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UNIFORMLY ACCURATE METHODS FOR VLASOV EQUATIONS WITH
NON-HOMOGENEOUS STRONG MAGNETIC FIELD

PHILIPPE CHARTIER, NICOLAS CROUSEILLES, MOHAMMED LEMOU, FLORIAN MEHATS,
AND XTAOFEI ZHAO

ABSTRACT. In this paper, we consider the numerical solution of highly-oscillatory Vlasov and
Vlasov-Poisson equations with non-homogeneous magnetic field. Designed in the spirit of recent
uniformly accurate methods, our schemes remain insensitive to the stiffness of the problem, in
terms of both accuracy and computational cost. The specific difficulty (and the resulting novelty
of our approach) stems from the presence of a non-periodic oscillation, which necessitates a careful
ad-hoc reformulation of the equations. Our results are illustrated numerically on several examples.

Keywords: Vlasov and Vlasov-Poisson equations, non-homogeneous strong magnetic field, high
oscillations, uniform accuracy, two-scale methods.
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1. INTRODUCTION

In this article, we are concerned with the numerical solution of the 2-dimensional Vlasov equation
with non-homogeneous magnetic field [2, 3, 15, 16, 24]. More specifically, if b : z € R? — b(z) € R
and fo @ (x,v) € R2xR? — fo(x,v) € R are given functions, and if 0 < ¢ < 1 denotes a dimensionless
parameter and ]0,7] a non-empty interval of time, we shall consider the Cauchy problem for the
distribution function f: (¢,x,v) € [0,T] x R? x R? — f¢(t,x,v) € R given by

O fe(t,x,v) +v -V fo(t,x,v) + (Es(t,x) + @JV> -V fe(t,x,v) =0, (1.1a)

fE(O,X,V) :fO(XaV>a (llb)
where

(i) the unidirectional magnetic field B : € R? — B(x) = (0,0,b(x)) € R? induces a Lorentz
force v x B(x) which in the two-dimensional context simply becomes b(x)Jv with

Jo (_01 (1)> ; (1.2)

(i) the electric-field function E° : (¢,x) € RT x R? — E°(t,x) € R? is either external and
explicitly given or self-consistent. In the latter case, E¢ solves the Poisson equation

Vx - Ef(t,x) = fe(t, %, v)dv — n;(x), (1.3)
R2

where n; denotes the ion density of the background.

Solving equation (1.1) with standard methods is notoriously difficult for vanishing values of the
parameter €, as the Lorentz term then creates high-oscillations in the solution: this indeed imposes
to use tiny time-steps (usually of the order of £) and leads to formidable computational costs. Hence,
it is now admitted that specific techniques are required that can cope with this particular regime of
small values of € and which, as logic dictates, preserve the asymptotics of f€ in the limit where ¢
goes to zero. Numerical methods obeying to this paradigm (i.e. consistent with the limit equation
for f°) and that are consistent with (1.1) when ¢ = O(1) have been called asymptotic preserving
methods and may be found in various publications [17, 18, 19, 21, 23].
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Nevertheless, if the value of ¢ is not known prior to the simulation, it is often observed that the
error behaviour of asymptotic-preserving methods is largely deteriorated for certain (not so small)
values of €. As a consequence, it appears highly desirable to design numerical methods for (1.1)
which are uniformly accurate (UA) with respect to the parameter € €]0,1]. That is to say, p*-order
methods which, when used with time step At, deliver approximate solutions fX, such that

Ifae = [oIl < C(AL)”

in an appropriate function-norm, where the constant C' as well as the computational cost are inde-
pendent of ¢.

It is precisely the aim of this paper to introduce UA schemes for equation (1.1), which, as we shall
illustrate numerically, are indeed able to capture the various scales occurring in the system while
keeping numerical parameters (in particular the time step) independent of the degree of stiffness ¢.
Although alternative options are possible [4, 5, 9, 10, 11], the strategy we develop to reach this goal
is very much inspired by the recent papers [7, 14]: its main underlying idea consists in separating
explicitly the two time scales naturally present in (1.1), namely the slow time ¢ and the fast time ¢ /e.
This is done at the level of the characteristic equations (resulting from the use of the Particle-In-Cell
method, see e.g. [1, 26, 22]), which are, for each macro-particles, stiff ordinary differential equations

of the form

X = v, x(0) = x¢

1.4

{v = Mgy B x), v(0) = vo (14)
where the term @J v is the source of high-oscillations and at the origin of numerical difficulties. As
compared to our previous works [7, 9], the main obstacle we are confronted with (and accordingly the
main novelty of the proposed solution) is the fact that the aforementioned oscillations are not per
se time-periodic (see also [6]). However, we will show that the trajectory in the physical space
x(t) remains confined within an e-neighbourhood of the initial condition x¢, allowing to regard

b(x0) .. . . . . . . L . .
e~ 1/ as the principal oscillation occurring in the solution. Filtering it out and rescaling the time

according to s = b(xg)t, we obtain
ko= ket y0s), 0)
{ y o= 1 (;;gg) - 1) T+ gy e B (5. %), §(0)
a system in a form which is now amenable to the embedding of %X(s) and y(s) into the functions

X (s,7) and Y (s, 7) periodic with respect to 7 and such that X (s, s/c) = x(s) and Y (s, s/e) = y(s).
The resulting transport equations

M

0

=X
:VO

0. X +10,X = ;LseY, X(0,0) =xo
B b(xq) (1.6)
oY +10,Y = L (g —1) Y + gy o B (g XD Y(0.0) = '

then need to be complemented with initial conditions X (0,7) and Y'(0,7). Their choice is the
fundamental ingredient of the two-scale strategy proposed in [7, 12] and it requires to be handled
here with additional care owing to the presence of the 1/e-term in the right-hand side of (1.6).
Under this form, the problem shares similarities with the model analyzed in [7]. However, (1.6)
contains two main additional difficulties due to the presence of the term (b(X)/b(x¢) — 1)JY: first,
this nonlinear term prevents from a direct application of Gronwall lemma; second, this term is not
smooth with respect to the unknown. Finally, we will see that the numerical solution also enjoys
at a discrete confinement property, i.e. it remains confined within an e-neighbourhood of the initial
data.

The organisation of the paper follows closely the steps exposed above. The two-scale formulation
of the characteristics is introduced in Section 2, which includes in particular Subsection 2.1 devoted
to the scaling and filtering operations and Subsection 2.3 devoted to the detailed derivation of the
initial conditions of (1.6). The section concludes with rigorous estimates of the derivatives of X and
Y (see Subsection 2.4) and a numerical confirmation of the expected smoothness of the solution is
brought in Subsection 2.5. Section 3 is concerned with the effective derivation of numerical schemes
of first and second orders for solving equations (1.6) and the proof of their convergence (Theorem
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3.1) which constitutes the main result of this paper. Within Subsection 3.3 the adaptation of
our numerical strategy to the situation of a coupling of Vlasov equation with Poisson equation
is considered: although no rigorous statement is established at this stage, we provide empirical
evidence of the efficiency of our method in this case. Section 4 describes several examples and the
corresponding numerical experiments, confirming the interest of the technique.

2. TWO-SCALE FORMULATION OF THE CHARACTERISTICS EQUATIONS

Using the Particle-In-Cell (PIC) discretisation,

NP
felt,x,v) = Zwké(x —x,(1))6(v —vi(t), t>0, x,vER? (2.1)

k=1

we get the characteristic equation for 1 < k < N,
X (t) = vi(t), (2.2a)
b t

vi(t) = E° (¢, xk(t)) + @v,ﬁ(t}, t>0, (2.2b)
x5(0) = Xk0, Vi(0) = Vio. (2.2¢)

We see (2.2) is a solution dependent highly oscillatory problem. As a basic requirement throughout
the paper, we consider the magnetic field function b(x) is uniformly above zero, i.e. for some constant
co >0,

b(x) >co >0, VxeR2 (2.3)
2.1. Scaling of time and filtering. For each k, introduce the scaled time

s =bit, bx = b(Xk (0)), (2.4)
and define

Xk(8) :i=xk(t), Vi(s):=vg(t), s>0,

where we omit the subscript k£ in si for simplicity of notations. Note that under the assumption
(2.3), s = si(t) is a monotone increasing function, which is interpreted as a time for particle k.

Through this transformation, we make each particle living in its own time. Then we can rewrite the
characteristics equation (2.2) as

S (s) = T8 (2.52)
by,
. b(x E°¢(s/bg, %
Vi(s) = MJ{%(S) + M7 5> 0, (2.5b)
{:‘bk bk
5(;9(0) = Xk,0, \7;9(0) = VE,0- (2.56)
Next, we isolate the main oscillation term,
: 1 b(x JV Ec(s/by, %
Vi(s) = =Jvi(s) + (%) -1 Vi(s) + (s/ k’xk(s)), 5> 0,
g bk g bk
and then filter it out by introducing
Vi(s) == e 73/5%,(s), s> 0. (2.6)
Then (2.5) becomes
Xi(s) = eJS/sy];—(S), (2.7a)
k
. b(x Jy E¢(s/by, X
bk 13 bk
xk(0) = xk,0,  Yr(0) = vio. (2.7¢)

We shall analyse and solve (2.7) up to any fixed time
Sr =Tb > 0.
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For technical reasons, hereafter we shall assume that the given electric field E¢ (¢, x) and the magnetic
field b(x) are globally Lipschitz functions, i.e.

|E€(t,X1)—EE(t,X2)| SC’E|X1—X2|7 VXl,XQ €R2, OStST,
|b(X1) — b(Xg)l < Cb|X1 — X2|, Vx1,X9 € R2, (28)
for two constants Cg, Cj, > 0 independent of e. Here and after, the norm |- | of a vector always refers

to the standard euclidian norm in R?, whereas it refers to the absolute value when it is applied to
a scalar quantity.

Lemma 2.1. Under assumption (2.8) and E¢(t,x) € C([0,T],R?), b(x) € CL(R?), for the solution
of (2.7), we have that for each 1 <k < N,
%k (s) = xk0| < Cie,  [yr(s)| < Co, 0 <5< S, (2.9)
for some C1,Co2 > 0. Hence,
1

3

b(xk(s))
br
for some C5 > 0. The constants C1,Co,Cs depend on k but are independent of €.

—1‘ ch, OSSSSk, (210)

Proof. Based on the assumption for E€(¢,x) and b(x), we have the global well-posedness of (2.7)
and X (s),yx(s) € C(RT). Indeed, taking the inner product on both sides of (2.7a) and (2.7b) with
xx(s) and y%(s) and applying Cauchy-Schwarz inequality respectively gives

A~

T < RO FO TP < B /b K] ()]

d 2

iy < v
1%L (o)] 15
d

AR (5)] < B /s % ()] < o (1B /by, )| + Cipla(5) — i)
S k k

20 20 .
“Elxpo] + 52 |%n(s)]-
b bi

Then, adding the two last inequalities and by Gronwall’s inequality, one can get an a priori estimate
for boundedness of the solution, i.e.
1%k (s)| + [yr(s)| < Cay 0 <5< Sk,

where Cy = (2/by) (||E° (-, X,0)|| o< (0,7) + CE[Xk,0]) exp(2T max{1, Cg}).
By applying the Duhamel’s principle to (2.7a) and then integrating by parts, we have

2
S—k”EE('axk,O)”Lm(O,T) +

ik(s):ik(o)—i—/ o190/ 3100) 4o
0 b

— %,(0) - 2° (erfs/syk(s) - yk(o)) +eJ / o0/ ¥0) 4o
bk 0 bk
Hence from (2.7b), we have
- N Je - -
X (s) =% (0) — = (er/EYk(S) - yk(O))
k
o [ [(HEOD ) IO e B0 O]
0 bk bk 3 bk '
Then we can see for all 0 < s < S,

1. . 1 CyC 51 .
= %k (8) — %k 0| <— (C2 + |ykol) + TIIE |0 + —22 b / — |xx(0) — xx,0] db,
€ br by Jo ¢

where
[E[|oc == sup{|E°(t,x)| : 0 <t < T, [x| < Ca}.
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By Gronwall’s inequality, we get estimate
1
— [%Xx(s) _Xk,0| <(Cp, Y0<s< Sy,
€

for a constant Cy > 0 independent of €. The last assertion (2.10) then follows from

b(%k(s)) — bx = / Vb (05(5) + (1 — 0)%5(0)) d - (3u(5) — %u(0)).
O

Thanks to Lemma 2.1, we observe that the right-hand-side of (2.7) is bounded as ¢ — 0. If
we consider E€(¢,x) is a given external field and contains no fast frequency in the t-variable, the
formulation (2.7) fits the requirement of the two-scale strategy.

2.2. Two-scale formulation. Let us first of all consider the case that E¢(¢,x) is a given external
field without any fast frequencies in the ¢-variable. We shall address the Vlasov-Poisson case later.

Now we perform the two-scale formulation on (2.7). Denote the fast variable 7 = s/e and separate
it out in (2.7), then we have

e‘rJ

1
0s X + -0, X, = — Y, (2.11&)
e bk

1 1 /b6(X E®(s/bx, X

oY+ tov, = L (Xk) 77 E°(s/bx, k)7
€ € by, br

where X}, = Xj(s,7), Y = Yi(s,7) and T = R/(27) is a torus. Choosing X(0,0) = xx(0), Y%(0,0) =

vi(0), we recover the original unknown by considering the two-scale unknown on the diagonal

T =s/e

—1) JYi +e” s>0, TeT, (2.11b)

Xi(s,s/e) =%p(s), Yi(s,s/e)=yr(s), s>0. (2.12)
In the next section, numerical schemes will be proposed for the two-scale system (2.11), and our aim
will be to prove that these schemes enjoy uniform accuracy with respect to €. This property requires
a preliminary analysis. Indeed, one can observe that no initial condition for (2.11) is evident since
only the condition X (0,0) = x4(0), Y%(0,0) = v£(0) is required. This degree of freedom will be
used to derive initial conditions X (0, 7), Y% (0, 7) such that the two-scale unknown X (s, 7), Y% (s,7)
and its time derivative are uniformly bounded. This will be the objective of the rest of this section.

First, we start with the following elementary lemma

Lemma 2.2. Let H be a Banach algebra space of real-valued functions and let H? denote the
cartesian product H x H. Consider the following system of ordinary differential equations in H?
(i.e. X¢ and Y are considered as functions from [0, Sy] to H?)

d;lX'E _ %ejs/ayaj

S

dye

= Y )X (),

X*°(0) = X, Ye(0) =Yy two given initial data,

with of(s), 35(s) are 2 X 2 matrices with coefficients in H and v° : [0,Sk] — H2. Assume that
there exists a constant C > 0 independent of € such that ||[a®(s)||ly < C, ||8°(s)[lx < C and
e (s)lln < C, Vs € [0,Sk]. Then there exists a constant M > 0 independent of € such that

[XE(3) gz + 1Y (5) 3> < M1+ [[Xoll22 + [[Yoll32), Vs € [0, S]-

Proof. We integrate the equation on X¢ and perform an integration by parts to get

1 S
X(s) = Xo+ 5/0 e’?/eY e (0)do
1 s s dye
= Xo+ - {[—EJGJU/EYE(J)} + EJ/ elo/e aY*(e) do’}
€ 0 0 ds

= Xo—Jel¥ Y (s) + JYy +eJ /0 e?7/% [af(0)YE(0) + 5 (0) X5 (0) + 7 (0)] do,
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where we used the equation on Y. We always use C in proofs to denote a positive constant
independent of €, and its value may change from one line to the next. Considering the norm || - [|3,
leads to

[X5(8) 22 < [[Xollaez + CllYollaz + [Y()ll92 + C + C/O Y= (0)ll3¢2 + 1 X5 (0)[|3¢2] do,

using [le?Tul|32 < ||ul|ye for all u € H2, with C independent of 7. Integrating now the equation on
Y¢ gives directly

Y5 (8)ll32 < [[Yollaz + C + C/OS Y =(0)ll3ez + 1X°(0)[13¢2] do,
which reported in the former inequality gives
[X5(8)llaez < C([[ Xoll22 + [Yollaz) + C + C/OS Y=(@)ll32 + 1 X5(0)[l32] do-
The two last inequalities clearly lead to
X5 ()22 + 1Y (5) 32 < Ol Xoll22 + [[Yollaez) + C + C/OS Y= (0)ll9ez + 1X5(0)l9¢2] do-

A standard Gronwall lemma enables to prove the result of the lemma. O

For convenience, we shall denote L2 := L2°(]0,.S;]) and L := L(T) the functional spaces in
s and 7 variables. Now, for a smooth periodic function u(7) on T, we introduce

ullyy .o = max {{lull oo, [07ull e } -
For a smooth vector field U(7) on T, we define its W!*°-norm as
u (7)
U 1,m:max{u 1eo, |0 1,90}, for U(r _< )
101l [wrllyy o0 [uzllyy (1) ()

Lemma 2.3. Assume (2.8), E¢(t,x) € C1([0, T]xR?) and b(x) € C*(R?). For the two-scale problem
(2.11), if initially

1
21Xk (0, ) = X0 llypr.oe + 1Y (0, )llyyr.e < Co, (2.13)
for some constant Cy > 0 independent of €, then
1
21X = x0ll oo wzioey + ¥l o ey < €, (2.14)
for some Cq1 > 0 independent of €. Hence,
1 ||6(X
] O <c, (215)
el bk Lge (W)
for some Co > 0 independent of €.
Proof. Consider 7 as a parameter in T and define
Xk, (8) = Xy, (S,T + Z) , Yo (s): =Y, (S,T + g) , s>0. (2.16)
The two scale problem (2.11) then reads
. e/ (T+s/e)
Xkﬂ- = 7}/]@77, (217&)
by,
. 1 /(6(Xkr E¢(s/bk, Xk +
Vir = = (% - 1) JYir + e—J<T+S/8>(‘S/+’“), s> 0. (2.17b)
k k

Using the same strategy as in the proof of Lemma 2.1, we have
| Xk (s, 7+ s/e) — X 0| < Ce and |Yi(s, 7+ s/e)| < C, V0O <s<8,0<71 <27,

so that
| Xk (5,) = Xnoll oo < Ce, 0< 5 < Sp. (2.18)
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From now, we focus on the 7-derivative to get W1 estimate. First, we rewrite (2.17) by
considering the new unknown f’kﬁ = %Y;w

Xir = %Y} -, (2.19a)
3 1 (b(Xgr ~ E¢(s/bk, Xk +
U (UC.CXO BEPR A +e—JS/E(‘9/+’“), s> 0. (2.19b)
’ 15 b ’ bk
Taking now the derivative with respect to 7 of (2.19) and denoting
N 1 N -
Xir(s,7) := gaﬁ,-Xkﬂ-(S,T), Yir(s,7) :=0:Yir(8,7) (2.20)
we get
X er/a N
Xkﬂ' = Ykﬂ—, (2.21&)
X 1 /b(X - ~ N ~ —Js/e R
Yir :g (% — 1) JY - + be(X;w—) c Xier JYir + Eeb—vaEa(S/bk, Xk7-,—)Xk)7— (2.21b)
k k

Now, using Lemma 2.2 with H = L2°([0, 27]) and (2.18), we conclude that
”Xk,T(Su )HL,?_O + HYk,T(Sa )”L?_" S Cu Y0 S S S Sk7
since X, +(0,-) = O(1) and Y ,(0,-) = O(1) by assumption, which concludes the proof. O

2.3. Suitable initial data for the two-scale formulation. In this subsection, we look for an ini-
tial data X (0, 7), Y% (0, 7) of the two-scale formulation (2.11), which will ensure that the time deriva-
tives of the solutions X(s,7),Yx(s,7) are uniformly bounded. This will be done using Chapman-
Enskog expansion of the solution.
First order preparation. We perform the Chapman-Enskog expansion to get the full initial data
Xi(0,7), Y5(0,7) for (2.11). This will be done by formal arguments and a rigorous statement will
be proved in the next subsection.
Denote

Xi(s,7) = Xi(s) + hi(s,7), Yi(s,7) =Y, (s) +ri(s,7), (2.22)

where
X}c(s) = IIXk(s,7), Xk(s) =Y (s, 7),
1

with the average operator I defined for some periodic function u(7) on T as u = 5= f02 4 u(6)do.
Denoting Lu(7) = d,u(r), we have
Y;
0.X, = He”b—k, s>0, €T,
k (2.23)
1 TJ Yk
Oshp + —Lh, = (I - H)e —,
e bk

£
0sY, =11 E (b(Xk) — 1) JY}, +e“”M] , §>0, 7eT,

b by
1 1 /b(X E(s/br. X
Osrp + —Lry, = (I — 1) | = M—1 JYk+e—JTM .

€ € i b
Taking the inverse of L, which for a zero average function u(7) is computed as L~ u(r) = (I —

IT) [ u(#)df, on the above equations for hy, and r; and denoting A := L~ (I — II), we get

and

(2.24)

hy(s,7) = aAeT‘]¥ —eL7'0,hy, (2.25a)
k
g
rip(s,7) = A (M - 1) JY. + EAefJTw —eL™ 0,1y, (2.25b)
k k

Assuming that dshg, dsri, = O(1) as e — 0, from (2.25a) we have firstly
hy(s,7) =0(), s>0, TeT.
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Thanks to Lemma 2.3, we have b(X})/br, — 1 = O(¢), and consequently from (2.25b) we get
rp(s,7) =0(), s>0, TeT.
We now take the time derivative of (2.25)

dshy (s, 7) = biAe” (05, + Osrp) — eL~19hy, (2.26a)
k
b(Xr) 1
6Srk(s, T)=A b —1)J(0sY, + 8Srk) + b—Abe(X;C) (0s X, + (95h1€)JYk
k k
+ biAe—JT (w + VxE*(8/bk, Xi)(0s X, + 8shk)> —eL™'0%ry,. (2.26b)
k k

Assuming that 0%hy,0%r;, = O(1) and observing that 0;X, = Il(e™/ry)/br = O(e), we get
(95hk, 651'19 = O(E)
We then obtain the first order asymptotic expansions from (2.25)

hi(0,7) =3 Ae77Y,(0) + O(?),

b (X4 (0) +hi(0,7))

R

br,

To determine hy and ry at s = 0, we then need to compute X (0) and Y (0). These quantities will
be determined from the initial conditions xj,o and v . Indeed, we recall that

xk,0 = X (0) + hy(0,0), Vi,0 = Y (0) + rx(0,0). (2.27)

Since hy, = O(g), we have

+0(e%),

hy(0,7) = h}¥ (1) + O(e?), with h}*(7) := biAeTJvkﬁo = —biJeT']vk10,
k k

so that we get the following first order expansion for Xy

Xi(0,7) = X, (0) + ™ (1) + O(e?),

so that,
Xi(0,7) = X' (7) + O(e%), (2.28)
where, using (2.27) we define
X)) = Xpo+hp(1) — hpt(0)
= Xpo— biJ(eTJ —I)vypo. (2.29)
k
Since ry = O(e), we have
b Xlst Es 0
rp(0,7) = A (w - 1) Jvio + aAe’JT(b’ixk’o) + 0(e?).
k k

We then derive a first order expansion for Yy

\ (07 T) = Xk(o) + rllcSt(T) + 0(52)7

with b(XlSt(T)) E° (0, %1.0)
(1) == A (7’}% - 1) Tvio +ele == (2.30)
We combine this identity with (2.27) to get the first order approximation of Y;
Yi(0,7) = V¥ (1) + O(e?), (2.31)
where
Yisl(r) = vio 1 (1) = 17(0),
= Vio+ /T(I —10) [%‘j@)) - 1} doJvyo+eJ(e ™ — I)%kxk’o). (2.32)
0
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Second order preparation. We continue the preparation of initial data to the second order in e.
Inserting (2.26a) in (2.25a) and using 9y, = O(e) and Y, (0,7) — V!5 (7) = O(e?), we get
Ylst 2
hy(0,7) = ede A== @ E—L_lAeTJﬁst(O) +0(&?), (2.33)
k k
where we assumed 9%hy, = O(1) which implies as above that 9?hy, = O(g). Now, from (2.24), since
Xi(s,7) — X;.(s) = O(e) and X5 (0,7) — X} ¥'(7) = O(¢?), we can write

0:Y,(0) = 1II E (b(%’ft) - 1) JY . (0) + leiEE(O’lf—’“(o))] + O(e)
I E (b()zift) _ 1)] JY 1 (0) + O(e),

using Ile~"7 = 0. We then define h2"¢(7) (hj, = h?"? + O(£%)) by injecting the previous expansion
in (2.33) to get

2 1st
= ae iy = a2 (MEED )] e, (2.34)
bk bk g bk ’

h2nd(r) =
since Y ;. (0) = vi 0 + O(e) by (2.27). We then get the following second order expansion for X},
X5(0,7) = X,,(0) + hi"(7) + O(%),

so that
Xi(0,7) = Xi"(7) + O(%), (2.35)
where, using (2.27) we define
XPM7) v= xp0 + Wi (T) — h"(0), (2.36)

where h?"? is given by (2.34) and where X}**, Y;!* are given by (2.29) and (2.32).
Let us deal with the second order expansion of Y. From (2.25b), we get

rx(0,7) :== ABp (X JY st + iAe’JTEE(O, X —eL71o,ry, + O(e3), (2.37)
with By (X) = b(% — 1. Therefore, it remains to find an expansion of dsr; (given by (2.26b)) up

to order 1 in €. To that purpose, we use (2.26b), (2.26a) and the first equation of (2.24). We find
0s11(0,7) = T2"(7) + O(e?) where T2 is given by

1
T(7) = ZABL(XP) I [Bu(X}™)Ivio] + b%Ae—”atE(o,xk,o)
k
1
+ b—2Avxb(X,15t) [M(e™ Y *) + Ae™ (B (X*1) I vi o] JVio. (2.38)
k

We now insert this expression in (2.37) to get
r(r) = ABL(XPM) Y + — AeTTTEF (0, X[ — LTI T (2.39)
k

We then get the following third order expansion for Y}
Vi (0,7) = Y,.(0) + 17(7) + O(%),
so that
Yi(0,7) = Y2"(1) + O(%), (2.40)
where, using (2.27)
V2" (1) i= vy + 17" (7) — 17"4(0), (2.41)

where r7"? is given by (2.39) and where X}t V15t X2nd T2nd are given by (2.29), (2.32), (2.36),
and (2.38).
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2.4. Estimates of the time derivatives. In this subsection, we prove that the time derivatives of
Xi(s,7)/e,Yi(s,7) are uniformly bounded when the initial data is chosen following the Chapman-
Enskog procedure presented previously. Note that due to the 1/e factor for X, the expansion for
X has to be performed one order further compared to the expansion of Y. This is stated in the
following proposition.

Proposition 2.4. (i) Assuming (2.8) and E°(t,x) € C%([0,T] x R?) and b(x) € C*(R?). With the
first order initial data Xi(0,7) = X5 (1) given by (2.29) and Yy (0,7) = vy, the solution of the
two-scale system (2.11) satisfies

P

1
g”ast”LgO(W}"’o) + ||85YkHL§°(W1’°°) < Co,

for some constant Cy > 0 independent of €.

(ii) Assuming (2.8) and E¢(t,x) € C3([0,T] x R?) and b(x) € C*(R?). With the second order
initial data X1,(0,7) = X2"(7) given by (2.36) and Y (0,7) = Y15 () given by (2.32), the solution
of the two-scale system (2.11) satisfies

1
MO Xkl e qwr ooy + 10 Yil oo ey < Co, £=1,2,

s

for some constant Cy > 0 independent of .

Proof. The time derivatives of the unknown, denoted in this proof as Xi(s,7) = 8, Xp(s,7),
Yi(s,7) := 05Yi (s, T) satisfy
_ 1 ~ eTJ ~
0s X + —0. X, =—Y7, (2.42)
e bk
= 1. - 1/bX ~ 1 N
O Y + -0,V == M —1)JY, + —be(Xk) - X JY
€ € b eby,
~IT (O (s/b, X .
+ eb ( L (Sb/ ky Xk) +VXE5(s/bk,Xk)Xk). (2.43)
k k

With X5 (0,7) = X}*(7) (given by (2.28)-(2.29)) and Y (0,7) = vy,o and using equation (2.11), we
find the following initial data for the previous system

~ TJ
(95X1€(0,T) = Xk(O,T) = —éarXéSt(T) + ¢

be VEk.0
TJ TJ
= _e_V]g)Q =+ e_V]g)Q =0, (2.44)
br. br.
~ 1 1 b Xlst E£(0 Xlst
DYi(0,7) = Ti(0,7) = —20rvig + L (P 1) gy 4o ELOXT)
€ ’ € by ’ by
Vb Es(0, X}t
= - w S J(e™ = Ivio + O(E):| Jvio + e—”% =0(1). (2.45)
k k
Now we fix 7 € T as a parameter and together with (2.16), we define
~ 1~ s ~ e’ - S
XT ::_X(v_ )a YT ::_Y(v_ )7
ke (S) =Xk SE—FT e (S) o % SE—FT
which solves
x eJS/E ~
Xpr = Yk r,

. 1 WX - ~ Jr ~
Viw =2 (M550) ) gy 4 Vb(X) K TV
o€ by, ' by ' ’ ’
e=7s/¢ (O (s/by, Xi.r)
b2 b
We can apply Lemma 2.2 with H = L2°([0, 27]) since all the assumptions of this lemma are fullfilled.
Indeed, X -(0) and Yy -(0) are uniformly bounded in ¢, the functions X, and Yy , enjoy some

+

+€vxE€(8/bk7Xk,T)Xk,T) .
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boundedness properties (thanks to Lemma 2.3) and the functions b and E are smooth. This enables
to derive the following estimate

1
g”astHLgo(L:o) + |05kl Lo (£2) < Co.

We now deal with W estimates. This is done by differentiating the above system with respect
to 7. The so-obtained system is still of the form of the Lemma 2.2 and we have to check that the
initial data remains bounded. Clearly the 7-derivative of X x(0,7) is equal to zero ; concerning the
r-derivative of Y3 (0,7), we have

% 1 Ec(0. X 1lst

From the definition (2.28)-(2.29) of X% (0,7), we have 0, X** = =¢™/v o so that 9:-Y(0,7) =
O(1). Then, using Lemma 2.2 with H = L2°([0, 27]) ends the proof of (4).
Let us now prove (ii). We denote X}, := 92Xy, Yi := 02Y} which are solutions of the following

system

. 1 . e™ .
85Xk + _87Xk :_Yk;
g bk

- 1, -+ 1 /b(X - 2 o~
0sYy + —-0.Y, =— M —1 JYk+—be(Xk) - XpJYy
€ € b eby,

1 § 1 - N
+ —Vib(Xy) - X IV + — XTI V20(X3) X1 J Y3
eby, by,

n e JI7 <8§E8(S/bk,Xk) i 2
b 02 b

e—JT
br,

antEa(S/bk, Xk)Xk>

+ (X,?ViEE(s/bk, X)) Xp + VES(s /by, Xk)Xk) .

In order to apply Lemma 2.2, we first check that the initial data for this system is uniformly bounded
(in €). To do so, we use the system (2.42)-(2.43) at s = 0 to obtain

. N 1 ~ TJ
Xi(0,7) = 0.Kk(0,7) = =0, X (0.7) + eb—yk(o, 7). (2.46)
k
Firstly, we find
v 1 2nd eTJ 1st
0:Xx(0,7) = Xi(0,7)= _gaer (1) + b_Yk (1)

k
1 1st eTJ

= —=0:X;%(1) + —wvk,o0 + O(e),
e bk

which leads to X(0,7) = O(e) thanks to (2.44), so that we deduce %87.5(;6 (0,7) = O(1). Concerning
the second term in (2.46), we look at Y3 (0,7)

~ 1 1 —Jr
8,Y3(0,7) = Y4 (0,7) = _gaTy,jsf + gBk(X,fml)JY,jsf + eb ES (0, X2nd)
k
1 1
= gBk(X,f"d)JYklst +0(1) = avxb(xk@) (X~ xp0) Y 4 0(1) = O(1),

with Bg(X) = YX) _ 1. This enables to prove that X (0,7) given by (2.46) is uniformly bounded.
b

k
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We now focus on Y (0, 7) which is given by
. 1 ~
d2Y(0,7) = Y3(0, 7) == By (XQ”d)JYk(O )+ —v <D(XF™) - X1 (0,7) JYR

O E° (0, X2
e (D0, X
b b

~ 1 -
+ VXEE (Oa Xlgnd)Xk (07 T)) - ga‘rYk (07 7-)

. éajk(o, ) +0(1).

Let us now look at Y3 (0, 7). First, we have

~ 1 —7J
Y% (0,7) = 0,Y,(0,7) = ——a Yt 4 - By R(XE) Tyt 4 +——E°(0, Xy,
k
We want to prove that Y3 (0,7) = O(e) to ensure Y;(0,7) = O(1). Using (2.32), we have
—7J
OV, (0,7) = Br(X}) Ivio + e 7B (0,%1,0)-
k
Injecting this last identity in the expression of Y (0, 7) leads to
/ . _1 lst _TJ £ 1 2nd lst e_TJ 2nd
Ye(0,7) = - B (X} )JVko—FE b E (O,Xkﬁo) + Bk(X )JY, —b (0, X;;"%)
k k
1 lst 1 1st 2
= _EB k(X" Ivio + Bk(X +0(e%))J (Vo + O(€)) + O(e)
= O(e).

Hence we have Y3,(0,7) = O(1).

Again, considering new unknown £ Xy (s, £+7) and %Yk(s, 2 +17) enables to recast the previous
system so that, using the previous estimates, we can use Lemma 2.2 with H = L2°([0, 27]) provided
that the initial data 1 X (0,7) = O(1). Then, we compute

1 1, = 1 ~ 1 ~
ZX.(0 :__aTX 0 el TJYO :__a X2nd ‘rJylst'
- k( 7T) 82 k( 7T)+€bke ( 7T) Ebke
We focus on the first term
1
a X2nd - _ 8T(GTJY15t)—|— TJHB (XlSt)JVkO+ 8 ( lelst)
E2bk 2b
L . 1st
= - e IIBL(X™")J
E2bk ( ) Vki0-
Then, we compute the second term
~ 1 1 1 1
TJy1st TJ 1st 2nd 1st —7J 2nd
eIyt = [——&Y SB(X2ry gy st L o TTR(0, X }
Ebke ebg € + € ( ) + bke ( )
1 T S € —T
= o a-mp(x! t)Jvk,o tpoe TE(0, %k,0)]
1 J 2nd Lst 2nd
e™ B(X")JY ' + —E(0, X"
+ 2bk ( ) b2 ( )
1
= e [ — (I~ T)B(X")Jvio + B(ind)JYlst} + 3 (B(0, X*) — B(0,%1,0))
k k
1
= e { (I~ )B(X ™) Jvio + B(XZ’”d)JYlst} +0(1).
k
Gathering the two term leads to
1 1 B(Xxtst
—Xp(0,7) = ——— [ — B(X'"Jvpo + B(XQ”d)JYlst} = gJ(vk 0o =YY +0(1) =0(1),
€ e2by, ’ e2by, ’

since X2 = X'1st 4 O(g?). Similar computations for 9; X1, and 0.Y}, leads to the required estimate.
O
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1st order initial data

- - £20.02
- - - £=0.01 ~
——£=0.005 ~ HIRV:

(] 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
t t
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50, 1800
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35 £=0.005 Y 1200F | ¢_0.005 -
+. 1000
&
=)

1st order initial data

0.2 0.4 06 08 1

13

FIGURE 1. Time history of the norm of 9, X, 9,Y (first row) and 92X, 9?Y (second
and third rows) under first order initial data (X'%!,v() and respectively second
order initial data (X279, Y1st).

2.5. Numerical illustrations. To end this section, we illustrate the effect of the preparation of
the initial data on the behaviour of the time derivative of X and Y;. To do so, we consider an
example of a single particle (we then omit subscript k) characteristics (2.2) with initial condition

/10 (49
¥=\13) Vo7 \_a21)

EE(t,x) = @;8) (1 + sin(t)/2),

Es(x) = sin(x1/2) cos(x2).

In Figures 1, we plot the time history of 9:X, 0;Y, 82X and 9?Y (by accurate numerical solver)
under norm

and

b(x) = 1 + sin(z1) sin(zz2)/2, (2.47)

E1(x) = cos(x1/2) sin(z2)/2,

1 X1
IX ()2 o= 5 (IX0 (@ )2 + 1 X2, )2), X = ,
2 Xo

for different initial data (first order initial data (X'%%,v() with X% given by (2.29) and second
order initial data (X274 Y15!) with X2"¢ given by (2.36) and Y'*! given by (2.32)). The numerical
results confirm the results of Proposition 2.4.
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3. NUMERICAL METHOD

This section is devoted to the construction of numerical schemes for the two-scaled system (2.11).
We will perform the analysis of a first order numerical scheme: we will prove that this numerical
scheme enjoy the uniform accuracy property with respect to €. In addition, we will prove that the
scheme is able to reproduce the confinement property (2.14) at the discrete level. Then, we will
propose a strategy to reach the second order accuracy and to handle the coupling with Poisson
equation.

Let At > 0 be the time step and denote t,, = nAt for n > 0 as the descretisation of the ¢t-variable.
For each particle 1 < k < N, the discretisation of the scaled time s-variable is consequently as

Asp = bpAt, sy =nAsp, n=01,....

We certainly omit this subscript £ for brevity, i.e. As = Asy, s, = sjp. Denote the numerical
solution as

Xp(r) = Xi(sn,7), Y (1) = Yi(sp,7), n=0,1,...,
and choose X (1) = X;(0,7), Y2(1) = Y% (0,7).

3.1. First order numerical scheme. A first order implicit-explicit (IMEX1) finite difference
scheme reads for n > 0,

X -Xp 1 el

kTSk + ga-,—Xk-H = Eyk +1, (3.1&)

vt —yp 1 1 /b(X]) L Ef(t,, X7

b Tk oyt = o 2R 1) gy Jr— Mk 3.1b
As + g 'k € b B oTe br (3.1b)

In the Fourier space in 7, the above scheme is easily diagonalized. By discretizing the 7-direction
as 7; = jAT,j=0,..., N, with A7 =27 /N,, N, being some positive even integer, one can use the
Fourier transform in 7 to get a fully discretized scheme. By doing so, let us remark that the IMEX
scheme (3.1) is explicit from a computational point of view and the error in 7 is uniformly (with
respect to ) spectrally uniform.

By assuming that E¢(¢,x) and b(x) are smooth given functions, we analyse the first order IMEX
scheme (3.1) for which we have the following uniform convergence results.

Theorem 3.1. Under the assumptions in Proposition 2.4 for the two-scaled system (2.11), consider
the first order IMEX1 scheme (3.1) for solving (2.11) with the second order initial data X{(T) =
X2d(r) given by (2.36) and Y2 (1) = Y.154(7) given by (2.32). There exist constants Cy,C1,Cz > 0
independent of €, such that when 0 < As < Cy we have

élle? = Xi(sns Ml + 1Y = Yi(sn, )[[Le < C1As, 0<n < S—ks (3:2)

and
[ X7 = xk0llpe < Coe, (3.3a)
¥l < Wil +1, 0<n< 3 (3.3)

The error estimate shows that the scheme with well-prepared initial data offers super-convergence
in x;. As a consequence, this super-convergence is also true for space dependent macroscopic
quantities such as p(t,x). The estimate (3.3) indicates the confinement property at the discrete
level.

We are going to prove this theorem by first introducing two lemmas concerning local truncation
error and error propagation. To simplify the notations, we will always use C to denote a positive
constant independent of As,n or € and it could change from line to line. We shall omit the subscript
k from now on.
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Firstly, we define the local truncation error for the IMEX scheme (3.1) as

X(SnJrlvT) - X(San) 1 eTJY(SnJrlaT)

& (r) = = 20X (s, 7) - TR (3.42)
n ,_Y(Sn-i-lvT) _Y(San) 1 —TJES(th(SmT))
& (r) = = 20X (s, 7) — T St T
1 (6(X(sp,
- (w - 1) JY (sp,7), T7€ET, 0<n<S8;/As. (3.4b)

We have

Lemma 3.2. Under the assumptions of Theorem 3.1, we have
1
1€kl + 1€l < CAs, 0 <n < 5p/As. (3.5)

Proof. By Taylor’s expansion, we have

1
X(5p,7) = X(8n41,7) — D50, X (5p11,7) + As? / 9852X(sn + As6,7)do.
0

Inserting it into (3.4a) and then making use of the equation (2.11a), we get
1
() = —As/ 00°X (s, + As 0, 7)db.
0

Hence by Proposition 2.4, we get [[% |10 < ASH(?EXHLOO(WTLOO) < CeAs.
Similarly for the Y equation, we have Taylor’s expansions,

1
Y ($0,7) = Y(sp41,7) — AsDsY (sp41,7) + As? / 00°Y (s, + As0,7)d6,
0

1
E*(Ly, X (80,7)) = B (bns1, X (8n41,7)) — / [At&tEE(tn + A0, X (5, 7))
0
+ ASVRE (o1, X (89 + AsO, )05 X (5, + Asb, T)] o,
1
b(X (sn, 7)) = b(X(Sp41,7)) — As/ V(X (sn + AsO,7)) - s X (s, + Asb, 7)d6.
0

Plugging them into (3.4b), we have

_Jr E¢ (tn-‘,-l 5 X(Sn+17 T))

1
(1) =05Y (spt1,7) + gaTY(Sn_;,_l,T) —e

b
1
_ é (w - 1) TY ($n,7) — AS/ 002Y (s, + As, 7)d0
0
—Jr 1
+= / [At@tEa(tn + A0, X (50, 7))
0

+ ASVLE® (tyy1, X (8n + As,7))0s X (85, + Asb, 7')} do,
1
+ ﬁ_; / Vub(X (50 + Ash, 7)) - 0. X (50 + Ash, 7)dOTY (51, 7).
0
which with the Taylor’s expansion

1
Y (sn,7) =Y (Sn41,7) — As/ 0sY (s, + Asb, 7)d0,
0
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and the equation (2.11b) becomes

5;1/(7,) :§ <b(X(Sg«k+1;T)) -1

1
>J/ 0sY (85, + AsO, 7)db
0

e—J‘r

1 1
— As/ 00%Y (s, + AsO, 7)d + / {AtatEE(tn + At, X (8, 7))
0 0

+ AsVxE (tny1, X (sn + As6,7))0s X (s, + Asb, 7')] de,
As !
+ e Vxb(X (sp, + As0,7)) - 0s X (s, + AsO,7)dOTY (51, T).
0
Hence again by Proposition 2.4 and Lemma 2.3, we get [|{3[| 1.0 < CAs. O
We now focus on the propagation error. First, we denote the error function as
S
ey (7)== X(sp,7) = X"(1), ey(r):=Y(sp,7)=Y"(1), 7€T, 0<n< 2k

As
It is obvious by the choice of the initial data that

(1) = e§.(r) = 0.

Taking the difference between the local error (3.4) and scheme (3.1), we get the error equations

n+1 n TJ
— 1
exAiex +20,ent! = eTe’;/“ + e, (3.6a)
S e
n+1 n
ey — €y 1 n+1 n n
T —+ g@TeY"_ = F —+ gy, n Z O, (36b)

where

Fim) :é [(M - 1) JY (30,7) = (W - 1) JY"(T)]

[E°(tn, X (sn, 7)) — E(tn, X" (7))]. (3.7)

In the following, for any 7-function ¢(7), its Fourier coefficients are defined by

(/\gp)l ! /Oﬁeingp(T)dT. (3.8)

T o

Lemma 3.3. For the IMEX1 scheme (3.1), we have the following formula for the error function
on the | € Z Fourier coefficients in 7 and for n > 1,

n - n—1 o
@z :A2—22 Zaj,l(l +iJ) {(ﬁ—\j)lﬂ + (gﬁ-j)lﬂ} + As ZP{H( ?(—l—j)l
j=1 7=0
As® & = T
+W Zﬁj,l(f —iJ) [(FW_J)zl + (& J)ll} (3.9a)
j=1
@ =as3n [T+ @] (3.90)
j=1
where
oy Pt P —pzpfill’ b= v iy — pplt] wnd 1 e

DL~ Di+1 DL — Di-1 ~ 1+ilAs/e’
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Proof. Taking the Fourier transform (3.8) of (3.6), we have

(&), ~ (o), iy (e,
S eyt = L+ (€
@), — (), il —= o~  —
B DV e, = (P, + @), 1€Z, n20.
Noting that
— 1 TV (ar
(e7/el), 3 [(I + zJ)( V)i U= ’LJ)(egl/)l71:| )
we have
T o L PAS T ) (el €%
(eX+l)l = (ex)l+7 [(I+ZJ)(9Y+1)1+1+(I_Z‘])(ey+l>l—1} PSSR (3100
(), (7, + s [(Fn)l n (5%] , 1€Z, n>0. (3.10D)

Let n = 0 in the above relations, and then inserting (3.10b) into (3.10a), noting that €% (7) =
e) (1) =0, we get

/\/-\ —_ —

— plAS2 )
(ex), =% {pz+1(I+ZJ)(( Ot (€0 )i1) + 21 (FO) g+ (69),00) |+ ids(EX)y,
(e}), =mAs [(F0), + (1),
Therefore, the formula (3.9) with n = 1 is true. Let us assume (3.9) is true for 1 < m < n and we
check the case m =n + 1.

Plugging (3.9b) into (3.10b), we get

—

) —AsZpJ“ (F),+ @] + s [, + @)

n+1 —
—ASZp [F”“ 3), + ( 3“3)1] . (3.11)

Hence (3.9b) is checked. Next, plugging (3.11) and (3.9a) into (3.10a) leads to

— Ag? n ) — —
(e?fl)l :E ZPZ%‘,Z(I + ZJ) {( )z+1 + (5 } + As ZPJ+2 1= ] l
j=1

—

As? F—j - B
+2—Z Zplﬁj,z(l —iJ) {(F"J)z—l + (& J)l—J +pAs(ER),
j=1

n+1

pAs? 1=

+ 20 (I+1J ZPH [F+1 J)l+1+( i ])H-l]
=1

pAS n+1 P
1 1—

I—ilJ) Zpl {F"H N+ & ])1—1]
First, we use the relation

Zpg+2 n— 1 J +pl é.y ZpJJrl i

which enables to recover the second term of (3.9a) for n+1 . Second, we remark than p;ag,; = 0 so

L —

that the first term in the previous expression of (e}“) , can be reformulated as

n+1l j+ —

— H-1 2,7
Py Pur— PPy |, 5 +1-
Zplo‘ﬂl[ Frd) ot (& J)z+1]_z — . {(Fnﬂ Dt ()|
=1 bt — Pit1
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Then, combining the latter with the term of the third line together with the following relation
v e — pinl, P AR TR )y
+ PPy = = Qj1,
b1 — Pi4+1 Pi— Pi41
leads to the first term (with n 4 1) of (3.9a). Similar arguments enable to recover the last term of
(3.9a). Hence (3.9a) holds for n 4+ 1 and the induction proof is done so that the formula (3.9) holds
for all n > 1. O

Now with Lemmas 3.2 and 3.3, we give the proof of Theorem 3.1.
Proof of Theorem 3.1: We will proceed by an induction on n, by assuming that the following
estimate holds for all m =0,...,n

1, om m 1
ZIXE" = xwollay + V" 2 < 1 Xk(sm) = Xwollmz + [Ve(sm) a2 +1, (3.12)

and using the relations (3.9) on €% and e¥.
Using Lemma 2.3, this implies in particular ||Y;"| g2 < C. Then, we can deduce an estimate for
the nonlinear part F™ given by (3.7)

C
I [y < Clle¥llay + —lleX s, 0<m<mn, (3.13)
using again Lemma 2.3 and Sobolev embeddings. Finally, in view of deriving an estimate for e?fl

and e’f,“, we will use the following elementary lemma on the p; coefficients

Lemma 3.4. Let p; = m,vz € Z, then the following estimates hold

o] <1, YIe€eZ, and Aslp|<e, VIeZ\{0},

Pl Py — pipliy
b — Pi+1

As <Ce, Vl€ZVjeN,

where the constant C' > 0 is independent of 1, j, As and €.

Proof. The first inequality is immediate. For the second one, we have (As/e)|pi| = (As/e)/(1 +
As?/e?)1/2 and conclude owing that the function f(a) = a/v/1+ a2,a > 0 is bounded (with a =
As/e).

Let consider the last inequality. Denoting again a = As/e, we have

1 g
a by Pit1 — PiPraa | _ o | PP |pj _pj | = |pj _pj <2
DIl — Pi+1 L= pier] = ! S
since a [ 2LEL | =1 and |p;| < 1. O
Pi—Pit1

Thanks to the previous tools, we get from the error formula (3.9a) at (n + 1),

| CeAs [|<F"—j>l+1| IE )y 1FT) 4 ;MIJ] S B
d

1C2AsY [|<Fn-j>l+1|2 NE TP+ [FT) 2+ |<5;z‘j>l_1|2} .
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Then, to get H! estimate, we multiply by (1,1?), sum on [ € Z and add the two resulting equations
so that, using Parseval identity, we obtain

n

n
ek 13, <CAs S IER I3 + C=2as S [IIF" 113 + 1167 1]
=0 =0

By the error formula (3.9b), we get by similar arguments

n

et 2, < Cas ST (I3, + 6 12
=0

Combining the two, we then have

1, ., . L O ) n )
Sy + 1 Iy O8s D | 16kl + bl | + 088 31 1.

=0 j=0
Now inserting estimates (3.5) and (3.13), we get

1 (1, ;
S Iy + ety <CAS +008 S | Tlekliy + led I |
=0

and we conclude by using discrete Gronwall’s lemma to get
1
—llex ™ i + eyl m < CAs.
E T T
As long as (3.12) is true, we then deduce
1 1
g||X1?+1 = xpo0llm + 1V s < 21Xk (sn1) = xuollm + 1 Ya(snr)llay + CAs,
which completes the induction proof by considering As < Asy =1/C. O

3.2. Second order numerical scheme. A second order scheme (IMEX2) could be written down
as follows. For n > 0,

Xn+1_Xn 1 TJ "
R 0 (G XY :eb_kyk /2 (3.15a)
——n+1/2
vt -y o1 1 (X o ) 1/2
Tk Tk 4 (YY) = (k| gyt
As +25 (k + k) € b k
——n+1/2
ES(t,.1/9, X
Pt “/Z ) (3.15b)
k

with

—nt12  Xp+ XM
Xe =Ty

X"+1/2 _Xn 1 TJ
Lk e Ly xri2_ €y
g bk

As/2
nt1/2 " n n+1/2
R 1 c Loy J 1 (MXD) N yn EF(tny10, X %)
As/2 g Tk € by, ¥ bk '

The above IMEX2 scheme is also explicit. From practical results (as can be seen in the next section),
we observe that the IMEX2 with the 3rd order prepared initial data (derived in Appendix A) gives
second order uniform accuracy. However, the rigorous error estimates would be more involved than
the first order IMEX1 scheme and it is still under-going. We will address it in a future work.
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3.3. A strategy for the Vlasov-Poisson case. When the Vlasov equation (1.1a) is coupled to
Poisson equation, the electric field E¢ is a self-consistent field and the problem becomes nonlinear.
Under PIC discretisation, E¢ in (2.2) is given by

Np
Vi ES(t,%) = Y wid(x — xx(t), >0, x € R, (3.16)
k=1

Hence by under the scale of time s; = b;t, the electric field evaluated at one particular particle x;(t)
(1 <j < N,) solves (as we see in (2.5))

Np
Ve - B (55 /b, %;(t) = > wib(x;(t) — xx(s5/b;))-
k=1

Each particle carries its own frequency and now all the particle are coupled to each other through

Poisson equation, which as a result mixes all the frequencies. Thus, (2.5) is a multiple-frequency

system with a large number N, of degrees [8] and the proposed two-scale formulation is not rigorously

working. Here, we give a practical strategy that works well based on our numerical experiments.
Note the above strategy relies on the key confinement property (see Lemma 2.1)

b(xi(s)) —br = C(s)e, s>0, 1<k <N,

as well as the two-scale version in Lemma 2.2. In order to have a better control of C(s) in the
oscillatory case, we consider the scale of time (2.4) dynamically. Discretise time with At > 0 and
denote t, = nAt. For n > 0 and t, <t < t,, 41, define

B = b(xp(tn)), t=tn+ bin %i(s) = xp(t), (3.17)

k

and we solve
%i(s) = V’fo), (3.182)
k

u(s) = 2EE)) po gy B SV RA()) g, (3.18b)

ebp by
)ch (0) = Xk (tn), \ka (O) = Vk(tn), (318C)

for one step with As = b At. Again we isolate the leading order oscillation term, filter out this main
oscillation (2.6) and then consider the two-scale formulation but leave the high-frequency character
of the electric field part alone [13]. We then obtain

TJ

1
0. Xy + 0, X1, = eb—nyk, 0<s<As, (3.19a)
k

1 1 (b(Xk)

E=(t, + /b7, X
Y + =0,V = - —rsES(tn + s/ k)
€ € by

bi;

— 1) JY, +e (3.19b)
For the initial data, we formally choose X (0,7) = X}*!(7), Y%(0,7) = Y;!*!(7) given by (2.29) and
(2.32) by replacing xj,0 and v o with respectively xj(t,) and vi(t,). This initial data enables to
offer second order uniform accuracy when an exponential integrator scheme (as in [14]) is used for
(3.19).

We shall briefly derive the scheme. For the simplicity of notations, we put (3.19a)-(3.19b) into
the following compact form:

05Uk (s, 7) + éaTUk(S,T) =Fi(s,7), 0<s<As, 7€T, (3.20)

o= (3. o= (i)

where we denote



VLASOV EQUATIONS WITH NON-HOMOGENEOUS MAGNETIC FIELD 21

with
e‘rJ
FLk(SvT) = b_nYk(SvT)v (321&)
k
1 [/b(X E€ (¢, by, X (s,
Foi(s,) == (M - 1) T¥i(s,7) + o7 Eolbn £ 8/, Xi(s,7)) (3.21D)
€ by by
Applying Fourier transform in 7 on (3.20)
N, /2-1 N,/2-1
Uk(s, 1) = Z (Uk)l(s)ed‘rv Fi(s,7) = Z (Fk)l(s)ed‘rv
I=—N, /2 I=—N, /2

and then by Duhamel’s principle from 0 to As (n > 0),
(s =< B T 0) + [ e HAIE), O)ab,
0
A first order uniformly accurate scheme, shorted as EIl in the following, is obtained as,

— ilAs T As _ il —0)
(U0, (As) ~ e 2% [T),(0) + / e~ (@50 (1), (0)db

ilAs —— —

e "« (Uk)l(0)+p[E(Fk)l(0)a

As i€ ( _itds )
i = -1 140
p ::/ et s gg — ] T \® » L70,
0 As, =

A second order scheme, shorted as EI2, is given as,

— ilAs T AS al — —
T (8s) e BT 0) + [ e #20 ((Fk>l<o> n 91<Fk>l<o>) a0

where

ds

_ilAs T — 1 /*\ —
~ e U2 (U0, (0) + P (B (50) + of == (), = (B, (0))
where -
ilAs
As 2 a—se*LT—ilAs), 1 #0,
qF :z/ em e (Bs=0g4h = As?
0 - l=0.
2 3
and

—— % ilAs —— —

(Uk)l =e 5 (Uk)z(o) +pF(Fk)z(0 )

. eIV (7).
Fir) = < (b(X7 () /b — 1) JY; () + e~ E=(t, + As/by, X; <T>>/bz>'
(

Suppose now we have computed numerically X} (As, 7) as the two-scale solution for system (3.18),
we update the electric field for the next time level ¢, 11 as

Np
Vx - Ef(tny1,%) :Zwké(x—Xk(As,As/E)), x € R%
k=1

4. NUMERICAL RESULTS

This section is devoted to numerical illustrations of the numerical schemes introduced above. We
consider (1.1) with the following initial data

™

1 . _ (w142)2+403 _ (w1-2)% 403
fo(x,v) = o (14 sin(z2) + ncos(kx1)) (e z +e 2 ) (4.1)

with x = (21, 22) and v = (v1,v2) and the non-homogeneous magnetic field

b(x) = 1 + sin(z1) sin(z2)/2,
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to test convergence order. The spatial domain is x = (z1,22) € Q = [0,27/k] x [0, 27] for some
k,m > 0. We choose n = 0.05, k = 0.5 and discretise {2 with 64 points in x;-direction and 32 points
in zo-direction. As a diagnostic, we consider the following two quantities:

p(t,x) = fe(t,x,v)dv, x € Q,
R2

pf,(t,x):/ |v|2f5(t,x,v)dv.
]R2

We then compute the relative errors of the different numerical schemes with respect to p® and p5, at
the final time ¢; = 1 in maximum space norm. We numerically solve (1.1) with two configurations.
For the first one, we consider an external electric field given by

EE(f,x) — (28) (1+ sin(t)/2),

Ey(x) = cos(x1/2)sin(x2)/2, FEa(x) = sin(x1/2) cos(x2),

which will be addressed as ‘given E’ in the numerical results. For the second case, we consider the
nonlinear Vlasov-Poisson equation (1.1)-(1.3). The reference solution is obtained by using a fourth
order Runge-Kutta method on the original problem (2.2) with step size At = 1075.

For the PIC method, we choose N, = 204800 particles and the projection of the particles on
the uniform spatial grid is done by quintic splines. The time step As is determined by fixing At
(recall the relation s = byt and As = bpAt) so that after N time steps (such that t; = NA¢,
every particles stops at the same time ¢y. Finally, we denote by NN, the number of points in the
T-direction: AT = 27/N.

In the sequel, second order initial data will refer to (X?"4, V;1*t) with X2"? given by (2.36) and
Vst given by (2.32), whereas third order initial data will refer to (X37¢, Y;2"?) with X3¢ given by
(A.1) and V2" given by (2.41).

External electric field.

We first study the ‘given E’ case. In Figure 2, the errors (in L{® norm) in time of the IMEX1 scheme
in p® with second order initial data are displayed for different values of €. As shown in the numerical
analysis (see Proposition 2.4 and Theorem 3.2), the scheme IMEX1 has uniform first order accuracy
in time. Moreover, we can observe that the error decreases as € goes to zero, in agreement with
theoretical results.

In Figure 3, the errors (in L{® norm) in time of the IMEX1 scheme with second order initial data
is plotted regarding the quantities p®/e and pS. We can observe the curves are almost superimposed
confirming the theoretical error estimates derived previously.

The influence of the discretization in the 7 direction of the IMEX1 (using At = 1079) is presented
in Figure 4. We computed the difference between the numerical solution obtained with several N,
and the one using N, = 64, for the two quantities p® and p$. The discretization error in 7 has a
spectral behavior with respect to N, and when € becomes small, we observe that the method reaches
machine accuracy with very few number of grids (typically N, = 8 is sufficient when ¢ = 1073).

Next, we study the convergence of the second order IMEX2 scheme with third order initial data.
In Figures 5-7, we can see second order uniform accuracy of the scheme with respect to €, regarding
both p¢/e and p5.

We also study the convergence rate of the Vlasov equation (1.1) to the asymptotic model (derived
in Appendix B) on the characteristics level when ¢ — 0. To do so, we measure the difference between
the solution of (1.1) for several e and the one obtained with ¢ = 10~%. In Figure 11, we show the
convergence of the model (1.1) in the limit regime (with At = 573), for which the rate is equal to
one. Finally, we study the dynamics of the solution for a fixed ¢ = 0.1, aiming to see the effect
from the non-constant magnetic field. The quantity p°(¢,x) is plotted as a function of x at different
times in Figure 8 (with At = 573).

Vlasov-Poisson case.

For the Vlasov-Poisson case, we apply the strategy presented in subsection 3.3, namely the dynamical
scaling EI2 scheme with initial data (X!**,Y;!*"). In Figure 9, we show the convergence results in
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o ‘ IMEX1 with 2nd order data ‘ o IMEX1 ‘with 2nd order (‘jata
(Slope one)
107 4

8 109 3
5] 5] . —o—At=1/8
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_4
10¢ ——At=1/32
At=1/64
-4
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10l ——At=1/128
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At €

FIGURE 2. Temporal error of IMEX1 with second order initial data (X2"?, Yt
for given F case: relative maximum error in p°.

time regarding both p® and p5. For a long-time diagnostic test of the scheme, we consider the energy
of the Vlasov-Poisson equation which is conserved as

1 € 1 > —
H(t):= §/D§2/Q|v|2f (t,x,v)dxdv + §/Q|E (t,x)|?dx = H(0).

We compute the numerical energy H(t) by the EI2 scheme with At = 0.05, N, = 16. In Figure 10,
we show the relative energy error |H(¢t) — H(0)|/H(0) till t; = 100 for different values of . For the
Vlasov-Poisson case, the proposed strategy shows a promising performance.

Finally, we study the convergence rate of the Vlasov-Poisson equation (1.1)-(1.3) to the asymp-
totic model when € — 0. We proceed as in the linear case to plot in Figure 11 the convergence of
the model (1.1) towards the limit regime. Here again, the rate is close to one.

5. CONCLUSION

We proposed a multi-scale numerical scheme for the Vlasov equation with a strong non-homogeneous
magnetic field by using a Particle-in-Cell strategy. The solution of the problem is highly oscillatory
in time, space and velocity with non-periodic oscillation. Making use of the fact that the positions
of the particles in this regime are confined around the initial position, we transformed the charac-
teristics into a suitable form which enabled us to perform the separation of scales techniques. A
uniformly accurate first order scheme was then proposed and rigorously analyzed for the Vlasov
equation with external electric field; for this scheme, we also proved that it enjoys the confinement
property at the discrete level. Practical extensions are performed to achieve the second order accu-
racy, and also to deal with the case of the Vlasov-Poisson equation. In the later case, it turns out
that the characteristics equations are a huge highly oscillatory system with multiple frequencies.
Numerical results are then presented to confirm the theoretical results and illustrate the efficiency
of the proposed schemes.

APPENDIX A. THIRD ORDER PREPARATION

In this appendix, we derive the third order initial data, which will ensure (following the same
strategy used in Proposition 2.4 that the quantities 292X and 92Y} are uniformly bounded.

€

We first derive (2.26a) with respect to s and assuming 92hy, = O(¢), we find

0?hy(0,7) = fl;lft(T) +0(e?) with }lelgSt(T) = biAeTJigth,
k
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FIGURE 3. Temporal error of IMEX1 with second order initial data (X274, Y,!*")
for given E case: relative maximum error in p¢/e (first row) and in pS (second row).

10° t 1
10° 1
S S
@ —o—£=0.5 @
—&—¢=0.1
107"°F | ——£=0.05
€=0.01
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—7—£=0.001
—15
1 . . . X ;
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FIGURE 4. Error in 7 of IMEX1 with second order initial data (X279, Y,!st) for
given F case: relative maximum error in p® (left) and in pS (right) with respect to
the number of grids N..

where we used the following notations
~ 1st

z x . b(X Lst -
thh — ijko + 11‘1 (776) -1 ngth’
by, Te b

o 1s 1 ~ 1 /b(X /st
X}t t_ L q1(em ek, Kzth — 1= OX™) 1) Jvio,
b € by '
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, IMEX2 with 3rd order data , IMEX2 with 3rd order data
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FIGURE 5. Temporal error of IMEX2 with third order initial data (X;"¢, Y;2"4) for

given E case: relative maximum error in p°.
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FIGURE 6. Temporal error of IMEX2 with third order initial data (X;"¢, Y;2"4) for

given E case: relative maximum error in p°/e.
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FIGURE 7. Temporal error of IMEX2 with third order initial data (X", V;2"?) for

given E case: relative maximum error in pf.

with X!** and r}** given by (2.29) and (2.30). Note that 92Y,(0) =

~ 1st

25

YO 1 0(e), 0,X,,(0) =

X, +0(e?) and 9,Y . (0) = thh +O(g). Similarly, deriving (2.26b) with respect to s and assuming
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FIGURE 8. 2D plot of p°(¢,x) at different ¢ for given E case with ¢ = 0.1.

P3ry = O(¢), we have

%1 (0,7) = 1% (1) + O(e?), with
- 1s ~ 1st ~
st 1St) ngth 4 A <b()2k ) _ 1) ngth

Z1ls 2 h
r]i t(T) = EAbe(Xk,O) : (Kk? + hk k

1 x =
+ b—Abe(xk,o) . (1]16“ + hkSt) JVk.,(),
k

where we defined

~1s B - 1
hllc t(T) = iAeTJKZth7 1]{5% = EHGTJf‘IICSt,
b Xlst _ 1 ~
f‘l];St = A <(—: — 1) szth + EAbe(x,“O) . hIJ;StJVk)O + b%Ae_TJatE(O,XkyQ).
k

Note that X, (0) = i,lft + O(e?). Then we update to get

K;St =11 |:1 <b(X%nd) _ 1) JYklst 4 e—JT Ea(()’XliSt) ,
€ b bi,

-2n 1
X = e,
by
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FIGURE 9. Temporal error of EI2 with (X%, V;1**) for Vlasov-Poisson case: relative
maximum error in p® (first row) and pS (second row).

where X2"? is given by (2.36) and r2"¢ by (2.39). Moreover, we define

h7"d(7) ::biAeT‘] (Z}:t + f‘,lcs’f) - EL_lfl}ft,
k
b X2nd s
B2 (r) == A (7( 2 ) _ 1) J(Z + )
1 1st 2nd | Fopg 1st
+prAV(XL) (X2 + b))

0, Ef(0, X5t < 1s -~
+ biAe_JT ( t (bu k ) + VXEE(O,X;St)(X}C t +h]1<78t)>
k k

T T

~ 1st

Note that 9,X,(0) = X;' + O(e?), 9shi(0,7) = h2"(r) + O(?) and ,Y,(0) = ¥, +
O(e%), Osri(0,7) = T2(7) + O(£3).
Eventually from (2.25a), we define iteratively

hi(r) = = AT Y2 — eL MR,
k

where Ykz"d is given by (2.41), so that the third order initial data for the first equation is
X)) = xp0 + () — hir(0). (A.1)
We can than define
b(XPrd) 5

rird(r) = A ( e 1> eTy2nd 4 EAe*JTEE(O,X;;’”d) —eL 7,
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FIGURE 10. Relative energy error |H(t) — H(0)|/H(0) of the EI2 scheme with
At = 0.05 for the Vlasov-Poisson case under serval ¢.

so that the third order initial data for the second equation is

V() 1= vio +x¥(r) — 17 (0). (4.2)
Note that hy(0,7) = h}"(7) + O(e*) and 14 (0,7) = r;"¢(7) + O(e4).
Proposition A.1. Assume (2.8) and E°(t,x) € C*([0,T] x R?) and b(x) € C*(R?). With the third

order initial data Xj(0,7) = X3r4(7) given by (A.1) and Y,(0,7) = Y;2"4(7) given by (2.41), the
solution of the two-scale system (2.11) satisfies

1
NOSXkl o wrey + 10Yill e ey < Cor €=1,2,3,

for some constant Cy > 0 independent of €.

Proof. The proof is a recursive process of the known results and it is very similar to that of Propo-
sition 2.4. We omit the details here for brevity. (I

APPENDIX B. LIMIT MODEL

In this appendix, we derive limit mode at the characteristics level. From (2.23)-(2.24), we derive

the averaged model by considering € << 1. Indeed, from the equations on hy and rg, we get
h, = —bije”Kk +0(2),
k

_— —b%(eTJKk V(X)) JY, + iJe—TJEE(s/bk,gk) +O(2).
k
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FIGURE 11. Convergence the Vlasov equation (1.1) in the given E case (left) and
in the Vlasov-Poisson case (right) to in the limit regime: relative maximum error
in p (first row) and pS (second row) at ¢y = 1.

Then, injecting in the macro equations on X, and Y, we obtain

€ T T € T —T
0. X, = _@n [e™ (e Jzk-vxb(gk))mk“@n [e™/ Je TV ES (s/bi, X;,)] + O(e?),
1 1
0y = H[Bu(X) +bg)JY, ] +1I e*”EEs(s/bk,&) + 0(e),

where we defined By (X) = b(X)/b(xk,0) — 1. After some computations, it comes

0Ky = =5 Vab(Xy) Y4 + 75 JE (s/bi X)) + O(2),
k k
1
0.y = —Bu(X;)JY,+O0),
1
= E(b(ik) —by)JY . + O(e).

Under the fact that b(xx(t)) = br, + O(e), the limit model above is consistent with the one derived
in [15].
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