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Abstract

The aim of this paper is to provide a complete mathematical analysis of the periodic
homogenization procedure that leads to the macroscopic bidomain model in cardiac elec-
trophysiology. We consider space-dependent and tensorial electric conductivities as well as
space-dependent physiological and phenomenological non-linear ionic models. We provide
the nondimensionalization of the bidomain equations and derive uniform estimates of the
solutions. The homogenization procedure is done using 2-scale convergence theory which
enables us to study the behavior of the non-linear ionic models in the homogenization pro-
cess.

1 Introduction

Cardiac electrophysiology describes and models chemical and electrical phenomena tak-
ing place in the cardiac tissue. Given the large number of related pathologies, there is an
important need for understanding these phenomena. As illustrated in Figure 1, there are
two modeling scales in cardiac electrophysiology. The modeling at the microscopic scale
aims at producing a detailed description of the origin of the electric wave in the cells respon-
sible for the heart contraction. The modeling at the macroscopic scale — deduced from the
microscopic one using asymptotic techniques — describes the propagation of this electrical
wave in the heart.

One of the most popular mathematical models in cardiac electrophysiology is the bido-
main model, introduced by [62] and described in detail in the reference textbooks [56], [59]
and [52]. At the microscopic scale, this model is based upon the description of electrical and
chemical quantities in the cardiac muscle. The latter is segmented into the intra- and the
extra-cellular domains — hence the name of the model. These two domains are separated by
a membrane where electric exchanges occur. A simple variant found in the literature comes
from an electroneutrality assumption — justified by an asymptotic analysis — applied to the
Nernst-Planck equations, see for example [41] and [40]. This variant leads to partial dif-
ferential equations whose unknowns are intra- and extra-cellular electric potentials coupled
with non linear ordinary differential equations called ionic models at the membrane. They
represent the transmembrane currents and other cellular ionic processes. Many non-linear
ionic models exist in the literature and can be classified into two categories: physiologi-
cal models, see for instance [28, 46, 35, 19] and phenomenological models, see for example
(39, 42, 23]. See also [30] and [56] as reference textbooks on the matter. The choice of an
adapted model is based on the type of considered cardiac cells (ventricles, atria, Purkinje
fibers, ...) but also on the desired algorithm complexity (in general phenomenological mod-
els are described with less parameters). From the mathematical standpoint, existence and
uniqueness analysis for different ionic models is given in [17, 63].

A homogenization procedure allows for the deduction of the macroscopic behaviors from
the microscopic ones and leads to the equations of the macroscopic bidomain model. Con-
cerning the mathematical point of view, this homogenization procedure is given formally



in [43] or more recently in [17, 53]. In [6] and [50], it is proven using I'-convergence. The
existence and the uniqueness of a solution for the bidomain model at the macroscopic scale
have been studied for different ionic models in the literature [17, 57, 64, 8, 10, 11].

The aim of this paper is to fill a gap in the literature by providing a complete mathemati-
cal analysis based on 2-scale convergence theory of the homogenization procedure that leads
to the macroscopic bidomain model. Our analysis is exhaustive in the sense that we provide
existence and uniqueness results, nondimensionalization of the equations and 2-scale conver-
gence results — in particular, for the non-linear terms supported on the membrane surface —
in the same mathematical framework. To anticipate meaningful modeling assumptions, we
consider that the electric conductivities are tensorial and space varying at the microscopic
scale. We also consider ionic models of both types (physiological and phenomenological) that
may vary smoothly in space (in order to consider ventricular or atrial cells for instance).
We carefully introduce the various standard assumptions satisfied by the ionic terms and
discriminate the models compatible with our analysis. We are convinced that this work will
further allow the analysis of more complex models by laying the ground of the bidomain
equations 2-scale analysis. More precisely, among the modeling ingredients that could fit
in our context, one could consider: heterogeneous concentrations of ionic species inside the
cells, influences of heart mechanical deformations [53, 24, 18], gap junctions [27] and the
cardiac microscopic fiber structure in the context of local 2-scale convergence [12, 51].

The paper is organized as follows.

e In Section 2, we describe the considered heterogeneous microscopic bidomain model and
review the main ionic models. Depending on how they were derived, we organize them
into categories. This categorization is useful for the existence (and uniqueness) analysis.

e Although it is not the main focus of the article, we present — in Section 3 — existence and
uniqueness results of the heterogeneous microscopic bidomain model. The proof — given in
Appendix 5 —uses the Faedo-Galerkin approach. The originality of the proposed strategy
is the reformulation of the microscopic equations as a scalar reaction-diffusion problem,
see Section 3.1. Such an approach is inspired by the macroscopic analysis done in [11]
and from the analysis of an electroporation model given in [29]. Then, before stating
the existence and uniqueness theorems of Section 3.3, we present and discuss — see
Section 3.2 — in detail all the mathematical assumptions required. Finally, in Section 3.4,
we explain how the solutions of our original problem can be recovered by a post-processing
of the scalar reaction-diffusion problem solutions.

e In Section 4, the homogenization process of the heterogeneous microscopic bidomain
model is given. It relies on the underlying assumption that the medium is periodic and uses
the 2-scale convergence theory (see [3]). In preliminary steps, we provide a nondimension-
alization of the bidomain equations, see Section 4.1. In order to mathematically analyze
the micro- and macroscopic scales of the model and to consider the time-dependence of
the system, we develop — in Section 4.2 — adapted uniform estimates. Our strategy can
be extended to other problems as for instance the study of cell electroporation. Then
the 2-scale convergence theory is applied in order to obtain the macroscopic bidomain
equations. The analysis is done in three steps:

— In Section 4.3, we give the mathematical framework required for the 2-scale conver-
gence. Among the standard results of the 2-scale convergence theory that we recall, we
provide less standard properties by giving 2-scale convergence results on surfaces.

— In Section 4.4 the 2-scale convergence is used and the limit homogenized problem is
given. It corresponds to a 2-scale homogenized model. A specific care is taken for the
convergence analysis of the non-linear terms and it represents one of the most technical
point of the presented approach.

— Finally, in Section 4.5, the two-scale homogenized model is decoupled and a macroscopic
bidomain equation is recovered.

Concerning the 2-scale convergence analysis, we also refer the reader to the work done
in [6, 50] in which a proof of the homogenization process is proposed using I'-convergence
for a specific ionic model. This technique is well suited when the model is naturally
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Figure 1: Cartoon of the considered domain at the microscopic scale and the macroscopic scale.

described as the minimization of a convex functional which is not the case for all the
physiological ionic models.

2 Microscopic bidomain model

In this section, we give a short description of the heterogeneous microscopic bidomain
model and the considered ionic models.

The cardiac muscle is decomposed into two parts. We denote by  C R? the volume of
the heart, 2; the intracellular region and €2, the extracellular region. Physiologically, the
cells are connected by many gap junctions therefore, geometrically, we assume that 2; and
Q. are two connected domains with Lipschitz boundary verifying

Q:ﬁeuﬁi andQeﬂQi:O). (1)

The subscripts ¢ and e are used to distinguish the intra- and extracellular quantities, re-
spectively, and « to refer to either of them indifferently. We suppose that the membrane
Iy = 00 N 0Q; is regular and non-empty. We define 7; and 7. as the unit normal vectors
pointing from €2; and 2., respectively, to the exterior. The following microscopic bidomain
model is studied for time ¢ € [0, 7]

65 . (Ea ﬁfua) = 0 Qa,
& Veu - = GeViue i T, @
2
5 = . aV,
—0; Vful - Ny - CmT;n +If§,tl Fmv
Vin = Ui — Ue Fnu

where u; and u, are electric potentials, C,, the membrane capacitance and I2 an electrical

-

current depending on ionic activities at the membrane. The conductivities &, are assumed
to be tensorial and depend on Z in order to take various modeling assumptions into account.
For example, this general form of the conductivities allows us to consider: the dependence
of ionic concentrations (remark that a first approximation is to consider space-wise constant
ionic concentrations); the heart mechanical deformations [24, 18] or a complex model of gap
junctions (see [27]). In order to close the problem, we need to prescribe adequate boundary



conditions on 012, the external boundary of the domain. We assume that no electric current
flows out of the heart .
0aVilg Mo =0, 090, NI (3)
Finally, one can observe that Equations (2) and (3) define u; or u, up to the same constant.
Therefore, we choose to impose
/ ue dy = 0. (4)
Lo

We now describe the term I%" which appears in (2). In terms of modeling, action potentials
are produced as a result of ionic currents that pass across the cell membrane, triggering a
depolarization or repolarization of the membrane over time. The currents are produced by
the displacement of ionic species across the membrane through ionic channels. The channels
open and close in response to various stimuli that regulate the transport of ions across the
membrane. The cell membrane can be modeled as a combined resistor and capacitor,

OV,

Crn g™ + Iioh.

The ionic current I% is decomposed into two parts, I!% = Iy, — Iy, where the term I,
corresponds to the external stimulus current. Historically, the first action potential model
is the Hodgkin-Huxley model [28]. In order to understand the complexity of physiological
models, we give a brief description of this model — the most important model in all of the
physiological theory see [30] — originally formulated for neurons. The transmembrane current
L;on, proposed by the Hodgkin-Huxley model is I, = Ing + Ik +1;, where Iy, is the sodium
current, Ix the potassium current and I; the leakage current which concerns various and
primarily chloride ions. The currents are determined for k = Na, K, [ by Iy, = gi(V,, — Ex),
where g, is the conductance and Fy, the equilibrium voltage. The conductance g; is supposed
to be constant and the other conductances are defined by

9Na = mBthcu 9K = n4gK7 (5)

where gy, and gx are the maximal conductances of the sodium and potassium currents,
respectively. The dimensionless state variables m, n and the inactivation variable h satisfy
the following ordinary differential equations

Ow = (Vi) (1 — w) — Bu(Vin)w, w =m, n, h, (6)

where «,, and 3,, are the voltage-dependent rate constants which control the activation and
the inactivation of the variable w. In Chapter 4 of [30], ay, and S, both have the following
form
4 G(V’"ivo)/CQ + Cg(vm — ‘/0)
1 —+ 046(‘/771_‘/0)/05 ’ (7)

where C;, i = 1,--- ,5 and Vj are the model parameters. An adaptation of the Hodgkin-
Huxley model to the cardiac action potential was suggested by D. Noble in 1962 [46]. Many
physiological models have been proposed ever since: for the ventricular cells [35, 60, 61, 26,
48] and for the atrial cells [26, 19, 47, 36, 31, 25, 65]. We refer for example to [56] for a
2004 survey.

All the cited models are physiological models. Other models — called phenomenological
models — are approximations of the ionic channels behavior. These models are intended to
describe the excitability process with a lower complexity. With only one (or few) additional
variable(s) denoted by w and called the state variable(s) — and then only one (or few)
ordinary differential equation(s) — these models are able to reproduce the depolarization
and/or the repolarization of the membrane. The FitzHugh-Nagumo (FHN) model [23, 42],
the Roger and McCulloch model [55] and the Aliev and Panfilov model [2] can be written
as follows

{ Iion(Vmaw) = k(Vm - szn)<vm - Vmam)(vm - Vgate) + f2(Vm) w,

(8)
Ow + gV, w) =0,



with
IV, w) = 0(y 91 (Vi) + w),

and where 6, v, k and Vg4 are positive constants. The parameters Vi, and V., are
reasonable potential ranges for V,,. The functions fo and ¢; (see Assumption 7 for the
notational choice) depend on the model. A more widely phenomenological accepted model
for ventricular action potential is the Mitchell-Schaeffer model presented in [39],

I o 1 (Vm - szn)2(vm - Vmaw) B Vm - Vmin
o Tin Vinaz — Vimin Tout(vmaac - ‘/min)7 (9)
w4+ g(Vin, w) = 0,
with 1
w
- if Vm < V. ate>
g(Vm’ w) _ Topen Topen S]/max - me)z gat
if ij > Vgate7
Tclose

and with Topen, Tetose, Tin, Tout a0d Vgate, positive constants. Due to its lack of regularity,
the mathematical analysis of this model is complicated. A straightforward simplification
consists in using a regularized version of this model. Following [20], it reads

1 Tclose — Topen hOO(Vm)
Vm7w=< + g hoon>(w——) 10
g( ) Teclose TcloseTopen ( ) (Vmaz - me)2 ( )
and 1 V, V. V. 1
Vi) = bt Vo Vo Vo L
OO( m) 2 (Vmaw - Vmin)ngate ngate 2

where 744t is a positive constant. This regularized version is considered in what follows in
order to prove mathematical properties of the bidomain problem.

Remark 1. We consider non-normalized versions of the ionic models. For the considered
phenomenological models, we expect to have

me S Vm S Vmaxa

although it can not be proven without strong assumptions on the source term. Concerning
the gating variable, we expect to have

0 <w <1 for FHN like models (8)

and, following a choice commonly done in the literature of the Mitchell-Schaeffer model, we
expect to have

1
0<w< m for the Mitchell-Schaeffer model (9, 10).

This last inequality can be proven (see Assumption 10 below and the proof of Lemma 2 in
Appendiz). Finally for all physiological models, we expect some bounds — from below and
above — on the gating variables(s) as natural consequences of the structure of Equation (6).
Note that in what follows, we consider the bidomain equations with only one gating variable
w. All the results presented below can be extended to the case where the ionic term I;yy,
depends on several gating variables.

In the next section, the following microscopic bidomain model is studied (it corresponds
to System (2) coupled with an ionic model and with the boundary conditions (3) and (4)),



for all time ¢ € [0, T

Vi (Go Vi) = 0 Qars
5':2‘ 65‘ U; ’fl:z - ge ﬁj‘ Ue ﬁz Fm7
Ve A = Cum I (Vw) T
Vin = Ui — Ue | I
0w = =9(Vins w) Lo, )
FViue e = 0 9, N ON.
/ Ue dy = 0.
F’VYL

3 Analysis of the microscopic bidomain model

In this section, the analysis (existence and uniqueness) of the heterogeneous microscopic
bidomain model presented in Section 2 is proposed.

As explained before, we assume that €2; and €2, are connected sets and that they have
a Lipschitz boundary. Our analysis involves the use of standard L? Banach spaces and H*
Hilbert spaces. Apart from the use of (-,)p to denote the L? scalar product on a domain
D, we use standard notations found in many textbooks on functional analysis. In what
follows, we use the trace of u; and u. on the boundary. Therefore to work in the adequate
mathematical framework we introduce the Hilbert (trace) space H'/2(9€,) whose dual (the
space of continuous linear functionals) is H~'/2(99,). Using the fact that the boundary
I',, is a subdomain of 02, and following the notation of [38] (Chapter 3), we introduce the
Hilbert space

HY2(T,) = {ulr,,, w€ HY2(09:)} = {ulr,,, u € HY?(89.)}.

Note that the two definitions of H'/?(I,,) coincide since there exists a continuous extension
operator from H'/2(T,,) to H'/2(9Q,) (see the proof of Theorem 4.10 in [38]). We denote
by ﬁfl/z(I‘m) the dual space and the duality pairing is denoted (-,-)r, . For each j €
H~Y2(T',,), the standard dual norm is defined by

m*

. [(J; )1, |
il g,y = sup ot
0£veHY/2(T,y,) HU||H1/2(I‘,,,,)

It is standard to assume that some positivity and symmetry properties are satisfied by
the parameters of the system.

Assumption 1. The capacitance satisfies Cp, > 0 and the diffusion tensors ga belong to
[L%°(024)]3%3 and are symmetric, definite, positive and coercive, i.e. there exists C' > 0 such
that

(O_:OL ﬁa ﬁ)ﬂa 2 CHﬁH%Q(QQ)a
for all o€ L*(Q4)3. This implies that

L3(Q,) — Rt
I llzz - . ER——
- P (ad P)g,

defines a norm in L?(Qy).



3.1 Elimination of the quasi-static potential unknown

Following an idea developed in [11] for the bidomain equation at the macroscopic level
or in [29] for an electroporation model at the microscopic level, we rewrite System (11) by
eliminating the unknown electric potentials u, in €2, and writing an equation for V;, =
u; — ue on I'y,. Note that the equation for the gating variable w is kept because the only
electric quantity involved is V,,, along I';,,. We introduce the linears operators 7; and 7. that
solve interior Laplace equations in 2; and (). respectively. First, we define

T HY*(T,,) - H-Y2(T,,)

which is given formally by 7;(v) := g Vi v - 7l along I',,, where v; is the unique solution of
Vi (@iVav) = 0 Q
vi = v Fm, (12)

Since the problem above is well-posed (it is elliptic and coercive because Ty, # 0, see
Theorem 4.10 of [38]), the linear functional 7;(v) can be rigorously defined by, for all w €
H1/2 (Fm)

)

(Ti(v), w)r,, = (3 Vavi, Viws)a,,
where v; is given by (12) and w; € H'(€;) is the unique solution of

Ve (6 Vew) = 0 Q
giﬁfwi -1, = 0 00No,.

The operator 7; satisfies the properties summed up in the following proposition.

Proposition 1. If Assumption 1 holds, we have for all (v,w) € [HY?(T,)]?,

(Ti (v), w)r,, = (Ti (w), v)r,,,

(w
<7: (’U)av>l—‘m - (é': 6 1 V Ui)ﬂ,- Z O7
<C

1 7: (V)| - 1/2(T,,) ”vHHl/?(Fm)

where C' is a positive scalar depending only on c?i and the geometry.
Proof. By the definition of 7; and v;, we have
(Ti(v),w)r,, = (G: Vzvi, Vzwi)a,.

Moreover from the weak form of Problem (13), one can deduce that

(0: Vzwi, Vzvi)a, = (Ti(w),v)r,,,
hence the first relation of the proposition. The second relation is obtained by setting w = v in
the previous equation and using the fact that &; is a definite positive tensor (Assumption 1).
Moreover, since 7; is L> (Assumption 1), we also have

I AORDIA

w0 [[Wllg2m,) ~

lvill 71 () lwill (02,

Hw||H1/2(Fm)

The third relation is then a consequence of stability results on elliptic problems with mixed
boundary conditions (again see Theorem 4.10 of [38])) that map boundary data v and w to,
respectively v; and w;, i.e.

[ill gy < Cllollmzr,,)-



Corollary 1. There exists ¢ > 0 such that for all v € H'/? (T'y,), we have

/ vdy
T

Proof. This result is obtained using the second relation of Proposition 1 and a Poincaré -
Wirtinger type inequality. O

2
> el[olZ e

(Ti (v), v)r,, +

m)’

The operator 7; is used in order to substitute the first equation with oz = 4 of System (11)
into the third equation of the same system. This is possible since u; satisfies a static equation
inside €2;. The same argument holds for the extra-cellular potential u., therefore, for the
same reason we introduce the operator

T.: HY2(T,,) — HY2(T,),

which is defined by 7¢(j) := v, along T',,,, where v, € H(€2.) is the unique solution of

65;’ : (écﬁi‘ Ue) =0 Qe,
Lo i1
Eevae . 77L'z - j* <]’ >Fm Fma
0eVzve e = 0 o0 N I,
/ vedy = 0
|

Similar to the operator 7;, the operator 7, satisfies some properties which are summed up
in the following proposition.

Proposition 2. If Assumption 1 holds, we have for all (j, k) € [H~Y/%(T,,)]2
<k;77; (j)>rnz = <j’7—5 (k)>r‘7n7
(G, T ()1, = —(Ge Vi ve, Vi ve)a, <0,

I Te (Dl 2@,y < Clillg-1r2(r,,)

where C' is a positive scalar depending only on ge and the geometry.

Proof. For all k € H-Y/2(T',,,), we define w, € H'(£,) such that,

65@‘ : (ge 65@‘ we) = 0 Qe,
3 & — <k,1>r
e Vg We " Ty = —— I,
Ge Vzwe -1 T
GeViWe e = 0 QN IQe,
/ wedy = 0
I'm

By the definition of v, and w., we deduce the two following equalities

- L . j, 1
<5@vae,vfwe>ne<j U Ury, e<k>> (15)
T .

m

and

L. ke
@ Fawe Fav)a, = - (k- Ele 7))
m r

m

The first relation of the proposition is obtained by noticing that

/Fmﬁ”(j)dv = /FmTe(k:)dy: 0 hence <<j|’l}ir|”‘,7;(k)>pmz <W7ﬁ(])> -

I'm




The second relation of the proposition is obtained by setting & = j in (15) and using the
fact that & is a definite positive tensor. To prove the continuity we first notice that

||Vive||%2(ﬂe) < C|U||ﬁ—1/2(rm) |7 (j)||H1/2(1“m) =C Hj”ﬁ—l/z(rm) |'Ue||H1/2(Fm)v
since 7, € [L>®(924)]>7*% (Assumption 1). Using the continuity of the extension H'/?(T,)
into H'/2(99,), the continuity of the trace operator and finally a Poincaré -Wirtinger type

inequality, we can show that

- 1
o, <€ (I9aulny + | [ o] ).
m T,

m

Therefore [|vellgi/2r,,) < C||Vz Vell£2(0.), since v, has zero average along Iy, and we fi-
nally obtain the relation [|ve|g1/2(r,,) < Cllillg-1/2(r,,), hence the third inequality of the
proposition. O

Remark that our choice of definitions of 7; and 7. implies that

/ Ue dy = 0. (16)

m

Other choices are possible to define u, uniquely but are arbitrary and correspond to a choice
of convention. Assuming that it has regular enough solutions u,(t) € H'(Q,), for almost
all t € [0, 7], System (11) is equivalent to

CnOt Vi + Ifgfl(vmaw) = *7;(151) I,
ue = Te(Ti(ui)) T, (17)
ow = —g(Vim,w) T,

where by definition V;;, = u; — u.. Using the second equation of (17), we obtain
U; — 7—6(7;('&1)) — Vm Fm (18)

We can prove (see Lemma 1) that the operator T := Z — T.T; : H/?(T,,,) — HY*(T,,)
has a bounded inverse (Z stands for the identity operator) and we therefore introduce the
operator N

A { HY(L,,) —  HY*(T,,)

v - T(T—-TT) v

and substitute the term u; in (17). This implies that if Assumption 1 holds, solutions of (11)
satisfy

ConOVi + 1% (Vi ow) = —A(Vy) T,
{ ) ( ) ( 19)

Ow = —Q(Vm,w) Cp.

The converse is true. Solutions of (19) can be used to recover solutions of (11) as shown in
Section 3.4. The properties of the operator A are summed up in the following proposition.

Proposition 3. If Assumption 1 holds, the linear operator A satisfies for all (v,0) €
[H'2(T))%,
(A(v),9)r,, = (A(®),v)r,, and (A(v),v)r,, = 0.

Moreover, there exist constants ¢ and C' such that, for all (v,d) € [HY*(T',,)]?,

[(A(v), D),

< Clll gz, )10l mrrz e,y (20)

and
2

2 C””Hip/z(rm)- (21)

(A@), 0)r,, + ‘ / oy

9



Proof. To simplify the proof, we define § € H'/?(T,,,) and 0 c H'Y2(T,,) as
(Z—T.T;)(0) :=v and (T — T.T;)(0) := ©.
Using Propositions 1 and 2, we obtain

<~A(v)7f]>l“m = <~A(v)» (I - 7—67;)(5)>Fm = <(I - 7;7;)~A('U)7 é>Fm'

Since by definition A = T;(Z — T.T;)~! and using (Z — T;7T.)T;: = T:(Z — T.T;), we deduce

(A(v),9)r,, = (Ti(v),0)r,, = (Ti(d), v)r,,. (22)

The symmetry of (A(-), -) is then a consequence of the definition of f as we have 7;(8) = A(%).
From (22), we can also deduce the non-negativity of the bilinear form by choosing ¥ = v.
We find that

(A(v),v)r,, = (Ti(0), (Z = TeTi)(0))r,., (23)

which is non-negative thanks to the non-negativity of 7; and the non-positivity of 7.. The
continuity (20) is a direct consequence of the third equation of Proposition 1 and Lemma 1
(i.e. T := 7T — T.T; has a bounded inverse). Now remark that by the definition of 7., we
have, for all j € H~1/2(T',,),

/FTe(j)d’VZO = /Ffud’y:/F 7'(0)dfy:/F 0 dry. (24)

Using the equalities above and (23), we find

/ vdy / 0 dvy
T |

Corollary 1 shows the existence if of a positive scalar ¢ such that, for all v € H'/?2 (Th)s

/ vdy
Fm,

Inequality (21) is then a consequence of the boundedness of 7 given by Lemma 1. O

2

2 <7;(9)’ 9>Fm +

2

{(A(v), v)r,, +

2

(A(v),v)r,, + > |0l i,y = T W) lmrer,,)-

The last step of this section consists in proving the technical lemma regarding the in-
vertibility of the operator Z — T.7;, which allows to define the operator A.

Lemma 1. The linear operator
T:=T—-T.T,: H/*I,,) = HY*{T,,)
is bounded and has a bounded inverse.

Proof. Using Propositions 1 and 2, we see that the operator 7 is linear and bounded, and
hence continuous. In what follows, we prove that 7T is injective and then we deduce a lower
bound for the norm of 7. Finally, we prove that the range of the operator is closed and that
its orthogonal is the null space. These two last steps allow to show that the range of 7T is
H'/?(T,,) and the result follows from the bounded inverse theorem.

Step 1: Injectivity of the operator
For any v € H/?(T,,,) such that 7 (v) = 0, we have (T;(v),v)r, = (Ti(v), ToTi(v))r,,.
The first term of the equality is non-negative (Proposition 1) while the second is non-positive

thanks to Proposition 2. Therefore, we obtain (7;(v),v)r,, = 0 and this implies thanks to
Proposition 1 that v is constant along I',,. However, for any constant function ¢, we have

10



Ti(c) = 0 therefore, in our case, 7 (v) = 0 implies v = T.T;(v) = 0.
Step 2: Lower bound for the operator norm

For all € HY*(T,,), we define v € H'/?(T,,) as T(9) = v. Then, as written in
Equation (24), # and v have the same average along I',,, and

1 1
T (6p) =wvg where 0 ::9——/ Ody and vy ::U——/ vdy.
Tl Jr,, Tl Jr,,

We have
(Ti(60), vo)r,, = (Ti(60), T (6o))r.,,, = (Ti(60),00)r,, — (Ti(bo), TeTi(6o))r,,-

Since 7; is non negative and 7, non positive (Proposition 1 and 2), we deduce

(Ti(60), 60) < |70l g-1r2(0,, ) V0l 2,y < CllOol i,y lvoll v, (25)

where C is the continuity constant given by Proposition 1. Using Corollary 1 and the fact
that 6y has zero average along I',,,, we have c ||90||%,1/2(F ) < (T:(6p),00), therefore using
(25), we find

C
100l rr2/2(r,.y < llvollirzr,.)-

Finally, we get
1
101 172,y < N0l errr2(r,,) + ol )i O dy| U] g2 (r,)

¢
C

1
lvoll grrzr,,y + ‘M UdV‘ Il grr2r,,y-

T

This implies that there exists another constant C' depending only on the geometry and gl-
such that H9||H1/2(1"m) S C”’UHHl/z(Fm) = C||T(9)||H1/2(Fm)

Step 3: Orthogonal of the operator range
Let j € H=Y/2(T,,,) such that for all v € HY/2(T,,),
(4, T())r,, =0. (26)
We choose v = T.(j) in (26) and thanks to Propositions 1 and 2, we find

(3 TeGr, = G TeTiTe(G))r,, = (TiTe(4), Te(3)r,, -

The last term is non negative therefore, since (7¢(j), j)r,. is non positive, it should vanish.

m
=

This implies that j is constant along I',, (since in (14), Vz v, = 0). Now, we choose v = 1
in (26) and we find
(4, T()r,, =0= (j,r,, =0=j=0.

O

We are now ready to give the required assumptions to prove the existence and the
uniqueness of System (19).

11



3.2 Mathematical assumptions for the well-posedness

As mentioned in [63], no maximum principle has been proven for Problem (19) (or any
linearized version) contrary to standard reaction-diffusion problems. The consequence is that
one can not deduce easily bounds in time and space for the electric variable V,,,. This implies
that some specific assumptions are required to guarantee that non-linear terms involving V,,,
are well-defined and that existence results hold. More generally, in this section, the required
assumptions to prove existence and/or uniqueness of weak solutions of System (19) are
presented.

First, from the equivalence of the bidomain equations and System (19) (see Section 3.1),
it is clear that our problem has to be completed with the following initial conditions on I,

{ Vm(ao) = ul(vo) - ue(~,0) = Vtr?u

w(-,0) = wP.
It is sufficient to require the following assumption concerning the initial conditions.

Assumption 2. Properties of the initial conditions.

V0 e IL?(T,,) and w®e L*(T,,).

ot

As already said, the ionic term I}%

is decomposed into two parts

Iztgib = Lion = Lapp, (27)
where I, is the applied current and is a function of time and space. We assume the
following property concerning the applied current.

Assumption 3. Property of the source term.
Tpp € L*(Tp, x (0,7)).

To represent the variety of the behavior of the cardiac cells, we mathematically define
the ionic terms I;,, and ¢ by introducing a family of functions on R? parametrized by the
space variable

Lion(Z,") :R* — R and g¢(&,-) : R? — R.

At each fixed & € (2, the ionic terms I;,, and g describe a different behavior that corresponds
to a non-linear reaction term. Therefore to further the mathematical analysis, it is assumed
that these functions have some regularity in all their arguments. This leads to the following
assumption.

Assumption 4. Regularity condition.
Lion € C°(Q xR?)  and g€ C°(Q xR?).

In the mathematical analysis of macroscopic bidomain equations, several paths have been
followed in the literature according to the definition of the ionic current. We summarize be-
low the encountered various cases.

1. Physiological models

For these models, one can prove that the gating variable w is bounded from below and above,
due to the specific structure of (6) and (7). To go further in the physiological description,
some models consider the concentrations as variables of the system, see for example the
Luo-Rudy model [35]. In [63, 64], such models are considered.

2. Phenomenological models
a) The FitzHugh like models (8)
The FitzHugh like models have been studied in [17, 10, 11, 16]. In these models, there
are no obvious bounds on the gating variable. The FitzHugh-Nagumo model satisfies some

12



good mathematical properties (existence and uniqueness of solutions for arbitrary observa-
tion times) whereas the Aliev-Panfilov and MacCulloch model still rise some mathematical
difficulties. In particular, no proof of uniqueness of solutions exists in the literature because
of the non-linearity in the coupling terms between w and V,,.

b) The Mitchell-Schaeffer model (9)

The Mitchell-Schaeffer model has been studied in [10, 32, 16]. This model and its regular-
ized version have a very specific structure. First, we will show that the gating variable is
bounded from below and above but uniqueness of the solution is a difficult mathematical
question which is addressed in [32] for a related ordinary differential (ODE) problem.

In what follows, we describe in detail the structures of I,,, and g. In all models, some
“erowth conditions” are required to write the problem in an adequate variational framework.

Assumption 5. Growth condition. There exists a scalar Coy > 0 such that for all T € Q
and (v,w) € R? we have

Lion (Z, v, w)| < Coo(|v]® + Jw| + 1) (28)

and
l9(Z,v,w)| < Coo([v]* + |w| + 1). (29)

Remark 2. The inclusion H'/?(T,,,) into L*(T,) is continuous, see Proposition 2.4 of [17],
therefore by identification of integrable functions with linear forms, there is a continuous
inclusion of L*/3(Ty,) into H=Y/2(T,,,). Moreover if

ve L2((0,T), HY2(T,,)), w € L2((0,T) x T',y),
we have (the dependency w.r.t. T is omitted for the sake of clarity)
Lion(v,w) € L2((0,T), L*3(T,,))  and  g(v,w) € L*((0,T) x T'p,).

Remark 3. Several mathematical analyses concern only the macroscopic bidomain equations
(see [11, 10, 8] for instance) and these analyses can be extended to the case of the microscopic
bidomain equations with some slightly different assumptions on the non-linear terms Loy
and g. These assumptions take into account the functional framework in which we have
to work. Namely, we have to use the trace space HI/Q(Fm) instead of the more standard
functional space H*(Q). More precisely in [11], the growth conditions are

Tion (&, v,w)| < Coo(|v]® + |w] + 1)

and
lg(&, v, w)| < Coo(|v]* + w] + 1).

In that case, it can be shown that Iion(v,w) and g(v,w) are integrable and well defined if
ve HY Q) and w € L*(Q).

As mentioned in [17], the growth conditions (28) and (29) are there to ensure that the
functions I;,, and g can be used to construct models that are well defined in the variational
sense. The growth condition (Assumption 5) is not sufficient to guaranty the existence of
solutions of Problem (19). Indeed, since I;,, can behave like a cubic polynomial for large
value of v and the function g could behave as a quadratic polynomial in v, it turns out to
be necessary to have a signed condition (see Equations (51) - (54) for more insight). This
leads to the following assumption

Assumption 6. There exist > 0 and Cr > 0 such that for all ¥ € Q and (v,w) € R?,
we have
0 Lion (T, 0,w) + pw g(Z,v,w) 2 =Cr([of* + [w]?* +1). (30)
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In general, V,,, is more regular in space than w due to the presence of the positive oper-
ator A. Due to this lack of regularity on the gating variables, some additional assumptions
have to hold to carry out the mathematical analysis. Concerning this question two kinds
of assumption are proposed in the literature. Roughly speaking, these assumptions depend
on if the model is physiological or phenomenological. To be able to refine our analysis
depending on the different properties of the models, we make the following assumption.

Assumption 7. One of the following assumptions hold
a) Global lipschitz property. There exists o positive scalar Ly > 0, such that for all
T €Q, (v1,v2) € R? and (w1, ws) € R,
|9(&, v1,w1) = g(F,v2,w2)| < Lyg [v1 — va| + Ly [wy — ws. (31)

b) Decomposition of the non-linear terms. There exist continuous functions

(f17f27gl7g2) € [CO(Q X RQ)]4

such that
{ Iion(fvvvw) = fl(fav) + f2(f7 U) w,

g(fav’w) = gl(f’ U) + 92(5) w,

and there exist positive constants C1, ¢1 and Co such that for all T € Q and v € R,
v fi(Z0) > Crlolt —er (o> + 1) and | fo(Z,0)] < Co (Jv] +1). (32)

Remark 4. The existence result of solutions given later (Theorem 1) is valid with either
Assumption 7a or 7b. Note also that Assumption 7a is satisfied for the physiological mod-
els, the Mitchell-Schaeffer model and the FitzHugh-Nagumo model (the simplest form of
FitzHugh-like models), whereas Assumption 7b holds for the Aliev-Panfilov and MacCulloch
models.

Finally, to prove the uniqueness of a solution for the microscopic bidomain problem, the
terms I;,, and g have to satisfy a global signed Lipschitz relation (the following assumption
is a variant of what is suggested in [17] or [11] and [10]).

Assumption 8. One-sided Lipschitz condition. There exist p > 0 and Ly > 0 such
that for all ¥ € Q, (v, w1) € R? and (vq, ws) € R?

(Iion(f, v1,w1) — Lion (%, v2, wz)) (v1 —v2) + (g(f, vi, wi) — g(, vz, wz)) (w1 —w2)
2 —L[ (|’U1 — 1)2‘2 + \wl — w2\2). (33)
Note that such an assumption is not satisfied for the Aliev-Panfilov, the MacCulloch and

the Mitchell-Schaeffer models. Uniqueness of a solution for these models is still an open
problem.

For physiological models and for the Mitchell-Schaeffer model, there exist two finite
scalars Wmin < Wmax such that we expect the solution w to be bounded from below by wmin
and above by wpax. For this to be true, it has to be satisfied for the initial data and this
leads to the following assumptions when considering such models.

Assumption 9.
Wmin S wO() S Wmax; Fm

Assumption 10. For all Z € Q and v € R,

9(Z, v, Wmin) <0 and g(Z, v, Wmax) > 0.
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The last assumption is satisfied when considering the function g defined as in physi-
ological models (5, 6) or as in the Mitchell-Schaeffer model (10). For such models, the
terms I;on (Z, v, w) and ¢(Z,v,w) should be replaced by Ion (%, v, x(w)) and g(Z,v, x(w))
respectively, where

Wmin W < Wmin,
X('w) = Wmax W 2 Wmax,
w otherwise.

Note that with such substitutions, we do not modify the solution while the global conditions
of Assumptions 5, 6, 7a and 8 are more likely to be fulfilled since it corresponds to verify
local conditions on w. As an example, we can remark that the physiological models — of
the form given by (5, 6) — do not satisfy the Lipschitz property (Assumption 8) globally
in w but only locally. However, for these models, we can show a priori that w is bounded
from below and above, hence the suggested modification of the non-linear terms. Finally,
note that this assumption is also a physiological assumption. Indeed, it makes sense to have
some bounds on the gating variables.

Remark 5. Assumptions 1-4 are always satisfied and do not depend on the structure of the
non-linear terms IL;,, and g. Moreover, it is possible to classify the models of the literature
depending on which assumption they satisfy, see Table 5. We refer the reader to [11] for

Assumption 516 | 7] 81910
FitzHugh-Nagumo ViVvia |V
Roger MacCulloch V| Via)
Aliev-Panfilov VIV Db
Regularized Mitchell-Schaeffer | v/ | v | a) v
Physiological models ViVvia|v |V

Table 1: Ionic models and verified assumptions

the analysis of FitzHugh-Nagumo, Roger MacCulloch and Aliev-Panfilov assumptions and
Section 2 for the reqularized Mitchell-Schaeffer and physiological models.

3.3 Existence and uniqueness analysis

All the proofs of this section are given in Appendiz 5.

In the literature, the analysis of the classical bidomain model is done most of the time
at the macroscopic scale. Equations at that scale are obtained from the microscopic model
using a formal asymptotic homogenization procedure (see [43, 17]) or the I'-convergence
method (see [6, 50]). In any cases, to justify the homogenization process, a complete math-
ematical analysis at the microscopic scale is necessary. In this section, we give existence
and uniqueness results for solutions of System (11). Note that the existence of solutions
for the macroscopic bidomain equation used in the literature is a consequence of the 2-scale
convergence theory presented in the next section.

In the literature, one can find three different approaches that are used for the mathemat-
ical analysis of the macroscopic classical bidomain equations. Following the classification
suggested in the recent book [16], these three approaches are

1. The use of the abstract framework of degenerate evolution variational inequalities in
Hilbert spaces (see for instance [17]). Such an approach has been used to do the
analysis when FitzHugh-Nagumo models are considered and is adapted to the analysis
of semi-discretization in time of the problem (see [57]).

2. The use of Schauder fized point theorem. This is the approach suggested in [63] and [64].
In these references, the ionic term depends on the concentration of ionic species (in
addition to the dependence on the gating variables). This approach is adapted to the
analysis of physiological models.
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3. The Faedo-Galerkin approach. This approach is used in the context of electrophysiology
in [8, 10, 11] and in the context of electroporation in [29]. It is the most versatile
approach although it has been used to analyze only phenomenological models in the
mentioned references. We refer the reader to the textbook of J.-L. Lions [33] for a
detailed description. This technique is based upon a limit process of discretization in
space of the partial differential equations combined with the use of standard results on
systems of ODEs (at each fixed discretization). This is the approach that we consider
in the appendix of this paper.

In what follows, we proceed in three steps. The first step consists in showing existence /u-
niqueness results for the evolution equation of the gating variable w. More precisely, given
any (electric potential)

U € C°([0,7); L*(T')), (34)

we show in the appendix that the associated gating variable — solution of (35) — is bounded
from below and above when physiological or Mitchell-Schaeffer models are concerned. The
next step concerns existence results for the full non-linear microscopic bidomain equations
and the final step gives the uniqueness result.

Step 1 - Evolution equation of the gating variable.

The term g(V;,, w) in (19) is replaced by the term ¢(U, w) and we denote the correspond-
ing solution w = wy. As mentioned previously, our main purpose here is to state the fact
that — in the case of physiological or Mitchell-Schaeffer models — the solution wy is bounded
from below and above.

Lemma 2. If Assumption 2, 4, 5 and 7a hold, there exists a unique function
wy € CH([0,T]; L*(Tm)),
which is a solution of
Owy + g(F,U,wy) =0, T, YVt e [0,T],
{ wy (Z,0) = w'(F), T,,. (35)

Moreover if Assumptions 9 and 10 are satisfied then for allt € [0,T) and almost all ¥ € Ty,
Wmin S wy (fa t) S Wmax-

The proof of Lemma 2 is done by considering smooth approximations of U and w°.
Then, the problem reduces to the analysis of an ordinary differential equation where the
space variable & plays the role of a parameter. Finally, the solution of (35) is constructed
by a limit process using the density of smooth functions into L?(T,,).

Step 2 - Existence result for the microscopic bidomain equation
Theorem 1. If Assumptions 1-7 hold, there exist
Vi € C°([0,T); L*(T,,)) N L2((0,T); HY2(T,,)), 9,V € L2((0,T); H-Y*(T,,)),

and
we HY((0,T); L2(T,)),

which are solutions of

{ Con 0V + A(Vi) + Iion(Vm,w) = Lopp, H-V2(T,,), ae. te(0,T), 36)
Ow + g(Vim, w) =0, a.e. te€ (0,7),
" Vm(fﬂ 0) = Vr%(f) | R
(37)
{ w(,0) = w®(Z) m



The proof of Theorem 1 is done using the Faedo-Galerkin method. More precisely, the
equations are first space-discretized using a finite dimensional basis of L?(T,,) constructed
with the eigenvectors of A. After the discretization, it is proven that semi-discrete solutions
exist by applying the Cauchy-Peano theorem (to be more specific, we use the more general
Carathéodory’s existence theorem) on systems of ordinary differential equations. Finally,
by a limit procedure, the existence of solutions is proven for the weak form of (36) (the
limit procedure uses compactness results to deduce strong convergence of the semi-discrete
solutions. This strategy allows to pass to the limit in the non-linear terms I;,, and g).

Remark 6. If Assumption 7a is valid (i.e. g is globally Lipschitz) then by application of
Lemma 2 the solution given by Theorem 1 has the additionnal reqularity

w e CH([0,T]; L*(T'1)).
Step 3 - Uniqueness results for the microscopic bidomain equation
Uniqueness is proven by standard energy techniques for models satisfying the one sided

Lipschitz property, see Assumption 8.

Corollary 2. If Assumption 8 holds, then the solution of the microscopic bidomain equations
given by Theorem 1 is unique.

3.4 Post-processing of the intra- and extra-cellular potentials

From the solution V,,, = u; —u, given by Theorem 1, we can first recover the intra-cellular
potential
u; € L2((0,T); H ().

Using Equation (18), one can see that it is defined as the unique solution of the following
quasi-static elliptic problem (the time-dependence appears only in the boundary data),

Vi - (gzﬁ'i'uz) = 0 Q;,
up = (Z—-TT) '"Vin DT, (38)
g'iﬁfui -; = 0 o0 NoQ;.

In the same way, the extra-cellular potential
ue € L*((0,T); H'(2))

is defined as the unique solution of the following quasi-static elliptic problem,

63‘5 : (é:eﬁa‘c' ue) =0 Q,
geﬁfue . ﬁz = ﬁ(uz) - M Fm7
L |Fm| (39)
0eVizle e = 0 Q) N OQe,

/ uedy = 0.
Fm

From the definition above, one can recover energy estimates on (V,,,w,u;,u.) from the
energy estimates derived for the system (36) where only (V,,,,w) appears. To do so, we will
use later the following proposition.

Proposition 4. Let V,, € L*((0,T); H/?(T,,)), then for almost all t € (0,T), we have

(A(Vin), Vidr,, = (6 Vaus, Veu)a, + (Fe Ve, Viue)a,

where (u;, ue) are given by (38) and (39).

17



Proof. We have
<A(Vm)7Vm>Fm = <7;T_1(Vm)avm>l“m = <7;T_1(Vm)aTT_1(Vm)>Fm
= <7; T_l(vm)vT_l(Vm»Fm —(Ti T_l(vm)»ﬁTiT_l(Vm»F

m*

The first term of the right-hand side gives by definition and Proposition 1 the quadratic
term on u; whereas the second term gives by definition of 7., u. and Proposition 2 the
quadratic term on .. O

We are now in position to perform a rigorous homogenization of the microscopic bidomain
model (2).

4 Homogenization of the bidomain equations

The microscopic model is unusable for the whole heart in term of numerical applications.
At the macroscopic scale, the heart appears as a continuous material with a fiber-based
structure. At this scale, the intracellular and extracellular media are undistinguishable.
Our objective is to use a homogenization of the microscopic bidomain model in order to
obtain a bidomain model where all the unknowns are defined everywhere hence simplifying
the geometry of the domain. Formally after homogenization, we consider that the cardiac
volume is “Q = Q; = Q..

Homogenization of partial differential systems is a well known technique (see [9] for a
reference textbook on the matter). It is done by considering the medium as periodic, with
the period denoted by e, then by constructing equations deduced by asymptotic analysis
w.r.t. €.

A classical article for the formal homogenization of the microscopic bidomain model
— when the conductivities o, are strictly positive constants — is [43]. In [17], the homoge-
nization of the microscopic bidomain equations (with constants conductivities) is presented
using formal asymptotic analysis. It should also be noted that in [6, 50], the same type
of results have be proven using the theory of I'-convergence in some simplified situations.
The approach presented below uses the 2-scale convergence method (see [3]) to extend the
results obtained in [6, 50]. As typical for this kind of homogenization problem, we adopt
the following approach:

1. Nondimensionalization of the problem. The microscopic bidomain equations are
scaled in space and time, and written unitless. Using the characteristic values of the
physical parameters of our problem (cells size, conductivities, ionic current,...), a small
parameter ¢ is introduced in the equations and in the geometry.

2. Uniform estimate of solutions. Using energy estimates, norms of the solutions — as
well as norms of the non-linear terms — are uniformly bounded with respect to the small
parameter €.

3. Two-scale convergence. The limit equations are deduced by application of the 2-scale
convergence theory. One of the main difficulties of this step is the convergence analysis
of the non-linear terms. It relies on the one-sided Lipschitz assumption (Assumption 8).

Although the elimination of the electrostatic potentials u; and u. was useful to simplify
the analysis of the microscopic bidomain equations, we must re-introduce these unknowns
for the homogenization process. The reason is that — to the best of our knowledge — only
local in space differential operators are adapted to the 2-scale homogenization process and
the operator A does not enter into this category of operators.

4.1 Nondimensionalization of the problem

The nondimensionalization of the system is necessary in order to understand the relative
amplitudes of the different terms. In the literature, few works in that direction have been
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carried out, although we can cite [54] for a nondimensionalization analysis of the ionic
term I;,, and [43] for the analysis in the context of homogenization. We define Ly as a
characteristic length of the heart and Ty as a characteristic time of a cardiac cycle. In the
same spirit, we denote by X a characteristic conductivity, Cy a characteristic membrane
capacitance, V,,q: and Vi,;, characteristic upper and lower bounds for the transmembrane
potential and Wy a characteristic value of the gating variable. We set

T ot
e —»7t = Vmaw_vmin ~6(777)3
uel 1) = (2 ok
ot
Lo’ Tp

wi(Z,8) = (Vinaw — Vinin) u( ) + Viins

We assume that the contribution of I;,,, and I,p, are of the same order, namely, there exists
a characteristic current amplitude Iy such that

—

— T T ~ ~
Iz'on(xaui _Ueaw) =1 Iion(foﬂli —ue,w), (41)

Tapp = To Lapp-
In the same way, we assume that g can be defined using a normalized function g and a
characteristic amplitude G such that

9(@ s — ey w) = Go g (- T — e, ). (42)
0

All quantities denoted by a tilde are dimensionless quantities. We obtain from (11), the
dimensionless system

—

Quit

Vi ( aﬁfaa) =0 QO"
GiVzly -l = GNVgie -7 Ty,
S - Loly = I Loly - LoCy ~ L =
Vet Ny = —odion(:, U — Ue, app — CnOe(t; — te) D',
g i SRR (-, @ — Ue, W) + 0, lrr ~ 51, Om (@ — Ue)
To G ~
o = - %,00 (i — e, W) T,

o (43)
where Q, and I',, are rescaled by Ly and where Uy = Vinax — Vnin- ~The same nondimen-
sionalization process is used to define boundary conditions along 92 using the boundary
conditions given by Equation (3).

We now define € — the parameter which tends to zero in the homogenization process —
as the ratio between the maximal length of a cell (of the order 10~*m) and Lo (equals to
10~'m). This implies that ¢ is of the order of 10~3. The dimensionless quantity

LoCy
YoTo

— with T} of the order of 1s, Cy of 1072F.m~2 and £y of 1S.m~! — is of the same order of
¢ and can be set to € by a small modification of the reference quantities. The term Uy is of
order 107!V and the term I of order 1073 A.m~2 (this is the typical order of magnitude of
I,pp), therefore we have

Lol

3oUo
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of the order of € and set it to €. Finally, up to a small change in the definition of g, we
assume that To Go/Wy is of order 1. The fact that e is small means that the microscopic
scale and the macroscopic scale are well separated. For the sake of clarity, we do not keep
the tilde notation but we write explicitly the dependence in €. To study the mathematical
properties of this problem, we consider the family of problems parametrized by € > 0, and
we will characterize the limit equation as € tends to zero.

We will use the results of the 2-scale convergence, see [3]. This method has been used in
many fields of science and engineering. The main assumption of the 2-scale convergence to
obtain a well defined limit problem, is that the domain — in which the equations are solved —
is periodic.

We denote by Y the open reference domain that is used to define the idealized micro-
structure corresponding to the periodic arrangement of cardiac cells. This micro-structure
is decomposed into two open connected subdomains: the intracellular part Y; and the ex-
tracellular part Y.. We have

Y,nY.=0, Y=Y,UY,.

The intra- and the extra-cellular domains are separated by I'y. The global position vector
is denoted by 7 and the local position vector by §. We define the domain Q = QF U Q¢ by
e-periodicity and we denote by I';, the boundary between the intra- and the extra-cellular
domains Q2 and 5. More precisely we assume that 25 and Q) are the union of entire cells
and we have
0, = J(eYa + i) and then T5, = | J(eTy + euir), (44)
k k

where Wy is the vector corresponding to the translation between the considered cell and
the reference cell. By definition, we have @y = 0. Note that by construction, from any
macroscopic position vector &, one can deduce a corresponding position % in the reference
periodic cell by ¢ = Z/e. We assume that the diffusion tensors depend on the two scales
using e—independent tensor fields

I

F(z) =4, (gz g)

The objective is to homogenize the following problem, i.e. study the convergence — when ¢
tends to zero — of the solutions of the microscopic bidomain model,

Vi (F5Vsui) = 0 Q:,
gie ﬁfuf ’fil = ges 651@ 'T_ii, an
L. (45)
GiVzu; -, = —eCn0(ui —ul) — elion(uf — ul,w®) + elg,, T
ow® = —g(uf —ug,we), Ire,.
The boundary conditions along 952 read
FEVUS, g =0 00N 0L, (46)
and the initial conditions are
us(+,0) — us(-,0) = Ve, we(-,0) = w”e, Ire.. (47)

Finally, for the definition of a unique extracellular electric potential, we impose

/ ug dy = 0. (48)
r

£
m
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4.2 Uniform estimate of the solutions

The homogenization process — i.e. the analysis of the limit process when ¢ tends to 0 —
requires norm estimates of the solution that are independent of the parameter . This is the
objective of this subsection.

A variational equation for unknowns ug, can be directly deduced from the partial differ-
ential equations (45) and (46). It reads, for almost all ¢ € [0, T7,

R - 3. = - O(u§ — us
(72 Vaui, Vo) + (35 Vaus, Vaog)  +eCn <%,v§ —vz)

s,
€ 5 5 5 5 _ € £ €
e =2} =t ),
m m

for all (v§,vS) € HY(QF) x H(QF). We can formally derive an energy estimate by assuming

17 Ye
that uS, is regular in time and by taking v, = uf (-, ¢) in (49). Since, by definition V5 =
ui —uf on I'Y, |, we obtain

- - Cn d
1950525, + I¥zusl3s, +e2 ZVialZas,)

e (Lion (Vi w?) Vi) = (1) - (50)

Before integrating (50) with respect to time, we multiply the equation by e~**, where \ is a
positive constant which will be determined in what follows. The third term of (50) becomes

Cm ‘ —As d € Cm - € Cm €
57/0 e a”VmH%Z(an)dSZETB /\tHVm(t)Hiz’(r;n)*57||Vm(0)||%2(r5n)

ACm [T s
+€T o e >\6||V72H%2(an)d8

Similarly, for all g > 0, one can deduce that

d

t
5H/ e |2 e e yds = & & e ()| 2epe ) — £ 5 [0 | 2a e
2 /o dt (T'5) 2 (T'5) 2 T'5)

A Y
+57/0 e As ||ws|‘%2(]f‘fn)d5
t
:feu/ e*’\s(g(VTfL,wE),wﬁ ds.
0 I

Note that in the previous equation, we have introduced the scalar y in order to use Assump-
tion 6. Then using the two previous equations as well as (50), we obtain

SA,N(U"?a Ui, ws’ t) - g/\,u<u§7 uiv wgv O)
t
—As 5 £ £ /\Om £

we [ e [(TonlVi ot VaY, o+ S5 IV ey b
t t

X A )

e / e (9w wt)  +5E w5 = ¢ / (T Vi) s,

0 rs, 2 m 0 rs,

(51)

where the term & , is the energy associated to the system and is defined by
£ € € € _ Cl —At Ve 2 H —At € 2
(Ui, ug, wet) = ¢ B) e | m(t)”Lz(an) + 526 [|w (ﬂ”m(r;l)

t t
+/ 3|V 5 2 2. ds+/ e Tl |2, ds. (52)
0 2 0 Te
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To shorten the presentation, we omit the reference to the physical quantities in the definition
of the energy, i.e. in what follows, we introduce the notation

EX () = Enpulug, ug, we, t).

For p > 0 given by Assumption 6, we assume that A is sufficiently large, more precisely it

should satisfy
ACh, Ap

2 72 )
where C is the positive scalar appearing in (30) and is independent of e. Using Assumption 6
and (51). We then obtain the first energy estimate

Cr, (53)

min (

t
E5.,(1) < €5,(0) + ¢ /0 e (( app,vs)rs + O, ) (54)

Relation (51) is the energy relation that can be proven rigorously using a regularization pro-
cess. Such derivations are done in the proof of Theorem 1 (see Remark 7 in Appendix 5). We
also refer to the macroscopic bidomain model analysis of [8] for some related considerations.
We are now in the position to state the first proposition of this subsection.

Proposition 5. There exist positive scalars p, \g and C' independent of € such that, for all
A > X and for allt € [0,T), the solutions given by Theorem 1 satisfy

Exut) <& ,0)+C <1 + 51/2/0 29||] oplla(rs ) ds > )

Proof. By noting that the last term of (54) can be estimated as follows

¢ 2¢ \ 1/ 1/2
—As (7€ € €
5A (o0 Vi )F ds < <Cm> / 318, s, [E5,.(5)] 7 ds,

and that ¢ [I'¢,| is bounded uniformly w.r.t. &, we can conclude using Gronwall’s inequality
(see [21], Theorem 5). O

To obtain uniform estimates, we need the following assumption.

Assumption 11. Uniform estimates of the data. We assume that there exists a scalar
C > 0 independent of € such that

51/2/ [Lappllz2reydt < C and ||V08||L2(re y € HU’OEHB re) < C.

Now we introduce the following proposition which is the main result of this section.

Proposition 6. If Assumption 11 holds, there exists a positive scalar C independent of ¢,
such that solutions of the bidomain equations — given by Theorem 1 — satisfy

T T
/0 o 120 e + / i I ey < C (55)

/ / wn ) 4/3 d'}/ dt + 5/ / | d"}’ dt < C. (56)

In order to simplify the proof of Proposition 6, we will introduce one preliminary corol-
lary and two preliminary lemmas. Our starting point is Proposition 5 together with As-
sumption 11 that provides uniform bounds on the data. As a direct consequence of this
assumption and using the equivalence between || - ||z2 and || - ||z , we have the following
corollary. :

and
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Corollary 3. If Assumption 11 holds, there exists a positive scalar C independent of €, such
that solutions of the bidomain equations — given by Theorem 1 — satisfy

T T
/0 1950 22 ey + / AT e
and for all t € [0,T],
ENVEDIar ) + e [l 2ar ) < C. (57)

Corollary 3 is still not sufficient for our purpose since we need an estimation of the intra-
and extra-cellular potentials in the L*-norm in Q¢ and QS respectively. To do so, we need
a Poincaré-Wirtinger inequality and a trace inequality that should take into account the
geometry dependence in €. Such inequalities are given in [7], Corollary B.1 and Lemma C.1.
They are given in dimension 2 but they can be extended to the 3-dimensional setting. With
our notations, these inequalities are given in the following lemma.

Lemma 3. There exists a constant C independent of € such that for all vi € H*(QE), we

have )
ot = g [ 06 ¥ lisnn) < € 1¥ 508l (59)
and =
||U§||%2(rgn) <Ce! HUEH%%Q@ +Ce ||V£U§||2L2(szg)~ (59)

Note that inequality (58) is no longer true if the domain Q¢ does not satisfy (44), i.e. if
Q is not the union of entire cells for all e (which allows non-connected extra-cellular sub-
domains to appear at the boundary of the domain for some sequences of ). Moreover, we
also need a Poincaré-like inequality to bound the L?-norm of the solution inside the intra-
and the extra-cellular domains. Such an inequality can be found in [7] Lemma C.2, and in
our context, it is given in the following lemma.

Lemma 4. There exists a constant C independent of € such that for all v¢ € H(QF),
||U3||%2(Qg) <Ce ||U§||2L2(r5n) +Ce? IVz vz”%?(ﬂg)' (60)

Finally collecting the results of Corollary 3 and Lemmas 3 and 4, we can prove Propo-
sition 6.

Proof. (Proof of Proposition ()

Step 1: A preliminary inequality. To simplify the following computations, we introduce
the linear forms mq and mr defined for all v € H(Q) by

£

):
19l Jao:

Me (v vodZ and mp(vg) ve dry.

|| re,
For all v¢ € H*(Q%), we have
I0F = me(0E) Baqesy = 10§ — m(e8) — me(ef — mr (e 3aces

= [l = mr @) Z2(re,) + Ime (W — mr(E)Z2re,)

2 / (vF — mr(u))me (v — mr(v9)) dy.

Now observing that the last term vanishes hence, for all v € H'(QZ), we have

[v = me ()22 s,y < 02 = me(vE)Zare - (61)
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Step 2: Uniform estimates of the potentials. Using the trace inequality (59) (applied to
vE —me(v)) and inequality (61) we find

llvg = mr (o) 3ars ) < ClIvE — me(ul) 3y + €2V v 3 s

Thanks to the Poincaré-Wirtinger inequality (58), we conclude that there exists C' indepen-
dent of € such that
e [[vg = mr (V)| Zare,) < ClIVaviliagos)-

Now setting v¢ = ug in the previous equation (remind that mr(u$) = 0), integrating with
respect to time and using the estimation of Corollary 3, we find

T
e [ Iy s < €,
0

where C is another constant independent of e. With the estimate (57) of Corollary 3, we
also have

T
e [ ey s < €

where C' is another constant independent of €. Finally, we can use Lemma 4 to obtain the
estimate (55).

Step 3: Uniform estimates of the non-linear terms. It is also important to obtain a uni-
form estimate on the term o, (u$ —u$, w®) and on the term g(u$ —u$, w®) in the appropriate
norms. From (51), we have

T 7)\15 € £ € /\Om €112
€ 0 |:)‘ |Fm| + <Ii07l(vm’w )’ Vm>F5 + T||VmHL2(an):|dt
_ A u
/ Mo (Vi) ) o S e
T
<0+ / > (( st)rs O] )a= RAD). (62)
0
then the right hand side of the equation above (denoted R.(T)) can be estimated as follows
RA(T) < O (1 IVRelaceg e 0 Naqey, ) +2C sup IV <mLagﬁt/ 1 pplzars,)
€10,

where we have used the property that €|T'¢ | is bounded uniformly with respect to & and
C is a constant independent of €. As a consequence of Assumption 11 and Corollary 3, we
have that R.(T) is uniformly bounded w.r.t. . Using Assumption 6, we know that there
exists p > 0 such that for X satisfying (53), the integrand of the left hand side of (62) is
positive almost everywhere on I'? . Therefore, bounding e~** by below, we deduce that

1,

where C' is another constant that depends on e*”" but is independent of . We must now
study two distinct cases.

Aok Tion (Vi w) Vi + 252 V22 gV ) + 2 e |y < €,

(63)

Step 3a: Assumption 7a holds. Since g is Lipschitz we can show, with the estimate (57)

that
/ / Ve w w)[Pdydt < C,
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where C independent of €. Therefore, we deduce from (63) that

T
E/ / [Tion (Vy5, w®) Vi | dydt < C, (64)
0 m

where C'is another scalar independent of €. Therefore, using the growth condition (28) and
Young’s inequalities, we get

T
5// o (V2 w9) Y2 dvy dt
0 =

T
SaCC@O/S// Lion(VE,w®)| (VS| + w3 + 1) dy dt
0 ™

<eCCY? /T/ Lion (VE 05 VE |+~ Lion (Ve 05) [ + T w5 1 L gyt
— o0 0 fn m? m 2 774/3 m? 4 4 K
where 77 > 0 can be chosen arbitrarily and C is another scalar independent of €. Finally,

since |w5|4/3 < |wf|* 4 4/27 almost everywhere on I'S,, we can use estimates (64)-(57) and
choose 7 sufficiently large (but independent of €) in order to obtain (56).

Step 3b: Assumption 7b holds. Starting from (62) and using the first inequality in (32)
we have

ACh

T
[ A vV - alVaP £ 1+ R0V Vit S0V
0 re,

A
+ g (Vi wf) w + 52w dydt < C.

Note that for A sufficiently large (but independent of €), the integrand above is positive.
Moreover, from Assumption 7b, we have, for all ¥ € Q and (v,w) € R?,

1 20,2
e e ]

and .
- |v] 4 2
9@ vw) o] <O (4 (Ut 1),
n
for some 1 > 0 and where C' is a positive constant independent of ¢ and 7. Therefore, by
choosing 71 large enough (1 is independent of £), one can show that there exists another

positive constant C' independent of € such that

T
s// Ve tdydt < C.
0 Jre,

The results of Proposition 6 are then a direct consequence of Assumption 5. O

4.3 Homogenization of the bidomain equations by 2-scale conver-
gence

The 2-scale convergence theory has been developed in the reference articles [3] and [45].
This mathematical tool justifies and deduces the homogenized problem in a single process.
It is also well adapted to treat the case of perforated domains (in our case 2; and €. can
both be seen as perforated domains). The analysis of homogenization in a perforated domain
presents some additional difficulties since the solutions are defined in domains whose geome-
try is not fixed. This issue is not new (see [14]) and it is addressed in [5] — using compactness
results for sequence of functions defined in a family of perforated domains — or in [1], [15]
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and [13]. In the last two mentioned references, the periodic unfolding method is used. Such
a method can be related to 2-scale convergence, as in [37] in which the homogenization of a
reaction-diffusion problem is done using both techniques: the 2-scale convergence gives the
preliminary convergence results and the periodic unfolding method is used to deal with the
reaction term. The treatment of the reaction terms — i.e. the non linear terms or the ionic
terms in our context — is one of the main difficulty. To tackle this problem, we present an
approach based upon the general ideas of the original article [3]. Finally, the last difficulty
which is typical to biological tissue modeling, is that the non-linear terms of the equations
— that correspond to exchange of ionic quantities at the membrane of a cell — lie on the
boundary of the domain. Therefore the 2-scale convergence theory must be adapted and to
do so, we use the results presented in [4] (see also [44] for related results).

We define Q7 := Q x (0,T), and we introduce the space C{(Y) of continuous periodic
functions on the periodic cell Y (up to the boundary) and Lg°(Y') the space of essentially
bounded periodic functions on Y.

Proposition 7. Let {u®} be a sequence of functions in L*(Qr) such that
/ |uf (&, t)|?di dt < C
Qr

where C does not depend on €, then the sequence 2-scale converges to a limit ug € L?(QrxY),
i.e. for any p € C°(Q; LEO(Y)) we have, up to a subsequence,
1
lim ut(Z,t) p(Z,t,&/e) dZ dt = — uo(Z,t,9) (T, t,§) dZ dt dy.
=0 Jo. Y] Jarxy
The same notion of weak convergence exists for a function defined on I'S,, and straight-
forward generalizations of the results in [4] lead to the following proposition.

Proposition 8. Let {u¢} be a sequence of functions in LP (IS, x (0,T)) with p € (1,+00)
such that

. / e (7, )Py dt < C, (65)
e x(0,T)

where C' does not depend on €, then the sequence 2-scale converges to a limit ug € LP(Qr x
I'y), i.e. for any ¢ € C°(Qr; CT?(Y)) we have, up to a subsequence,
1
lim us(Z,t) p(Z,t,Z/e) dy dt = — uo(Z,t,9) (T, t, ) dZ dt dv.
€20 Jre x(0,7) Y] Jazxry
As previously mentioned, one of the main advantages of 2-scale convergence is the abil-

ity to analyze partial differential equations in a perforated domain by introducing simple
extension operators. In our context €2 and Qf can be seen as perforated domains, therefore,
following [3], we denote by ~ the extension by zero in Q. More precisely, we define

- Vaus QF, - 0 Qs
V_»zuf = ! ¢ Vfuz = .
0 Qe Vzus QF,

and we define 5° by periodicity as follows

. Gi(,4) JEYi, , L7
Fzp=1 Y and @) = 5(5, E)
&e(fyg) ge Yea

Using (49), one can see that the functions (ug, u<) and (Vz ug, Vz ug) satisfy, for all v, v< €
H(Q) and for almost all ¢t € (0,7,

L S . . S . O(us — us
(&’Evfuf,vaf> + (5’6Vfu§,vz~vi> +eC, <M, vy —v§>
Q Q ot r

€
m

+e <Iwn(uf —ug,w®), vi — v§>ra = 5<I§pp, v — vZ)FE . (66)

m
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Two-scale convergence theory enables us to relate the 2-scale limits of 2 us and Vz ug with
the 2-scale limits of the extension of (uf,ut) defined as

ui  QF, 0 Q
’ELE = 'I’:[/E =
‘ 0, ¢ us Q.

€

Then the a priori estimate (55) allows for the application of the 2-scale convergence theory
in a perforated domain as presented in [3]. To do so, we define Hj (Y') — as the completion
for the norm H(Y) of o (Y) — the space of infinitely differentiable functions that are
periodic of period Y (a similar definition holds if Y is replaced by Y, and H!(Y") is replaced
by L?(Y)).

Proposition 9. If Assumption 11 holds (i.e. uniform norm-estimate of the data), there
exist

ug € L*((0,7); H'(Q))  and  ul, € L*(Qr; H (Ya)),

such that the solution of the bidomain equations given by Theorem 1 satisfies

g, — ug (T, 1) xv, (7),
2—scale
——— . . (67)
Veug, —  (Vzud + Vyul)xy, (i),
2-scale

where xy,, is the characteristic function of Y.

Note that in this proposition, the convergences have to be understood in the sense given
in Proposition 7. For regular enough functions, we need to relate the 2-scale limit on a
volume to the 2-scale limit on surface. This is the object of the proposition given below
whose proof is very inspired by [4] (Proposition 2.6) and therefore only the main idea is
given.

Proposition 10. Let {u®} be a sequence of functions in L*((0,T); HY(QF,)) such that
T
/ / i (2, 8) + [V (7, 0) dif dt < C,
0 &
where C does not depend on . Let 4 denote the extension by zero in (0,T) x Q of u®.

There ezists u® € L?((0,T); H'(2)) such that

ﬂs(fa t) — uo(fv t) XYo (?j) (68)
2—scale

and for any ¢ € C°(Qr; C)(Y)),
T (g E 1 0= N
€ u (a:,t)cp(:c,t,f>dfy i — — u (%, 1) o(Z,t,y) dy dZ di. (69)
0 o € |Y| Qr I'y

Proof. Being given ¢ € C1(Qg; Cj? (Y)), for each ¥ and t (seen here as parameters), we
introduce 9z, a function of ¥ periodic in Y; with mean value 0 as the solution of

1
VI o(Z,t,§)dy inY;,
Vil Jr, (70)

6171/}5775 . ﬁry = w(fﬂta ) on FYv

Agipzy =

where 7ip, is the outward normal of ¥;. Then the results of the proposition are obtained by
first noticing that

T - T -
5/ / u®(Z,t) @(:E',L §>d7 dt = 5/ / u®(Z,t) (ﬁgwm . ﬁpy) (g) dy dt,
0 fYL 0 fn

then using Green’s formulae to recover integral over ) and finally using 2-scale convergence
results as in Proposition 7. O
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4.4 The two-scale homogenized limit model

The next step in deriving the homogenized equations (i.e. setting the equations of the
limit terms uY) consists in using regular enough test functions in (66) of the form
(#,t) = v2(Z, 1) + evl (2,1, =), (71)

with L
00 € CY(Qr), vQ(Z,T) =0,

The decomposition (71) can be explained a priori since it corresponds to the expected
behavior of the limit field, 4.e. it should not depend on %. Doing so, Equation (66) gives,
after integration with respect to time,

e~ /—\_/

(geﬁfuf,ﬁiv?+§gv}+6§fv})ﬂ +(¢§ Va ug, Vi z 02 +Vyve+6V v)
T

T

T
0 1_.0 1
—eCp / <uf —us, 0 (v; +ev; — v, —5v€)>FE dt
0
T
€ € € 0 1 0 1
+5/ <Ii0n(ui —uS,w),v; +ev; — v, —eve>rs dt
0 N

T
=c / (Iapp,vZ + ev} 2—Evé)r dt—sCm(Vng’E,v?+5v} —vS—sui)F . (72)
0 : <

We want to apply the results of the 2-scale convergence. First, we will focus on the volume
terms. As explained in [3], the next step is to choose

Va7, §) =0 (Z,5) (Va vl () + Vi 0o (7, 7))
as a test function in the definition of 2-scale convergence. However, Assumption 1 on the

diffusion tensor & () is not sufficient to have ¥, € C°(Q7; Ly (Y))3. This motivates the
following additional assumption.

Assumption 12. . B
Oo € C’O(Q;L;’;(Ya))‘gx‘“’.

Such an assumption ensures that ¥, is an admissible test function (see [3]) and can be
considered as a test function in Proposition 7.

The surface terms also need a detailed analysis. Since Ig,, is uniformly bounded in
L2(T, x (0,T)) (see Assumption 11), we can use Proposition 8 to write that there exists

Igpp € L%(Qr x I'y) such that up to a subsequence,

T
1
5/ (Iapp,vl +evy — 00 — 51);) dt — (/ 19, (%t gj’)dv,v?—vg) . (73)
0 5 Y] Qr

Moreover, since we have assumed that the initial data are also uniformly bounded in the
adequate norm (see Assumption 11) and using again the 2-scale convergence theorem on
surfaces (Proposition 8), we know that there exists V.2 € L%(Q x T'y) such that, up to a
subsequence,

cCh, (V,?f,vlJrsv ’Uofe’u |Y|/</ryvo (Z,7) d >(v0v)(:r 0)dz. (74)

In the same way, thanks to Proposition 6, we can show that I;,, satisfies the uniform
bound (65) with p = 4/3. We can therefore apply Proposition 8 and find there exists
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Iy € L*3(Qq x Ty) such that, up to a subsequence,

T
5/ <Iion(uf —us, w),v) +evy — v — sv;>r dt
0 m

—)% . (/F Io(Z,t, 9) d’y) () — Q) (&, t) dF dt. (75)

One of the difficulties — which is postponed — is to relate Iy with the limits of «f, and w*®.
To deal with the third term in (72), we also need Proposition 10 and we get

T
r
£ / / ul (%, 1) O, (7, ) dydt — |;|| u (Z,t) O (7, 1) dZ dt. (76)
0 = Qr

Using the convergence results obtained above, the weak formulation of the microscopic
bidomain equations — as given by (72) — becomes at the limit

( (V ul —I—V u) Vi v, +Vyvl) +(§e (%uSJr%ué)ﬁfvSJr%vi)

QrxY;

- m|FY|(U —U at(“ _UO>)Q +(/r IOd%w?_vg)QT
Y

T
:(/ Igppdv,vio— 0 —Chn Vo (Z,4) dy (v) —2)(Z,0)dz. (77)
Ty Q Ty

QTXYe

We now consider the equation on the gating variable. From (45), we deduce that for all
¥ € C'(Qr; C)(Y)) such that  (Z,T,7) = 0,

we have

/ / (Z,t) 8tw(x t, 7) d’ydt—l—/OT/fng(mewf)w(x t, —) dydt
_ _/; w0 (@) (7,0, g)dy.

Using again the 2-scale convergence of a sequence of L? functions on 'S, x (0,7") (Proposi-
tion 8), we find that

(0. 0) gy, + 002 W)y, = [ [ @D @0 vz (1
Y

where w, go and wq are the 2-scale limits of w®, g(V,5,w®) and w®¢ respectively. These

2-scale limits are well-defined (up to subsequences) since w*® is a continuous function in time
with value in L?(T'¢,) and is uniformly bounded with respect to ¢ (Corollary 3). The same
argument holds for g (Proposition 6).

Finally, one can pass to the 2-scale limit in Equation (48) to recover a condition on the
average of u0 and we get the closure equation, for all ¢ € C°([0,T]),

T
Tr
5/ / ug dry <,0dt—0—>M (/uSdf) edt =0. (79)
0 < =0 Y] Jo Q

This implies that we have, for almost all ¢ € [0, T,

/ u? di = 0. (80)
Q
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Equations (77), (78) and (79) define some micro-macro equations for the bidomain problem.
To close these equations, we need to relate Iy and g to the 2-scale limits of V7, = uf — u;
and w®. This is the object of Proposition 11 given in what follows but first, let us mention
that is it possible to derive an energy estimate for the micro-macro problem. As mentioned,
such energy relations are formally obtained by setting v = e ** % and vl = e=**ul in
Equation (77) and 1 = e *w’ in Equation (78). The following energy relation can be
proven, for all A > 0 and p > 0,
Sg’ﬂ(u?,u%,ug,ul w®,t) —Sg’u(u?,u%,ug,ul w’,0)

e’ e’

b ACH,|T
+/ e AS[(/ foayof o)+ 2y a0y )2, o Jas
0 Iy Q 2

t
—\s 0 K 012
+/0 ‘ [/”L (go’w >L2(Q><Fy) A lw ”LQ(”XFY)}dS

t
:/ e_xs(/ 19, dy u¢ —u2) ds, (81)
0 I'y

where the term 55\37 18 the energy associated with the system and is defined by

Cm|FY| — B
€0, ub .k, 1) = TN @ ) ()] + BN D) B
t — — — — —
+ Z /67“(&'& (v5u3+vgu}x>,viug+vgu;)ﬂ Yds. (82)
ae{i,e} 0 XX

As previously mentioned, the following proposition relates Iy and gg to the 2-scale limits
of V7 = ui —uf and w®, respectively.

Proposition 11. We assume that Assumptions 8 and 12 are satisfied and that the source
term and the initial data are given by,
15, () = Lapp(Z,1), VoS (B) = Ve (@), w” () = wo(F), V€ [0,T], VI eT;,
with o o o
Iapp S CO(QT), V’rg S CO(QT), wo € CO(QT)

Let (u$,us, w?) be a solution of equations (45)-(48) given by Theorem 1 and let u%, w®, Iy
and go, the 2-scale limits of u,, w®, Iion(us —us,w) and g(us — ug, w*) respectively then
we have,

0 0

{ IO = Iion(u? - Ug;wo),
g0 = g(uf —ul, w").

Proof. This result is not a straightforward consequence of the uf, and w® estimates. We
adapt here the technique used in [3] for the 2-scale analysis of non-linear problems. Thanks
to Assumption 8, for A > 0 large enough (but independent of €) and p > 0 given, for all
regular enough test functions ¢5, ¢ and 9¢°, we have

67

g)hli(uf - Qozt?? Ue 9025 w® — 1/15, T)

ACo,
A+ Ve — Vil at

b [ (Vi) ~ om0, 5~ 5.,

T
te / e (9 w®) = gi )0 =)+ A = vy [t > 0, (83)
0 mn

7

where v, = ¢ — % on I';, and where the energy functional £y, is defined in Equation (52).
The idea is to use the energy relation (51) — which is satisfied by the solution (u$, us, w*®)
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to simplify the previous equation. Doing so, we introduce a term corresponding to the data

T
1) ime [N Ty V3), e G IV crg 2 5 ol
Substituting (51) into (83), we obtain the inequality
0 < d (T) —2€°(T) + &xulef, w2, ¥, T) +i°(T) + ng*(T), (84)

with

Cm
eE(T) —e M —/\T(Ve e )an +e % e—AT(we7we)an

2 m7m

T T
+ / e*’\t((?l- Vzui,Vz sﬁf)Qf dt + / eiAt(E@ Vzus, Vg goi)gz dt,
0 0

m m

)\C
—eACr (Vs m)L?(Fe yte—5— Hl/m”L2 Ie, )} dt,

T
€ -t | _ € € € o 5 € € €
v = [ e (svanag) e (sl - )
MW g + 2 5 1 B, }

Now, we set, for any given positive real scalar 7,

{ 05 (Z,1) = ©O(Z,1) + £ L (T, 8, T/e) + T pa(F, 1),
(T, t) = WO(Z,t, &/e) + T (T, t, T/e),

where
(00, 0a) € CHQ)%,  0n € CH O CL(Y)),  (Yo,9) € CO(Qr; CP(Y))2.

By construction, ¢f and ¢¢ are test functions that allow us to use the 2-scale convergence
(see Propositions 7 and 8). The same remark is true for I,,,, V0 and w® by assumption.
Moreover, we need the following results concerning 2-scale convergence of test functions
(see [3])

—

—

T
Xva (2)0%  — xva (D) (@5 + 7 Pa),
€ 2-scale

and

f = N = — —
xv. (5)Vaeh — xvu(@D(Vawh + Viea +7Vava),
€ 2—scale
where the convergence has to be understood in the sense given by Proposition 7. Moreover,

ve, —» PO 4+7rd, Y — PO+,
2-scale 2-scale

where
=) — ) and ®=¢; — ¢,
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and where the convergence has to be understood in the sense given by Proposition 8. To
study the limit of (84) when e tends to 0, we treat each terms separately. We first have
lim d* = d’ with

E—r

|FY|C |FY|M

1V; HL2(Q) +— ||w0||L2(Q)

— Ty / Lpps Vgt 4 LY1Cm

In the same way, one can pass to the limit € — 0 in e*(¢) and we denote by €°(t) this limit.
It is given by

Cm |FY| 7 B
GO(T) 5 )\t( 0 @0+Tq)) 26 At(w0’¢0+7_w)gxry
+ 3 / (Veul +Vyul). Vel +Vyoh +7V000) .
ae{i,e}
We also get

Xu(T) =l & (95, 0%, V%, T) = 3, (6] + 701,00, 00 + 700, 0,00 + 7, T),

where & X is the energy of the limit 2-scale problem defined in Equation (82). Note that to
pass to the limit in the microscopic energy, we have used the strong 2-scale convergence of
test functions. Indeed using [4] (Lemma 2.4), we have

lim & (|9 72 ) = [19° + 7% T2 (0nry -

m

To pass to the limit in the terms ¢ and ¢°, we need to study the convergence of I, (v,, 1)
and g(vg,,1°) respectively. Since the function I;,, is continuous (Assumption 4), as well as
(®°, @, 9)), one can see that I;o, (P + 7@, 9" + 7)) is an adequate test function in the
sense of Proposition 8, i.e.

Lion(®° +7@,9° + 7¢) € C°(Qr; GJ(Y)).
Moreover, we have,

gi_r)% [ ion (Vs %) — wn(q)o +T(I)a7/)0 +77/))||L°°(QT><Fy) =0,

and therefore

e—0

r A
. -t /7. E ) € _1f
lim EA ¢ <I“’"(Vm7w )’Vm Vm>andt

T
:/ e—*t(Iwn(@O+7<1>,¢0+T¢),V,2—@0—T<1>) dt.
0 QXFY

Using the results above, one can show that

T
i(T) := hmf(T):/ e M [—(Io,<1>0+7<1>)
0 QxI'y

e—0
_ (Ii(m(fbo + 70,40 + ), VO — 30 — Tcp)
QXFY

ATy |Ch

ATy | Co (Vi, @ + 7 ®)72(0) + 5

||(I)O + T(I>||L2(Q) dt

Similar results can be deduced in order to compute the limit of g. which we denote go.
Collecting all the convergence results mentioned above, Inequality (84) becomes

0< d"(T) — 2e°(T) + &, (T) +(T) + ug(T). (85)
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Since this inequality is true for all %, ¢ and 1Y, it is true for each element of the sequences
{02 .} {el. .} and {¢0} that satisfy, by density of regular functions

Jim > (et —uillaqomym @)  1ean — ublla@pm v.)) =0
a€e{ie}
and

nli)r—&I-loo eroz - w0||L2(QT><FY) =0.

From the continuity requirement (Assumption 4) and the growth conditions (28) - (29),
Loy and g can be seen as weak continuous applications. Such results are a consequence of a
variant of Lemma 1.3 of [33] (the same proof can be followed) that can be stated as follows:
(for conciseness, we set D = Q x I'y)

Let {I,,}, a uniformly bounded sequence and I, a function in L*((0,T), LP(D)) with 1 < p <
+oo. Assume that the sequence {I,} converges almost everywhere to I in (0,T) x D, then
I,, converges weakly towards I in L*((0,T), LP(D)).

Using the result above one can pass to the limit in Inequality (85), it shows that this

inequality is true after the following formal substitutions, ¢ = u? | ¢! = ul and ° = w°.

Using the energy identity given in Equation (81), one can simplify Inequality (85) and we
obtain

T
ogf/ e*At(Iion(V7?l+T<I>,w0+Tw)—Io, <I>) dt
0

QXFY

T
+ T/ e (g(v,g Fr®, w0 4T — go,w) dt + O(72).
0 QxT'y

Dividing by 7 and then letting 7 tends to 0, we find that for all continuous functions ¢ and

¥,

T
og/ e‘At(Iion(V,%,wO)—Io, @)
0

which gives the result of the proposition. O

T
at [ e (gt - o),

QxI'y 0 QxI'y

4.5 The macroscopic bidomain equations

The obtained model combines a priori the micro- and the macroscopic scales. However,
we will show below that we can decouple these two scales by explicitly determining the
correction terms u} and ul. This determination appears through the analysis of canonical
problems which are set in the reference periodic cells Y; and Y,. First, we choose v? = v? =

vl =0 and (77) becomes

5 (Vaud + Voul), Vet =
(al(quz—i—Vyul),Vyvl)QTXYi 0. (86)

One can observe that such a problem corresponds to the classical cell problem, see [3, 9]. Tt
can be shown that u} are defined up to a function @} € L?(Qr) and can be decomposed as
follows

3
j=1

where the canonical functions Xij , j = 1..3 belong to Hﬂl(Yl) and are uniquely defined by
the following variational formulation

(5@ +V32), Vgv) =0, ¥y e H(Y),

Y;
, (88)
/ X7 djj = 0.
Y;
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From the canonical functions, one can define the associated effective medium tensor 7T; as
follows

SHu

(

We use exactly the same method in order to define and decouple the cell problem in the

Vi = [ F(Fgl &) (gt + g (59)

Y;

extracellular domain Y, and to define the effective medium fe.

1

The macroscopic equations are obtained by taking v} = vl =2 = 0 in (77) and we get

( (V ul +V u) AV )QTini m|FY|<U?*U27atW?>QT
+ (/I‘ Iion(ug_ungo) d’Ya”?)Q |FY‘( appvv?)QT
Y
~Cully| [ V@) (@0 dz. (00)
Q

. e = 3 = i - 3 s
Using the decomposition of Vzu! = ijl Vi X 0pul and Vzul = ijl 0 ulE7 | we
obtain

3
=MV VAR, = . =
(o—i(vfu%vgui),vfug)ﬂ = (UZE (& + Vg &7) 61.ju?,va?)Q N
T k3 T i

Jj=1

3 - 0 S 0
Qr

This equality allows us to simplify Equation (90). In the same way, for the extra-cellular
part, we get

(fe 65112,651}2) + Cp Ty <u — u , O, ) — (/ I,»(,n(u? — ug,wo)dvmg)
Qr Qr r Q

v T
|ry|( app,vo>m +cm|ry|/ﬂvn2(f) 02(%,0)dz.  (91)

Note that Equations (90) and (91) are not yet satisfactory because I;o, (ud — ul, w") may
depend on ¥ since w® is a priori a function of §. However, we have assumed that the initial
data do not depend on ¢ therefore, we get

_(wO, 3t¢)QTXpY + (g(u? - u27w0)7 ’(/})QTXFY = _,/Qw()(f) r 1/’(@@5) d’ydfa
Y

which is the weak formulation of the following problem

ow® W0 0

+ ug,w ) =0 Qx(0,T)xTIy,
O ¢ gl — ) (0.7) x Ty o
w¥(&,0,7) = wo (%) O xTy.

Since the non-linear term g is not varying at the micro scale and since (uo —u?) does not

depend on ¢, it can be proven, using Assumption 8, that the solution w® of (92) is unique
for all i € 'y hence it is independent of the variable . As a consequence, we have

1 0

ey Iion(u? - ueywo) = Amlion(ug - u27w0)7
Y| Jry
where A,, = [T'y|/|Y] is the ratio of membrane area per unit volume. Now observe that
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Equations (90) and (91) are the weak forms of the following set of equations

= T o O(u? — u?
_vi’ : |Y‘ Vf ’U/? + Amcm% + Amlum(u? — Ug, U}O) = AmIapp Q x ((),T‘)7
= T, = 0 A(uy — ug) 0 0 .0
—Vz - ] Vzue, — AmOmT — A dion(u] —ug,w") = —Apapp Q2 x(0,7),
(T; - Viu) i =0 99 x (0,7),
(T, -Vzue)-it=0 90 x (0,T),
(uf — u)(#,0) = V3 () Q.

(93)
System (93)-(92) corresponds to the sought macro-scale equations. Finally, note that we
close the problem by recalling Equation (80)

/ugdf:O.
Q

Since the analysis has already been done for the microscopic bidomain model, we can infer
— up to a subsequence — the existence of a solution of System (92)-(93). The proposed model
is a generalization of the very classical macroscopic bidomain model in which constant elec-
tric conductivities are considered. Indeed, compare to previous studies, see for example [6]
and [50], and to anticipate meaningful modeling assumptions, we have considered at the
microscopic level that the electric conductivities are tensorial. This does not appear in the
expression of System (93) but is hidden in the definition of the cell-problems (88) and in the
definition of the tensor (89). Moreover, we have shown that the classical macroscopic bido-
main model formally obtained in [17] and [43] is valid under some more general conditions
on the ionic terms than those assumed in [6] and [50]. More precisely, we have extended the
validity of the macroscopic bidomain equations to space-varying physiological models.
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Appendix (proofs of Section 3.3)

In what follows, we will work with the following weighted norm,

t
o2 = / e 0(,8)|2aqr, ds, Yo € L3((0,T) x Tyn).
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Note that this weighted norm is obviously equivalent to the standard L?-norm. The pa-
rameter A is chosen later to obtain existence and uniqueness results. Given any function
U € C°([0,T); L*(T,,)), we have the following lemma.

Lemma 2 If Assumptions 2, 4, 5 and 7a hold then there exists a unique function

wy € Cl([oa T]§ LQ(Fm))a

which is a solution of

dywy + g(U,wy) =0, Ty, Vit € (0,7,
{ wwo + g(U, wy) [0, 7] (04)

wy (7,0) = wd(2), | R
Moreover if Assumptions 9 and 10 are satisfied then for allt € [0,T] and almost all ¥ € T,

Wmin S U)U((E, t) S Wmax-

Proof. By density of continuous functions in L? spaces, there exist two sequences {w)} C
CO(Ty,) and {U,} € C°([0,T] x T',) such that

0 0
lwn = w 2@,y 57 0
and for all ¢ € [0, 7],
|Un(t) = U L2r,,) —> 0.

n—4oo

Then for all ¥ € I',,, we denote by wy; (,-), the solution of the following Cauchy problem
(now Z plays the role of a parameter), for all ¥ € T',,, and ¢ € [0,T],

(95)

Since we have assumed that g is Lipschitz in its second argument by a standard application
of the Picard-Lindeldf theorem, we can show that there exists a unique solution wy, (Z,-)
to this problem which belongs to C*([0,7]). Now, for all z € T, for all (n,m) € N? we

have,
0, (7,) — 00, (@, )] = 9(Un (@, ), w0, (F.1)) — 9@ Un (3, ), wr, (7, ).

We set wy, 1= wy,, — wy,,. We multiply the previous equation by e‘*twn,m and integrate

with respect to space and time. After some manipulations we get, for all ¢ € [0, 77,

e M 2 Lo 012 A 2
T”wn,m(t)HL?(rm) - §||wn = Wyl 72(r,,) + 3 Iwn,ml |12

t
= / eiAS [(g(Umvam)a wn,m)I‘m - (Q(UnawUn); wn,m)I‘m} ds.
0

Since g is globally Lipschitz (Assumption 7a), we have
—At

O < (252 = 5 ) Wl + = 0 ey + 52 110 = Ul
(96)

Then choosing A > 3L, in (96), we can deduce that wy, is a bounded Cauchy sequence in

L?((0,T) x T',,) which is a Banach space. Therefore the sequence wy;, converges strongly

to a limit denoted wy. Moreover, since U,, and wy, converge strongly in L?((0,7) x T',,)

and since g is Lipschitz (Assumption 7a), we have

lg(Un, wu,) = g(U (@), wu)lllro —= 0.

n—-+4oo
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Then by passing to the limit in the weak formulation of (95), it can be proven that the limit
wy € L2((0,T) x Ty,) is a weak solution of (94). In a second step, by inspection of (94),

one can show that 5
w
=% e L2((0,T) x T').
ot
Therefore thanks to Lemma 1.2 of [33] — up to some modification on zero-measure sets —
the function wy satisfies

wy € C%([0,T); L*(Trm)).

This last property implies, again by inspection of (35), that wy € C1([0,T]; L*(T,y,)). Finally,
by simple arguments and Assumption 9, the solution wy, satisfies — for all ¥ € I',,, and for
all t € [0,T] — wWmin < wy,, (¥,1) < wpax if and only if

Wmin S w?;, é Wmax- (97)

This can be ensured for every n and at the limit if it is satisfied for the initial data w®
(i.e. Assumption 9 holds) and if we choose a sequence {w?} of approximating functions that
preserves (97). Such sequences are classically constructed by convolution with parametrized
smooth positive functions of measure one and of decreasing supports around the origin
(see [38] Chapter 3 for instance). O

Theorem 1 If Assumptions 1-7 hold, there exist
Vi € C°([0,T); L*(T,,)) N L2((0,T); HY2(T,,)), 9,V € L2((0,T); H~Y*(I,,)),

and
we H'((0,T); L*(T)),

which are solutions of

{ Con 0V + A(Vin)) + Lion (Vi w) = Lapp, HV2(T,), ae. te(0,7), 08)
Oyw + g(Vin, w) =0, . ae. te(0,7),
" VinlZ,0) = V(&) T,
(99)
{ w(Z,0) = w’(Z) m

Proof. The proof uses the general ideas of the Faedo-Galerkin technique and some useful in-
termediate results which come from [33]. Our proof deals simultaneously with physiological
and phenomenological models only if Assumption 7a is satisfied. Our proof is only partial
when phenomenological models satisfying Assumption 7b are considered. More precisely,
the proof is valid up to Step 4 and we refer the reader to the analysis done in [11] and [10]
to extend the proof.

Step 1: Introduction of the eigenvector basis of the operator A.

We introduce {\;}x>0 C RY and {¢}r>0 C H/2(T,,), the set of increasing non-
negative eigenvalues and corresponding eigenvectors such that, for all v € H/?(T,,),

(A(r),v)r,, = Ae(Yr,v)r,,

Thanks to the properties of the operator A given by Proposition 3 and the fact that
H'Y2(I,,) is dense in L?*(T,,) with compact injection, such eigenvalues and eigenvectors
exist and the set {tj}r>0 is an orthonormal basis of L?(I',,) (see [38], Theorem 2.37).
Note that A\g = 0 and 1o = 1/|T',n|*/?). As in [11], we introduce the continuous projection
operator Py : L?(T,,) — L?(T',,) defined by

¢
Pe(v) =Y (v, 9n)r,, Yk

k=0
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It is standard to show that, for any w € L?(T,,) and v € H'/?(T,,,),

ZEI-‘POO |w — Pe(w)|L2(r,,) =0 and eEToo v = Pe(v) | r/2(r,,) = 0.

Finally, note that P, is also continuous from H'/?(T,,) to H'/?(T,,) and

£
1Pe()IL2r,,) = Zl 0,0, 5 ellPe) 2, < 10,0000, 1P+ D0 Ael(0, dn)r,, |

where ¢ > 0 is independent of /.
Step 2: Local existence result for a corresponding finite dimensional ODE system.

Multiplying the equations on V,,, and w by v and integrating over I'j, suggest to in-
troduce for any given ¢ and for all 0 < k < ¢ the following system of ordinary differential
equations (ODE)

d
Cmd—V,f-l-)\kV;f-i-/ Iion(Vévw€>d}kd’y:/ Lapp Y1 dv,
FWL m
d
Gute [ oviuedy =0,
I

where we have defined

The following initial conditions complete the system
VE©) = Vi = PuVi), wi(0) = wyl” = Pe(w”).

The idea is to apply standard existence results for an ODE system of the form
d .
%Vke = Zk(t’ {Vlf}v {wﬁ}),

Dvf = gult VY, fuf)), (100)
VEO) =V wi(0) = wy”,

where for all integers 0 < k < ¢, the functions 4y : [0,T] x R® x R® — R and g : [0,T] x
R! x RY — R are defined by

A 1 1
(b AV (k) = =GV = o [ TV iy + = [ T

m

and

g (t, (Vi {wl}) = - / (Ve )y d.

I'm

Such functions are continuous in each Vi and wf, thanks to Lemma 1.3 of [33] (see also the
proof of Proposition 11). Moreover from Assumption 5 (i.e. I;, and g bounds) and from
Assumption 3 (i.e. Iy, € L*((0,T) x I';,)), one can show that there exist positive scalars

C; and C; (depending on ¢) such that

J4 y4
D Lt AV AWk D+ D Lo AViY {wi D
k=0 k=0

< CellVi B2,y + 10172,y + 1) + Happ () 2
0 £

<CQ o IVEP+ Yl + 1) + S Happ(D)1172r,.)-
k=0 k=0
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This implies that {ix, gx} are L2-Carathéodory functions (see Definition 3.2 of [49]). Then,
one can apply Theorem 3.7 of [49] to show that there exist Ty € [0, 7] and solutions V}, wf
of Equation (100) such that

Vie HY(0,Ty), wie HY(0,T,), 0<k<UL.
Step 8: Existence result on [0, T] for the finite dimensional ODE system.

Theorem 3.8 of [49] shows that Tp > 0 is independent of the initial data. Now, our
objective is to show that one can find a bound independent of Tj on the solution for ¢ € [0, Tp).
Then such a uniform bound is used to guaranty existence of solutions up to a time T > T}
by a recursion argument. By using an energy technique, one can deduce

e~ M C AC’,

C b
CNVED T2,y — = IVEO)F 2,y + 5= VAl = e M (AVE, VEds
2 0

t
—/ e [(Lion(VE,w") = Lpp, V)1, ] ds.  (101)
0

Furthermore, for g > 0 as in (30) of Assumption 6, we have

ef)\t

p /\u
Tllw Oll2(r,,

t
u s
= B O = [ a0V 00, ), ds

Summing the two previous equations and using (30), we get

e MCp g e M 2 L a )
IV Ol e, + I O, + [ e AV Vs
< D O) gy + Ll O " (L Vet CrlT )
<5 L2(Ty) §||w()HL2(rm)+ ; e (Lapps VO)r,, + Cr|l'm| ) ds
ACh,
(0= 2SR + (@5 = A I (02)

2

Choosing X large enough, we can show using Gronwall’s inequality (see also Proposition 5)
that there exists a constant Cp that depends only on C,,, u, C; and T such that, for all
t S TO)

t
IVEDI 2, + 'O, +/O e AV VE)r, ds

T
_2A
< Cr (VO e,y + O s, + [ ¢ ¥ Mappllioce, e +1). (103

Estimate (103) shows that the solution remains bounded up to time Ty. The bound being
independent, of T, one can repeat the process with initial data V*(Tp) and w’(T,) and
therefore construct a solution up to time 27} (since Ty is independent of the initial data).
Such a solution satisfies (103) with initial data corresponding to Vp(Tp) and w(Tp). By
repeating this process, we can construct a solution up to time 7.

Step 4: Strong convergence result for the potential

First from (103) and from the coercivity of A (see (21)), we can deduce that there exists
C > 0 independent of £ such that

T
/0 ||V£(t)||§{1/2(rm) dt < C. (104)
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One can see that V¢ satisfies, for all v € HY/?(T,,),
Cr(0VE 0)r,, = Cn(0VE, Pe(v))r,,

= —(AV), Pe(v))r,,, = Tion(V*,w") = Lapp, Pe(v))r,,.  (105)

Using the continuity of A (Eq. (20)), the continuity of P¢(v) in H/2(T,,), the bound on
Iion (28), and the estimates (103)-(104), there exists another positive scalar C' independent
of ¢ such that

T
A|@WUMUQ it < C.

From these observations, we deduce that {V*}, is bounded in

Q= {v e L2((0,T); H/*(T',,)), % e L*((0,T); H-Y2(T,)) }

Therefore, using the Lions-Aubin compactness theorem introduced in [33] (translated into
english in [58]), we know that the space Q is included in the space L?((0,7) x T',,) with
compact injection. As a consequence, there exists V,,, € Q such that, up to a subsequence,
V! converges weakly to Vj, in the space L?((0,T); H'/?(T',,)) and 9,V converges weakly to
&V, in L2(0,T; H~/2(T,,)). Moreover, we have

Jim [IVAE) = Via®)lllro = 0. (106)

Finally from [34] (Chapter 1 Theorem 3.2 or Chapter 3 Theorem 4.1), we know that
Vi €Q =V, €C%0,T); LA(T)). (107)

We now want to identify the equations satisfied by the limit terms w and V,,, in Steps 5
and 6 respectively. These steps have to be adapted in the case where Assumption 7b holds
instead of 7a.

Step ba: Strong convergence result and identification of the limit evolution equation for
the gating variable

Since we have assumed that g is globally Lipschitz, we can deduce a similar strong

convergence result for the gating variable w’. For all @ € L%(T',,), the equation satisfied by

w’ reads,

(Osw, Pe(@))r,, + (g(VE,w0), Pe(i))r,, =0 & (9w, d)r,, +(g(VE,w"), Pe(d))r,, =0,

We introduce the unique solution w given by Lemma 2 with U = V,,,. It is possible to show
that the following equation is satisfied

(0w — O’ W), + (9(Vim, w) — g(VE wh), @), + (9(VE wh), @ — Pe(@))r,, = 0.

Setting @ := w —w* (hence w — Py(w) = w— Py(w)), we obtain for almost all time ¢ € (0,7)

1d

2dt”w wéHF ( (vaw) —g(Ve,wé)m)—wz)pm = —(g(Vm,w)7w—’P¢(w))pm. (108)

Since the right-hand side vanishes when ¢ tends to infinity and using the Lipschitz property
of g, we can deduce by a standard energy technique that

lim |[Jw — w'[[[»r =0, (109)
{—+00

for A > 0 sufficiently large.
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Step 6a: Identification of the limit evolution equation for the potential

We have already shown that w satisfies the equation for the gating variable. We now
want to pass to the limit in the space-time weak form of (105) which reads: for all v €
C'([0,T); H/?(T,,)) such that v(T) = 0, we have

T T T
—c, /0 (OPu(v), VO, dt + /O AV, Po(v))r dt + /O (Tion (VY w1, Po(v))r. dt

- / Lapps Pe(0)) 1, dt — Co(Po(V), 0(O))r,.. (110)

The first two terms pass to the limit - using the weak convergence of V* to V,, in Q -
therefore,

T

T T
lim (0yPe(v), V7, dt = lim (O, VO, dt = / (00, Vi), dt.
£—+o00 0 L— 400 0 0

Furthermore, using Proposition 3 and the properties of the operator P, we have

T T
. 4 I 4
L ; (A(V ),Pz(v)>rmdt—eggnoo | (A(VE),v)r,,dt
T T T
=, lim (A(v),VZ>pmdt:/ (A(v),Vm>pmdt:/ (A(Vin),v)r, dt.  (111)
—1To0 Jo 0 0

Using only the approximation properties of the operator Py, we find

T T
lein {Lapps Pe(V))r,,, dt — Cry(Pe(Vi), 0(0)r,,, = / (Lapps V)1, dt = Cry (Vi 0(0))rr, -
% Jo 0
Finally, the last difficulty is to prove that the term I, (V¢ w’) converges weakly to the
term ;o (Vin, wy). Using Assumption 5, there exists a scalar C' > 0 independent of ¢ such
that

T T T
A ||Ii0n(Ve’wZ)Hi/f;s(Fm)dt < C(/O ||V£||i4(1"m)dt+/0 ”weH%Q(Fm)dt—Fl)

From Estimation (103) and the continuous injection H'/?(T,,) € L*(I',,), we can deduce
that i, (V¢ w’) is uniformly bounded in L*/3((0,T) x T',,). Moreover, since V¢ and w’
converge almost everywhere to Vj,, and w respectively, I;o, (V¢ w") converges weakly to the
term I;on (Vin, w) in

L*3((0,T) x T'y) € L2((0,T); HV*(T'1)),

by application of Lemma 1.3 in [33] (see also the proof of Proposition 11). We can therefore
deduce that V,, satisfies the weak formulation of the bidomain equations. For all v €
C'([0,T); HY/?(T,,)) such that v(T) = 0, we have

T T T
fC’m/ <8tv,Vm>pmdt+/ <A(Vm),’l}>1“mdt+/ (Tion (Vim, w), v)r,, dt
0 0 0

T
— [ upps )t = CoV2 0O, (112)
0

Note that using the weak formulation, we see that the initial condition is V;,(0) = V2.
However, this has a meaning only if V,, is continuous in [0, 7] with value sin L?*(T,,) which
is the case (Equation (107)). Moreover, from the weak formulation (112), we deduce Sys-
tem (98) (in the sense of distribution in time). Finally, we deduce the regularity given in
the statement of the theorem for 0;V,,. The regularity for d;w follows.
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Remark 7. Energy identity for the limit solution
To obtain an energy identity, observe that from the weak formulation (112)

T T T
. / (O Vi, ) dt + / (A(Vin), o)r. dt + / (Tion (Vin, w), 01 dt
0 0 0

T
- / (Tupps )1 dt.
0

(113)

Then, all the terms above can be seen as linear forms on v which are continuous in the
norm of L*((0,T); H'/2(T',,,)). Therefore, by the density of functions in C*([0,T); HY/?(T,,))
with compact support into L?((0,T); HY/2(T,,)), Equation (113) is true with v replaced by
e MV,,. Finally, since V,, € C°([0,T],L*(T,,)), it can be shown that (see Theorem 3,

Chapter 5 of [22] for some ideas of the proof),

T T
2/0 (0 Vi, e MV, dt = e_/\T”Vm(T)||2Lz(rm)_||Vm(0)\|%2(rm)+/\/O e M ||Vm|\%2(rm)dt-

From (113), we deduce

AC, [T
2

Cn _ Cm
€ AT||Vm(T)H%2(Fm) - THVm(O)”QH(rm) +

5 e M VinllZ2r,, ) dt

T T
+ / eiAt <»A(Vm)> Vm>Fm dt + / 67/\t <Ii0n(Vm? w)’ Vm>Fm dt
0 0

T
= / e_>\t<Iapp7 Vm>rnz dt.
0

Moreover, from the evolution equation (98) on the gating variable w and since
we HY([0,T]; L*(Ty,))  and  g(Vi,w) € L*([0,T]; L*(Ty,)),

we deduce straightforwardly the energy identity

T
B 0 Ap -
5¢€ Mw(T) e, — 5llw(0)l\iz(rm)+7/0 e MwlZar,, ) dt

+ M/OT e M (g(Vm,w),w) dt = 0.

m

Summing (114) and (115), we get the fundamental energy identity.

(114)

(115)

O

Corollary 2 If Assumption 8 holds then the solution of the microscopic bidomain equa-

tion (36) given by Theorem 1 is unique.

Proof. The proof is standard. Indeed, we assume that two solutions exist and we show that
they must be equal by the energy estimate. We denote by (V1,w1) and (Va, ws) two solutions
of (36). Following the same way that we have used to obtain (114) and then (115), we have

for (V4,V3),

e N Cp, AC, b
Tllvl(t)fvz(t)lliz(rm)+TIIIV1szIIIf,A < 7/0 e [(Lion (Vi w1)

- Iion(‘/% w2)7 Vl - Véh‘m ]dS,
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and for (wq,ws)

—At

e
2

1% )\,u ‘ —As
s (1) = w0,y + o s = wallE < = [ e [(aVh. )
- g(‘/?7w2)7w1 - w2>Fm ]ds

Collecting the two previous equations and using the one-side Lipschitz assumption (Assump-
tion 8), we find

Cm Vi) = VaOlZ2(r,,,) + pllws ) = w2 ()72,
<M (2L = ACw) IV = Valllf s + € (2Lr = Ap) [[Jwr — w2 |7 5.

Choosing A large enough, we obtain V; = V5 and wy = ws. O
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