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MOTIVATION

@ Main goal: To obtain a better characterization of the Earth’s
subsurface

@ How: Recording borehole resistivity measurements

@ Procedure:
o Well
Transmitter—s

e Transmitters

o Receivers
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MOTIVATION

o Practical Difficulties: Casing Cement
e It is not easy to drill a borehole
e It may collapse

e Practical Solutions:

e Use a metallic casing

e Surround with a cement layer

@ Problem solved, but...
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MOTIVATION

o Practical Difficulties: Casing Cement
e It is not easy to drill a borehole
e It may collapse

e Practical Solutions:

e Use a metallic casing

e Surround with a cement layer

o Problem solved, but... Numerical problems due to the
high conductivity and thinness of the casing
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CONFIGURATION OF INTEREST

SECTIONED 3D DOMAIN MERIDIAN DOMAIN
V4
(@]
S y S
r

We reduce the 3D problem to a 2D problem due to the
axysimmetric configuration.
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MAIN IDEA

ASYMPTOTIC MODELS

)
REFERENCE MODEL € 5
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Q(O’b(:(\ %
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rel||r % Q & Q.
/‘o o
':906 §
£
Idea: Replace the casing by g
equivalent conditions. 3l
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REALISTIC SCENARIO

/— 14cm o Conductivity and casing width:
/———— bcm
e =127e—2m
C:E é oc =4.34e6 Q Im!
— N 5Qm L§)
= 0 ~ g3
20Qm E, o Classical approach:
Oc =« a€eR
5Q =
m o @ High conductive case:
Oc = ae3 a€eR

N— 1.27cm,2.3e 7Qm
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MODEL PROBLEM - 3D

STATIC ELECTRIC POTENTIAL

div((o — iew) Vu) = f in Q Where f is a known data, o is

iecewise constant
Q = QEUQEUQEUTEUTE P

. 1 £
, oj in €
— 3
o={0c=ac in QF
Oe in 5
€ € . .
le [ and the solution is expressed as
KoTREo A IR o
: y uj In Q,
u=4quc inQ
Ue in Q5
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MODEL PROBLEM - 2D

Reference problem (P) set in the domain Q = Q5 UQZ U QL U UTE.

We denote the boundary g := (9 —I5) U (0Q% —T%) .

yd\
; oilAu; =1 in §2?
! -

e e € ccAu: =0 in Qf
Qi S?c Qe c c ¢
— H 151
: ceAue = fe in Q%
L€ uj = Uc on [%

1
X o €
: Ue = Ue on [}
Fs|rre 0iOpuj = 0c0puc on T5

1
! — €
. . 0cOplc = 0e0pue on [
X0 x | u = on 0f
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EXISTENCE AND UNIQUENESS

There exists 9 > 0 s.t. for all € € (0, ), if f; € LZ(Q?) and
f. € [2(Q2), then 3lu € H}(Q) solution of (P) and

lullue < € (Ifilog; + Ifllos ) -

Proof:

o Derive variational formulation, for all v € H} (Q), a(u, v) = b(v).
e Prove that a coercive and continuous, b continuous in H} (Q).

o Apply the Lax-Milgram Lema.
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DEFINITIONS

We define the jump and mean value of the solution u across the
casing as

[v] = ulrs — ulre

{u} = % ( Ire + Ulr,.f>

Definition2

Let u be the reference solution. We say an asymptotic model is of
Order k+1, if its solution ulkl satisfies

|u— u¥|p < Ce¥* when e—0
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METHODOLOGY

@ Stepl: Derive an Asymptotic Expansion for u when ¢ — 0

@ In the casing: ue(x,y) = Z‘Snun (X _€X07y)
neN

e Outside the casing:  u(x,y) = Zgnun(x’y)
neN

@ Step2: Obtain Equivalent Conditions of order k + 1 by
identifying a simpler problem satisfied by the truncated
expansion and neglecting the higher order terms in ¢

Q Ug. = u0+£u1—|—52u2+...+5kuk

@ Step3: Prove Convergence rates for asymptotic models
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MULTISCALE EXPANSION

2 7k o 827 k=2 _ : €
KU+, Um =0 n 2 PROCEDURE
oilhuf = f; in Qf
Vo ——— 0
JeAué‘ =f in Qf /
uk = Uk on T[7§ UL !
Uk — uéf on ri /
U;&XU;(_4 = adx UX on T[% U2 —— 2
adx UK = 5.0 uf=* on T% /
uUk=o0 on 09
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MULTISCALE EXPANSION

2 1k o a2pk=2 _ : €
KU +o,Umm=0 n 2 PROCEDURE
oilhuf = f; in Qf
Vo ————0
JeAué‘ =f in Qf /
uk = U* on T[7§ UL !
Uk — uéf on ri /
U;&XU;(_4 = adx U* on T[% U2 —— 2
adx UX = g0 uf=* on T% /
Uk=o0 on 09
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MULTISCALE EXPANSION

2 1k 2 k=2 _ : e
oxU*+0,U =0 in Q2 PROCEDURE
oiluf = f; in Qf
O ——0
oAUt =1, in Qf /
ulf = Uk on T[7§ UL !
Uk — Ué on ri /
U;&XU;(_4 = adx UX on T[% U2 —— 2
adx UK = 5.0 uf=* on T% /
Uk =0 on 90
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MULTISCALE EXPANSION

2 1k o a2pk=2 _ : €
KU +o,Umm=0 n 2 PROCEDURE
oilhuf = f; in Qf
Vo ——— 0
JeAué‘ =f in Qf /
uk = U* on T[7§ UL !
Uk — uéf on ri /
U;&XU;(_4 = adx U* on T[% U2 —— 2
adx UX = g0 uf=* on T% /
Uk=o0 on 09
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MULTISCALE EXPANSION

2 1k 2 k=2 _ : e
oxU*+0,U =0 in Q2 PROCEDURE
oiluf = f; in Qf
O —0
oAUt =1, in Qf /
ulf = Uk on T[7§ UL !
Uk — Ué on ri /
U;&XU;(_4 = adx UX on T[% U2 —— 2
adx UK = 5.0 uf=* on T% /
Uk =0 on 90
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EQUIVALENT MODELS

FIRST APPROACH
(Transmission conditions across the casing)

O';AU,' = f, in Qf
ui=0 on 0

@ Order 2: (P2)
ceAue =1, in Qg
ue=0 on 09F
O';AU,' = f, in Qf
oAue = f, in Qf
@ Order 4: [u] =0 (Ps)
«
[O'anu] = —E—2Ars {U}
u=20 on [y
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CONVERGENCE

There exists g9 > 0 s.t. for all ¢ € (0,20), if f; € L?(Q) and
fo € L2(Q2), then Jiylkl e V11 solution of Pyy1, k =1,3, and

os)

a4

LQI;UQg S C (Hf:HOQf + ||fe’

|lu— U[lel,quﬂg < Cektl

Where

Vo={v:vi€ Hy (), ve € Hy ()}
Ve ={v:ivi € H (@), ve € H(R5), V- {v} € L2(T), Vs = vir:, vlr, = 0}

22/42



OUTLINE

© Numerical Results
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Introduction

Domain

Equivalent Conditions

@ Straight triangular elements (h refinement)

Numerical Results

Second Approach

Application Perspectives

FEM CODE

@ Classic Finite Element Method code

e Lagrange shape functions of any degree (p refinement)

Mesh

0'i=5

O¢

o,.=3

Solution

0z 04 06 08 1 12 14 16 18
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QUALITATIVE COMPARISON

Reference Model Order 2 Model Order 4 Model

MHVENN‘
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IR 3 i i mw
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. i
o 0z 04 05 00 1 1z 14 16 18 2 o 0z 04 06 08 1 1z 14 w6 18 2 o oz 04 05 0o
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CONVERGENCE RATES

ERROR IN LOGARITHMIC SCALE
10 T T T T T T

-5

—*— order 2

—8— order 4

H1 Relative Error (%)
'_\
o

-10 I I I I I I

0.006 0.010 0.016 0.025 0.040 0.063 0.100 0.158
Casing Thickness (m)

Casing Thickness (¢) | 0.0117 0.0234 0.0469 0.0938 || Expected (¢ — 0)
Order 2 Slopes 1.9969 1.9899 1.9638 1.8624 2
Order 4 Slopes 4.0046 4.0039 3.9879 3.8992 4
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OUTLINE

© Second Approach
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EQUIVALENT MODELS

SECOND APPROACH
(Transmission conditions across the interface I')

O';AU,' = f; in Q,‘
uy=0 on 0%9;

@ Order 1: (P1)
gAu. =f, in €.
ue=0 on 0Q.
O’,‘AU,' = f, in Q,‘
oAue = f, in €,
@ Order 2: [u] = —e{Opu}
4
Ohul = ——
(O] = —= {u}
u=20 on 00
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Problem

Stability problems for E
the order 2 model of the rofr
second approach due to :
a non coercive term. E

Use of Artificial Boundaries to move the transmission conditions and
recover stability. For § > 0.5

r16 = {(X’y) X = X0 — 55,}/ S (Ov.yo)}

r(g = {(X,Y) :X=X0+55,.y € (07}/0)}
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EQUIVALENT MODELS

SECOND APPROACH

(Transmission conditions across the artificial interfaces)

@ Order 2:

( O','Au,' = f, in Q;
o’eAue = fe in Qe
[u] = —e (1 —20) {Onu} (P>)
4(1-20
n] = =2
u=20 on 0N

Stable if § > 0.5
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CONVERGENCE

There exists g9 > 0 s.t. for all ¢ € (0,20), if f; € L?(Q) and
fo € L2(Q2), then J1ulkl € Vi, 1 solution of Pr+1, k=1,2, and

os)

a4

LQI;UQg S C (Hf:HOQf + ||fe’

|lu— U[lel,quﬂg < Cektl

Where

Vi :{v TV € H& (Q),ve € H& (Qe)}
Vo = {V 7RSS H1 (Q;),Ve S H1 (Qe) s V,'|r = Velr, V|r0 = 0}
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QUALITATIVE COMPARISON

Reference Model Order 1 Model Order 2 Model
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CONVERGENCE RATES (2

ERROR IN LOGARITHMIC SCALE

L2 Relative Error (%)

0.010

0.016

—*— order 1

order 2
O  order 2 displaced
0.025 0.040

Casing Thickness (m)

Casing Thickness (¢) | 0.008 0.011 0.015 0.020 0.027 Expected (¢ — 0)
Order 1 Slopes 0.972 0962 0.948 0.928 0.899 1
Order 2 Slopes 2.032 2.011 2.062 2.090 1.9636 2
Order 2 displaced 2,005 2.006 2.007 2.008 2.007 2
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CONVERGENCE RATES H!

ERROR IN LOGARITHMIC SCALE

10 7 7 7
g
2 107} ;
L
(]
= : :
%10‘3- R EECREETE = FERRRRTE | —*— order 1
[vd =} ;
- o : : order 2
107 ; ; O  order 2 displaced
0.006 0.010 0.016 0.025 0.040

Casing Thickness (m)

Casing Thickness (¢) | 0.008 0.011 0.015 0.020 0.027 Expected (¢ — 0)
Order 1 Slopes 0.982 0.975 0.966 0.953 0.935 1
Order 2 Slopes 1915 1.302 2.463 2569 -0.125 2
Order 2 displaced 2.004 2.005 2.006 2.008 2.007 2
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COMPARISON

ERROR IN LOGARITHMIC SCALE

10° T =
—+—hdodel 1 Mo Gap

todel 2 Mo Gap
:’__'_—"—’,"_—J 4 Displaced Model
10° | Model 1 Gap

v/v/v/v/v —v— Model 2 Gap

Casing Thickness (m)

H1 Error

10—10

| Order | Stability | e-independent Domain |

Model 1 No Gap 1 v v
Model 2 No Gap 2 X e
Displaced Model 2 v X
Model 1 Gap 2 v X
Model 2 Gap 4 v X
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OUTLINE

o Application
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APPLICATION

,—1.27cm,2.3e77Qm @ Equation: div(cVu) =1

] Z =23
. @ Right hand side:
] z=2 Receivers

. z=2z P {1 In the transmitter

0 Outside the transmitter

L] = T i - - M
Z =z [ransmitter @ Objective: Measure the second difference

of potential on the Receivers

U, = u(z1) — 2u(z) + u(z3)

@ Expected Result: (Model of Kaufman) Relation between second
difference of potential and rock resistivity of the form

_1
Up=k-p.l keR
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VARYING ROCK CONDUCTIVITY

[Eny
S

Reference
*  Order4

-

[y
<

[Eny
U

Second Difference of Potential (V)

101 i i I
10° 10" 10° 10° 10*
Rock Resistivity (ohm m)
Resistivity [1,10] [10,10°] [10%,10°] [10%,10%] || Expected
Reference Model Slopes | -0.4914 -0.4924  -0.4978 -0.4991 -0.5
Order 4 Slopes -0.4914 -0.4924 -0.4977 -0.4993 -0.5
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TWO ROCK LAYERS

|
=
o
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Reference ]
+  Order4

1
=
o

[ ]
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0.15m o1 =10
0.15m
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©
i
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7€
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|

g

©
i
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N

i
i

Instruments z Position (m)
U
N
i

o1 = 1000

i i

1

10 ?

10
Second Difference of Potential (V)

10
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Perspectives

e Obtain semianalytical solutions to reduce the
computational cost.

e Consider physically more realistic scenarios.
e Develop 3D electromagnetic models.

e Study highly deviated boreholes.
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e Obtain semianalytical solutions to reduce the
computational cost.

e Consider physically more realistic scenarios.
e Develop 3D electromagnetic models.

e Study highly deviated boreholes.

THANK YOU FOR YOUR
ATTENTION
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