N

HAL

open science

Trefftz-DG Approximation for the Elasto-Acoustics

Henri Calandra, Elvira Shishenina, Julien Diaz, Hélene Barucq

» To cite this version:

Henri Calandra, Elvira Shishenina, Julien Diaz, Héléene Barucq. Trefftz-DG Approximation for the
Elasto-Acoustics. WAVES 2017 - 13th International Conference on Mathematical and Numerical

Aspects of Wave Propagation, May 2017, Minneapolis, United States. hal-01693111

HAL Id: hal-01693111
https://inria.hal.science/hal-01693111
Submitted on 25 Jan 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01693111
https://hal.archives-ouvertes.fr

HELENE BARUCQ! | HENRI CALANDRA? | JULIEN DIAZ! | ELVIRA SHISHENINA®:?

™ 7z @
- == [;zfz;a,. ToTAL

1 Magique-3D, Inria Bordeaux - Sud-Ouest | 2 Total S.A.

TREFFTZ-DG APPROXIMATION
FOR THE ELASTO-ACOUSTICS

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation

Minneapolis | 2017



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ABSTRACT

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

SEISMIC SURVEY

FIGURE 1: Ocean Bottom Seismic (OBS) data acquisition
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

BASIC NUMERICAL METHODS

TABLE 1: Generic properties of the most widely used numerical methods™

Numerical Complex
method geometries
FDM ®
FVM
FEM

DG-FEM

High-order Explicit semi- Conservation
accuracy and discrete form laws
hp-adaptivity

Elliptic
problems

* J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007
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BASIC NUMERICAL METHODS

TABLE 1: Generic properties of the most widely used numerical methods™

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems
hp-adaptivity
FDM ® o o { {
FVM o ® o L4 ©
FEM [ ] L (] ® [ ]
DGFEM  ® ° [ ° ®

* J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

DISCONTINUOUS GALERKIN METHODS

PROS AND CONS

Adapted to the complex geometries
High-order accuracy and hp-adaptivity
Explicit semi-dicrete form

Conservation laws
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DISCONTINUOUS GALERKIN METHODS

PROS AND CONS

Adapted to the complex geometries
High-order accuracy and hp-adaptivity
Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom

comparing to the methods with continuous approximation
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

TREFFTZ METHOD

DEFINITION *

Given a region of an Euclidean space of some partitions of that region,

a Trefftz method is any procedure for solving boundary value problems
of PDE or systems of PDE, on such region,

using solutions of that PDE or its adjoint, defined in its subregions.

* 1.Herrera. Trefftz method: a general theory. 2000
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DISCONTINUOUS GALERKIN METHODS

TIME-HARMONIC FORMULATIONS
O.Cassenat B.Despres. 1998
T.Huttunen P.Monk J.P.Kaipo. 2002

C.Farhat I.Harari U.Hetmaniuk. 2003
R.Tezaur, C.Farhat. 2006
G.Gabard. 2007

TIME-DOMAIN FORMULATIONS

H.Egger F.Kretzschmar S.M.Schnepp T.Weiland. 2014
F.Kretzschmar S.M.Schnepp |. Tsukerman T.Weiland. 2014
F.Kretzschmar A.Moiola |.Perugia. 2015
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TREFFTZ METHOD

EXPECTED ADVANTAGES *

Better order of convergence
Flexibility in the choice of basis functions
Low dispersion

Adaptivity and local space-time mesh refinement

* 1.Herrera. Trefftz method: a general theory. 2000

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

MATHEMATICAL FORMULATION

ACOUSTIC SYSTEM
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ACOUSTIC SYSTEM

PROBLEM EQUATIONS

1 0
> l + diVVF = f, in QF
CEPF ot
E Ve L yp=o in Q
b= =0, in
PF ot P F

VF('»O) = VFo» P(',o) = po, on Qf

v,::gE, on 00 x |
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ACOUSTIC SYSTEM

MESHING

Th - mesh on Qf

Fh = UkreT, OKF - mesh skeleton
Kr € QF (cr, pr = const in Kf)

time

ve, p € H'(KF)
wr, q € H'(KF)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

AS

(VF7 p)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

A S X fu r;cc?tsif)ns

(VF7 p) (va q)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

A S X fu r;cftsif)ns —

(ve, P) (wr, 9)

SPACE-TIME INTEGRATION ON K¢
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

AS X (VF,P)

(test functions)

AS _
(v, p) (wr, q)

SPACE-TIME INTEGRATION ON K¢
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

AS X (VF,P)

(test functions)

_|_

(ve, p) (wr, q) SURFACE INTEGRATION TERM

SPACE-TIME INTEGRATION ON K¢

(test functions)
(VF7 p)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM
AS X (VF7 p)
(test functions)
A test
functions f— —+
(VF, P) (wF- q) SURFACE INTEGRATION TERM
L I}
SPACE-TIME INTEGRATION ON Kg

(test functions)

(Vva)
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM
test .
) in
functions
A test
X | functions f— —+
(VF, P) (wF- q) SURFACE INTEGRATION TERM
L |
SPACE-TIME INTEGRATION ON K¢

(test functions)

(Vva)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS
ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

VOLUME INTEGRATION TERM

test
X functions — —f—
(ve, p) (wr, q) SURFACE INTEGRATION TERM
| |
SPACE-TIME INTEGRATION ON Kg

(test functions)

(Vva)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION IN THE ELEMENT K¢

SURFACE INTEGRATION TERM

AS > .- _ (test functions)
(v, P) (r a) (vr, )

SPACE-TIME INTEGRATION ON K¢
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

SUM OVER ALL Kr SUM OVER ALL 0KFr

SURFACE INTEGRATION TERM

AS > .- _ (test functions)
(vr. p) (F. ) (vF, )

SPACE-TIME INTEGRATION ON K¢
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

R AL
+Z/

OKE CFP

+ divwg) + vFp - (PF Fy VQ)]

8

Bhd + pEVE - WF) N + (Phwr + VERQ) - nh} ds = Z/ fqdv
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

dq
-3 [ ol 52+ divor) + vey - (or 2o+ V) o
Ke c,_-p at

. 1 . i i ; .
+ Z / {( 2 Phq + PFVFp ‘“"F)ni(/: + (phWF + Vth) . nK;} ds = Z / fqu
Ky JOKe b CEPF o K

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



ACOUSTIC SYSTEM

%; /KF {Ph( .

; ow
7 20+ divwr) + vey(oF ot + V)] dv
cgpF Ot ot
) 1
[
KZF-[}KF ctoF

TREFFTZ SPACE

TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

Phd + prVEpwF)nfc, + (Brwr + V?/;Q)”Tq} ds = Z /

fqdv
Ke ¥ KF
1 2 Owr dq
TF(777) = {(vaq) CH (771) :VKF S 77.” pl_—W +Vg= C2p 1
F

di =0
~ ot —+ divwg }
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ACOUSTIC SYSTEM

SPACE-TIME DISCRETIZATION

—Z/
+KZ/0KF {(

CEPF
TREFFTZ SPACE

Te(Th) = {(wr,a) €

TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

C 2o Ot T+ divwr) + VFh(PF
i

ot +Vq)]d

Phd + pFVEwE )Nk, + (Brwr + Vth)nﬁp} ds=>_ / fadv

Kr 7 KF
H (Th)? : VK € Ty pF —

()Lu,:
ot +V
SPACE-TIME DISCRETIZATION IN Tr

— + divwg =0
CF/)F ot

j

1 R
E / Bnq + PFVEp - wF)Nk, + (Bhwr + VERQ) ”KF] ds =
oKe L CEPF

Ke 7 KF
WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

SUM OVER
ALL OKg
1

SURFACE
INTEGRATION
TERM
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ACOUSTIC SYSTEM
TREFFTZ-DG FORMULATION

SUM THROUGH
ALL " TIME-FACES”

"TIME-FACES”
|
)
£
SUM THROUGH SURFACE
ALL OKEg INTEGRATION
1 TERM
SURFACE
INTEGRATION pr—
TERM
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM
TREFFTZ-DG FORMULATION

SUM THROUGH

" TIME-FACES"
ALL " TIME-FACES”
| —|
©
E
SUM THROUGH SURFACE
ALL 0K INTEGRATION
— TERM
SURFACE space
INTEGRATION p— —|—
TERM SUM THROUGH ©SPACE.FACES”
ALL "SPACE-FACES”
©
E
SURFACE =
INTEGRATION
TERM

space
WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation
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ACOUSTIC SYSTEM

MESH NOTATIONS

"TIME-FACES” " SPACE-FACES”

time

time

space

space

internal ]-',’f internal ]-',?F (t = const.)

initial  F." (¢ x {0})
final  F/F(QF x {T})

boundary ]-',?F (0Q2F x [0, T])
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

> o,

OKE

Phq + PFVEnwE )Nk, + (Phwr + VERq) Nk, ]ds = Z p fqdv
F

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

e ()= (eank)

]:i?F: ( o ) ( i}?ia"Fh ke — &Df) )
ZE G- R G

A (f )= ()

e G)= ()
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ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (vep, pr) C V(Th) C TE(Th) s.t. for all (wr, q) C V(Tp) it holds:

A1pce((VEh, pPr)i (wF, q)) = L1D6e(wWF, )

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM
L*(75) NORMS IN Tr

1 1 1 2 11 2 1 2
foie =3l 0 s, Sl et g, <[
(wr, a)llTpg, : 5 (CEpF) [al LZ(F,?F) S llPF [wele Lz(}-l?[:) a "2[wr]x Lz(fLF)
1 2 1 1 1 2 1,1y 2
1o, g e, 2]
B [‘7]X|L2(}_'I’F) 2|(c%pF ‘7|L2(FZ'F) 2|”F wF LQ(}"Z—F)

1
+Ha /2012
FHLZU’EF)
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ACOUSTIC SYSTEM

TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS
L*(75) NORMS IN Tr

5 1 1
e a)llloe, =5 |(

2
CEPF

)1/2 [q]rHiz(}_;lF) + %Hpifz [w,:]tH
1

n Hgl/z[qlxmz(?zF)

2 1 2
2
2(F0F) * Ha [wrl 2(FF)
1 1 2 1,1y 2
+*)( )/ZqH T +*)P ZWFH T
i 2 | Zpr 2F,F 2 | F 2(F,F)
1
/2 2
+Ha wrl 2(7PF)
2 = 2
(wr: 7oy =IlI(wr allITo6,

1
-2
+los 2wp 2,

}_)?F) + 1IC

cZpr
1

—/2 2
+lla
o™ /2@,

1 1

/24112 =/ 2

) "2q HLZ(}_;}F) + 118 Z{WF}HLz(}_IF
1

'/,F)JrHa 2WFHLZ(

D
#DF

)
oF)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arper((wr, @)i (wr, @) = lll(wr, )76+ Y(wr, q) € TF(Th)

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ACOUSTIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arper((wr, @)i (wr, @) = lll(wr, )76+ Y(wr, q) € TF(Th)

CONTINUITY OF TREFFTZ-DG FORMULATION
[ At (v, p)i (wr, @)l < 2111(ve, Pl Ty lI(wr: @)l TD6e »

1
CEPF

1/ 2 1 2 /2
e706: (or, @I < V2 g 2vrolly ory + 7)ol o |
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ACOUSTIC SYSTEM

WELL-POSEDNESS

VE — VEp, P — <3 inf VE —w - *
(ve = ven P — pPo)lllToge < (wF’q)ev(mlll(F £ = 9lllroc;
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MATHEMATICAL FORMULATION

ELASTODYNAMIC SYSTEM
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ELASTODYNAMIC SYSTEM

PROBLEM EQUATIONS

92 0 in Q@
Bt —Ce(vs) = n s
2 P
£ psg —dive =0 in Qs

vs(+,0) = vsq, a(-,0) =g, onQs

Vs = gpg on 0Qg x |
space L
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ELASTODYNAMIC SYSTEM

PROBLEM EQUATIONS

a22 0 in Q
25 © e(vs) = n &s
2 E)

£ psg —dive =0 in Qs

vs(+,0) = vsq, a(-,0) =g, onQs

Vs = gpg on 0Qg x |
space L
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ELASTODYNAMIC SYSTEM

MESHING

Th - mesh on Qs

Fh = UkseT;,0Ks - mesh skeleton
Ks € Qs (A, ps = const in Ks)

time

Vs, ge HI(KS)
ws, £ € H'(Ks)
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ELASTODYNAMIC SYSTEM

TREFFTZ SPACE

0 0%
Ts(Th) 1= {(ws.) € H'(Th)? : VKs € Th ps o — dive = A= — =(ws) = 0
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM

TREFFTZ SPACE

B %
Ts(Th) 1= {(w5.©) C H'(Th)? : VKs € Th, ps o> — dive = A= — =(ws) = 0

SPACE-TIME DISCRETIZATION IN Ts

Z/ [(Ag”h :€+p5v§hw5)nf(5 - (v§h£+ihw5) . nﬁs]ds =0
o Joks L = = =
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM

TREFFTZ-DG FORMULATION

[ (A, g+ psvaywsini — (vang + Gyws) - i ds =0
o Joks LT = = =

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

Is .
FP

Ds
T2

Qg

Fis.
Fs

Os .
T

(
(
(
(
(

A
[l {z,}
VSh ) — VSh
g, ' 8Dg
Vsh o\ Vsh
g - a,”
VSh VSh
g, - e
vsp ) — ( Vso
g, 2,

{vsn} — ‘Slgh]x

= vlvsplx >

_ 6(gh . n’,}s — gDs) >

)
)

)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (vsp,a,) C V(Th) C Ts(Th), st. for all Ks € Ty, (ws, §) C V(Th) it holds:

A7pes((vsh @, )i (ws, §)) = £1pes(ws, )

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM
L?*(75) NORMS IN Ts

1 1 2
s, OlliTos = | “[QrHLz(f?S)

1,1y 2 1 2
+ 5 llos 2 heslel| o s + 472
5 1IPs [ws]e Lz(}—;"s) v 2 [ws]x Lz(}'/f)

+la 217,

(F5) + %H(é)l/zéuiz(f[5> * %Hp;/ZwsHiZ(fﬁ)

+H5 /2 EHLZ(}'
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM
L?*(75) NORMS IN Ts

s O oss =5 @' /21l

L2<}-§'5) * %Hp;/Z[WS]rH

2
+ ” w
s T ?lws)x 2(F)

s 21g 7y,

1 1 2
- /2 - 2
'5)+ zH(é) E“Lz(f;5)+ QHPS UJSHLZ(J:hTS)
/2
+H6 EHLZ(}'
(s OllI7pes =IlI(ws, &)l Tpe
1 1 1
/2,,—12 A) /2672 5= /2 2
Hleg 2 Il s + 1A €71, Lag + Lol 15,
1 1
—"/2 2 5 /2¢12 .
TG ) + 187728, o

(F,5)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arpgs (s, §)i (ws, ©) = [l[(ws, OllIFpes V(ws,§) € Ts(Th)
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTODYNAMIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arpgs (s, §)i (ws, ©) = [l[(ws, OllIFpes V(ws,§) € Ts(Th)

CONTINUITY OF TREFFTZ-DG FORMULATION

[A1D65 ((vs; 2); (ws, ) < 21[I(vs, DIl o [1(ws, Ol Tp6s

1 2 1 5 /s
1065 (ws, Ol < V2 [””5 2"5°”L2(f25) +a /2%o||L2(ffs)]
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ELASTODYNAMIC SYSTEM

WELL-POSEDNESS

Vs — V§p, 0 — O <3 inf Vs — ws,0 — *
(vs = vsp o — o, lTpes < (ws,g)evm)ll‘( s —ws, o — ll1oe;
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MATHEMATICAL FORMULATION

ELASTO-ACOUSTIC SYSTEM
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ELASTO-ACOUSTIC SYSTEM

NUMERICAL COUPLING ADVANTAGES

Computing 1 unknown scalar pressure instead of 6 components

of stress in fluid
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

ELASTO-ACOUSTIC SYSTEM

NUMERICAL COUPLING ADVANTAGES

Computing 1 unknown scalar pressure instead of 6 components

of stress in fluid

Avoiding the numerical artefacts caused by the slow S - waves
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ELASTO-ACOUSTIC SYSTEM

TRANSMISSION CONDITIONS

Q=(QrUQs) x|

time

(TC) { VENrpg = VSN on FFS

g Nrpg = —pnrgs  onlfs
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ELASTO-ACOUSTIC SYSTEM

TREFFTZ SPACE

0 1 0
T(771) = {(WFyq,WS»g) - H1(777)4 : pFﬂ +Vg= > z + divwg =0,
= ot cgpF Ot
dws . OAE B
ps 5o —divg = — = — e(ws) =0, VK, Ks € Ti }
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ELASTO-ACOUSTIC SYSTEM
g + divwg =0,

TREFFTZ SPACE
(Th) = {(wF,q,ws,ﬁ) C HY(Th)" : PF% +Vg= —
= ot cf_-p;: ot
A€
—= —¢(ws) =0, VK¢, Ks € Ty }

Ows =
25 dive =
P —IVE=

SPACE-TIME DISCRETIZATION IN T

Phq + pFVERWF) N, + (Phwr + V?hq)”ﬁp] ds

1
3 o lar

e+ p5v§hws)”f<5 = (v8p€ + J,ws) - n)ks]ds - Z/K fad
= - Ke i
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ELASTO-ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Brq + prVEy - WE)nk, + (Brwr + VFKq) - nf@] ds,

Ky )oK - CEPF
fqdv

NUMERICAL FLUXES THROUGH THE FLUID-SOLID INTERFACE

:£+pSV§h 'OJs)n;(S - (£v§h +g’\th) . nﬁs]ds = Z .
Kr

X
vspn
Sh Kfe

s x
VE R,
F s '
FFS. Bh _ Ph + a(VEpnk, — Vspnk,)
h vsh vsp = 8(g, - g — Phnk)
Zp " Ks —Phnkg
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ELASTO-ACOUSTIC SYSTEM

TREFFTZ-DG FORMULATION

Seek (VFh’ph’ vsh’gh) - V(777) VKEe, Ks € Th, (wa qyws»é) - T(777) it holds:

ATDG((VFha Ph, VShugh); (wFa q,ws, é)) - ETDG(WF7 q, w57£)
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ELASTO-ACOUSTIC SYSTEM
L?>(75) NORMS IN T

[[(wr, g, ws, € ))'HTDG = [[l(wr, DlIFpe, + H|(w57£)H|TDGS + 2|6 /25||L2 (FES)
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ELASTO-ACOUSTIC SYSTEM
L?>(75) NORMS IN T

[[(wr, g, ws, € ))'HTDG = [[l(wr, DlIFpe, + H|(w57£)H|TDGS + 2|6 /25||L2 (FES)

1
I1(wr. a,ws, O)ll[Fpe- =Ill(wr: lliFpg; + lll(ws, OllFoe; +*|I5 /éHLZ(st
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ELASTO-ACOUSTIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arpc((wr, ,ws; £); (wr, g, ws, €)) = [[[(wr, q,ws, 3 pe
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ELASTO-ACOUSTIC SYSTEM

COERCIVITY OF TREFFTZ-DG FORMULATION

Arpc((wr, g ws, £); (wr, g, ws, €)) = [l[(wF, q,ws, € )H|TDG

CONTINUITY OF TREFFTZ-DG FORMULATION

[ATpc((vF, P, vs, 2)i(wr: g, ws, §))I < 2[[[(ve, P, vs, D)l Tpe+ [ |(wr s qws, )l D6

2
poHLz(F )

1
|¢7p6 (wF, g, ws, §)l < V2 [IIPF/ZVFolli2 ,t (-

1 1
/2 2 Yo 2 ] 2
+ o/ Vol o5, + 114 g0||L2(I35)
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ELASTO-ACOUSTIC SYSTEM

WELL-POSEDNESS
11(vF — VERs P — phvs — VSh»g_gh)HlTDG

<3 [l(vk —wF,p—q,vs —ws,a — &)l Tpc=-
(w;qwsg)EV(T v -9l
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IMPLEMENTATION OF THE ALGORITHM

1D ACOUSTIC SYSTEM EXAMPLE
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

hx

time

E

XL XR

space
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

N¢

Ne+1]| «-- j

Ny

K=(G—1)x Ne+i
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

‘ ‘ t=T
t= 2k
< Ne+1[ ««-
tg = he
t=h
1 2 Ny
L to =0
I}
N
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

Nt
s
| :
N
E

Ny
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IMPLEMENTATION OF THE ALGORITHM

MESH AND ELEMENT NUMBERING

Nt
s
| :
N
E

Ny

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

IMPLEMENTATION OF THE ALGORITHM

GLOBAL MATRIX (157 LAYER)

c R
0
2
0
3
(0]
Ny

HEn
=

X
Lic|R
[r L c |f g
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IMPLEMENTATION OF THE ALGORITHM
GLOBAL MATRIX (157 LAYER)
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COMPUTE

IMPLEMENTATION OF THE ALGORITHM
1. INITIATION

[ o]

2. PROPAGATION

FORt=1:N;

oF- T
=
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TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

IMPLEMENTATION OF THE ALGORITHM

POLYNOMIAL BASIS (ORDER 3)

61 =0 £=—cr
oy =1 g0
— P _ 2
Py = x ¢3 = —Ccgt
¢5 = crt ¢y = —crx
2 c2t?
— X F P _ 2
bg=-% 3 ¢5 = cpxt
5 2.2
— p Cgt
of = —crxt o8 = (% + E5)
3 xc2 2 p 33 X2ert
o =5 -4 o = e F )
3.3 2 3 2.2
_ Cpt x°cet p o XCgt
="~ 5 ¢ = (g +—5-)
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IMPLEMENTATION OF THE ALGORITHM
NUMERICAL TESTS

Exact and numerical velocities vg(x, t = 1)
Periodical boundaries. @« = 8 =0
L5

FIGURE 2: 1D Acoustic system.
Numerical velocity ve(x, t).

‘* exact ‘
0.5

numerical

Periodical boundaries. « = 8 =0

05
o 400 600 800

space [0,1]
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IMPLEMENTATION OF THE ALGORITHM

NUMERICAL TESTS

FIGURE 3: 1D Acoustic system. FIGURE 4: 1D Acoustic system.
Exact and numerical velocities vg(x, t = 1).
Periodical boundaries. @« = 8 =0

Numerical velocity ve(x, t).
Periodical boundaries. « = 8 =0

02

A

‘f exact

numerical

time [0,1]

0
02 04 06 08 1 0 200 400 600 800 1000

space space [0,1]
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IMPLEMENTATION OF THE ALGORITHM

NUMERICAL TESTS

FIGURE 5: 1D Acoustic system. FIGURE 6: 1D Acoustic system.
Exact and numerical velocities vg(x, t = 1).
Periodical boundaries. a« = 8 = 0.5

Numerical velocity ve(x, t).
Periodical boundaries. « = 3 = 0.5

02
— V. exact
— V. numerical 0.15
015 //\\
01 — 60 01
s
o
E
0.05 = a0
/ \ 005
0
-0.05 °
0 02 04 0.6 0.8 1 0 200 400 600 800 1000
space space [0,1]
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IMPLEMENTATION OF THE ALGORITHM

NUMERICAL TESTS

FIGURE 7: 1D Acoustic system. FIGURE 8: 1D Acoustic system.
Convergence of velocity vg in function of cell size h. Convergence of velocity vg in function of cell size h.
Periodical boundaries. a« = 3 = 0.0 Periodical boundaries. « = 8 = 0.5
0 0
o
o
e - P
5 S e g
a P o
grm ,\g«rlo e
8 © degree=0 8 9 degree=0
2 / —slope=1 E‘)]s — slope=0.88

s E
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” © degree=2 " © degree=2
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NUMERICAL TESTS

FIGURE 9: 1D Acoustic system.

TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

IMPLEMENTATION OF THE ALGORITHM

Numerical error in function of ratio h¢ /hy.

Periodical boundaries. a« = 3 = 0.5

FIGURE 10: 1D Acoustic system.
Numerical error in function of ratio h: / hy.

Error minimum corresponds to h/hy = 1/(1 + «)

< hx=1/30
hx=1/50
< hx=1/100
184 -
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NUMERICAL RESULTS

2D SIMULATION
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NUMERICAL RESULTS

2D ACOUSTIC AND ELASTODYNAMIC SYSTEMS

FIGURE 11: 2D Acoustic system. FIGURE 12: 2D Elastodynamic system.

Convergence of velocity vg in function of cell size h

Convergence of velocity vg in function of cell size h
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.0). Dirichlet boundaries

ACOUSTIC

SOURCE

100

150

200

250

ELASTODYNAMIC

300
0 50 100 150 200 250 300

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.233). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.300). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.367). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.433). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.500). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.567). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.633). Dirichlet boundaries

0 B i i —“m

&)

100

150

200

250

300
0 50 100 150 200 250 300

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.700). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.767). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.833). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 13: 2D Elasto-acoustic system.
Numerical velocity v(x, 0.667). Dirichlet boundaries
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NUMERICAL RESULTS

2D ELASTO-ACOUSTIC SYSTEM

FIGURE 14: 2D Elasto-acoustic system. FIGURE 15: 2D Elasto-acoustic system.

Numerical and analytical® seismograms for vy. Numerical and analytical® seismograms for v, .
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CONCLUSION
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CONCLUSION

Implementation of the method for 2D acoustic, elastic,
elasto-acoustic systems

Numerical tests, validation of the results by analytical solutions
Analytical and numerical study of efficiency of the method

Change-over between time-layers study (initial conditions)
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CONCLUSION

ON-GOING WORK AND PERSPECTIVES

Change-over between time-layers study (source)
Alternative for the global matrix inversion
Boundary conditions

Hybrid Trefftz-DG + FVM coupling for the elasto-acoustics

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

REFERENCES

J.S.Hesthaven T.Warburton. Nodal discontinuous galerkin methods.
Algorithms, analysis, and applications. 2007.

F.Kretzschmar A.Moiola |.Perugia. A priori error analysis of space-time trefftz
discontinuous galerkin methods for wave problems. 2015.

0O.C.Zienkiewicz. Trefftz type approximation and the generalized finite element
method - history and developement. 1997.

I.Herrera. Trefftz method: a general theory. 2000

A.Maciag. Wave polynomials in elasticity problems. 2006

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



TREFFTZ-DG APPROXIMATION FOR THE ELASTO-ACOUSTICS

THANK YOU FOR ATTENTION!

WAVES17 | 13th International Conference on Mathematical and Numerical Aspects of Wave Propagation



