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Motivations

Imaging methods

» Full Wave Inversion (FWI) : inversion process requiring to
solve many forward problems
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Imaging methods

» Full Wave Inversion (FWI) : inversion process requiring to
solve many forward problems

Seismic imaging : time-domain or harmonic-domain ?
» Time-domain : imaging condition complicated but quite low
computational cost

» Harmonic-domain : imaging condition simple but huge
computational cost
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» Harmonic-domain : imaging condition simple but huge
computational cost

A Memory usage A

M. Bonnasse-Gahot - HDG method for 3D Helmholtz wave equations May 15, 2017 - 3/31

-

l&uﬂ&p-




Motivations

Resolution of the forward problem of the inversion process

» Elastic wave propagation in the frequency domain : Helmholtz
equation
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Motivations

Resolution of the forward problem of the inversion process

» Elastic wave propagation in the frequency domain : Helmholtz
equation

First order formulation of Helmholtz wave equations
x=(x,y,z) € Q CR3,

{ ip(v(x) = V- 7(x)
jwo(x) = C(x) £(v(x)) + f(x)

» v : velocity vector

» o : stress tensor

: strain tensor

>
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Approximation methods

Discontinuous Galerkin Methods

v unstructured tetrahedral meshes

v/ combination between FEM and finite volume method (FVM)
v hp-adaptivity

v easily parallelizable method
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X X large number of DOF as compared to classical FEM
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Approximation methods

Hybridizable Discontinuous Galerkin Methods

v/ same advantages as DG methods : unstructured tetrahedral
meshes, hp-adaptivity, easily parallelizable method, discontinuous
basis functions

v introduction of a new variable defined only on the interfaces
v lower number of coupled DOF than classical DG methods
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Approximation methods
Hybridizable Discontinuous Galerkin Methods

B. Cockburn, J. Gopalakrishnan and R. Lazarov. Unified
hybridization of discontinuous Galerkin, mixed and continuous
Galerkin methods for second order elliptic problems. SIAM Journal
on Numerical Analysis, Vol. 47 :1319-1365, 2009.

S. Lanteri, L. Li and R. Perrussel. Numerical investigation of a high
order hybridizable discontinuous Galerkin method for 2d
time-harmonic Maxwell's equations. COMPEL, 32(3)1112-1138,
2013.

N.C. Nguyen, J. Peraire and B. Cockburn. High-order implicit
hybridizable discontinuous Galerkin methods for acoustics and
elastodynamics. Journal of Computational Physics, 230 :7151-7175,
2011

N.C. Nguyen and B. Cockburn. Hybridizable discontinuous Galerkin
methods for partial differential equations in continuum mechanics.

Journal of Computational Physics 231 :5955-5988, 2012 ‘
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
» Weak formulation of waves equations

/K"WPV W—i—/K :Vw — /g'n-W:O
Joeoes v () [ v e [ n
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
» Weak formulation of waves equations

/iwpKvK-w—l—/gK:Vw—/ 7% . n-w=0
K K~ oK

/}(ingzg_l_/i(vK,v.(gKé)_/BKVBK_gKé‘nz/KfSKé

K VK are numerical traces of ¢ and vK respectively on
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
» Weak formulation of waves equations

/iwpKvK-w—i—/gK:Vw—/ 7K . n-w=0
K K~ oK

/King:£+/KVK,V.<gK£>_/aKvaK.gK£'n=/Ksz.£

VK = VF € Fp,

-

l&wé.b-

M. Bonnasse-Gahot - HDG method for 3D Helmholtz wave equations May 15, 2017 - 8/31



Principles of the HDG method

1. Introduction of a Lagrange multiplier A
» Weak formulation of waves equations

/iwpKvK-w+/gK:Vw—/ 7% n-w=0
K K~ oK —

/King:g'F/KVK'V'<gK£>_/6K08K‘gK£’":/Kf5K'£

VK = F, VF € Fa,

g% n = Kon—7I(VK-)F) onodK

where T is the stabilization parameter (7 > 0)
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A

» Weak formulation of waves equations

>
voK
QBK .

= N\, VF € Fp,
n = ¢ n—7I(V¥-)F), ondK

» Local HDG formulation
/ iwpKvK-w—/ (V- -w+/ (V= 2F).w=0
K K - oK

/’<ing:£+/KvK.V.(£K£>_/8K)\F_£K£_n:0
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A

» Weak formulation of waves equations
>

VoK = AF, VF € Fp,
QBK_n — gK-n—Tl(VK—)\F), on 0K

» Local HDG formulation
AWK L cK)\ =gk

with WK = (V¥ gK)T and A = (\1, AP )\F"f)T, where
ng = card(Fp)
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
2. Expressing the initial unknowns WX as a function of A

AKWK 1K)\ = 8K s WK = (AK>_1 SK _ (AK>_1 K
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
2. Expressing the initial unknowns W¥ as a function of )

AKWK £ CK) = 8K s WK = (AK> TheK (AK)—l CK

3. Transmission condition : /|[§8K ‘n]-n=0
s
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
2. Expressing the initial unknowns WX as a function of A

-1 -1
AKWK 1 CK\ =K s WK = (AK> SK _ (AK> K
3. Transmission condition :

ZBKWK+LKA =0
K
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
2. Expressing the initial unknowns WX as a function of A

-1 -1
AKWK 1 CK\ =K s WK = (AK> SK _ (AK> K
3. Transmission condition :

ZBKWK+LKA =0
K

4. MA=S
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Principles of the HDG method

1. Introduction of a Lagrange multiplier A
2. Expressing the initial unknowns WX as a function of A

-1 -1
AKWK 1 CK\ =K s WK = (AK> SK _ (AK> K
3. Transmission condition :

ZBKWK-I—LK)\:O
K

4. MA=S

5. Computation of the solutions of the initial problem WK,
element by element
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2D numerical results

Contents

2D Numerical results : performances comparison of the HDG
method

Anisotropic test case

Marmousi test-case
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2D numerical results

Main steps of the algorithms

HDG algorithm IPDG & FE algorithm
1. Construction of 1. Construction of

the linear system in A the linear system in u
2. Resolution of the linear | 2. Resolution of the linear

system system
3. Reconstruction

of the initial solution W
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Main steps of the algorithms

HDG algorithm IPDG & FE algorithm
1. Construction of 1. Construction of

the linear system in A the linear system in u
2. Resolution of the linear | 2. Resolution of the linear

system system
3. Reconstruction

of the initial solution W

embarrassingly parallel
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2D numerical results

Anisotropic test case

@ Water

Water Sand
1 Watersan » Three meshes :

» 600 elements
» 3000 elements

1 Sandstone » 28000 elements
[ salt

m Shale

m Water Sand
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2D numerical results Anisotropic test case

Anisotropic case : Memory consumption

P53 interpolation order
| |

4,000 |-
g Bm HDGm
= O0oiPDGm
52,000 |-
1S
(0]
) i
0 | o — -D
M1 M2 M3
Mesh

IPDGmemory ~ 4 X HDGmemory
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2D numerical results Anisotropic test case

Anisotropic case : CPU time (s)

P3 interpolation order

600 T
= 400 i
(0]
E
E BHDGm const. 1
© 2001 10 HDGm res. 1
I HIPDGm const.
0 ‘ = O IPDGm res.
M1 M2 M3
Mesh

IPDGcputime =~ 9 X HDGcpytime
o . —




2D numerical results Marmousi test-case

Marmousi test-case

Computational domain ©Q composed of 235000 triangles
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2D numerical results Marmousi test-case

Cluster configuration

e Hardware specification : 16 nodes, 12 cores by nodes
e Caracteristics of computing nodes :

» 2 Hexa-core Westmere Intel® Xeon® X5670
Frequency : 2,93 GHz

Cache L3 : 12 Mo

RAM : 96 Go

Infiniband DDR : 20Gb/s

Ethernet : 1Gb/s

vy VvV VvV VY
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2D numerical results Marmousi test-case

Efficiency of the parallelism of the construction of the
global matrix

t_ref
nb_cores X t_one core

Efficiency =
where :

t_ref = t_seq = Sequential computational time

t_one core = computational time with one core

-
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2D numerical results Marmousi test-case

Efficiency of the parallelism of the construction of the
global matrix

11'_~ﬁ:::\-41
0.8

- —o— HDGm
% 0.6 ——|IPDGm
Y
Y04

0.2

| | | | | |
0 1 2 4 8 16 32 64 96

-
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2D numerical results Marmousi test-case

Efficiency of the parallelism of the whole algorithm

1
0.8
—eo— HDGm
0.6 —o—IPDGm

Efficiency

y N\,

1 2 4 8 16 32 64 96
Nb proc
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2D numerical results Marmousi test-case

Speed up for the global matrix construction

5
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2D numerical results Marmousi test-case

Memory required (GB) for the simulation

120
100

lm HDGm
80 ImIPDGm

60

Memory (GB)

40

20

1 2 4 8 16 32 64 96
Nb proc
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2D numerical results Marmousi test-case

Comparison with Finite Elements method

20 T
~—~~ 15 | l
8 O HDGm solver
~ . BHHDGm add. mem.
2 10
g I OFEm solver
(0]
= 5 |

Interpolation degree
FEmemory =~ 0.7 X HDGpemory
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2D numerical results Marmousi test-case

Comparison with Finite Elements method

—~ 40F ]
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o 0o FEm
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3D numerical results

Contents

3D numerical results
Performances analysis of the HDG method
Impact of the linear solver

M. Bonnasse-Gahot - HDG method for 3D Helmholtz wave equations

May 15, 2017 - 20/31



3D numerical results

Epati test-case

20 40 &0 a0 o] 120 140 1E0 180

V,,-velocity model (m.s™1), vertical section at y = 700 m

Mesh composed of 25 000 tetrahedrons

unia]



3D numerical results Performances analysis of the HDG method

Epati test-case : Scalability, efficiency of the HDG global
system construction

1l \\

0.8 ® ® o/.
o
& 06
S
Hoo04

0.2

0 | | | | |

|
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3D numerical results Performances analysis of the HDG method

Efficiency of the parallelism of the whole algorithm
(construction and resolution)

S

AN
AN
4

0 | | | | | |
10 20 40 80 160 320 640 1000
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3D numerical results Impact of the linear solver

Resolution of the linear system M\ = S

Direct solvers

v

v

Iterative solvers

v

Hybrid solvers , combination between direct and iterative
solvers

v

Direct solvers combined with H-matrices
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3D numerical results Impact of the linear solver

Resolution of the linear system M\ = S

» direct solver : MUMPS (MUItifrontal Massively Parallel
sparse direct Solver) :

» Direct factorization A= LU or A= LDLT
» Multiple RHS

@ P.R. Amestoy, |.S. Duff and J.-Y. L'Excellent. Multifrontal parallel distributed symmetric and

unsymmetric solvers. Computational Methods in Applied Mechanics and Engineering, Vol.
184 :501-520, 2000.

> hybrid solver : MaPhys (Massively Parallel Hybrid Solver) :
» combination of direct and iterative methods

» non-overlapping algebraic domain decomposition method
(Schur complement method)

» resolution of each local problem thanks to direct solver such as
MUMPS

@ https ://gitlab.inria.fr/solverstack/maphys
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3D numerical results Impact of the linear solver

Epati test-case : Memory consumption

Average memory for one node (8 MPI by node and 3 threads by MPI)

S —— MaPhys
> Slope = 2.3
£ -4-  MUMPS
S Slope = 1.8
|
4 8 16

# nodes
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3D numerical results Impact of the linear solver

Epati test-case : Execution time

Execution time for the resolution of the HDG-P3 system

MaPhys
—e— 3 MPI, 3 threads
Slope=1.3
MUMPS
-#- 8 MPI, 3 threads
Slope=0.5

|
96 192 384
# cores
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3D numerical results Impact of the linear solver

Epati test-case : Cumulative time of the two solvers using
96 cores

1,200 |- —e— Mumps
—e— Maphys

1,000 -

600 |-
400

200 |-

- \E\ 7

[0}

E |

o]

a

() L |
0 | | |

# MPI

12

N
N
o))

-
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Conclusions-Perspectives

Conclusion-Perspectives

Conclusions
» HDG method more efficient than classical DG methods for a
same accuracy (memory and CPU time)
» In 2D, HDG method has equivalent computational
performances than FE methods

» Maphys good alternative to MUMPS for the resolution of the
HDG system with one RHS
X Multiple RHS not yet implemented in Maphys
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Conclusions-Perspectives

Conclusion-Perspectives

Perspectives

» more detailed analysis of the comparison between solvers

> larger meshes
» more powerful clusters

extension to H-matrices

v

v

3D comparison between FE and HDG methods

» extension to elasto-acoustic case

v

application to inverse problems
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