 1) AtV +, X)|dX

(V(T”(kAt”—, X)) = V(" ((k — 1)At'+, X))) — (w” (kA —, X) — w”((k — 1) A+, X))

s

+ (B (A=, X)) = (7 (k = DAL+, X)) | dX

< sup (Vo (7)) + |- (7)) Crr A
UveD(M)

<KiAt, (5.3)

where K1 :=  sup (|Vo(7")| + |p,(7*)|)Cps. Combining (5.2) and (5.3) we obtain:
UveD(M)
1

k—1 ¢ k—
_ y AtY AtY n
g, < KiAt Z (1 - ) + (1 - ) 9%

1=0

k—1
AtY
< K6 + (1 — > a5 -

0

As in the proof of Lemma we write:

k+NY np
> f lw” (it +, X) — w” (iAtY—, X)|dX =
i=k Y@

AV k+NY
= 9;
5 i=k

v —1
A BN AtY

i=k

A k—1 A NY+1
<K1(t—s+At”)+g0+<1— 5) [1(1 5) ]

Taking At” < %, we have 2 ( — M) > 1 and

)

RENT (b AtV AtV
3 J [ A+, X) = w’ (I =, X)|dX < Kt — s+ M) + 2 (1= =5 | (N + D)=
i=k Y@
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< (t—s+ AtY)

+
Ky + 2'9((5)6;].

Then the result holds with another constant Cj; large enough. O

We can now present the main result of this paper.

Theorem 5.2. Let Uy = (19, wg) € D(M) for some M > 0, and denote by U = (7,w) the
limit of a subsequence of weak entropy solutions Ud = (r°,w?) of (L.9), (1.9), as 6 — 0. Then

w = V(T) +p(T) and T is a weak solution of the scalar Cauchy problem:

ot — xV (1) =0,
T(O’ ) = 7—0(')7

Proof. First we remind that the constant Cj; in (2.6) and (2.7) does not depend on §. In

addition, thanks to (5.1, the constant Ls can be bounded uniformly as § — 0 on any set

[1/n,0[x[—n,n] for n € N. If % < s < t then, for a given constant C' only depending on the
initial datum, there holds

XeR, t>0. (5.4)

Ls < %(b —q)e s, (5.5)
For n fixed, the right-hand side goes to zero with §.

By Helly’s theorem, there exists a subsequence d; — 0, such that the sequence (7
verges to a function 7 in L} ([0, +oo[xR). In addition we have by construction 7(0, -)
and the limit also satisfies the Lipschitz inequality.

For w we can reason on the set [1, +oo[x[—1,1]. We can extract a subsequence 5,% from oy,
such that w® converges to a function w in L} ([1,+o0[x[—1,1]). Passing to the limit in
we obtain

%) con-

7o(")

w(t,) = V(T(t,-) +p(7(t,-))

on the set [1,+00[x[—1,1], and then 7 — V(7). = 0.
Similarly, for any n € N, we can extract a subsequence 6;’ of 62}*1 such that w’ converges
to w in L}, ([1/n, +00[x[—n,n]). For any £ < s <t, (5.5) combined with (2.7) provides:

fn (Bt X) — (s, X)|dX < Cuglt — 3. (5.6)

—-n

We can then construct by a diagonal process a sequence (7% ,w’ ) that converges to (7, ) in

L} .(J0, +o0[xR). For any compact subset of [0, +00[xR, we know that (7%, w’) converges

to (7,w) in L}, ([1/n,+o0[x[—n,n]), and it is bounded by construction. Therefore, we get
convergence in L} ([0, +o0[xR).

Inequality (5.6)) holds for any 0 < s < ¢t and any n € N, we can thus pass to the limit when
t — 0, and define:

w(0,-) = limw(t,-) = lim V(7(t,")) + B(7(t,-) = V(7o) + B(70(-))- (5.7)
Then 7 is a weak solution of (5.4), which corresponds to the usual LWR model. U

Remark. Proving that the solutions of the ARZ system with relaxation ([1.8]) converge to the
(unique) entropy weak solution of ([5.4)) is still an open problem, see [27], Section 5] and [2], Section
4] for related discussions. The mild decay estimate (4.2) does not give useful information for
5 — 0.
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Appendix A TV bounds: Failure of Godunov scheme

The present work was motivated by the lack of complete convergence results of the relaxed ARZ
model (|1.4) to the equilibrium LWR equation

Orp + 6IV(p) =0.

Following [4, 23], we made the choice of working in Lagrangian coordinates, which greatly
simplifies computations. The same procedure could be carried out for the original problem in
Eulerian coordinates. Besides, as mentioned in the introduction, the choice of the WE'T scheme
for constructing approximate solutions was motivated by the lack of TV bounds on classical
Godunov approximations. This was already pointed out in [37] for system , but remains
valid in Lagrangian coordinates. Indeed, Godunov scheme for the homogeneous step reads
(see [, Eq. (4.8)])

n+l _ _n At n n
T =T +E(vi+1_vi)’
n+l _ . n

w:

w; )

see also Figure 2l Note that, in general, the solution of the Riemann problem with initial data

U, U, accounts for a wave of the first family traveling with negative speed and a stationary

contact discontinuity.

n+1 n+1
Ui i+1
T T tn+1
| |
| |
| |
| |
| |
| |
: :
1 1 tn
Ti-1/2 Tit1/2 Li+3/2
Un n
A i+1

Figure 2: Notations used for Godunov scheme, with U = (7%, w}).

By construction, and relying on the fact that 7 is a conserved variable, we have that
e <Tf,7'ﬁr1), with the notation I(a,b) := [min{a, b}, max{a,b}]. Therefore p(r"*1) €

I (;5 (Tf) , D (Tﬁ1>), since p is monotone. This gives

et = ()t =5 (rt) ) = 1(ofol + (0 - ulh) ) 1 (0Folh).

; n n ; ; n+1 n ,n ;
since w;' — w;’; # 0 in general. In particular, we may have v;'"" ¢ I (vi ,U; +1>' This may

generate spurious oscillations around contact discontinuities, see for example [13].

21



References

1]

[2]

D. Amadori and A. Corli. Global existence of BV solutions and relaxation limit for a model
of multiphase reactive flow. Nonlinear Anal., 72(5):2527-2541, 2010.

D. Amadori and G. Guerra. Global BV solutions and relaxation limit for a system of
conservation laws. Proc. Roy. Soc. Edinburgh Sect. A, 131(1):1-26, 2001.

F. Ancona and P. Goatin. Uniqueness and stability of L® solutions for Temple class systems
with boundary and properties of the attainable sets. SIAM J. Math. Anal., 34(1):28-63,
2002.

A. Aw, A. Klar, T. Materne, and M. Rascle. Derivation of continuum traffic flow models
from microscopic follow-the-leader models. SIAM J. Appl. Math., 63(1):259-278, 2002.

A. Aw and M. Rascle. Resurrection of “second order” models of traffic flow. SIAM J.
Appl. Math., 60(3):916-938, 2000.

P. Bagnerini and M. Rascle. A multiclass homogenized hyperbolic model of traffic flow.
SIAM J. Math. Anal., 35(4):949-973, 2003.

P. Baiti and A. Bressan. The semigroup generated by a Temple class system with large
data. Differential Integral Equations, 10(3):401-418, 1997.

A. Bressan. Hyperbolic systems of conservation laws, volume 20 of Ozford Lecture Series
in Mathematics and its Applications. Oxford University Press, Oxford, 2000.

A. Bressan and R. M. Colombo. Decay of positive waves in nonlinear systems of conserva-
tion laws. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 26(1):133-160, 1998.

A. Bressan and P. Goatin. Oleinik type estimates and uniqueness for n x n conservation
laws. J. Differential Equations, 156(1):26-49, 1999.

A. Bressan and P. Goatin. Stability of L* solutions of Temple class systems. Differential
Integral Equations, 13(10-12):1503-1528, 2000.

A. Bressan and T. Yang. A sharp decay estimate for positive nonlinear waves. SIAM J.
Math. Anal., 36(2):659-677, 2004.

C. Chalons and P. Goatin. Godunov scheme and sampling technique for computing phase
transitions in traffic flow modeling. Interfaces Free Bound., 10(2):197-221, 2008.

G. Q. Chen, C. D. Levermore, and T.-P. Liu. Hyperbolic conservation laws with stiff
relaxation terms and entropy. Comm. Pure Appl. Math., 47(6):787-830, 1994.

G. Q. Chen and T.-P. Liu. Zero relaxation and dissipation limits for hyperbolic conservation
laws. Comm. Pure Appl. Math., 46(5):755-781, 1993.

C. Christoforou and K. Trivisa. Sharp decay estimates for hyperbolic balance laws. J.
Differential Equations, 247(2):401-423, 20009.

C. Christoforou and K. Trivisa. Decay of positive waves of hyperbolic balance laws. Acta
Math. Sci. Ser. B Engl. Ed., 32(1):352-366, 2012.

R. Courant and K. O. Friedrichs. Supersonic Flow and Shock Waves. Interscience Pub-
lishers, Inc., New York, N. Y., 1948.

22



[19]

[20]

[21]

22]

[23]

[24]

33]

[34]

[35]

[36]

G. Crasta and B. Piccoli. Viscosity solutions and uniqueness for systems of inhomogeneous
balance laws. Discrete Contin. Dynam. Systems, 3(4):477-502, 1997.

C. M. Dafermos. Hyperbolic conservation laws in continuum physics, volume 325 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemati-
cal Sciences]. Springer-Verlag, Berlin, 2000.

C. F. Daganzo. Requiem for second-order fluid approximations of traffic flow. Transporta-
tion Research Part B: Methodological, 29(4):277-286, 1995.

P. Goatin and L. Gosse. Decay of positive waves for n x n hyperbolic systems of balance
laws. Proc. Amer. Math. Soc., 132(6):1627-1637, 2004.

J. M. Greenberg. Extensions and amplifications of a traffic model of Aw and Rascle. STAM
J. Appl. Math., 62(3):729-745, 2001/02.

D. Hoff. Invariant regions for systems of conservation laws. Trans. Amer. Math. Soc.,
289(2):591-610, 1985.

H. Holden and N. H. Risebro. Front tracking for hyperbolic conservation laws, volume 152
of Applied Mathematical Sciences. Springer-Verlag, New York, 2002.

H. K. Jenssen and C. Sinestrari. On the spreading of characteristics for non-convex con-
servation laws. Proc. Roy. Soc. Edinburgh Sect. A, 131(4):909-925, 2001.

C. Lattanzio and P. Marcati. The zero relaxation limit for the hydrodynamic Whitham
traffic flow model. J. Differential Equations, 141(1):150-178, 1997.

T. Li. Global solutions and zero relaxation limit for a traffic low model. SIAM J. Appl.
Math., 61(3):1042-1061, 2000.

T. Li. L' stability of conservation laws for a traffic flow model. Electron. J. Differential
Fquations, pages No. 14, 18, 2001.

T. Li. Well-posedness theory of an inhomogeneous traffic flow model. Discrete Contin.
Dyn. Syst. Ser. B, 2(3):401-414, 2002.

T. Li. Global solutions of nonconcave hyperbolic conservation laws with relaxation arising
from traffic flow. J. Differential Equations, 190(1):131-149, 2003.

T. Li and H. Liu. Critical thresholds in a relaxation model for traffic flows. Indiana Univ.
Math. J., 57(3):1409-1430, 2008.

M. J. Lighthill and G. B. Whitham. On kinematic waves. II. A theory of traffic flow on
long crowded roads. Proc. Roy. Soc. London. Ser. A., 229:317-345, 1955.

O. A. Olel nik. Discontinuous solutions of non-linear differential equations. Uspehi Mat.
Nauk (N.S.), 12(3(75)):3-73, 1957.

O. A. Olei nik. Discontinuous solutions of non-linear differential equations. Amer. Math.
Soc. Transl. (2), 26:95-172, 1963.

H. J. Payne. Models of freeway traffic and control. Mathematical models of public systems,
1971.

23



[37]

[38]
[39]

[40]

[41]

[42]

[43]

M. Rascle. An improved macroscopic model of traffic flow: derivation and links with the
Lighthill-Whitham model. Math. Comput. Modelling, 35(5-6):581-590, 2002.

P. I. Richards. Shock waves on the highway. Operations Res., 4:42-51, 1956.

D. Serre. Systemes de lois de conservation II. structures géométriques, oscillation et
problémes mixtes. 1996.

B. Temple. Systems of conservation laws with invariant submanifolds. Trans. Amer. Math.
Soc., 280(2):781-795, 1983.

D. H. Wagner. Equivalence of the Euler and Lagrangian equations of gas dynamics for
weak solutions. J. Differential Equations, 68(1):118-136, 1987.

G. B. Whitham. Linear and nonlinear waves. pages xvi+636, 1974. Pure and Applied
Mathematics.

H. M. Zhang. A non-equilibrium traffic model devoid of gas-like behavior. Transportation
Research Part B: Methodological, 36(3):275-290, 2002.

24



	Introduction
	WFT approximations
	Construction of approximate solutions via wave-front tracking
	Estimates on WFT approximate solutions

	Convergence of the WFT approximate solutions to a solution of the relaxed ARZ system
	Decay estimates of positive waves
	Convergence of the relaxed ARZ system towards LWR equation
	TV bounds: Failure of Godunov scheme

