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FIGURE 1: Ocean Bottom Seismic (OBS) data acquisition
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TABLE 1: Generic properties of the most widely used numerical methods∗

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems

hp-adaptivity

FDM • • • • •
FVM �
FEM �

DG-FEM �
∗ J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

BASIC NUMERICAL METHODS

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

TABLE 1: Generic properties of the most widely used numerical methods∗

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems

hp-adaptivity

FDM • • • • •
FVM • • • • �
FEM �

DG-FEM �
∗ J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

BASIC NUMERICAL METHODS

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

TABLE 1: Generic properties of the most widely used numerical methods∗

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems

hp-adaptivity

FDM • • • • •
FVM • • • • �
FEM • • • � •

DG-FEM �
∗ J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

BASIC NUMERICAL METHODS

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

TABLE 1: Generic properties of the most widely used numerical methods∗

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems

hp-adaptivity

FDM • • • • •
FVM • • • • �
FEM • • • � •

DG-FEM • • • • �
∗ J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

DISCONTINUOUS GALERKIN METHODS
PROS AND CONS

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

Adapted to the complex geometries

High-order accuracy and hp-adaptivity

Explicit semi-dicrete form

Conservation laws
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Adapted to the complex geometries

High-order accuracy and hp-adaptivity

Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom

comparing to the methods with continuous approximation
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Given a region of an Euclidean space of some partitions of that region,

a Trefftz method is any procedure for solving boundary value problems

of PDE or systems of PDE, on such region,

using solutions of that PDE or its adjoint, defined in its subregions.

∗ I.Herrera. Trefftz method: a general theory. 2000
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Better order of convergence

Flexibility in the choice of basis functions

Low dispersion

Adaptivity and local space-time mesh refinement

∗ I.Herrera. Trefftz method: a general theory. 2000
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Th - mesh on QF

Fh = ∪KF∈Th
∂KF - mesh skeleton

KF ∈ QF (cF , ρF ≡ const in KF )

vF , p ∈ H1(KF )

ωF , q ∈ H1(KF )
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Seek (vF h, ph) ⊂ V(Th) ⊂ TF (Th) s.t. for all (ωF , q) ⊂ V(Th) it holds:

ATDGF
((vF h, ph); (ωF , q)) = `TDGF

(ωF , q)
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ATDGF
((ωF , q); (ωF , q)) = |||(ωF , q)|||2TDGF

, ∀(ωF , q) ∈ TF (Th)
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ATDGF
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CONTINUITY OF TREFFTZ-DG FORMULATION
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|||(vF − vF h, p − ph)|||TDGF
≤ 3 inf

(ωF ,q)∈V(Th)
|||(vF − ωF , p − q)|||TDG∗
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space

0
ΩS ⊂ Rn

I
=

[0
,

T
]

ti
m

e

QS = ΩS × I

(ES)

A
∂ σ

∂t
− ε(vS ) = 0 in QS

ρS
∂vS

∂t
− divσ = 0 in QS

vS (·, 0) = vS 0, σ(·, 0) = σ
0

on ΩS

vS = gDS
on ∂ΩS × I
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space

0

KSnKS

ti
m

e

Th - mesh on QS

Fh = ∪KS∈Th
∂KS - mesh skeleton

KS ∈ QS (A, ρS ≡ const in KS )

vS , σ ∈ H1(KS )

ωS , ξ ∈ H1(KS )
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TS (Th) :=
{

(ωS , ξ) ⊂ H1(Th)2 : ∀KS ∈ Th, ρS
∂ωS

∂t
− divξ = A

∂ξ

∂t
− ε(ωS ) = 0

}
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TS (Th) :=
{

(ωS , ξ) ⊂ H1(Th)2 : ∀KS ∈ Th, ρS
∂ωS

∂t
− divξ = A

∂ξ

∂t
− ε(ωS ) = 0

}

SPACE-TIME DISCRETIZATION IN TS∑
KS

∫
∂KS

[
(A σ̂

h
: ξ + ρS ˆvS hωS )nt

KS
− ( ˆvS hξ + σ̂

h
ωS ) · nx

KS

]
ds = 0
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∑
KS

∫
∂KS

[
(A σ̂

h
: ξ + ρS ˆvS hωS )nt

KS
− ( ˆvS hξ + σ̂

h
ωS ) · nx

KS

]
ds = 0

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

F IS
h :

(
ˆvS h
σ̂

h

)
:=

(
{{vS h}} − δ[[σ

h
]]x

{{σ
h
}} − γ[[vS h ]]x

)

FDS
h :

(
ˆvS h
σ̂

h

)
:=

(
vS h − δ(σ

h
· nx

KS
− gDS

)

gDS

)

FΩS
h :

(
ˆvS h
σ̂

h

)
:=

(
vS h
−

σ
h
−

)

FTS
h :

(
ˆvS h
σ̂

h

)
:=

(
vS h
σ

h

)

F0S
h :

(
ˆvS h
σ̂

h

)
:=

(
vs 0
σ

0

)
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Seek (vS h, σh
) ⊂ V(Th) ⊂ TS (Th), s.t. for all KS ∈ Th, (ωS , ξ) ⊂ V(Th) it holds:

ATDGS
((vS h, σh

); (ωS , ξ)) = `TDGS
(ωS , ξ)
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|||(ωS , ξ)|||2TDGS
:=

1

2

∥∥∥(A)
1/2 [[ξ]]t

∥∥∥2

L2(F
ΩS
h

)
+

1

2

∥∥∥ρ1/2
S

[[ωS ]]t

∥∥∥2

L2(F
ΩS
h

)
+
∥∥∥γ1/2 [[ωS ]]x

∥∥∥2

L2(F
IS
h

)

+
∥∥∥δ1/2 [[ξ]]x

∥∥∥2

L2(F
IS
h

)
+

1

2

∥∥∥(A)
1/2ξ

∥∥∥2

L2(F
TS
h

)
+

1

2

∥∥∥ρ1/2
S

ωS

∥∥∥2

L2(F
TS
h

)

+
∥∥∥δ1/2ξ

∥∥∥2

L2(F
DS
h

)
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|||(ωS , ξ)|||2TDGS
:=

1

2

∥∥∥(A)
1/2 [[ξ]]t

∥∥∥2

L2(F
ΩS
h

)
+

1

2

∥∥∥ρ1/2
S

[[ωS ]]t

∥∥∥2

L2(F
ΩS
h

)
+
∥∥∥γ1/2 [[ωS ]]x

∥∥∥2

L2(F
IS
h

)

+
∥∥∥δ1/2 [[ξ]]x

∥∥∥2

L2(F
IS
h

)
+

1

2

∥∥∥(A)
1/2ξ

∥∥∥2

L2(F
TS
h

)
+

1

2

∥∥∥ρ1/2
S

ωS

∥∥∥2

L2(F
TS
h

)

+
∥∥∥δ1/2ξ

∥∥∥2

L2(F
DS
h

)

|||(ωS , ξ)|||2TDG∗
S

:=|||(ωS , ξ)|||2TDGS

+‖ρ
1/2
S

ω
−
S ‖

2

L2(F
ΩS
h

)
+ ‖(A)

1/2ξ
−‖2

L2(F
ΩS
h

)
+ ‖δ−

1/2{{ωS}}‖
2

L2(F
IS
h

)

+‖γ−
1/2{{ξ}}‖2

L2(F
IS
h

)
+ ‖δ−

1/2ξ‖2

L2(F
DS
h

)
.
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ATDGS
((ωS , ξ); (ωS , ξ)) = |||(ωS , ξ)|||2TDGS

, ∀(ωS , ξ) ∈ TS (Th)
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ATDGS
((ωS , ξ); (ωS , ξ)) = |||(ωS , ξ)|||2TDGS

, ∀(ωS , ξ) ∈ TS (Th)

CONTINUITY OF TREFFTZ-DG FORMULATION

|ATDGS
((vS , σ); (ωS , ξ))| ≤ 2 |||(vS , σ)|||TDG∗

S
|||(ωS , ξ)|||TDGS

|`TDGS
(ωS , ξ)| ≤

√
2
[
‖ρ

1/2
S vs0‖2

L2(F0S
h

)
+ ‖A

1/2σ
0
‖2

L2(F0S
h

)

]1/2
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|||(vS − vS h, σ − σh
)|||TDGS

≤ 3 inf
(ωS ,ξ)∈V(Th)

|||(vS − ωS , σ − ξ)|||TDG∗
S
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Computing 1 unknown scalar pressure instead of 6 components

of stress in fluid
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Computing 1 unknown scalar pressure instead of 6 components

of stress in fluid

Avoiding the numerical artefacts caused by the slow S - waves
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nΓFS

ΓFS

space

0

ΩS
ΩF

ti
m

e

Q = (ΩF ∪ ΩS )× I

(TC)
vF nΓFS

= vS nΓFS
on ΓFS

σ · nΓFS
= −pnΓFS

on ΓFS
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T(Th) :=
{

(ωF , q, ωS , ξ) ⊂ H1(Th)4 : ρF
∂ωF

∂t
+∇q =

1

c2
FρF

∂q

∂t
+ divωF = 0,

ρS
∂ωS

∂t
− divξ =

∂A ξ

∂t
− ε(ωS ) = 0, ∀KF ,KS ∈ Th

}
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T(Th) :=
{

(ωF , q, ωS , ξ) ⊂ H1(Th)4 : ρF
∂ωF

∂t
+∇q =

1

c2
FρF

∂q

∂t
+ divωF = 0,

ρS
∂ωS

∂t
− divξ =

∂A ξ

∂t
− ε(ωS ) = 0, ∀KF ,KS ∈ Th

}

SPACE-TIME DISCRETIZATION IN T

∑
KF

∫
∂KF

[
(

1

c2
FρF

p̂hq + ρF ˆvF hωF )nt
KF

+ (p̂hωF + ˆvF hq)nx
KF

]
ds

+
∑
KS

∫
∂KS

[
(A σ̂

h
: ξ + ρS ˆvS hωs )nt

KS
− ( ˆvS hξ + σ̂

h
ωS ) · nx

KS

]
ds =

∑
KF

∫
KF

fqdv
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∑
KF

∫
∂KF

[
(

1

c2
FρF

p̂hq + ρF ˆvF h · ωF )nt
KF

+ (p̂hωF + ˆvF hq) · nx
KF

]
ds,

+
∑
KS

∫
∂KS

[
(A σ̂

h
: ξ + ρS ˆvS h · ωs )nt

KS
− (ξ ˆvS h + σ̂

h
ωS ) · nx

KS

]
ds =

∑
KF

∫
KF

fqdv

NUMERICAL FLUXES THROUGH THE FLUID-SOLID INTERFACE

FFS
h :


ˆvF hnx

KF
p̂h

ˆvS h
σ̂

h
· nx

KS

 :=


vS hnx

KF
ph + α(vF hnx

KF
− vS hnx

KF
)

vS h − δ(σ
h
· nx

KS
− phnx

KS
)

−phnx
KS


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Seek (vF h, ph, vS h, σh
) ⊂ V(Th): ∀KF ,KS ∈ Th, (ωF , q, ωS , ξ) ⊂ T(Th) it holds:

ATDG ((vF h, ph, vS h, σh
); (ωF , q, ωS , ξ)) = `TDG (ωF , q, ωS , ξ)
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|||(ωF , q, ωS , ξ))|||2TDG := |||(ωF , q)|||2TDGF
+ |||(ωS , ξ)|||2TDGS

+ 2‖δ
1/2ξ‖2

L2(FFS
h

)
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|||(ωF , q, ωS , ξ))|||2TDG := |||(ωF , q)|||2TDGF
+ |||(ωS , ξ)|||2TDGS

+ 2‖δ
1/2ξ‖2

L2(FFS
h

)

|||(ωF , q, ωS , ξ)|||2TDG∗ :=|||(ωF , q)|||2TDG∗
F

+ |||(ωS , ξ)|||2TDG∗
S

+
1

2
‖δ−

1/2ξ‖2
L2(FFS

h
)
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ATDG ((ωF , q, ωS , ξ); (ωF , q, ωS , ξ)) = |||(ωF , q, ωS , ξ)|||2TDG
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ATDG ((ωF , q, ωS , ξ); (ωF , q, ωS , ξ)) = |||(ωF , q, ωS , ξ)|||2TDG

CONTINUITY OF TREFFTZ-DG FORMULATION

|ATDG ((vF , p, vS , σ);(ωF , q, ωS , ξ))| ≤ 2 |||(vF , p, vS , σ)|||TDG∗ |||(ωF , qωS , ξ)|||TDG

|`TDG (ωF , q, ωS , ξ)| ≤
√

2
[
‖ρ

1/2
F vF 0‖2

L2(F0F
h

)
+ ‖(

1

c2
FρF

)
1/2 p0‖2

L2(F0F
h

)

+ ‖ρ
1/2
S vS0‖2

L2(F0S
h

)
+ ‖A

1/2σ
0
‖2

L2(F0S
h

)

]1/2
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|||(vF − vF h, p − ph,vS − vS h, σ − σh
)|||TDG

≤ 3 inf
(ωF ,q,ωS ,ξ)∈V(Th)

|||(vF − ωF , p − q, vS − ωS , σ − ξ)|||TDG∗ .
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xL xR

0

T

hx

htKF

space
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m
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i

j

1 2 · · · Nx

Nx + 1 · · · K

Nx

N
t

K = (j − 1)× Nx + i
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1 2 · · · Nx

Nx + 1 · · · K

t0 = 0

t = ht

t0 = ht

t = 2ht
· · ·

t = T

Nx

N
t
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KK − 1 K + 1

t0 = 0

t = ht

t0 = ht

t = 2ht
· · ·

t = T

Nx

N
t
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CL R

t0 = 0

t = ht

t0 = ht

t = 2ht
· · ·

t = T

Nx

N
t
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C R L· · ·

L C R

L C R
. . .

...

L C R

...

R L C· · ·

×

U1

U2

U3

UNx−1

UNx

...
=

U0
1

U0
2

U0
3

U0
Nx−1

U0
Nx

...
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M × U
=

U0
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COMPUTE

M ; ;M−1 U0

2. PROPAGATION

FOR t = 1 : Nt

U = M−1 × U0

U0
=

projection
operator × U

ENDFOR
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φv
1 = 0 φp

1 = −cF

φv
2 = 1 φp

2 = 0

φv
3 = x φp

3 = −c2
F t

φv
4 = cF t φp

4 = −cF x

φv
5 = − x2

2
− c2

F t2

2
φp

5 = c2
F xt

φv
6 = −cF xt φp

6 = cF ( x2

2
+

c2
F t2

2
)

φv
7 = − x3

6
− xc2

F t2

2
φp

7 = cF (
c3

F t3

6
+ x2cF t

2
)

φv
8 = − c3

F t3

6
− x2cF t

2
φp

8 = cF ( x3

6
+

xc2
F t2

2
)
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FIGURE 1: 1D Acoustic system.

Exact and numerical velocities vF (x, t = 1).

Periodical boundaries. α = β = 0
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FIGURE 2: 1D Acoustic system.

Numerical velocity vF (x, t).

Periodical boundaries. α = β = 0
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FIGURE 3: 1D Acoustic system.

Exact and numerical velocities vF (x, t = 1).

Periodical boundaries. α = β = 0
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FIGURE 4: 1D Acoustic system.

Numerical velocity vF (x, t).

Periodical boundaries. α = β = 0
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FIGURE 5: 1D Acoustic system.

Exact and numerical velocities vF (x, t = 1).

Periodical boundaries. α = β = 0.5
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FIGURE 6: 1D Acoustic system.

Numerical velocity vF (x, t).

Periodical boundaries. α = β = 0.5
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FIGURE 7: 1D Acoustic system.

Convergence of velocity vF in function of cell size h.

Periodical boundaries. α = β = 0.0
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FIGURE 8: 1D Acoustic system.

Convergence of velocity vF in function of cell size h.

Periodical boundaries. α = β = 0.5
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FIGURE 9: 1D Acoustic system.

Numerical error in function of ratio ht/hx .

Periodical boundaries. α = β = 0.5
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FIGURE 10: 1D Acoustic system.

Numerical error in function of ratio ht/hx .

Error minimum corresponds to ht/hx = 1/(1 + α)
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FIGURE 11: 2D Acoustic system.

Convergence of velocity vF in function of cell size h
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FIGURE 12: 2D Elastodynamic system.

Convergence of velocity vS in function of cell size h
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.0). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.233). Dirichlet boundaries



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

NUMERICAL RESULTS
2D ELASTO-ACOUSTIC SYSTEM

0 50 100 150 200 250 300

0

50

100

150

200

250

300

V numerical

0

0.002

0.004

0.006

0.008

0.01

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.300). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.367). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.433). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.500). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.567). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.633). Dirichlet boundaries



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

NUMERICAL RESULTS
2D ELASTO-ACOUSTIC SYSTEM

0 50 100 150 200 250 300

0

50

100

150

200

250

300

V numerical

0

0.002

0.004

0.006

0.008

0.01

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.700). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.767). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.833). Dirichlet boundaries
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FIGURE 13: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.667). Dirichlet boundaries
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FIGURE 14: 2D Elasto-acoustic system.

Numerical and analytical∗ seismograms for vx .

Source (150,75), receiver (195, 210)

FIGURE 15: 2D Elasto-acoustic system.

Numerical and analytical∗ seismograms for vy .

Source (150,75), receiver (195, 210)
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Implementation of the method for 2D acoustic, elastic,

elasto-acoustic systems

Numerical tests, validation of the results by analytical solutions

Analytical and numerical study of efficiency of the method

Change-over between time-layers study (initial conditions)
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Change-over between time-layers study (source)

Alternative for the global matrix inversion

Boundary conditions

Hybrid Trefftz-DG + FVM coupling for the elasto-acoustics
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