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Abstract

We analyze a configuration that involves a steel-cased borehole, where the casing that covers the borehole is consid-
ered as a highly conductive thin layer. We develop an asymptotic method for deriving reduced problems capable of
efficiently dealing with the numerical difficulties caused by the casing when applying traditional numerical methods.
We derive several reduced models by employing two different approaches, each of them leading to different classes
of models. We prove stability and convergence results for these models. The theoretical orders of convergence are
supported by numerical results obtained with the finite element method.

Keywords: asymptotic models, impedance conditions, electric potential, thin layer, finite element method, borehole

1. Introduction

Borehole resistivity measurements are a common technique employed for characterizing the Earth’s subsurface. The
standard procedure for acquiring resistivity measurements consists in employing electromagnetic waves. A logging
instrument equipped with a transmitter and several receivers is placed inside a borehole and electromagnetic waves
are sent to the surrounding layered formation. Then, the waves are measured at the receivers and this information is
employed to determine the resistivity of the formation.

Electrical logging through casing is of special interest in wells surrounded by a steel-made casing. While such
casing protects the well from a possible collapse, at the same time it greatly complicates the numerical simulations
due to the extreme thinness of the casing, along with the high conductivity it presents. Thus, when dealing with this
kind of configurations, the numerical results delivered by standard techniques are often inaccurate or simply too costly
to be performed in real time.

According to the results shown in [15, 16], the second derivative of the electric potential along the vertical
direction can be employed to approximate the conductivity of the surrounding layered formation. This technique has
been widely used in the literature for acquiring and interpreting borehole through-casing resistivity measurements.
See, for instance, [18, 19, 20, 17, 21, 22, 5, 4].

These studies are commonly approached from two different perspectives: numerical methods and semi-analytical
ones. While semi-analytical methods provide very efficient solutions, they are severely limited when considering
realistic configurations. Numerical methods, on the other hand, are capable of dealing with complex realistic config-
urations. Hence, they seem a suitable option for dealing with these kind of scenarios. However, the use of numerical
methods becomes challenging when a casing surrounds the borehole, due to its high electrical conductivity and its
small thickness. These features lead to a dramatic increase of the computational cost, and traditional numerical meth-
ods do not perform well. Thus, it is relevant to develop techniques to avoid the problems caused by the metallic casing
and to construct reduced problems involving appropriate boundary or transmission conditions.

In this study, we develop an asymptotic method to solve a problem involving a realistic configuration [22], where
the conductivity in the casing takes much higher values than those in the layered formation. In this configuration, the

Email address: victor.peron@univ-pau. fr (V. PERON)

Preprint submitted to Elsevier July 24, 2018



casing can be seen as a thin layer of uniform thickness € and its conductivity o is proportional to the third negative
power of ¢ , i.e.,, 0 = Tpe~>. Such choice is motivated by the fact that a typical steel casing used in borehole
applications is approximately 1.27 cm thick and exhibits a conductivity of 5 x 10° S/m. Notice, however, that our
approach can also be applied for values of 7 different from (although close to) one, which covers almost all existing
borehole steel casings. For a given casing, its thickness and conductivity are constant, so we simply write o rather
than o'(e).

Our aim is to derive Impedance Transmission Conditions (ITCs) for the electric potential across the aforemen-
tioned casing. The naturally small thickness of the casing compared to the rest of the domain makes it ideal for
applying this kind of method. Such conditions are derived by performing an asymptotic expansion of the solution
and are specifically designed to use them in replacement of one part of the computational domain (in our case, the
subdomain occupied by the casing). The concept of ITCs is rather classical in the modeling of electromagnetic wave
propagation phenomena. See, for instance, [7, 13, 12, 9, 6, 25, 28, 29, 23], where ITCs are derived to substitute a thin
layer present in the configuration.

In this work, we consider high-contrast material properties. This greatly increases the complexity of the prob-
lem. Several works can be found with similarities in this matter, for example, [26, 27, 13] perform studies in elec-
tromagnetism where the material properties depend on the thickness of a thin layer. However, the derivation of ITCs
does not only concern the field of electromagnetism. In [3, 24, 11, 10, 2], we find asymptotic studies related with the
fields of Elasticity and Acoustics.

Here, we consider a transmission problem for the static electric potential set in a cylindrically shaped axi-
symmetric domain 2 C R3, which is complemented with homogeneous Dirichlet boundary conditions. This domain
is composed of three subdomains: (), which represents the interior of the borehole; 15, corresponding to the
rock formation; and Qfay, which constitutes the casing and it consists of a thin layer of uniform thickness . In this
framework, we derive ITCs for the electric potential employing two different approaches. The first one consists of
deriving the transmission conditions across the thin layer, obtaining thus models set in €27 and 2Z ;. We shall refer
to this class of ITCs as Gap-ITCs. The second approach tackles the problem by deriving the transmission conditions
across an artificial interface situated in the middle of the thin layer, resulting thus in models with no gap in the middle.
We shall refer to these class of ITCs as Interface-ITCs. Both classes have their advantages and drawbacks, which are
discussed in this work. In particular, interface-ITCs do not provide any savings in terms of the number of degrees
of freedom; however, they provide an alternative treatment to the problem, which may exhibit some advantages.
For example, since we only work with two materials and one interface condition in this case, perhaps it would be
possible to more easily obtain analytical solutions than with other approaches, and/or employ an efficient numerical
mode-matching method to solve the problem.

The proposed asymptotic method we develop consists of the following steps: First, we scale the subdomain
occupied by the thin layer. Then, we select an Ansatz for the electric potential in the form of power series of € and
we obtain a collection of problems that can be alternately solved to determine the elementary problems satisfied by
each term of the asymptotic expansion. After that, we truncate the resulting series and collect the first terms of the
expansion to infer equivalent conditions by neglecting residual terms depending on €. Finally, we prove convergence
results for the derived asymptotic models.

This paper follows the next outline: In Section 2, we introduce the model problem, along with all the elements
that compose the configuration. Section 3 is devoted to the main contributions, including asymptotic models with
Gap-ITCs and Interface-ITCs. Then, several numerical results are shown in Section 4. Here, numerical results for
validating the convergence rates of the asymptotic models are presented, and then, an application to the field of
resistivity measurements is carried out. Finally, two appendices are included. In Appendix A, we detail every step of
the asymptotic method employed in the derivation of the asymptotic models. In Appendix B, we present stability and
convergence results for the derived asymptotic models.

We denote by H*(2) the standard Sobolev space, endowed with its natural norm || - ||5 q.

2. The model problem

Let Q C R3 be the domain of interest depicted in Figure 1. Domain (2 is cylinder shaped and can be decomposed

into three subdomains: €2, €2, and Q2 , where subdomain {2, is a thin layer of uniform thickness ¢ > 0. These



subdomains can be described as follows:

Qfm:{(T,G,z)ER3:O§r<r0—%,0§9<27r,z0<z<zl},

ﬁy:{(r,ﬁ,z)e}RS:ro— <r<ro+%,0§0<27r,zo<z<zl}, €))

NI DN ™

Q;[:{(T,G,z) ER?:rg+ - <r<Ry,0<6<2m 2 <z<z1}.

We denote by I'f, the interface between €2, and €/, and by I'C,, the interface between €} and €15. In this
domain, we study the equation for the static electric potential, complemented with homogeneous Dirichlet boundary

conditions. The equations read as follows:
div(cVu) = f in  Q,
(2)
u=0 on Of.

Here, u represents the electric potential, o stands for the conductivity and f is the right-hand side, which corresponds
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Figure 1: Sectioned three dimensional domain for the model problem and asymptotic models with Gap-ITCs.

to a current source. The conductivity is a piecewise constant scalar-valued function with different values in each
subdomain. Specifically, the value of the conductivity inside the thin layer (f  is much larger than the one in the
other subdomains, and we express it as a function of parameter . We also assume the right-hand side f is a piecewise
smooth function, independent of €, which vanishes inside the layer. The conductivity and the right-hand side take the



following form:

. € . €
Oint in O, Jint in - O,
~ -3 . 5 — 3 €
0 ={ Olay = Og€ in f=19 fay=0 in Q,
. & . €
Oext m Qext? fexl m Qext’

where oine, Text, 0o > 0 are given constants.

Since the interface problem (2) is elliptic, its solution u has an optimal piecewise regularity depending on both
the regularity of the domain and the regularity of the data f. Note that for general data f € L?((), the solution
u belongs to H}(Q) N PH?(Y) (i.e. piecewise H?). For piecewise smooth function f, the solution u belongs
to PH379(Q) for any § > 0 (here the bound on the Sobolev exponent comes from the edge singularities on the
boundary of the domain, see for instance [8, 23]) ; the solution u belongs to piecewise C 1(ﬁ) functions thanks to
Sobolev embeddings in three dimensions. Hence, there is no ’singular’ behavior appearing in the vicinity of the top
and the bottom of the cylinder.

3. Main Results. Asymptotic models

We apply an asymptotic method for obtaining equivalent models for Problem (2). The method is described in detail
in Appendix A, and consists of the following steps: First, we scale the domain corresponding to the thin layer by
employing its thickness € (see Section A.1). Then, we select an Ansatz in the form of power series of £ and we
substitute it in the equations of Problem (2) (see Section A.2). By grouping the terms that share the same power in €,
we obtain a collection of problems that can be alternately solved to determine the elementary problems satisfied by
every term of the asymptotic expansion (see Section A.3). Finally, we truncate the resulting series and collect the first
terms of the expansion to infer equivalent conditions by neglecting residual terms depending on € (see Sections A.4
and A.5).

Definition 1. Let ul*! be the solution to an asymptotic model defined over a domain Q° C Q. Let u be the solution to
the reference problem. We say that the asymptotic model is of order k + 1 if there exists a constant C' > 0 independent
of €, such that the following expression is satisfied for a sufficiently small ¢:

Hu—u[’“]H < Okt
1,Q0

This method leads us to two different classes of transmission conditions: Gap-ITCs and Interface-ITCs. There
is a main difference between the derivation of Interface-ITCs and the derivation of Gap-ITCs since we apply a formal
Taylor series expansion to the terms of the asymptotic expansion to derive Interface-ITCs (see Section A.6). This way,
we extend the domain of definition for these terms, considering thus domain 2, decomposed into subdomains €2;,, and
Qext» as depicted in Figure 2. Asymptotic models with Interface-ITCs are defined over these subdomains, which are
described as follows:

Qint = {(r,@,z) ER?:0<r<ry),0<0<2mz<z< zl},
3)
Qext = {(r,@,z) ERY g <r<Rp,0<0<2m,29<2< zl}.
On the other hand, asymptotic models with Gap-ITCs are defined over the domain Q° = Qf US)E,,, where subdomains
Qf , and QF,, are described by (1).

Further details concerning the process of derivation of the asymptotic models for both classes are available in
Appendix A. The resulting asymptotic models converge towards the reference Model (2) with a certain order. Details
concerning the proofs for the stability and convergence of these models are found in Appendix B.

It is possible to adapt the asymptotic method developed in Appendix A when the domain (2 is a cylindrical do-
main with arbitrary smooth-shaped base. It requires to use local coordinates along the interface I'. In this framework,

the resulting first order asymptotic models still coincide with the models presented in Section 3.1 and in Section 3.2.
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3.1. Asymptotic models with Gap-ITCs

We apply the aforementioned method to derive approximate models of second and fourth order, respectively.

Definition 2. Let u be a smooth function defined over Q2°. We define its jump and mean value across a thin layer Qfay
by:

[U] re = Uext

rs, — Uim|rfm7

ext

1
{“}Ff - 2 (Uexz\r;, + uimh“ﬁu) :

In the same way, for a function v, defined over (), we define the jump and mean value across an interface I' by:

Mr = Vex|T — VinelT,

1
{U}F =3 (Uexl|f‘ + Uint|F) .
2

3.1.1. Second-order model
The solution of the second-order model satisfies Dirichlet boundary conditions and can be defined independently

in the two sub-domains Qf,, Q.. Hence, ul!l = (ul[il], ug(]l) satisfies

[1] : e
UimAUim = fin 0 QO

ul =0 on O

int int*
)

1] _ : e
TextAlgyi = fext in

ug(]t =0 on 0§

ext”

3.1.2. Fourth-order model

We define a fourth-order approximation u!?!, which shall be a much more accurate approximation of v (2) than
the second-order model u!"; it solves

UimAui[g[] = finl in ant?

o extAu([j(]t = fext in ngu
(3] =0

[“ Ls ’ )
1
(3] — _1 3] _ = (3]
OlayAr {u }rs € {U@nu LE o {Uanu }FE ,
uBl =0 on 90NN,

where Ar = T%ag + 02 is the Laplace-Beltrami operator along I and o1,y = Goe 3.
0

3.2. Asymptotic models with Interface-ITCs

In this case, the asymptotic method delivers two asymptotic models of first and second orders, respectively. In
these models, the exterior and interior problems are uncoupled.



3.2.1. First-order model

The approximate model of order 1 is given by the limit solution w of (2) when ¢ — 0. This solution satisfies

homogeneous Dirichlet boundary conditions and can be defined independently in the two sub-domains iy, Qex(.

[0y [0l

O _ .
Hence, ul®) = (uj !, usy) satisfies

[0] :
UimAuim = fim n Qint7

ul[gt] =0 on O,

(6)

UextAug))(]t = fexx I Qe
ugﬂ =0 on 0.

3.2.2. Second-order model
We define a second-order approximation v['] which satisfies Robin boundary conditions on I" and can be defined

independently in the two sub-domains 2, {2ex. Hence, ol = (vi[jt] , ve[,l(l) solves

UinlAUi[r}t] = fint in Qi

UEt] = ganvl[jj on T,

vi[nlt] =0 on 90N Iy,

@)

UextAvgl = fext in - Qex,

=20l on T,

2
ve[ﬂ =0 on 902N Oext-

Remark 1. We remark that Model (5) depends on o,y = Goe ™3, while Models (4), (6), and (7) do not.

We emphasize that the approximations ) (6) and v[!! (7) are defined in the thin layer O, even if they do not
approach a priori the reference solution « in the thin layer, see Th. 9 and Th. 10 (Sec. Appendix B.4.5) for precise
error estimates in 25 and in €2, However, it is possible to give a precise behavior of u in the layer f, by using
series expansions with profiles U* (see (A.5), Sec. Appendix A.2).

3.2.3. Stabilized 6-order two model

It is possible to prove that the Second-order model (7) is not well-posed for all € > 0 and it can be unstable as €
goes to 0 (see section B.4.2 for more details). To overcome this issue, we introduce the artificial boundaries I's$ and
28 (see [9, 10]), which are defined as :

ext

an‘f ={(rp — 0¢,0,2) : 6§ > 0,0 € [0,27), 2z € (20,21)},
3
T = {(ro +9c,0,2): 6 > 0,0 € [0,27),2 € (20,21)} -

We apply a formal Taylor expansion on variable 7 to the solution of problem (7), and by neglecting the terms of



order two or higher in €, we obtain the following asymptotic model:

UintA'U/[;lg],im = fint in Q?nsm
1 8(1 — 2(5) 1
ugs],int = 2 8nu([§s],im on answ
uglg],im =0 on JQN Gﬁﬂﬁ,
)
UeXtAugle],ext = f ext in ngt’
uge],ext == ) 8””([55],ext on Fe)ft’
ufl =0 on 90 NANK,
where domains Q25 and Q2% are defined as follows:
Qﬁﬁ:{(r,ﬁ,z) €R3:0§r<r0—65,0§9<27r,zo<z<21},
(10)

0% = {(r,0,2) ER® :rg+ e <r < Rp,0< 0 <2m,20<z<2}.

With this new formulation, if we select § > %, the stability of the problem is restored. Henceforth, we will refer
to this stable model as the Stabilized §-order two model (see Appendix B.4.4, Theorem 7, for more details).

Remark 2. The stabilized model (9) is a generalized Gap-ITCs model. In particular, when § = %, it corresponds to
the second-order model (4).

4. Numerical results

4.1. Convergence results

Here, we assess the numerical performance of the models defined in the previous sections. For obtaining such numer-
ical results, we employ a finite element code, which allows to solve and analyze both the models with Gap-ITCs and
Interface ITCs. First, we provide snapshots of the solutions to the models with Gap-ITCs and we show convergence
curves for these models. Then, similar results are presented for the models with Interface-ITCs. Finally, we compare
all the analyzed models and remark the strong and weak points of each approach.
The numerical tests are performed in the cylindrical domain €2 depicted in Figure 1. The subdomains that form
Q are described in (1), where Ry = 2m, rp = 1 m, zg = 0 m, and z; = 1 m. The conductivity o is a piece-wise
constant function that takes the following values in each subdomain:
Oint = D S/m in QF

nt»?

o0=1{ oy=¢2S/m in Dy

Oext = 3 S/m in QF,

where S represents Siemens. We select the right hand side function f in the following way:

fin[ = 1 C in QE

int
f = flay =0C in Qleaw

fext = 1 C in QE

ext*



where, C represents Coulomb. We can simplify the 3D problem into a 2D problem because the domain, the right hand
side function and the parameters are axi-symmetric, and thus, independent of the cylindrical angular variable §. In
this way, we significantly reduce the computational complexity and cost of the numerical simulations. The numerical
results contained in this section are obtained by employing piecewise polynomial basis functions of third degree.

To estimate modeling errors, we have employed fine enough meshes with varying element sizes (smaller ele-
ments are considered in the proximity of the casing). To ensure that modeling errors are unaffected by an insufficiently
fine discretization, we compared the errors obtained with a given fine mesh and a globally h-refined version of the
same mesh. When these two errors corresponding to different discretizations were similar, we concluded that such
error comes from modeling rather than from an inadequate discretization.

4.1.1. Gap-ITCs

This section corresponds to the numerical simulations of the asymptotic models with Gap-ITCs. First, we per-
form a qualitative comparison by showing some snapshots of the solutions to reference Model (2), and the asymptotic
Models (4) and (5). We observe these snapshots in Figure 3. We remark that the fourth-order asymptotic model
approximates better the behavior of the reference model. To see this, we consider different values for the thickness
of the thin layer, and we calculate the relative error, in H L norm over the domain of the Gap-ITC models, produced
by these approximations compared to the reference model. These results are depicted in Figure 4, which clearly
shows that the fourth-order model is more accurate than the second-order one. These results also serve the purpose of
numerically validating the theoretical convergence rates proved in Appendix B, which indeed coincide.

4.1.2. Interface-ITCs

Here we show similar numerical results for the Interface-ITCs. In this case, the asymptotic models (6) and (7)
are defined over the domains (2, and {2y, which are described by Equation (3) and Figure 2.

In the same way as for the models with Gap-ITCs, we perform a qualitative comparison between the solution
to the reference Model (2) and the asymptotic Models (6) and (7). Figure 5 depicts these solutions. We remark that
Panels Se and 5f show the unstable behavior the theory predicts (See Appendix B). To solve this issue, a new model
is proposed in Section 3.2.3. Model (9) makes use of artificial boundaries in order to restore stability. We observe
the solution to this model in Figure 6, which shows that instabilities disappear. In addition, we have calculated the
relative error, in H' norm over the entire domain without the casing region, produced by the solutions to asymptotic
Models (6), (7), and (9), when compared with the solution to the reference Model (2). Figure 7 shows such results for
6§ = 0.55 and different values of the thickness ¢ of the thin layer. We observe that while Model (6) converges with its
expected theoretical order, Model (7) does not, due to its unstable behavior. On the other hand, Model (9) properly
restores stability, and as a result, it converges with its appropriate order.

4.1.3. Comparison

This section is devoted to the comparison of the five models we have studied by remarking their advantages
and drawbacks. Figure 8 depicts the numerical convergence rates, in H' norm, for all these models. A strong point
of the models with Gap-ITCs is that they present higher convergence orders than the models with Interface-ITCs. In
this case, we obtain models of order two and four, whereas for the models with Interface-ITCs we obtain convergence
orders of one and two.

The main disadvantage of the models with Interface-ITCs is that an unstable Model (7) is delivered, which does
not properly converge. However, as it has been shown in the previous sections, this problem can be overcome with
the Stabilized version of this model in (9).

An advantage of Interface-ITCs over Gap-ITCs is that the resulting asymptotic models are defined over a domain
that is independent of the thickness of the thin layer ¢, while the asymptotic models with Gap-ITCs are defined over
domains which depend on . This fact greatly reduces the complexity of meshing the domain, specially when we deal
with curved interfaces separating the different subdomains. We find all these facts summarized in Table 1.

4.2. Through-casing simulations

Here, we show an application of the derived models to the field of resistivity measurements. According to [15],
the second derivative of the electric potential along the vertical direction can be employed to determine the resistivity

9
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Figure 4: H! relative error produced by the models with Gap-ITCs: the second-order Model (4) and the fourth-order Model (5), for different values
of e.

Model Numerical order | Stability | e-independent domain
Gap-ITCs: Order 2 2 v b ¢
Gap-ITCs: Order 4 4 v X
Interface-ITCs: Order 1 1 v v
Interface-ITCs: Order 2 1-2 X v
Stabilized §-Order 2 2 v X

Table 1: Comparison of the different derived models.
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Figure 5: Solution to the reference Problem (2) and the asymptotic models with Interface-ITCs: the first-order Model (6) and the second-order
Model (7).
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Figure 7: H'! relative error of the models with Interface-ITCs: the first-order Model (6), second-order Model (7) and the Stabilized 6-order 2 Model
(9), for different values of .
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of the rock formations. For this application, we consider the problem set in the domains described by (1), where the
parameters that define these domains are selected as follows: Ry = 10 m, 79 = 0.16 m, and 27 = —zy = 40000 m.
The conductivity takes different constant values in every subdomain. Inside the borehole, it takes the value oj, = 1
S/m and inside the metallic casing it takes the value o,y = 10% S/m. Inside the domain Q,,, which corresponds to
the rock formations, several values are considered, which represent different types of fluid-satured rock formations.
A transmitter is placed inside the borehole, i.e. in the part of the domain denoted as €);,. The right-hand side f
represents a ring-source, which is centered at this transmitter. Thus, it takes the following form:

1 C at the transmitter,
0 C in the rest of the domain.

Again, the choice of this right-hand side allows us to reduce the 3D problem to a 2D problem, greatly decreasing
its complexity. The electric potential should tend to zero when far away from the transmitter. Thus, we consider
homogeneous Dirichlet boundary conditions, u = 0, on the exterior face of the cylinder. On both bases of the cylinder,
we consider homogeneous Neumann boundary conditions, 0,,u = 0. This configuration is depicted in Figure 9.

The objective of these experiments is to measure the electric potential and use these measurements to determine
the resistivity of the rock formations surrounding the borehole. For this purpose, three equidistant receivers are placed
inside the borehole. These receivers are located 2 m above the transmitter and there is a 0.16 m separation between
each of them. The three receivers and the transmitter are mounted on the logging instrument, and when this moves
along the vertical direction, the distance between the transmitter and receivers remains fixed. Both the transmitter and
the receivers are situated 0.05 m away from the center of the borehole. In these experiments, € = 0.01 m.

According to [15], the electric field, when in the presence of a casing, can be divided into a near zone, an
intermediate zone and a far zone. In the intermediate zone, the second derivative of the electric potential in the vertical
direction can be applied to determine the resistivity of the rock formation. For approximating the second derivative
of the potential, we employ the second difference of potential measured at the receivers. Let (71, z-1), (71, 2r2), and
(r1, zr3) be the positions of the first, second, and third receivers, respectively, and let h denote the distance between
the receivers. We perform a formal Taylor series expansion on the z variable around the point (71, z,2) and taking
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ext

Transmitter

Figure 9: Two-dimensional domain considered for the application.

into account that z,.y = 2,9 — h and 2,3 = z,2 + h, we obtain the following second difference formula for the second
derivative of the potential:

w (71, 2r8) — 2u (11, 2r2) + w0 (71, 271)

2 + O(h?).

aﬁu (ri,zr2) =

If we measure these values at the receivers, we can recover the values of the resistivity in the rock formations,
more precisely, the second derivative of the potential should be proportional to the square root of the rock conductivity
(see [15]):

0% (ry, 2r0) =~ C\/0exi, C>0.

4.2.1. Homogeneous formation

For the first experiment, we perform several simulations for the electric potential. In each simulation, we
consider a different value of the homogeneous resistivity in the domain 2, varying between 1 Ohm - m and 10000
Ohm - m from one simulation to another. Figure 10 shows the results of measuring the second difference of potential
at the receivers for every simulation with different rock resistivities. We compare results for both the reference Model
(2) and the fourth-order asymptotic Model (5). The curves are plotted in logarithmic scale and both approximate a
slope of —0.5, which means that the values of the resistivity in the rock formations are properly recovered with both

models and that the fourth-order asymptotic model produces a negligible error with respect to the reference model.

4.2.2. Layered formation

For the second experiment, several layers with different high-contrast conductivity values are considered, as
described in Figure 11a. The experiment aims to simulate the apparent conductivities of these rock layers. For that
purpose, the instrument is moved along the vertical axis, while the second difference of potential is calculated at
the receivers. Figure 11b shows the simulated results of such recordings for both the reference Model (2) and the
fourth-order asymptotic Model (5). We conclude that the fourth-order asymptotic model produces a negligible error
in comparison to the reference model.
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Figure 10: Second difference of potential with different rock resistivities for the reference model (2) and the fourth-order asymptotic model (5).

Conclusions

We have derived two families of asymptotic models for simplifying the numerical modeling of through-casing

measurements. The first one involves asymptotic models which are defined over the domains 25, and €25, with Gap-

ITCs; these models are of second and fourth orders, respectively. The second ones involves asymptotic models which
are defined over a domain that is independent of ¢ with interface-ITCs; these models are of first and second orders,
respectively. Numerical results confirm the predicted convergence rates.

Appendix A. Derivation of asymptotic models

Appendix A.l. Scaling

A key point for the derivation of a multiscale expansion for the solution of Problem (2) consists in performing a

scaling along the normal direction to the thin layer. We start by describing domain €2, in the following way:

11
by = {7(0,2’) +eRn:v(0,2)eT,R e <—2,2>},

where n is the normal vector of the interface I" (pointing outwards €2;,,), and -y is a parametrization of such interface
(see Figure 1), which in cylindrical coordinates is given by:

v(6,2) = (rocos 8, rosind, z), forall (4, z) € Q=
Here, 297 denotes the domain [0, 27) x (o, 21). This domain geometry induces the following scaling:

r=ro+eR & R=c1(r—r). (A.1)
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Figure 11: Borehole surrounded by a formation with four layers and second difference of potential measured at the receivers for the reference
model (2) and the fourth-order asymptotic model (5).
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Employing this scaling and performing an expansion in powers of ¢, the Laplacian operator takes the following
expression inside the thin layer:

_282 Z k— 1 k+1 Z k+g 69+82

=0

=c20p+ e Lo+ (—E)R + 12 9 + 82> Z
To ’I“ To P

<k+1)86 253)
o

6
We assume that we have a solution u € Hg () to (2) and we denote this solution as follows:

Uine In QU
u={ upy in Qp,

. €
Uext 10 Q5

Then, employing the scaling (A.1), we define U as the function that satisfies

11
t(1.2) = (1o 4 £R0.2) = U(R0,2). (R6.2) € (=55 % 0%

Rewriting Equation (2) in each subdomain, it takes the following form outside the thin layer:

UintAuint = fim in anu
(A2)
OextQUext = fexe 1N Qz;m
and the following form inside the thin layer:
—252 . R L o 2
e “0rU +e " —0rU + | ——50rU + —QGQU +0;U
To To
= R , 11 N
Z m ( (k+1)d;U — rgaRU> =0 in (—2,2) x Q%% (A3)
k= To 0
along with the following transmission and boundary conditions:
5 1 02
Uing (7‘0—7,9,2>=U ——,0,z (0,2) € 07,
2 2
1 0z
Uext (r0+7,9,z> =U 5,9,z (0,2) € Q
~ 1 .
OintOnUint (TO - ga 972> = 0p€ 48RU <_27 0, Z) (9,2) € Qeza &4)
Uexta Uext (TO + 5 9’ 97 Z) = 806748RU' 5 07 Z> (9 Z) QQZ
u=0 on Of.
Here, 0,, represents the derivative in the direction of the normal vector (inwardly oriented to 25, on I'S,,, and out-

on ¢

wardly oriented to €2 o

. as shown in Figure 1).
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Appendix A.2. Asymptotic expansion

The following step towards the derivation of Gap-ITCs consists in performing an asymptotic expansion. First,
we consider an Ansatz in the form of power series of ¢ for the solution to Problems (A.2), (A.3) and (A.4). We look
for solutions of the form

Uine(T, 0, 2) E eful (1,0, 2) in  Qf,
k>0

Uet (1,0, 2) = Y Xl (1,0, 2) in QL
« ];J ' ! (A.5)

11
9 k . - Oz.
U(R,0,2) ~ Y "U*(R,0,z) in (2,2)><Q
k>0
Substituting Expansions (A.5) into Equations (A.2), (A.3), and (A.4), and collecting the terms with the same
powers in €, for every k € N, we obtain the following set of equations outside the layer:

k 0 : €
JintAuint = fint(sk m Q)

int>

(A.6a)

0 . 5
UEXlAuext f ext(sk n Qext ’

(A.6b)

and the following equations inside the layer:

k—1 k—2
-R k—I1—1 -R k—1—2
AL S S T » (k—1- L ?H U+ 02U =0
1—0 Ty 1—0 Ty

11
i -, = o= A.
o (L)

along with the following transmission conditions:

1 €
AN =k _ = 0z
U ( 2797 z) Uiy (ro 2,972) (0,2) € Q7 (A.8a)
( > " ro + .0, ) 0, 2) € Q% (A.8b)
OpU* ( > = Zn gl (7’0 - %,9,2) 0, 2) € Q= (A.8¢)
OrU* ( ) Dl (ro+ 5,0, 2) 0,2) € 0, (A.8d)
and the following boundary conditions:
uF(Ro,0,2) =0 (9,2) € Q% (A.92)
€ €

Uk(’l“7972,’0):uk(7"79721):0 (T’G) € ((Oaro_ﬁ) U (TO+§aRO))

x [0, 27), (A.9b)
& k 11

U¥(R,0,20) =U"(R,0,21) =0 (R,0) —515 )% [0,27). (A.9¢)
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For determining the elemental problems satisfied by each of the terms of the expansion, we will also need the follow-
ing compatibility condition, obtained by applying the fundamental theorem of calculus along with Equations (A.7),
(A.8c), and (A.8d) to the function U*:

1 k—1
/ <82U“R92+Z aRUl(Rez)
2 =0
+§ )R B vt (R0, 2) | dR L 00,051 (6,2). (A10)
— ] — ,0,2 = —/— |00pU . ,2). .
1=0 s ’ o g

We adopt the convention that the terms with negative indices in Equations (A.6)-(A.10) are equal to zero. Employing
Equations (A.6) - (A.10), we obtain the expressions for the elementary problems satisfied outside and inside the layer
for any order k£ € N. For that purpose, we employ the algorithm described in the following section.

Remark 3. With this approach, the terms of the asymptotic expansion (A.S), a priori still have a dependency with
respect to € due to the geometry being dependent on €. It is possible to avoid this dependence by applying a change of
variables that delivers an e-independent geometry and then employing an asymptotic expansion set in e-independent
domains. See [14, Appendix A.8] for more details.

Appendix A.3. Algorithm for the determination of the coefficients
In this section, we refer the reader to Ref. [1, §6.2.2] where this algorithm is presented with more details.

Appendix A.3.1. Initialization of the algorithm

Before jumping into the actual steps of the algorithm, we need to determine U° up to an additive function in the
variables 6 and z, denoted by 9. For that purpose, we consider Equations (A.7), (A.8c), and (A.8d) for building the
following differential problem in the variable R for U? (variables 6 and z play the role of parameters):

11
0%U°(R,0,2) =0 R¢€ (— )

272
o1
000rU —5,9,2 =0,

1
808RU0 (2, 9,2) =0.

From these equations, we conclude that U has the form UY(R,0,2) = ¢)(0, z), where function ¢ has yet to be
determined and this is done during the first step of the algorithm. After this preliminary calculation, we move onto
determining U* and u* for any order k& > 0.

We assume that the first terms of the expansion (A.5) up to the order ¢¥~! have already been calculated and we
compute the equations for the k-th order. We also assume that at order k we know the form of U* up to an additive
function in the variables # and z, denoted by % :

UR(R,0,2) = VF(R,0,2) + (6, 2),

where V* has the form
0 if k=0,1,2,3,
VF(R,0,z2) =
OF 5(0,2)RF"2 4 oF (0, 2)RF 3+ .. 4 %0, 2)R if kE>3.

The first step consists in obtaining the expression of the function U**! up to an additive functlon <pk+1 At the
second step, we determine the function ¢f involved in the expression of U*. Finally, we determine u/, and uf, at the
third step. For every order k£ > 0, the algorithm performs the following steps:
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Appendix A.3.2. First step of the algorithm
We select Equations (A.7), (A.8c), and (A.8d), and we build the following differential problem in the variable
R for U**! (variables @ and z play the role of parameters):

11
8123Uk+1 (Raeaz) :gk+1(R79az) R S <_272> )
~ 1 €
GoORUF ! (—2,97z> = OintOn ulm —3 (ro - 5,9,;2) , (A.1D)
N 1 €
GoORpUF ! (2,9,,2) = OexOnuly (ro + 5,9,,2) ,

where
k Rk k=1 (—R)k—1-1
9" (R0, 2) Z o OrUN (R,0,2) = > (k— W(%Ul (R,0,2)
1=0 =0

—0?U 1 (R,0,2).

There exists a solution U**! to (A.11) provided the compatibility condition (A.10) is satisfied. We deduce the
expression of U¥*1 as follows

UL(R,0,2) = VFYY(R, 0, 2) + oFT1(0, 2),
where V1 has the form

0 if k=0,1,2,
V(R 0,2) =
@Z"'%(G, z)Rk Ly 302'%(0, z)Rk72 .+ <p]f+1(9, 2)R if k>2,

see Ref. [1, Prop. 6, §6.2.4]. Function gpkH is determined at the following order.

Appendix A.3.3. Second step of the algorithm
We employ the compatibility condition (A.10) (at order £+ 2), along with Equation (A.9c) to write the following
differential problem in the variables 6 and z for the function ¢§ (involved in the expression of U*):

200, z)—|— 39900( 2) =h*0,2) (8,2) € Q%

Pr(0,20) =0 6 ¢ [0,21), (A.12)

cpg(ﬂ,zl) =0 6 € [0,2m),
where

h* (8, 2 /

2

k+2—1

k+1 (—R)k+1-1
O2VF (R,0,2) + >  ~—5—0rU" (R,0,2)
1=0 0

k—1
R)kl l 1 2v/7k 1 k—2
+lz 71+1 T RU (R,a,z)+%aev (R,0,z) dR*aT) [00,u"2] . (0, 2).

By solving this differential equation, we obtain function (% and thus, the complete expression of U*.
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Appendix A.3.4. Third step of the algorithm
We obtain the equations outside the layer by employing Equations (A.6a), (A.6b), (A.8a), (A.8b), (A.9a), and
(A.9b). We infer that u”, and u%, are defined independently in the two subdomains 25, and Qg,, by equations:

int ext

OimAufy = fin 6} in O,
uﬁ;t (ro — g,@,z) =U* <;,9,z) ,
ul =0 on 002NN,
(A.13)
TextAtigy = fex: O] in Qs
fx[ (7“0—1— ,0 z) =Uk (2,972) ,
=0 on 90NN

ext ext*

Employing this algorithm, we can obtain the expressions for the terms of the expansion for any order & > 0.
The first full steps (k = 0, 1, 2, 3) of this algorithm are written in Ref. [1, §6.2.3]. With every order, the complexity
of the terms increases, and their regularity decreases. Here, we present these expressions up to k = 3, which provides
a good balance between the complexity of the problem and the order of accuracy.

Appendix A.4. First terms of the asymptotics
The asymptotic expansion (A.5) has the following form:

Umt(rr 0 Z) - ulnt(rae7z) +€ U]m(’f‘ 9 Z) +€ umt(r 0 Z) +O( ) in Qient;

Uext (1,0, 2) = ugxt(r, 0,z2) + 52ufxt(r, 0,z2) + egufm(r, 0,2)+ 0O (54) in Q5

11
U(R,0,2) = p3(0,2) + 3p3(0,2) + O (e*) in (—2, 2) x Q9%
where functions v, k = O, 1, 27 3, are defined by Equations (A. 13) In particular, we deduce that u® = (ul, ud,)

solves Problem (4) and u], = ul,, = 0. The problems satisfied by u®, k = 2,3, are made explicit in Ref. [1, §6.2.3].
For (R,0,z) € (5, 1) x Q% functions U* adopt the following form

0 k=0,1,
U*(R,0,2) =
30’8 0,2) k=2,3,

where (2 and 3 solve the following equations:

1
2020, 2)+ - 89@8(9,2)2—7 [00,u°] . (0,2)  (0,2) € Q%

0o
©5(0,20) =0, (A.14)
@50, 21) = 0.
9265(0, 2) +- 89@0(9 z) = a0 {08 W}y (0,2) (0,2) € 9%,
¢80, 20) =0, (A.15)
@40, 21) = 0.
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Appendix A.5. Equivalent models with Gap-ITCs

For deriving equivalent conditions, we truncate the series expansions and we identify a simpler problem satisfied
by
P =0 et +. R in QL UNS

nt ext

up to a residual term of order ¢**!. We neglect the residual term of order 1 to obtain an approximate model
satisfied by function ul¥l. We formally derive two approximate models of second and fourth order, respectively.

Appendix A.5.1. Second-order model
We truncate the series from the second term and (using u' = 0) we define u™ as

uV =u® feut =u® in Q5 UQ,.

From (A.13) (k = 0,1), we deduce that 1) solves the following uncoupled problems:

(1) : e
Oint Auim = fint mn Qint )

1
i(m) =0 on O0f

U nt*
(A.16)
UextAUgt) = fext in ngn
ugt) =0 on O8,,.

In this case, we have ul'! =« as u(!) does not depend on . We infer a second-order model satisfied by u[!], which
is the solution to Problem (4).

Appendix A.5.2. Fourth-order model
We truncate the series at the fourth term and we define u(®) as
u® = u® +eut 42?4 3ud =’ + %+ in Q5 UQL,.
From (A.13) (k = 0,1, 2, 3), we deduce that u®) satisfies the following equations:
oAUl = fo in Q5

(3) _ . e
OextQUgy; = fexx In

ext?
{u(?’)} =0,
FE

Ar {u(g)}ra =g,

u® =0 on 00 NINT,

where 1 1 1
g= —528—0 [00,u’] . — 638—0 [00pu'] . — s3ﬁ {o0,u’} ..

Rewriting g as

9= o]~ {0,

0o re ooro

and neglecting the terms of order four or higher in &, we obtain the fourth-order asymptotic model (5) for ul3].
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Appendix A.6. Equivalent models with Interface-ITCs

Following a similar procedure as for the Gap-ITCs, we derive equivalent models for the Interface-ITCs. The
main difference with the previous process consists in the application of a formal Taylor series expansion to the terms
of the asymptotic expansion. In here, we extend the domain of definition for these terms, considering thus domain £2,
decomposed into subdomains €2;,; and 2., depicted in Figure 2. The terms of the asymptotic expansion are extended
up to the interface I by employing a formal Taylor expansion in the following way:

uikr.lt (TO_ ) Z ] 2] i a] ﬁlt<r0>0>z)a

uk, (ro + = ) Zgzﬁanum 0,0, 2).

We formally derive two approximate models of first and second order, which are described by (6) and (7), respectively.
In addition, a stabilized model is proposed to deal with the aforementioned stability issues that Model (7)

presents. This stabilized model is obtained by considering the artificial boundaries I‘fn‘i and T2, described in (8) and

applying a formal Taylor expansion on the variable 7 to the solution of problem (7) of the form

uld(ro, 0, 2) = uld(ro + 82,0, 2) — 6e0,ullk (ro + 82,0, 2) + O(?),

ul? (ro,0, 2) = ulZ(rg — 62, y) + 5e0,ul% (ro — 52,6, 2) + O(?).

Employing these expressions along with equations (7) and neglecting the terms of order two or higher in ¢, we
obtain the Stabilized §-order two asymptotic model, which is described by (9) and deﬁned over domains Q95 and Q25
These domains are described in (10). With this new formulation, if we select § > = 5» the stability of the problem is

restored.

Appendix B. Stability and convergence of the equivalent models

This section is devoted to the validation of the multiscale expansions performed in Section Appendix A.2. We perform
proofs of existence, uniqueness, and uniform estimates for the reference model and then, we prove the stability and
convergence of the asymptotic models for both the Gap-ITCs and the Interface-ITCs.

Appendix B.1. The reference model: well-posedness and uniform estimates

Here we prove that there exists a solution to Problem (2) and that this solution is unique. We consider the
following problem:

: €
UintAuint = fim m thv

_ : €
OextAlexy = fext m Qexta

-3 : £
00 "Auny = flay I Qg
— Fe
Uint = Ulay ON int»

(B.1)
€
Ulay = Uext ON Fexta

~ 3 e
0o€ anulay — OintOn Uing = Gint  ON Fmta

~ _—3 _ e
op€ anulay — OextOnlUext = Jext ON Fexta

u=20 on 01,

which is defined over the domain depicted in Figure 1. We remark that constants oy, 0ex;, and o are strictly positive
as this fact will play an important role in the following proofs. This problem generalizes Problem (2) by considering

24



the non-zero right-hand side terms fiay, gine and gex. The results obtained for this problem will be useful in later
sections, where we prove the convergence of the asymptotic models.

We write the variational formulation of Problem (B.1). Assuming f € L? (), gin € L? (I,), and gexc €
L? (T%,,), we look for a function u € H{} (Q2), such that for all w € H} (),

a(u,w) = l(w), (B.2)

where
a(u,w) :O'im/ Vu - Vwdx + aext/ Vu-Vwdz + 6pe ™ / Vu - Vwdzx,

int ext lay

l(w) =— Sfinw dx — Sexew da — fayw da + /
Qs Qs Q,

int ext

Ginew ds + / Jextw ds.
Ffm T

ext

The following result guarantees the existence and uniqueness of a solution to this problem and presents some
uniform estimates for this solution.

Theorem 1. For all € > 0, there exists a unique u € Hg(SY), solution to Problem (B.2), with data f € L*(%),
Gint € L*(T%,), gex € L*(TS,). In addition, there exists ¢ > 0 and a constant C' > 0, such that for all £ € (0, &),

lully g < C (1 llo.0 + gl e, + gl e, ) -

Proof. We apply the Poincaré inequality in order to prove the coerciveness of the bilinear form a and place ourselves
in the framework of the Lax-Milgram Lemma, which proves the existence and uniqueness of a weak solution. We
select
o

€0 = { .70,

m1n<0'im7 Uexl)

which garanties the uniform estimates are satisfied for all € € (0, ). More details concerning this proof can be found
in[1, 14]. O

Appendix B.2. Convergence of the asymptotic expansion for the reference model

Definition 3. The residue of order N € N of the asymptotic expansion (A.S) is defined by removing the first N terms
to the solution u of the reference Problem (2):

N

rN(r, 0, 2) = (1,0, 2) — Zskum,(r 0, z) in  Qf,,
k=0
N

Té\r[t(r ¢ Z) = uext T, 0, Z Z ext ’I" 0, Z in ijl,
N

rlm(r 0,2) = Wgy(r, 0, 2) Z ekuk ( 79,,2) in - Qp,.
k=0
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Proposition 1. Let N € N, the residue v, given by Definition 3, satisfies the following equations:

N __ . 5
Cimt AT}, =0 in Q5

N __ . €
OextAr,y =0 in Qg

~ =3 N _ ¢N : £
0o€ ATlay - f/ay in lay>

rl-,]\[, = r,aNy on T%,,
rlaNy = ng on Ty,
aof_ganrlgy - O'intanrinNt = ginNt on Fim
aoEigan'f‘wNy - O'extanrivxt = ggz on Fixt’

N =0 on 09,

where
Iz )y =0 (V) Ngmllzas) =0 (EN72), lgamllrzws,) =0 (N 7%). (B.3)

lay int ext

Proof. We deduce this result by applying Equations (A.6), (A.7), (A.8), (A.9), and (B.1) to the definition of the
residue. We refer the reader to Ref. [1, Prop. 3, §4.1] for a detailed proof of this result for a 2D problem, where the
right-hand sides flé\;, gi]l:’t, and g, are made explicit. O

Theorem 2. Let N € N. For ¢ € (0,¢0) and under the assumptions {5 € L? <Qfa},), gNTe e L2(1%,),

lay
gNTs € L2 (T2,), and uF € PH' (Q°) for k < N + 5, the following estimate holds for the residue of Definition 3,

N

el

et HrmeHLQfm + ﬁ””ﬁ»”uz, < CeM

ext
for a positive constant C > 0 independent of e.

Proof. The result can be deduced by applying Theorem 1, Proposition 1, and taking into account that Huﬁy H Lo =
7% Mlay

0(eh). 0

Appendix B.3. Validation of the Gap-ITCs

Appendix B.3.1. Variational formulation of the second-order model

This section is devoted to the derivation of a variational formulation for the second-order asymptotic model we
have derived in Section Appendix A.5. Problem (4) is uncoupled into two independent problems. Therefore, the
variational formulation will also be uncoupled. We introduce the functional spaces H{ (Q5,) and H} (25, as the
functional framework. Assuming fin, € L? (Q5,) and fex € L? (2,,), the problem reduces to finding uiy € Hg (€25,)
such that for all wi,, € H{ (95,

S :/ eVt - Vo dz, (B.4)
Qs Qf

int int

and finding uey € HE (QF

ext

) such that for all wex € Hg (25,

- / fextwext dx = / Uextvuext : V'U-)ext dz. (BS)
Q& Q¢

t
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Appendix B.3.2. Variational formulation of the fourth-order model
In this section, we derive a variational formulation for the fourth-order asymptotic model we have obtained in
Section Appendix A.5. Instead of considering Problem (5) directly, we consider the following problem:

s 13
TintAling = fint in Qf,

_ . €
OextAUex; = fext m Qexl?

[u]p. =0, (B.6)

672(/7\0A? {u}l"s + [Uanu]rs =9,

u=~0 on 00 NOoNE.

This problem generalizes Problem (5) by including the right-hand side function g. We begin by selecting the functional
space, which is denoted by V} and defined as follows:

Vi= {w cwine € HY (95,) , wext € H' (), Ve {w} € L* (T9),

w|FiEm =w [ w"SQﬂaQiEm = 07 wlBQOBQ;[ - 0}

Remark 4. Mean values and jumps are defined over the interfaces I'S,, and T'S .. As jump and mean values only

int ext*
depend on variable z, T'° refers to interval (2o, z1).

Since H'! (Q¢) is a Hilbert space and Vj is a closed subspace of H* (Q2¢), we deduce that functional space Vj,
equipped with the norm

1
2 2 2
leolly, = (ol e + 190w}l e )™

is a Hilbert space.
For deriving a variational formulation of Problem (B.6), we assume that fi,, € L? (Qf

1nt) and ff?Xl € L2 (ngl)'
Then, the variational problem reduces to finding v € V4, such that for all w € Vj,

a(u, w) = I(w), (B.7)

where

a(u,w) = O’im/ Vu - Vwdx + oex
Qs Qs

int ext

Vu - Vwdz + 30672/ Ve {u}pe Ve {w}p. ds,
FS

l(w) = — fimw dx — fextw dx — / g {w}l"a ds.
Q Qg e

int ext

Appendix B.3.3. Stability results
We develop an expansion in power series of € for Problem (5) in the following form:

Bl E kk ; €
Uext ~ € Uexy n Qint’
k>0
(B.8)
EI Z k=~k : e
Uiy ~ € Uin mn Qexl'
k>0
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We substitute these expansions in Equations (5) and we collect the terms with the same powers in €. For every k£ € N,
we obtain the following set of equations:

~k 0 .
Oint Al = fintOp, m lenp
0 .
UeXlAuext f exlék n szt’
~k
[@*] .. =0, (B.9)

—GoAre {07} . = [00,0" 2] .,

" =0 on 00 NOINE.

Definition 4. Given the expansion in power series (B.8) and N € N, we define the residue 7~ as

N
~ 3 ~, .
PN, y) = up (w,y) = Y rub,(wy)  in O,

N _ . €
Text(‘r y) UExt €, y E 5 ugxt X y in Qext

Theorem 3. For all € > 0 there exists a unique u € Vy solution to Problem (B.7) with data fi,, € L*(%%,),
Jeu € L2(%,,), and g € L?(T°). In addition, there exists g > 0 and a constant C > 0, such that for all € € (0, &),

o)

Proof. The proof follows a similar reasoning as for Theorem 1. For proving the uniform estimates, g =

July, <€ (

ext
Go
min(Gin, Text)

has to be chosen. More details concerning this proof can be found in [1, 14].

Proposition 2. Let N € N, the residue 7 defined in Definition 4 satisfies the following equations

~N . e
UintA’r[m =0 n thu
~N . e
Ot ATy, = 0 in
N .
] =0,

250 Ar- {?N}FE + [J@n?N] re = gV,

=0 on 0QNINE,

where

NN (- [0, e [0, )

Proof. We deduce this result by applying Equations (B.9) and (5) to Definition 4. 0

g 1"5

Theorem 4. Let N € Nand e € (0,¢¢). Under the assumption g € L? (I'?), the following estimate holds for the
residue ™ of Definition 4: there exists a constant C' > 0 independent of ¢, such that

HreﬁHl Qe + HrlntHl Qs < 05N+1-

ext

Proof. We deduce this result from Theorem 3 and Proposition 2. O
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Appendix B.3.4. Convergence results

Theorem 5. Let u be the solution to the reference Problem (2) and let ul!l be the solution to the second-order
asymptotic model (4). Under the assumptions of Theorem 2 for N = 1, € € (0,¢0) and with data f,, € L? (5,,) and
feur € L? (Q5,,), the following estimate holds: there exists a constant C' > ( independent of e, such that

Proof. We deduce this result by applying Theorem 2 while taking into account that ul*! = 41, O

(1]

N (1]
Wint Wing

1.0¢ + } Uext — Uext

38 Gt = Fext

< Ce2.

Theorem 6. Let u be the solution to the reference Problem (2) and let ul®! be the solution to the fourth-order asymp-
totic model (5). Under the assumptions of Theorem 2 and Theorem 4 for N = 3, ¢ € (0,e9) and with data

fiw € L2(Q,) and fo.q € L?(QF,), the following estimate holds: there exists a constant C' > 0 independent of
€, such that
‘ Ujnr — u,[i;] + ) Uext — ’U/Lﬂ S 054'
1,825, 1,Qg,
Proof. We consider expansion (B.8) and Equations (B.9) to deduce that
ot =P k=0,1,2,3.
Then, using Theorems 2 and 4 we prove the desired result. O

Appendix B.4. Validation of the Interface-ITCs

Appendix B.4.1. First-order model: variational formulation

This section is devoted to the derivation of a variational formulation for the first-order asymptotic model (6),
which is uncoupled into two independent problems. Therefore, we write two uncoupled variational formulations. We
introduce functional spaces H} (Qy) and H} (Qex) as the functional framework. Assuming fi, € L? (Qjy) and
fext € L? (Qext), the variational formulations reduce to finding win € Hg (Qin), such that for all wiy € HE (Qine)

- / Fntm dar = / OVt - Ve dz, (B.10)
Qint Q

int

and finding tey € H{ (Qext), such that for all wex, € Ha (Qext)

- / fextwext dz = / Uextvuext . V'U-)ext dz. (Bl 1)
Qext Qext

Appendix B.4.2. Second-order model: variational formulation
In this section, we derive a variational formulation for the second-order asymptotic model (7) we have derived
in Section 3.2.3. We introduce the functional spaces Vi, and Vi, which are defined as follows:

Vine = {’w S H! (Qinl) : IU|ané)Qim = 0} ’
(B.12)
Vew = {w € H' (Qex) : wlognag., =0} -

Assuming fiy € L? () and fexy € L? (Qex), the variational formulations consist in finding ui, € Viy, such
that for all wiy € Vi

20 int
- / fimwint dx = / Uintvuint : VfU-)im dx — / UintWint dS,
Qint Qine r €

and finding ey € Vexe, such that for all weyy € Vex

_/ fextwext dx :/
Q Q

ext ext

20ext
Oext Vext * VWext A — / . UenWex ds.
I
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Observing these variational formulations, we notice that the bilinear forms are not coercive anymore, contrary to the
first-order model. This is due to the terms

20int 20ext
— / — UinWineds  and  — | —— UexWex dS -
r € r ¢

For ¢ given, the self-adjoint operator associated with the bilinear form can be split into a coercive operator and a
compact operator. As a consequence, the problem is not well-posed (the problem might have non trivial solutions
or there can be no solution) for the values of € such that 2/¢ coincides with the Steklov eigenvalues (A, )pen (this
sequence goes to +00) of the mixed Steklov-Dirichlet problems

TintAvjp = 0 in - Qpy,

Vint = Aan/Uint on F-,

Vit = 0 on JQnN 8Qim,
OextAUex = 0 in Qe

Vext =— */\871/Uext on F7

Vext = 0 on 00N ONeyx.

The second-order model set in iy (resp. in ey) still admits a unique solution when \,, # é for all n € N. However,

the norm of the inverse of the operator might be very large since the distance to the spectrum might decrease as € goes
to 0, which could cause numerical instabilities.

Appendix B.4.3. Stabilized d-order two model: variational formulation

In this section, we derive a variational formulation for the Stabilized §-order two model (9) we have derived in
Section 3.2.3. Instead of directly considering Problem (9), we will consider the following problem:
UinlAuint = fint in Qfma
e(1—24)

4
Uint — Tanuint =gm on I,

Uine = 0 on 90NN

nt»?

. S
OextAUex = fext mn Qextv

g(1—29)

_ )
Uext + Tanuext = Jext ON Fextv

Uext = 0 on 9QNaNY

ext-

This problem is similar to Problem (9) and it generalizes it by including the right-hand side functions g; and go. We
introduce functional spaces V;, and V., which are defined as follows:

Vigt = {w €H' (Qi&nt) : w|8QnBQifn = O} >

Vg(t = {w €H" (ngt) : w|6908§2‘5 = 0} .

ext

Assuming fin, € L? (Q5,) and feq € L? (QJ,), the variational formulations reduce to finding i, € V;3, such that
for all wiy € V2,

Qint (Wint, Wint) = line(Wint), (B.13)
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and finding ey € V.3, such that for all wey € V2

ext

aext(uexta wext) = lext(wext)a (B14)
where 5
Oint
int (Wint, Wine) = / Tint Viting + VWi dz — / — o YintWint ds,
Qs rs €(1—26)
nt int
20ext
aext(uexta wext) = / Uextvuext : vwext dSC - / ooy WextWext d57
Qs rs 6(1 — 25)
ext ext
and 5
Tint
line(Wind) = = | finWine d — — = GintWine A5,
Q3 rs (1 —26)
1nf nl

20ex
lext wext = / fextwext dx — ,/[‘5 dT‘eé(s)gextwexl ds.

With these variational formulations, we observe that if we select § > % we enforce the coerciveness of the corre-
sponding bilinear form.

Appendix B.4.4. Stability results

We first develop an expansion in power series of € for Problem (9) in the form

ut : )
Us ext ~ Z € U‘é ext m thv

k>0

(B.15)
1 .
EF Ent ~ Z € ’LL5 int m ngl

k>0

We substitute these series into Equations (9) and we collect the terms with the same powers in €. For every k € N, we
obtain the following set of equations:

JlHtAu5 int — fmt(sk in Q?n[?

~k e1—-26) ) w1 . )

’LL5 int — 9 anué,im m Finl’

Ui =0 on 90NN,

(B.16)
UextAag,ext = feXtal(g) in ngta
~k e(1—-20) ) oy . 5
Ug,ext = — 9 8nué,ext in I,
ﬂg,ext =0 on 9QNINL,.

Definition 5. Given the expansion in power series (B.15) and N € N, we define the residue ?(];V as
~N
r5,inl(x7y) = U[; int 13 y Ze’-j ’U;(; int ZIJ y

~N o
T&,ext(xvy) ’LL(; ext ZL' y E :6 U‘5 ext LU y
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Theorem 7. Foralle > 0 and 6 > %, there exists a unique u = (Ui, Uexs) Where Uy € V;;fz and Uey € V;X, are

solutions to (B.13) and (B.14) respectively with data fi,; € L*(Q3,), fo € L*(Q,), ginr € L*(T2,), gers € L*(T2,).
In addition, there exists €g and a constant C' > 0 such that for all ¢ € (0, &)

||u||1 Q8 <e -lc (”fmz“o Q3, + ”fext“O Qs T ||gmz||o T, + ngxtHO rs

ext ext

) . (B.17)

Proof. The proof follows a similar reasoning to the one explained in Theorems 1 and 3. The proof of uniform estimates

requires the choice of ¢g = g’gf"‘l‘ , where the constant k¥ > 0 represents a trace constant. More details concerning this
proof can be found in [1, 14]. O

Proposition 3. Let N € N. The residue ?év of Definition 5 satisfies the following equations:

N . é
O'intAra’im =0 n Qint?

~N (1 — 2(5) ~N N é
7"5 int 2 T(S int = Yint on Fint’

o =0 on 90NN,

UintA?éYgxt =0 in ngta
e(1—29) .
T(Isvext + Trévext = ggt on ngt’
Tpexs = 0 on 9NN,
where L
gmt N+1 a ulﬂ[’
1—
gext eVt 8 uexl'
Proof. We deduce this result by applying Equations (B.16) and (9) to the definition of the residue. O

Theorem 8. Let N € N. Fore € (0,¢¢) and under the assumptions g, € L*(T'%), g, € L*(T?,), gt € L2(T9,),
gt e L2(T?,), and ub € H' (QF) for k < N + 1, there exists a constant C > 0, independent of €, for which the
following estimate holds for the residue ?év of Definition 5:

AN N+1
Sl g, + 178l 0, < O™
Proof. We deduce this result from Theorem 7 and Proposition 3. 0

Appendix B.4.5. Convergence results

Theorem 9. Let u be the solution to reference Problem (2) and let ul® the solution to the first-order asymptotic
model (6). Under the assumptions of Theorem 2 for N = 0 and ¢ € (0,c¢), with the data fi,, € L? () and
foxt € L? (Qext), the following estimate holds: there exists a constant C' > 0 independent of €, such that

0 0
Huint — Uy ’ Uext — uLxl < Ce.
1752511 ’ fxt
Proof. We deduce this result from Theorem 2 while taking into account that u[%) = (%), O
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Theorem 10. Let u be the solution to reference Problem (2) and let ugl] be the solution to the Stabilized §-order two
model (9). Under the assumptions of Theorem 2 and Theorem 8 for N = 1 and € € (0,¢g), with data f;,; € L? (Qine)
and foy € L? (Qext), the following estimate holds: there exists a constant C' > 0 independent from ¢, such that

Proof. We consider Expansion (B.15) and Equations (B.16) along with Theorems 7, 2 and 8 to prove the desired
result. -

(1]

Wint — Ug iy
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