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Abstract

The generation of technical smooth surfacesfrom a mesh of three-dimensional data points
is an important problem in geometric modelling. In this publication we give a survey
of some new techniques based on a calculus of variation approach. Apart from the pure
construction of these surfaces, the analysis of their quality is equally important in the
design and manufacturing process. Generalized focal surfaces are presented here as a new
surface interrogation tool.

O Introduction

Curves and surfaces designed in a Computer Graphics environment have many applications,
including the design of cars, air planes, shipbodies and modeling robots. The generation of
"technical smooth™ surfaces which are appropriate for the NC-process from a set of three-
dimensional data points is a key problem in the field of Computer Aided GeometricDesign.
The fundamental idea for the described methods is the use of modeling tools which minimize
a certain functional that can be interpretated in the sense of physics and/or geometry. In
chapter 2 we deal with a variational design method for B-Spline-Surfaces. This concept is
extended to NURBS-surfaces in chapter 3.

In chapter 4 we present generalized focal surfaces as a new tool for surface interrogation.

1 Fundamentals

We keep this chapter short, because we assume that reader isfamiliar with the basic concepts
of the Bezier and B-Spline techniques.

The curves now known as Bezier curves and surfaces were independently developed by P. de
Casteljau and by P. Bezier. The underlying mathematical theory, based on the concept of
Bernstein polynomials, wasfirst introduced by R. Forrest (see [For72]). The fundamental idea
of this approach is to evaluate and manipulate the curves by a (small) number of "control
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points’. A Bezier-curve is a segmented curve. The segments X¢(u),£ = 0,:--,k of a Bezier-
curve of degree m over the parameter interval ue < u < ug4y A€

m [ U= Up
Xo(u) : gbu, B! (um — W) (1)
The Bernstein polynomials B*(¢) := (7)(1—t)™~%t;0 < ¢ < 1 areused as blending functions.
This concept can be extended to NURBS (non-uniform rational B-splines). The fundamental
idea of the rational Bezier- and B-spline algorithms is to evaluate and manipulate the curves
and surfaces by a (small) number of control points and so caled weights. These weights
are additional design parameters. First we give the fundamental concepts of rational curves,
following [Far90]. A rational Bezier curve of degree nin E2 isthe projection of an nth degree
Bezier curve in E* onto the hyperplane w = 1.

2(2) = wobeBE(t) + « + - + w, b, B(2)
woBy (1) + -+ W, BE(t)
z(t),b; € E3;w; > 0 are caled (scalar) weights.
We reparametrize arational Bezier curve by changing the weights according to

(2)

By =cwy; i=0,...,0; ci= (wo/wn)l/" (3)

(see [Far90]) and get, after dividing all weights by wo, the standard form
2?:0 w, biB:L(t)
z(l) = :

0= S w B
Thisyields in the rational cubic case:
2(t) = boB3(t) + webyB3(t) + woby B3(t) + b3B3(t) 5)

B3(1) 4+ weB3(t) + woB3(t) + B3(¢).

A Bezier-surface is a segmented surface. The segments Xpe(u, w) : P = 0,...,r of a Bezier
surface of degree m,n over the rectangular parameter domainu, < % < Upy1 1 Wy < W < Woypy

are
m n v — ) -
Xog(ty0) 1= 30> bpmifonsi * B (—_L> B; (—_q—) (6)

i=0 j=0 Up+1 — Up Wo41 = Wy

wg=w, =1; w;>0. (4)

Instead of a control polygon a Bezier-surface(-segment) has a control polyhedron.

The definition of a B-spline-surface over arectangular parameter domain follows directly the
same pattern:

m n

Y (u,w) =3 Y diiNim(w)Njn(w) (7)

=0 j=0
A rational Bezier-surface X(u,V) is definded by
oo 2o wishis B (u) BT (v)
D02 =0 w,-jB,"(u)B;?‘(v) ’
as the projection of a 4D-tensor product Bezier-surface. But it is common misconception to

call (8) atensor product surface itself.
For more details about these basic concepts see [Far90] and [HL89].

X(u,v) = wi; > 0 (8)
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2 Variational design of B-spline surfaces
In this section we leave the classical approach

e construct a smooth net of curves

¢ add the surface patches smoothly into the net

and present a direct method to construct atechnically smooth B-Spline spline surface, which
uses only point data and refrains from determining a net.

The construction algorithm combines a weighted least square approximation with automatic
surface smoothing. The smoothing criterion isthe approximate minimization of the curvature
variation. This technique presented here aims at constructing tangent-plane continuous B-
spline surfaces. The following mathematical model serves as variation principle:

(1 — ws) {i Wpk[X (uk, vk) — Pk]z}

k=1
Yj+1 Uit
/ w3uij
. u

Uidl  fUit1
+ws, / / W3y,

X(u,v) is the representation of the surface, (%,v) € [u1,%n+1] X [v1, Vm+1] is the parameter
value and n,m are the number of segmentsin u- and v-direction. P arethe points to be ap-
proximated and n, isthe number of these points. The weight coefficientsws, w3y, W3y, W3t W3 v;;
arevalidintheinterval [0,1] and fulfill the constraints3~%; 3-7; w3y, = L and 372, 377, why, =
1. We apply this variation principle tu biquintic b-spline surfaces

X (u, )|

B0t dudv

X (u,v) v)
T ovs

du dv} — min. (9)

4n+24m+2
_ L NS 5
X(u,v) = Z Z dij N; (U)Nj (v) (10)
i=1 j=1
with the knot-vectors
{klll'7 seey kz'n,-}-s} = {3"1’ vy U].J,:ltz, U2, U2, u2} e ,:u’nn Uny Un, u'n,l,:un+17 feey un+1}
6m am am on
and
{kij9 k4m+8}s {1)1, ’vljg’%v?,v%v?)'"aPm,vmvmvmjivm+1,---s’vm+ll}~
ém am am 6n

This set of knot vectors guarantees the C*-continuity of the surface. We can now use the
control pointsd;; (i € {1,...;4n+ 2},j € {1,...,4m + 2}) as parameters for the calculus of
variation approach. Applying the variation principle (9) is a three step process.
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Step 1. Least squarefitting.

Tp
SL:= Z Wpk[F(ug, vk) — Pk|2 — min. (11)
k=1

or in B-spline representation
4n+24m+2

prk [Z S dNP(ue)NE(ue) - Pk} — min. (12)

=1 r=1

The necessary conditions 5 = 0 lead to alinear system of equations:

°’l

4§2 4§2 {2 f) Wk N; (Uk)N5(’Uk)N5(uk)N5(’Uk)} der = 2 E wpk BN (ue) N3 (ve)  (13)

=1 r=1 k=1 k=1

The unique solution of this system is the best point fitting.in the least square sense of (11).
Step 2. Automated smoothing process:

As afairness criterion we use

Z Z / w3uwdu;

i=1)=1

3B X (u, v)

o3

33X (u,v) 2
93

w3v - w3v;; dudv — min. (14)

A calculus of variation approach leads to alinear system of equations, which can be found in
detail in [HS91].

Step 3.
We now conbine the weighted least square fit with the automated smoothing process

(1-ws)A+wsB=0

A symbolizes equations (13) and B symbolizesthe equations of the 2. step.
Applications We use this method to construct reflection surfaces for car headlights.
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Step 1. Digitizing

Figure 1:

Step 2. Parametrization

Figure 2:

C-451
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Step 3. Variational Surface Design

Figure 3:
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3 Variational Design of Smooth Rational Bezier-Surfaces

The purpose of this chapter is to present an algorithm to assign to the weights appropriate
values to achieve technical smooth surfaces. The standard fairness criterion for surfaces in
engineering isto minimize the strain energy of flexure and torsion in athin rectangular elastic
plate of small deflection. The functional [s(x2 + x3)ds (k; and &, are the principal curva-
tures of the surface S) is a mathematical model for the energy stored in such a plate. We
approximate thisintegral criterion by aquadrature formula. A calculus of variation approach
based upon the integral criterion with respect to the weights of the rational surfaces, leads to
alinear (1) system of equations. The unique solution of this system gives appropriate weights
for smooth surface design.[HB93]

A rational Bezier curve of degree n in E3 is the projection of an nth degree Bezier curve
in e* onto the hyperplane w = 1.

woboBg(t) + 4 wnan{;(t) (15)
woBg(2) + - wa B (1)

X(t) =

X (t),b; € E3;w; > 0 arecalled (scalar) weights. A rational Bezier-surface X (u,v)is definded
by

Yoo 2 Jeo Wijbi; BE(u) BT (v)
=0 E?:o wijB?(u)B?‘(v) ’

as the projection of a 4D-tensor product Bezier-surface. But it is common misconception to
cal (16) atensor product surface itself.

In the case of surfaces athin elastic plate of small deflection can serve as a model for afair
shape. Such aplate tends to take aposition of least strain energy of flexure and torsion. The
energy stored in this plate is proportional to the integral

X(u,v) =

wij > 0 (16)

G:= /(n% + K3)ds (17)
s
k1 and k., arethe principle curvatures of the surface S. In our NURBS-setting:
u u _ 1 _
/(n% + K2)ds =/ "’/ 2 (gnhaz 2!]12’112:- g22h11) Qgh\/gdudv (18)
S ul v1 g
hii = < Xuuw N> g1 = < Xy, Xy>
h22 = < Xfufu,N > g22 = < Xu,Xv >
g = guga -9
h = h11h22 - h%z
N = [Xu,Xo]
) 1 X, Xoll

As an approcimation of thisintegral we use

/ / Fuyo)dudo o L2200 (40 0y 4 g 0) + f(ur,00) + F(uz,2)) (19)

4
Using approximation (19) for arational bicubic Bezier-surface, we get
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/;(nf + k3)ds ~
1

i
2w3wd; (<b1o — boo, b1o — boo><bo1 — boo, bor — boo> — <b1o = boo, bor — boo>2)?

X [2‘”‘110‘032 <b1o — boo, bro — boo>2<boz — boo, Noo>?
+9wlwdw?; <bio — boo, bor — boo>?<b11 — boo, Noo>?
+2w31w§0 <bo1 — boo, bo1 — boo>2<bzo — bop, Noo>?
—12w3worw11woz <bio — boo, b1o — boo><b10 — oo, bo1 — boo><b1y — boo, Noo><boz — boo, Noo>
—12wiowdwaowi1 <b1o — boo, bo1 — boo><bor — boo, bor — boo><bz0 — boo, Noo><b11 — boo, Noo>
+9wlgwd w?; <bio — boo, b10 — boo><bo1 — boo, bor — boo><b11 — boo, Noo>?
+4wdwd waowoz <bio — boo, bo1 — boo>2<b20 — boo, Noo><boz — boo, Noo>]
1

2
2wgw3; (<bao — bos, bao — boa><ba1 — bos, bay — boz> — <b13 — bos, boz — bos>?)?

X [2‘030“.’32 <bao — bos, bao — bos>2<bsz — bos, Nog>?
+9ww2 w2, <bia ~ boa, boz — bos>2<bay — bos, Noz>?
+2wh w2y <bsi — bos, bay — bpa>Z<b1o — bos, Noa>*
—12wdjwarwa1waz <bzo — boa, bao — bog><b13 = boa, boz — boa><ba1 — bos, Noz><b3z — bos, Noz>
—12waow3 wiower <b1a — boz, boz — boa><ba1 — s, bay — boa><b1o — bos; Noa><b21 — bos, Nos>
+9w2gw2 wd; <bao — boz, bao — boa><bar — bos, ba1 — bos><ba1 — bos, Noz>*
+4wdw? wiowas <biz — bos; boa = bos>2<b1o — bos, Nog><baz — bos, N03>}

1

3
2wdswdy (<bia — baos big — bao><boaz — bso, boz — bso> — <bao — bao, ba1 — b3o>?)”
X [2w§3w81 <b13 = b3o; b1s — b3o>?<bor — bao, Nao>?
+9w¥3w§2w%2 <b20 — bag, b31 - b30>2<b12 - bso, N;-m>2
+2wi w2, <boz — bao, bz — b3o>2<bas — bao, Nao>?
—12wdswoaw12wor <bis — bao, b1z — b3o><bao — b3o, ba1 — b3o><b12 — bao, N3o><bor — bso, Nao>
—12w13wd,waswiz <bag — bsg, ba1 — bso><bog — b3o, boz — b3o><bas ~ bao, Nao><b1z — bso, Nao>
+9wiwaw?, <biz — bag, biz — bag><boa — bag, boa — b30><b13 — bao, N3p>?
+4wlgwdwaswor <bao — bao, ba1 — b30>2<by3 = bao, N3o><bor — bso, N30>]
1

+ T X
2w3,w3, (<bas — bas, baz — baa><baz — bz, baz — baz> — <bsz — bsz, b2z — b3s>2)?
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x [2‘*’33“%1 <bos — bag, by — baz>? <bay — bas, Nag>?

+9w2awlywds <bag — bag, bas — baz>? <bag — bss, Naz>*

+2whyw?s <bag — baa, bas — baa>2<bis — baz, Naz>?

—12w3waswaowst <baa — bas, baz — baz><baz — bas, b2z — baz><bag — bas, Naa><bay — bzz, N3z>
—12woawdywiawaz <bag — baa, baz — baz><bsz — bas, baz — baz><b13 — bss, Naz><baa — baz, Nas>
+9w w2 w?, <baz — bz, baa — bas><baz — bas, baz — baz><bza — b, N33z>?

+4wiwi,wiswsy <bsz — baz, bas — baa>?<by3 — bas, Naz><bay — bas, N33>]

This criterion is now used for a calculus of variation approach, with wi,w12,we1,w22, as
variation parameters. Thisleads to alinear system of equations! Assuming that none of the
triples {b10 — boo, bo1 — boo, b11 — boo}, {bz0 — b3o, b31 — b30, b21 — bao}, {boz — bo3.b13 — o3, b12 —
bos}, {b23 — b33, baz — bas, bag — b33} are coplanar, this linear system has the unique solution:

wow20 <b10 — oo, b1o — boo><b20 — boo, Noo> +wd;woa<bo1 — boo, bo1 — boo><boz — boo, Noo>

w =
" wiowo1 (<b1o — boo, b1o — boo><bo1 — boo, bay — boo>+ <bio — boo, bo1 — boo>2)
<b10 = boo, bor — boo>
<b11 — boo, Noo>
iy = wlawaa <bys — boa, b13 — boa><bas — boa, Noa> +wd,wo1 <boz — bos, boz — bos><bo1 — boz, Noz>
12 w1awo2 (<b1s — bos, b1z — boz><boz — bos, boz — bos> + <bis — bos, boz — bos>2)
<b13 ~ bo3, boz — bo3>
<b12 ~ boz, No3>
ot = wiowio <bag — bao, bao — bao><big — bao, Nao> +w3iwsz <bay — bso, b3y — bzo><b3z — bso, N3o>
n- waowst (<bag — b30, bag — bao><bay — bao, bar — b3o> + <b2o — b3o, ba1 — b3o>2)
<bggo — bag, b3y — b3o>
<bg1 — bao, N3o>
w _ wswi3 <baz — bas, bas — bas><b1a — bss, Naz>+w3pws1 <baz — bas, bsy — bss><bsy — bs3, Naz>
22 =

wa3awsz(<baz — bas, bag — bas><bay — baz, baz — baz> + <baz — baz, baa — b3z>2)
<bay — b33, bosz — baz>
<bag — b33, N3z>

This weight coefficients are considered optimal in the sense [g(k% + £2)ds — min.
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4 Applications

The next picture shows a bicubic rational Bezier-surface with weights equal to one and with
our optimal weights.

\ ENERGY

} 395 3.74

Figure 4:

The figures 5 and 6*show the distribution of the bending energy on the same surface, with
weights equal to one (figure 5) and with our optimal weights (figure 6 ).

5 Surface Interrogation

The geometric modeling of free-form curves and surfaces is of central importance for sophis-
ticated CAD/ CAM systems. Apart from the pure construction of these curves and surfaces,
the analysis of their quality is equally important in the design and manufacturing process. It
is for example very important to test the convexity of a surface, to pinpoint inflection points,
to visualize flat points and to visualize technical smoothness of surfaces. The purpose of this
chapter is to introduce generalized focal surfaces as a new tool for surface interrogation. A
critical survey on other surface interrogation methods is given in [HSG90]

Focal surfaces are special line congruences. Line congruences have been introduced in the
field of visualization by Hagen and Pottmann [HPD91]. They can be used to visualize the
pressure and heat distribution on an airplane, temperature, rainfall, ozone over the earth’s
surface, etc. However, the setting in this paper is different. Here, focal surfaces are used as a
surface interrogation tool.

* See page C-542 for Figures5 and 6.
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Given aset of unit vector E(u,w) a so caled line congrunence is defined by:
L{u,w, z) := X{u,w) + 2z - E(u,w) (20)

where X(u,w) is the surface representation.

For E(u,w) = N(u,w) (N is the normal verctor surface) we speak of a normal congruence.
The foca surfaces

Fi(u,w) := X(u,w) + k7 (u,w) - N(u,w) i=1,2 (21)

are special normal congruences, where k1 and &, are the principle curvatures of the surface
X(u, w).

We now introduce a generalization of this “classical” focal surface concept to achieve a new
surface interrogation tool.

The Generalized focal surfaces have the following form:
Flu,w) = X(u,w)+ af(k1,K2), N(u,w) with a€R (22)

where the scalar function f now depends on the the principal curvatures k1 = &1(u,w),
ke = ko(u,w) of X. The real number a is used as a scale factor. If the curvatures are very
small you need a very large number a to distinct the two surfaces X(u,w) and F(u,w) on
the screen. Variation of this factor can alsoimprovethe visibility of several properties of the
focal surface, for ex. one can get intersections clearer.

For different applications we use different functions f(k, &2) :

5.1 Convexitytest  f(&1,K2) = K1 - K2

For many applications it is neccessary to know whether a certain region is convex or not.
The convexity of a surface can be described by its Gaussian curvature K = Ky - k2. A region
is convex if and only if K is positiv all over the region. The generalized focal surface can
visualize the change of sign on the Gaussian curvature with the factor f = k1, k2 ; X(u,w)
and F(u,w) intersect at points of vanishing Gaussian curvature. (see figure 7)*

5.2 Visualization of flat points f(k1,k2) = &% + &2

It is important to know whether a certain region contains flat points (k3 = k2 = 0). Flat
points can cause problems in the manufactoring process and a convex surface with flat points
looks to have dents. To test asurface for flat points or regions we use f(x1,42) = k¥ + k2 ; a
flat point exists, wherever both surfaces touch. (seefigure 8)*

* See page C-543 for Figures7 and 8.
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5.3 Visualization of the technical smoothness of a surface

K3 + K3
K1 + K2

f=

In the last couple of years, successful algorithms were developed to design and construct tech-
nically smooth curves and surfaces (see [HBS93)]).

Technical smoothness means that the data can be immediately transfered to the milling
process. In this production chain, one part is still missing, the visuaization of technical
smoothness as a quality test beforethe milling process. We close this gap with the next result.

The difference of the surface areas of the surface X(u,w) and the generalized focal surface

F(u,w)in the sense of f := Eﬁ{l is a measure for the technical smoothness of the surface
X(u,w).

This statement is based on the following theorem:

Theorem :
Supposed that X(u,w) is a surface with k1 # —kg

F(u,w) = X(u, w)+a i?N(u w) (23)

If X(u,w)is technically smooth in the sense of [, (k% + k3)ds — min. then
|A(F) - A(X)| » min. (24)

A(F)and A(X)is the surface area of F(u,w) and X(u,w).

For aproof and more details see [HH92] Now at the end we give afocal analysis of an practical
example. Industrial data of a part of ahair dryer are used. There are two composed surfaces
consisting of several patches, (see figure 9*at the bottom). For each surface you can see the
generalized focal surfaceswith f = k% + 2. Thisfoca analysis showsthe curvature behaviour
of these surfaces.
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