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A MULTISCALE HYBRID MIXED METHOD FOR TIME-HARMONIC
MAXWELL’S EQUATIONS IN TWO DIMENSIONS

T. CHAUMONT-FRELET, S. DESCOMBES, S. LANTERI AND F. VALENTIN

1. NOTATIONS

In the following, 2 C R? is a polygonal domain. We consider a family of meshes (7z)mso
of Q2 such that, for all H > 0, the elements K € Ty are triangles satisfying

diam(K) = sup |z —y| < H,
z,yeK

In addition, we assume that there exists a constant 5 > 0, such that

diam(K) > 8,
p(K)
for all K € Ty and H > 0, where
p(K)=sup{r>0|3xe K; B(x,r) C K}.

Finally, for all H > 0 and for all pairs of distinct elements K, K € Ty, we assume that
0K, NOK_ is either empty, or a vertex or or a full edge of K, and K_.

We denote by £ and £& the set of internal and external edges of Tz. We also employ
the notation £y = £t = UEEH.

If ¢ and ¢ are vectorial and scalar functions, we define

_ 99, 04y _ (96 _9
curl ¢ = ax,  ox,’ curlg = (8){2’ 8X1>’

where the derivatives are taken in the sense of distributions.

If O C R? is a connected open set with Lipschitz boundary 00, H'(O) is the space of
scalar functions ¢ € L?(O) such that V¢ € L*(O) and H(curl, O) is the space of vectorial
functions ¢ € L?(0O) such that curl ¢ € L*(O). These spaces are equipped with the norms

H¢H%o = ”¢“(2),0 + HV¢H3,Oa H(Pngrl,O = H¢Hg,o + || CUTI¢H3,0-

If ¢ € H'(0O), its trace on A0 is defined as an element of H'/2(90). The space H'/?(00)
is equipped with the quotient norm

[¥[]1/2,00 ¢61§1(0{H¢H1,0 | ¢loo = ¥}
If ¢ € H(curl, O) its tangential trace is defined in H~'/2(90) as

/ qz’)xn@:/curlgb@—q’)-curl@,
0 o
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for all » € H*(2), and we have

/80¢an

For every H > 0, the “broken spaces” H'(Ty) (resp. H(curl, Ty)) are defined as space
of ¢ € L*(Q) (resp. ¢ € L*(Q)) such that ¢|x € H'(K) (resp. ¢|x € H(curl, K)) for all
K € Ty. They are equipped with the norms

o3z, = D Iolxlin: Nolawmn = D Ikl

KeTy KeTy

S ||¢||curl,(9 ‘¢||1,0‘

In addition, we introduce the space

H'*(Ey) = {77 e [I #2(0K) 3¢ € H'(Q); dlox = nlox VK € TH}>

KeTy

equipped with the norm

103 26 = D Il 20
KeTy

We easily check that

17ll1/2.61 ¢Egll(ﬂ){H¢Hl,ﬂ | dlox = nlox; T}

If € H(Q) we will use the notation @|g, to denote the element n € HY2?(Ey) such
that n|ox = @|ax for all K € Ty.

2. MAXWELL’S EQUATIONS

We consider time-harmonic Maxwell’s equations in the 2D domain 2 at frequency w > 0.
For the sake of simplicity, we assume that €2 is an isotropic linear medium, so that it can
be characterized by three measurable scalar functions €, u, o : 2 — R that respectively
represent the permittivity, the permeability, and the conductivity. We assume that there
exist some real constants such that

0<e<ex)<e<oo, 0<p <pux)<pu<oo, 0<o,<0ox)<o"<x

for a.e. x € Q).
The electric field u : Q — C? is solution to

(1) {(iwa—ewz)u+curl(u_1curlu) = f inQ,

uxn = 0 on 09,
where the action of an electric source f € L?(Q)
Classically, we recast (1) into a variational problem: find u € Hy(curl, Q) such that

(2) a(u,v) = (f,v), Vv e Hy(curl, ),
where the sesquilinear form a is given by

a(u,v) = ((iwa — er) u, V) + (;fl curlu, curl V) .
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We can easily show that a is coercive, i.e. that there exists a 6 € [0, 27) such that

(3) la(v, V)| 2 [V [2umq, YV € Ho(curl, Q).

The existence and uniqueness of a solution u € Hy(curl, Q) to (2) is thus a direct conse-
quence of the Lax-Migram lemma.

3. AN HYBRID FORMULATION

We introduce an hybrid formulation of (1), in which the tangential continuity of u is
relaxed, and weakly imposed using a Lagrange multiplier A. The relaxed space for u is
V = H(curl, Ty). As shown in Lemma 1, the correct space for the Lagrange multiplier is
A= HY?(&Ey).

Lemma 1. Let v € V. Then v € Hy(curl, Q) if and only if
(4) b(n,v) =0, VneA,

where

by = 3 /aKV .

KeTy

Proof. The key point of the proof is a convenient way of redefining b(n, v) for n € A and
v € V. If E € £7 is the edge shared by two elements K., K_ € Ty, since n have the
same value on both side of the edge, it makes sense of defining the restriction n|g of n to E.
On the other hand, since v has two independent definitions on K_ and K, we introduce
the notation vy X ny = (V|x,) X ni|p, where ny is the unit vector normal to E pointing
outside K. Then, we can write

(5) b(n,v) = Z /Ev><—m]+ Z /EV+XD++V><HTI-

Eeggrt Eegint

Assume that v € Hp(curl,§2). Because of the essential boundary condition, we have
v|g X n = 0 on all exterior edges E € £5*. On the other hand, because the tangential
component of v is continuous, if F € £ is the edge shared by two elements Ky, K_ € Ty,
we have

(6) vyxng+v_xn_=0.

As a result, (4) directly follows from (5).
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On the other hand, consider v . € V such that (4) holds. We first show that v €
H(curl, Q). To this end, we introduce an arbitrary test function ¢ € Hj (). We have

/Qv-curlqﬁ = Z/}(V@urlqb

KeTy

= curlvo + Y v X ng
YRS

KeTy
= Z/curlv¢+b(n,v),
KeTy ' K

where 7 is the element of A defined by n|gx = ¢|ox for all K € Ty. Since we assume that

(4) holds, it follows that
Vv -curlp = curl v o,
/[ (X )

KeTy

which means that
curlv = Z curl v|g € L*(Q),
KeTn
in the sense of distribution. As a result, v € H(curl, Q).
Since we established that v € H(curl, ), (6) holds, and v x n € H~Y2(9). Thus,
using (5), for all ¢ € H'(Q), if n = ¢|g,,, we have

:b(n,v):/mvxnn.

Since this last equality is true for every element of H'/2?(0Q), we conclude that v x n = 0
on 09, and v € Hy(curl, ). O

The hybrid formulation is simply obtained by relaxing the tangential continuity and
introducing the Lagrange multiplier: find (u, A\) € V x A such that

a(u,v) +b(\,v) = (f,v), YWweV,
(7) { b(n,u) = 0, Vn € A,

where we have extended the definition of a over V by
a(u,v) = Z {((iwo — ew®) u|g, v|x) + (curlu|x, curl v|x) } .
KeTy

Theorem 1. u € Hy(curl, Q) is solution to (2) if and only if (u, (™! curlu)lg,) € V X A
is solution to (7).

Proof. Assume that u € Hy(curl, Q) is solution to (2). Then, by Lemma 1, b(n,u) = 0 for
all n € A, and the second equation of (7) is satisfied.
Since u satisfies the first equation of (1) in the sense of distributions, we have

curl (p~ ' cwrlu) = f + (ew® — iwo) u € L*(Q).
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It follows that ! curlu € H'(Q2), and it makes sense to consider the restriction (u~! curlu)|g,,
as an element of A.

Consider v € V multiplying the first equation of (1) and by v and performing an
integration by parts over an arbitrary element K € Ty, we have

((iwo — ew?) ulk, v|g) + (" curlu|k, curl v|k) —|—/ v|g X ngpteurlu|g = (f|g, v|K).
oK

Then, by summation over K € Ty, we obtain that
a(u,v) +b((u tcurlu)lg,,v) = (f,v), VveEV,

which is the first equation of (7). We have thus established that (u, (! curlu)g, € VXA
is solution to (7).

Now, assume that (u, A) € V x A is solution to (7). Then, by Lemma 1, we have that
u € Hy(curl, Q). Using again Lemma 1, we see that for all v.€ Hy(curl, 2)

a(u,v) =a(u,v) +b(\,v) = (f,v),

so that u is solution to (2).
It remains to identify \. If v € H(curl, K), we have

a(u,v) = /(iwa—ewz)u-V—k//flcurlucurlv
K K

= / ((iwa — er) u + curl (u_l curl u)) -V + / v x nu*curlu.
K oK

On the other hand, we have
a(u, V) - <f7 V) - b(Au V)

= /f-V—i—/ VvV X N,
K oK

pteurlu = X on OK.

and we identify that

Because the above identification is valid for every element K € Ty, we obtain that A =
(=t curlu)|g, , which is the desired result. O

As a direct consequence of Theorem 1, we have:

Corollary 1. There exists a unique pair (u, A) € V. x A solution to (7).

4. THE MULTISCALE HYBRID MIXED FORMULATION

The Multiscale Hybrid Mixed (MHM) formulation is formally obtained from hybrid
formulation (7) by substituting u by A in the first equation. Assuming that A € A is
known, we can write

a(u,v) = (f,v) —b(\,v), VveV.
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Since a is coercive over V, we see that u is uniquely determined given A. In addition, by
linearity, we can formally write that

(8) u=T\+Tf,

for two linear operators T and T. Then, plugging (8) into the second equation of (7), we
obtain a variational problem that is solely expressed in terms of A:

b(n, TA) = —b(n, Tf), Vne A

We start by properly defining the substitution operators T and T and discuss their
basic properties. Then, we establish that the MHM formulation is well-posed, and that its
solution coincides with the solution of the original problem.

4.1. Local operators. For all n € A and h € L?(2) the image of  and h through T and
T are defined as the solutions to

(9) a(Tn,v) = —=b(n,v), a(Th,v)=(h,v), YveV.

Since a is coercive over V| it is clear that (9) uniquely defines Tn and Th. As a result,
T:A— Vand T:L*Q) — V are well defined linear operators.

Lemma 2. For alln € A and h € L*(Q), we have

ITnllv S lnlla, (I Thiv S [hloo-
Proof. Let n € A. We have

1Tl < la(Tn, e Tn)| = [b(n, Tn)|.

For all ¢ € H'(Q), since
‘/ Tn X ne
oK

b(¢, Tn)| < o]l Tnllv,
for all ¢ € H'(Q2). Hence, if ¢ € H'(Q) satisfies ¢|orx = 1|y K for all K € Ty, we have

ITnllv S l¢lle;
but then, by taking the infinimum, we obtain

[Tollv < inf {{|d]lia | ¢lox =nlox VK € T} = [|Inlla-
peHL(Q)

Now, if h € L*(Q), we have

< @11, 1T 7l curt i

we have

ITh]S < |a(Th,e”Th)
= |(h, Th)]
Ihl|o.0l Thio
ool Thilv,
and the result follows. O

<
<
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Proposition 1. For alln € A, we have
[nlla < [Tl

Proof. Let n € A. For each element K € Ty, we have

(iwo — ew?)Tn + curl (u~ " curl Tn) = 0.
Letting ¢ = p~! curl Tr), we see that

V+¢ = curlp = (ew® — iwo) Ty € L*(9).
It follows that ¢ € H'(K) with

16l < lollox + [[VOllik
|~ curl Tyllose + || (ew? — iwe) Tl x
||T77||curl,K-

AR ZAR:

Since in addition, ¢|sx = u|ox We obtain a global definition for ¢ € H(Q) with
[0 < [IT7llv,
but by definition of ||.||s as the quotient norm, we have
nlla < lolhe
and the result follows. O
Corollary 2. For all m € A, we have
Inlla < [ITnllv < [nlla-

Finally, we established that the sesquilinar form associated with the MHM formulation
is coercive over A:

Corollary 3. We have
[b(e™n. Tn)| Z [Inllx
for all n € A.

Proof. Let n € A, by definition of T, we have
b(e™*n, Tn) = —a(T (e*n) , Tn) = a(Tn, e’ Tn),

and it follows that
b(e™*n, Tn)| = |a(Tn, e“Tn)| Z [ TH|3.

Then, the conclusion follows from Corollary (2). O
Theorem 2. For alln € A and h € H(div,Q), we have Tn, Th € H(div,Q), and

div ((iwa — ew2) Tn) =0, div <(iwa — er) Th) = divh.
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Proof. Let n € A. For all ¢ € H}(Q), since curl V¢ = 0, we have

/Q(z'wa—er)Tn-V_gb = Z/K(iwo—ew2)Tn-V_¢

KeTy

= iwo — ew?) Ty - Vo + p* curl Ty curl Vo
K

KeTy
= a(Tn,V9).

Then, since V¢ € Hy(curl, 2), using Lemma 1 and by definition of the operator T, we
obtain

a(Tn, Vo) = —b(n, Vo) =0,
so that
/ (iwa - er) Ty - Vo=0, Voec H&(Q),
which means that (iwo iz ew?)Tn € H(div,Q), and
div ((iwo — ew?)Tn) = 0.
Now, if h € H(div, §2), the same arguments than above show that

/ (iwo — ew?) Th- V¢ = a(Th, Vo) = / h-V¢, Vo H(Q).
Q Q
It follows that (iwo — ew?)Th € H(div, Q) with

div ((z’wa — er)Th> = divh.

4.2. The MHM formulation.
Theorem 3. For each f € L?(Q), there exists a unique A € A such that
(10) b(n, TA) = —b(n, Tt)
for allm € A. In addition, if we define
u=TA+TfeV,
then the pair (u, \) is solution to (7).

Proof. The existence and uniqueness of n € A follows from Corollary 3 and Lax-Milgram
lemma. Then, we let

u=TA+TfeV.
From (10), we see that
b(n,u) =0, VneA.
On the other hand, by linearity, we have

a(u,v) = a(TA\,v) +a(Tf,v), YveV,
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and by definition of the operators T and T, we see that
a(u,v)+b(\,v)=(f,v), VeV,
so that the pair (u, ) is solution to (7). O

5. DISCRETE MHM PROBLEM

We obtain a discrete version of (10) by introducing a finite dimensional subspace Ay C A.
Here, we consider spaces Ay that are made of piecewise polynomials. First we introduce
the space Ly of Lagrange finite elements of degree k:

LZ:{UHGHI(Q)|UH|K€P]€(K) \V/KGTH}
Then, the space Ay is obtained by restrictions of Lagrange finite elements onto the Eg:
A]IC:I = {)\H A ‘ HUH € EI;_I, )\H = UH‘SH} .
Theorem 4. For all f € L*(Q), there exists a unique Ay € A% such that
(11) b(e, TAw) = —b(nu, TF), Vnu € Ag.
In addition, if A € A solve (10), we have
A=A < inf ||A— .
| lla S i A =7l
It remains to analyze the approximation properties of the space Ay in the ||.||o norm

to obtain an error estimate. To this end, we introduce an interpolation operator. Assume
that n € A is such that n = v|g,, for some v € H?(Ty). Then 7hn € A¥ is defined as

T = (Z50)lex
where ZF, is the Lagrange interpolant of v. We have:
Lemma 3. Let n € A such that n = vlg, for some v € H**(Ty). Then we have
(12) ln = manlla S H oler,7-
Proof. Let n € A such that n = vl|g, with v € H*(Ty). For all element K € Tg, we have

In=wnllon = inf ol | wlox =7 = mim}

We observer that the function w = v —Zhv € H'(K) satisfies w|sx = n—myn. As a result,
1 — manllyzex < [0k = [lv = Znollk.
Then, standard interpolation properties ensure that
In—mmnll < Hk’U|k+l,K7

and we obtain (12) by summation over K € Ty. O
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Corollary 4. Assume the solution u € Hy(curl, Q) to (2) is such that p~'curlu €
H*(Ty). Then, we have
k
A= Agrlla S H"[ curlufery 7,
and
k
||11 - uHchrl,TH 5 H | Curlulk"rl,TH?

where A = curlulg,, Ay € Ay is the solution to (11), and ug = TAg + Tf.

6. REPRESENTATION OF THE SHAPE FUNCTIONS

In the following, we focus on the discrete spaces AL, and A%. For the case of AL, we
consider a basis {1/} that consists of one shape function ¢Y for each vertex in the mesh
Tx. In each element K € Ty the basis functions 1/ admit local expressions. These local
expressions are associated with the vertices of K = ((i — 1)h,ih) x (( —1)h, jh), and have
definitions

Mk, %) = (1—%1)(1— %)
N(%1, %) = (1—%1)%
M(Xy, %) = X%
M(%p,%) = %(1 — %)
where _
f{l_xl—(;—l)h’ &2:X2—(2—1)h‘

In the case of the space A%, we add to the basis of A}, one shape function for each edge
of Ty. These shape functions also admits local expressions in each element K € Ty, that
are associated with the edges of K = ((i — 1)h,ih) x ((j — 1)h, jh)):

%\ ()A(l,Xg) = X1<1 — Xl)(l — }A(Q)
%\6()21,?22) = X1X2(1 - 5(2)
(X, %) = (1—x)(1—x1)(1 — %)
)\8(&17 )ACQ) = (1 — Xl)Xg(l — )ACQ)
where
—(z—1 —(7—1
f(l:Xl (;L )h, &2:)(2 (2 )h‘

In order to better illustrate the shape functions, we plot (T17) for two different meshes.
First, we consider a very simple mesh made of a single square K = (0,1)%. In that case,
since we only have one element, the shape functions v/ exactly coincide with their local
expressions M. The nodal shape function TN is represented on Figure 1. Similarly, we
depict on Figure 2 the edge shape function TN

Then, we represent on Figures 3 and 4 a nodal and an edge shape function in the case

of a 2 x 2 mesh.
We remark on Figures 3 and 4 that indeed, TN € H(div, Q) but TN ¢ H(curl, Q).



A MHM METHOD FOR TIME-HARMONIC MAXWELL’S EQUATIONS IN 2D

(A) x; component (B) x2 component

C) curl D) vectorial representation
(©) D

FIGURE 1. TA!

7. NUMERICAL EXPERIMENTS
7.1. Convergence of linear elements. We consider the problem

u-+tcurlcurlu = f inQ
uxn = 0 on 09,

where Q = (0,1)? and

fog = (1S L T ) ),

whose solution is given by

u(x) = ( sin(wxl)Osin(WXQ) > ‘

We represent the convergence curves of

1/2
lu—uglloq and < > leurl(u— uH)H%,K)

KeTy
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(A) x; component (B) x2 component

C) curl D) vectorial representation
(©) D

FIGURE 2. T\

on Figure 5 for the space AL. We also compare the accuracy proposed by first-order
Nédélec’s edge elements on the same mesh Ty on Figure 5.

Figure 5 depicts that the MHM and FE methods provide the same linear convergence
rate in both L*(Q2) and H(curl, Tz) norms. MHM solution is less accurate than the FE
solution in terms of L?(Q) error. On the other hand, the MHM solution is more accurate
in terms of the error on the curl.

7.2. Convergence of quadratic elements. We present the convergence curves for the
MHM method equiped with the A% space on Figure 6. In this case, the right-hand-side
and solution we consider are

£(x) sin(5mx; ) sin(5mxy) + 2572 sin(57x; ) sin(57xy)
N 2572 cos(5mx; ) cos(Hmxs) ’

whose solution is given by

u(x) = ( sin(57rx1)osin(57TX2) ) .

We observe that in this case, the convergence rates are quadratic.
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(A) x; component (B) x2 component

C) curl D) vectorial representation
(©) D

FIGURE 3. Nodal shape function 74?

7.3. A remark concerning tangential continuity. On Figure 7 we show the x; com-
ponent of ug on a 16 x 16 mesh when the analytical solution is

_ ( sin(ﬂxl)osin(WXQ) ) .

We can see there that the discrete solution obtained with linear elements exhibits impor-
tant tangential jumps across the edges of Ty. Also, we observe some “oscillations”. This
might be the reason why we observed that the error in L?(2) norm is more important for
MHM that for FE discretization in the previous section. The effect we just mentioned for
the linear discretization is much less important, however, for the quadratic discretization.

As shown at Figure 8, the approximation of the curl is continuous, and does not suffer
of the aforementioned effect, even for the linear discretization.
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(A) x; component (B) x2 component

C) curl D) vectorial representation
(©) D

FIGURE 4. Edge shape function 7%
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F1GURE 5. Convergence curves for first-order elements
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F1GURE 6. Convergence curves for second-order elements

(A) AL space (B) A% space

FIGURE 7. x; component of uy on a 16 x 16 mesh

(a) A}, space (B) A% space

FIGURE 8. curlugy on a 16 x 16 mesh



