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Uniform Estimates Asymptotic Expansion Equivalent Conditions

Introduction
A 3-D Problem set in heterogeneous acoustic media

We solve the Helmholtz equation (with a Dirichlet B.C.) :

1 2
—div<Vu>—W2 =f in Q
p pe

e Q_ = {r < n}:Density p—, Velocity ¢~
e X = {r=r}:Interface
e Q. =0\ Q_:Density p, Velocity c*

Numerics
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Framework
Data and right-hand side

Assumption

(i) The density p and the velocity c are smooth and strictly positive functions
(i) The density p™ satisfies

p(r) =vexp(—a(r —n))

where the parameter « is large
(iii)y The domain Q+ represents a dissipative medium :

Imw? #0 in Q4

Assumption

The right-hand side f has a support in ) _
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A boundary layer phenomenon occurs when « is large : rapid decay of acoustic
fields (pressure and velocity) inside the medium €21

Q,

Difficulty : Applying a FEM on a mesh with thin cells in the boundary layer
and much larger elsewhere
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Approach : an Asymptotic Method

@ Describing the boundary layer phenomenon with a multiscale expansion
in power series of o™

@ Deriving Equivalent Boundary Conditions on X to replace the boundary
layer inside 2

© Applying a Finite Element Method to solve the acoustic equation in €2_
with an Equivalent Boundary Condition
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Helmholtz equation :

1 2
—div <—Vua) — w—zua =f in Q
P pc

with an homogeneous Dirichlet boundary condition on J€).

Here pT(r) = yexp (—a(r —r))and a > 0.



Issue : Uniform H' estimates for solutions u,, of (P, ) w.rt. o > 0?



Issue : Uniform H' estimates for solutions u,, of (P, ) w.rt. o > 0?

The angular frequency w is not an eigenfrequency of the problem

1 2

div <—Vu_) + w—u_ =0 in Q_
p pc?

u =0 on X
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Problem (P,,)

Issue : Uniform H' estimates for solutions u,, of (P, ) w.rt. & > 0 ?

Assumption (SA)
The angular frequency w is not an eigenfrequency of the problem

1 2

div (Vu) + w—Qu =0 in Q_
P pe

=0 on X

Theorem

Under Assumption (SA), for all &« > 0 the problem (Pa) with a right-hand side
f € L2(Q) has a unique solution u, € H} ()

ozl + I =utllon, + = Vutlog, < Cliflos

Application: Convergence of asymptotic expansion for large parameter «



Small parameter 9 :

1
6=——0 when a— o0
«



Small parameter 9 :

1

d=——>0 when o — 00
«
Problem (Ps) writes :
W2
Aut — Lot ‘”+ in Q
- u(; _g rU(S __U(S —0 n +
u}' =uy on X
8.,u§r = Oauy on X

u}'=0 on 0N
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Asymptotic Expansion

Overview
Deriving an Asymptotic Expansion for the solution (uy u}) of (Ps) when
60— 0:
uz (x) = ug (x) + duy (x) + 6%uy (x) + 6%uy (x) + -+ in Q_

uf (x) = ug (x;8) + 0ui (x; 0) + 6%y (x; 8) 4+ 8%y (x;6) + -+ in Qy,

with ul-+(x; 9) = x(r) L <97¢7 - rt)

Method based on the Scaling :




— 03y = Dstly, = Y Al in X x(0,400),
p=1
Osih, = Ohu,_, on X,

and

—div(;Vuy) — spup = o) in Q-
u, = 4, on X.



Yo =0
e 2
—diV(%Vuo_) — ozl =f in QL
up =0 on X
o
Ui(+,8) = —Oauy €%,  S€(0,00)
*]

{ —diV(%Vur) - l‘;’—;uf =0 in Q_

u; = —0OhUy on X



°
ﬂz(‘, S) = (az + b23) e_s, S e (0, OO)
Here 5
8 = —0Ohu; + —Ohlg ,
It
2
by = —0Ohug -
It
°

2 .
—diV(;—)VUZ_) —ozUy =0 in Q_,

2 _
U, = —0OhU;y + ;8nu0 on X.
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Higher order terms

°
L[3(97 gbv S) - (33(9, ¢) + Sb3(93 ¢) + 8203(97 ¢))e_s’ Se (07 OO)
Here
2 w2 _
B T I +
a3 = —0hUy, + rta,,u1 { + A):} Onug
2 _
bgzganu1—{%+?+ }3uo,
c3 50nUg
t
)
—div(tVu; ) — ozUs =0 in Q_,
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Existence and regularity of the asymptotics

Proposition
Letk € N. Assume that f € H¥(Q_) and p € C°>°(2_). Then it is possible
to derive the first (k + 2) terms (u;", LI;), and

u, € H"?(Q),u; e H"Y(Q), -+ u, € H'(Q)

and

$ € H3( x RY), 8, € H3( x RY), -+ , 8, € H3(Z x RY)
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Validation of the Asymptotic Expansion

Aim : proving Estimates for Remainders

N
rs = us — E 0"u, in
n=0

Evaluation of the right hand sides in

—div ( 1V ;J; =0 in Q_
—div ;vr(?* ‘;; =t in Q4
r§”+ = rév’ on X
a I’5 a f(; + gN7§ on Z
N=0 on OQ

The RHS are explicit : fy. s = O(6"") and gns = "Onuy

12 o + 82 A o, + 672 -V g, < Cud™
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Equivalent Conditions on X

Overview

We identify a simpler problem satisfied by
Ups = Ug +0uy + §Puy + -+ 0" u, upto O(5K)
The simpler problem of order k + 1 writes
-1 5 25 :
() —div(;Vu) — Jzue = f in Q_,
u + Dy 5(Onul) = 0 on X,

with D 5 a surface differential operator

Numerics
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Equivalent Conditions

@ Order1:
up=0 on X
Q Order2:
u +00ud =0 on ¥

© Order3:

5 20 5

uy + 6 1_T Only =0 on X

t

©Q Order4:

26 6 Wi
ug—|—5<1—+(52{2—M—Az}>8nug:0 on X
t

I r c?



@ Order4:

2 WA
6" <(1+_)H_52{r_? ;+Az})vg+3nvg=0 on X
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Dirichlet-to-Neumann Conditions

@ Order4:

2 2 WA
5 <(1+)H—62{§+;+Az}>v§+anv§:o on X

It
Forall k € {1,2,3}, the simpler problem writes
(@) { —div(IV) - %l = f n Q_,
9
Nis(v2) + Onvl = 0 on X,

with N 5 a surface differential operator.
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Stability and convergence results

Theorem

Under Assumption (SA), there exists §y > 0 s.t. forall & € (0, dy), the
problem (QY) with data f € L2(Q2_) has a unique solutionv§ € Vy, and

IVelle- < Cllfllog-

lus — Villno_ < G

Numerics

Functional setting : v) € V, where

Ve =H'(Q_) when k=1,2

and
Vo= {ueH(Q-)| uzeH ()}



Under Assumption (SA), there exists 8y > 0 s.t. forall 6 € (0, ), any
solution v, € Vx of problem (Q%) with a data f € L?(Q_) satisfies

IMlloe_ < Cllflloq -
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Sketch of the proof of the Lemma

Assume : there exists (up) € (V)Y satisfying (Qj ) with 0, — 0 and
fm € L2(Q2_) such that

”UmHO,Qf =1 and HmeO,Qf —0

We prove successively that :

o
lumll1 - < €

@ there exists a subsequence (up) s.t.
Up —u in L3(Q_) and Vu, — Vu in L*(Q_)

andu, — 0 in L3*(X)

o
lulloo- =1

© Using Assumption (SA), we prove that u = 0. Contradiction.
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Numerical method
Helmholtz equation with radial data

Using a decomposition in spherical harmonics we solve a sequence of 1-D
problems with a Finite Element Method.

@ 1-D Computational domain :

Approximate models : 2_ = (0; 1)

Reference solutions : 2 = (0; Rq) such that p™ (Rq) = 107
o [P;o-finite elements (Lagrange) available in the Library Montjoie

@ Data:

@ Artificial data
©Q Raealistic data
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Artificial data

Framework

The density is given as

Dy if r <1

D, e =1/% otherwise

p(r) =

Dy =2x 10 *kg/m®,

The velocity is constant

c=28x10°m/s

Radial gaussian source located at the radius r = 0.8

e w =27 fywhere fy € {7 x 10*Hz,7 x 10°Hz}

Numerics
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Convergence results
Freq. f =7 X 10* Hz

Relative L.2-error between exact solution and approximate solutions versus &

Freq = 0.1 mHz

117

©

-
o

a
oI
b

Relative L2 error
) =
& IS
N

o
c>I
3

—e—Dirichlet
107" —6— Order 1
—aA— Order 2
102 —=—Order 3
107 107 107
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Convergence results

Freq. f =7 X 10° Hz

Equivalent Conditions Numerics

Relative L.2-error between exact solution and approximate solution versus ¢

©

Freq =1 mHz

-
o

a
oI
b

!
FS

-y
o

|
L)

Relative L2 error
- a
o o

—e—Dirichlet
—6— Order 1
—aA— Order 2
—&— Order 3

107 107°



Uniform Estimates Asymptotic Expansion Equivalent Conditions Numerics

Realistic data

Using the data given by the Standard Solar Model

@ CHRISTENSEN-DALSGAARD ET AL, THE CURRENT STATE OF SOLAR
MODELING. SCIENCE, 1996

—— Approximated data
- = = Standard Solar Model

10 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

r/Re

sun

Figure : Exact value and approximated value of p versus the relative radius r/Ff@.
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Realistic data
Reference solution in the plane Oxz

Real part of u//p when 6 = 1/7000

i 2e-06
1.60-06
1.2¢-06

05
! ) 8e-07
‘ 5
4e-07
0.0 0
-4e-07
-8e-07

-05
-1.26-06
-1.6e-06

-10 :

=10 —05 0.0 05 10 2806

The source is a 3-D gaussian and we use 100 spherical harmonics
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Realistic setting
Convergence results

Relative L2-error between reference solution and approximate solution versus ¢

Freq =3 mHz

!
A

Relative L2 error
=
o

—e— Dirichlet
—6— Order 1
—a&— Order 2
—&— Order 3

107°

delta
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Realistic setting

Comparison of equivalent boundary conditions for different frequencies from
0.3 mHz until 7 mHz.

Relative L2 error

+—+ Dirichlet

101 e -8 Order1l
= & Order 2
10"
¥—v Order 3

10° 10
frequency (Hz)



Thank you for your attention
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Numerical tests with artificial data
Qualitative Comparisons

& delta = 0.01
10
—— Atmo0
—— Atmo1
1078 —— Atmo2
Atmo3
— Ref
107
—
107
107
107"
0.75 0.8 0.85 0.9 0.95 1

Reference solution and solutions using equivalent boundary conditions.
fy =7 % 10* Hz
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Numerical tests with artificial data
Qualitative Comparisons

-5 delta = 0.001
10
—— Atmo0
6 —— Atmo1
10 —— Atmo2
Atmo3
10”7 — Ref

0.75 0.8 0.85 0.9 0.95 1

Reference solution and solutions using atmosphere boundary conditions.
fy =7 % 10° Hz
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Realistic setting

@ The density is given as
") (1 N 2;7) psun if r/Re < 1.0007126
po(r) = —
w Dy e~ (/Ro=1/0 otherwise
w
Dy A2 3.292 X 10 ®kg/m? v = —

100
@ The velocity is given as

" cSUN it r/Re < 1.0007126
Col\r) =
Cy otherwise

Ci ~ 6.865 X 10°m/s

@ The source is a 3-D gaussian:

f(x) = exp(—Bllx — xl[*)

Here x, =~ (0, 0,0.981) and 3 is chosen such that
exp(—0.0153) = 107°.
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