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Stability of LTI systems with distributed sensors and aperiodic sampling

 

new challenges from the control theory point of view, since they may be sources of unstability. In order to cope with this phenomenon, several researches have recently been conducted to analyse the stability of systems with arbitrarily time-varying sampling intervals (see the survey [START_REF] Hetel | Recent developments on the stability of systems with aperiodic sampling: An overview[END_REF]). Time-delay approaches ( [START_REF] Fridman | Robust sampled-data stabilization of linear systems: an input delay approach[END_REF]] [ [START_REF] Fridman | A refined input delay approach to sampled-data control[END_REF]] [ [START_REF] Seuret | A novel stability analysis of linear systems under asynchronous samplings[END_REF]]), hybrid systems approaches ( [Karafyllis and Kravaris (2004)] [START_REF] Nesic | Explicit computation of the sampling period in emulation of controllers for nonlinear sampled-data systems[END_REF]]), discrete-time approaches [START_REF] Cloosterman | Controller synthesis for networked control systems[END_REF]] [START_REF] Hetel | Stabilization of arbitrary switched linear systems with unknown time-varying delays[END_REF]] [START_REF] Fiter | A state dependent sampling for linear state feedback[END_REF]]), and input/output stability approaches ( [START_REF] Kao | Simple stability criteria for systems with timevarying delays[END_REF]] [ [START_REF] Mirkin | Some remarks on the use of time-varying delay to model sampleand-hold circuits[END_REF]] [ [START_REF] Fujioka | Stability analysis of systems with aperiodic sample-and-hold devices[END_REF]] [START_REF] Omran | Stability analysis of bilinear systems under aperiodic sampled-data control[END_REF]]) have been used to address this problem.

Most of the studies have concerned the stability analysis of systems with one sensor measuring the whole system's state. A problem that must be addressed in practical applications is how to guarantee the stability of a system with multiple sensors. In the case of periodic sampling, this problem has been solved a while ago in the context of multirate systems [START_REF] Araki | Multivariable multirate sampled-data systems: state-space description, transfer characteristics and Nyquist criterion[END_REF]]. However, measurements are usually aperiodic and asynchronous. To the best of our knowledge, this problem has not yet been studied in the literature.

In this work, we propose to tackle this issue in the case of Linear Time Invariant (LTI) systems, using two approaches from the robust control theory. Both approaches are based on a modelling of the system as an interconnection between a continuous-time (sampling-free) closed-loop system and an operator representing the sampling effects. This new model can be seen as an extension of the one proposed in [START_REF] Fujioka | Stability analysis of systems with aperiodic sample-and-hold devices[END_REF]] in the single sensor case. The first result, based on the small gain theorem, provides simple numerical tools to design an overall upperbound on the sampling intervals that guarantees the system's stability. The second result, which is based on the dissipativity theory, allows through the use of Linear Matrix Inequalities (LMIs) to compute an upper-bound on the sampling interval for each and every sensor, that guarantee the system's stability.

The chapter is constructed as follows. First, in Section 2, we present the system under study and formulate the problem. In Section 3, we propose the new modelling of the system that will be used for the whole analysis. Then, in Sections 4 and 5, we present the two stability analysis approaches, based respectively on the small gain theorem and on the dissipativity theory. Finally, in Section 6, we illustrate our results with experiments on an inverted pendulum benchmark, before concluding in Section 7.

Notations: I M denotes the set {1, . . . , M}. The Euclidean norm of a vector x is denoted by |x|, and its L 2 norm is denoted by x L 2 . The L 2 induced norm of an operator G is denoted by G L 2 -L 2 . A function β : R ≥0 → R ≥0 is said to be of class K if it is continuous, zero at zero and strictly increasing. It is said to be of class K ∞ if it is of class K , and it is unbounded. A function β : R ≥0 × R ≥0 → R ≥0 is said to be of class K L if β (.,t) is of class K for each t ≥ 0, and β (s, .) is non-increasing and satisfies lim t→∞ β (s,t) = 0 for each s ≥ 0. We use diag(N 1 , • • • , N M ) to denote a block diagonal matrix which contains the blocks N i (i ∈ I M ) on its diagonal, and zeros everywhere else.
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Problem formulation

We consider the linear time-invariant (LTI) system with distributed sensors presented in Figure 1.

This system is mathematically defined by

Ẋ(t) = AX(t) + BU(t), ∀t ≥ 0, X(0) = X 0 ∈ R n , (1) 
with X ∈ R n the system state, X 0 ∈ R n the initial state, U ∈ R m the input, and A and B matrices of appropriate dimensions. We consider that the state X is divided into M sub-parts x i , i ∈ I M , each linked to one sensor:

X(t) = x T 1 (t) . . . x T M (t) T , with x i ∈ R n i and M ∑ i=1 n i = n.
These sub-parts of the state are transmitted to the controller in an asynchronous manner. For each of them, we consider a monotonously increasing sampling sequence with bounded sampling intervals

σ i = t i k k∈N with t i k+1 -t i k ∈ (0, h i ] . (2) 
We assume that

t i 0 = 0 for all i ∈ I M . The sampled-state is denoted X(t) = xT 1 (t) . . . xT M (t) T , with xi (t) = x i (t i k ), ∀t ∈ t i k ,t i k+1 , k ∈ N, i ∈ I M . ( 3 
)
The control is considered as a linear state-feedback using the known, sampled version of the state:

U(t) = F X(t), (4) 
where F ∈ R m×n is a given feedback gain. The aim of this work is to design methods for checking the stability of system (1),( 2),(3),(4).

System modelling

In this section, adapting the approach proposed in [START_REF] Kao | Simple stability criteria for systems with timevarying delays[END_REF]] in the single sensor case, and further used in [START_REF] Mirkin | Some remarks on the use of time-varying delay to model sampleand-hold circuits[END_REF]], [START_REF] Fujioka | Stability analysis of systems with aperiodic sample-and-hold devices[END_REF]], and [START_REF] Omran | Stability analysis of bilinear systems under aperiodic sampled-data control[END_REF]], we remodel the system as an interconnection between a continuous-time closed-loop system and an operator representing the sampling effect on all the sub-parts of the system's state.

We define the sampling system error

E(t) = X(t) -X(t) = e T 1 (t) . . . e T M (t) T , (5) 
where, for all i ∈ I M ,

e i (t) = xi (t) -x i (t), ∀t ≥ 0, = x i (t i k ) -x i (t), ∀t ∈ t i k ,t i k+1 , k ∈ N. (6) 
Let us remark that the sampling error can be described as a reset integrator

e i (t) = - t t i k ẋi (θ )dθ , ∀t ∈ t i k ,t i k+1 , k ∈ N.
For each i ∈ I M we define the operator

∆ i : L n i 2e [0, ∞) → L n i 2e [0, ∞) z → ∆ i z (∆ i z) (t) = - t t i k z(θ )dθ , ∀i ∈ I M , ∀t ∈ t i k ,t i k+1 . (7) 
Finally, the system (1),(2),(3),(4) can be represented by the interconnection of G : E → Y , the LTI system described by

G : Ẋ(t) = A cl X(t) + B cl E(t), Y (t) = C cl X(t) + D cl E(t), ( 8 
) G ∆ E Y + f
Fig. 2 System's representation as an interconnected system with

A cl = C cl = A + BF, B cl = D cl = BF, Y (t) = y T 1 (t) . . . y T M (t)
T , and the operator

∆ : Y → E defined by ∆ : E = ∆Y, (9) 
with

∆ = diag(∆ 1 , • • • , ∆ M ).
Here, A cl represents the nominal (closed-loop) state matrix, and E the samplinginduced error described by operator ∆ in (7). This representation of the system as an interconnection (8), (9), will be used throughout the rest of the chapter for the stability analysis.

Note that this interconnection can also be rewritten so as to explicitely see the influence of the initial state x 0 . Indeed, let G :

L ∞ 2 [0, ∞) → L ∞ 2 [0, ∞) be the linear operator described by the transfer function Ĝ(s) = C cl (sI -A cl ) -1 B cl + D cl = s(sI -A cl ) -1 B cl .
If we consider the free response of system ( 8)

f (t) = A cl e A cl t x 0 , ∀t ≥ 0,
we can rewrite the system as the interconnection

Y = GE + f , E = ∆Y. ( 10 
)
This interconnection is presented in Figure 2.

Small gain approach

The first stability approach we consider is based on the small gain theorem [START_REF] Khalil | Nonlinear systems, 3rd edition[END_REF]]. Before presenting the main result of this approach, we need to provide a technical lemma.

Lemma 1. The L 2 induced norm of the operator ∆ is upper-bounded by h max , where h max = max i∈I M {h i } .

Proof. Using ( 6) for all i ∈ I M and t ∈

[t i k ,t i k+1 ), k ∈ N, we consider e i (t) = - t t i k y i (θ )dθ , ∀t ∈ [t i k ,t i k+1 ), k ∈ N.
Then, using Jensen's inequality [START_REF] Gu | Stability of time-delay systems[END_REF]], we get

e T i (t)e i (t) = t t i k y i (θ )dθ T t t i k y i (θ )dθ , ≤ (t -t i k ) t t i k y T i (θ )y i (θ )dθ , ≤ h i t t i k y T i (θ )y i (θ )dθ .
Applying further inequalities, we can compute an upper-bound on e i L 2 :

e i 2 L 2 = ∞ 0 e T i (t)e i (t)dt, = ∞ ∑ k=0 t i k+1 t i k e T i (t)e i (t)dt, ≤ ∞ ∑ k=0 t i k+1 t i k h i t t i k y T i (θ )y i (θ )dθ dt, ≤ h i ∞ ∑ k=0 t i k+1 t i k t i k+1 t i k y T i (θ )y i (θ )dθ dt, = h i ∞ ∑ k=0 (t i k+1 -t i k ) t i k+1 t i k y T i (θ )y i (θ )dθ , ≤ h 2 i ∞ ∑ k=0 t i k+1 t i k y T i (θ )y i (θ )dθ , = h 2 i ∞ 0 y T i (θ )y i (θ )dθ , = h 2 i y i 2 L 2 .
We have found that

e i 2 L 2 ≤ h 2 i y i 2 L 2 , ∀i ∈ I M . (11) 
From this equation, considering the sampling error E as described in (5), and using some majorations, we may also compute an upper-bound on E L 2 :

E 2 L 2 = ∞ 0 E T (t)E(t)dt, = ∞ 0 M ∑ i=1 e T i (t)e i (t)dt, = M ∑ i=1 ∞ 0 e T i (t)e i (t)dt, ≤ M ∑ i=1 h 2 i ∞ 0 y T i (θ )y i (θ )dθ , ≤ h 2 max M ∑ i=1 ∞ 0 y T i (θ )y i (θ )dθ , = h 2 max ∞ 0 M ∑ i=1 y T i (θ )y i (θ )dθ , = h 2 max ∞ 0 Y T (θ )Y (θ )dθ , = h 2 max Y 2 L 2 .
Therefore, we have obtained that

E 2 L 2 ≤ h 2 max Y 2 L 2 , which ends the proof. ⊓ ⊔
Before giving the main result of this section, we recall the following definition [START_REF] Khalil | Nonlinear systems, 3rd edition[END_REF]].

Definition 1 (L 2 -stability). A linear system F is said to be finite-gain L 2 -stable from w to Fw with an induced gain less than γ if F is a linear operator from L 2 to L 2 and if there exist positive real constants γ and ξ such that for all w ∈ L 2 ,

Fw L 2 ≤ γ w L 2 + ξ . Theorem 1. The interconnection (10) is L 2 -stable if G ∞ < 1 h max .
Proof. We use the small gain theorem to provide the stability condition. A direct consequence of this theorem is the fact that if

G L 2 -L 2 ∆ L 2 -L 2 < 1, the interconnection (10) is L 2 -stable.
Since G is linear, its L 2 -induced norm can be calculated [START_REF] Zhou | Robust and optimal control[END_REF]] using the H ∞ norm of its transfer function:

G L 2 -L 2 = G ∞ := sup w∈R σ ( Ĝ( jw)). Since ∆ L 2 ≤ h max , according to Lemma 1, the interconnection (10) is L 2 - stable if G L 2 -L 2 = G ∞ < 1 h max . ⊓ ⊔
Remark 1. The condition proposed in the previous theorem can be easily implemented in Matlab. It depends solely on the system, and on the overall upper-bound on the sampling intervals h max . However, this approach does not make it possible to take into account the difference in the upper-bounds of each sensor ({h 1 , • • • , h M }) in the analysis. In the next section, we propose an approach that solves this problem.

Dissipativity based approach

In this section, we propose another stability approach inpired by the dissipativity theory [START_REF] Willems | Dissipative dynamical systems. part I: general theory[END_REF]] for the interconnected system (8), ( 9). We first start by providing a few tools and definitions.

Let us define a sequence γ that includes all the sampling sequences σ i = t i k k∈N , i ∈ I M , in chronological order:

γ = {t s } s∈N , with t 0 = 0 and t s+1 = min i∈I M , k∈N t i k : t i k > t s , ∀s ∈ N. (12) 
For any i ∈ I M and s ∈ N, let us also define the coefficient

k i,s = max k ∈ N : t i k ≤ t s , (13) 
which represents the index of the last sample sent to the controller before the time t s , by sensor i. Intuitively, the time t i k i,s , for i ∈ I M and s ∈ N represents the last time before t s that sensor i sent a measure to the controller.

It is important to remark that for all s ∈ N, t s+1t s ∈ (0, h min ], where h min = min i∈I M {h i } .

In order to give a better understanding of the notations that were just introduced, we show in Figure 3 an example of construction of a sequence γ in the case of a system with 2 sensors. The value of the scalars k i,s obtained from these sequences are shown in table 1.

Before giving the main results, we recall the following stability definition: Definition 2 (GUAS). The equilibrium point X = 0 of system (1), ( 2), (3), ( 4) is globally uniformly asymptotically stable (GUAS) if there exists a class K L function β (., .), such that

t 0 t 1 t 2 t 3 t 4 t 5 t 6 t 7 t 1 1 t 1 0 t 2 0 t 2 1 t 2 2 t 2 3 t 1 2 t 1 3 t 1 4 • • • • • • • • • Sequence σ 1 Sequence γ
Sequence σ 2 Fig. 3 An example of sampling sequences with 2 sensors

s = 0 s = 1 s = 2 s = 3 s = 4 s = 5 s = 6 s = 7 • • • i = 1 (sensor 1) 0 1 1 1 2 2 3 4 • • • i = 2 (sensor 2) 0 0 1 2 2 3 3 3 • • • Table 1 Value of the coefficients k i,s in the example |X(t)| ≤ β (|X(t 0 )| ,t -t 0 ), ∀t ≥ t 0 , ∀X(t 0 ) ∈ R n . ( 14 
)
Theorem 2. Consider the sampled-data system (1), ( 2), ( 3), ( 4) and the equivalent representation (8), ( 9). Consider the definition of e i (t) in (6). Assume that:

1. There exist M continuous functions S i (y i , e i ) which satisfy the integral property

t t i k S i (y i (θ ), e i (θ ))dθ ≤ 0, ∀t ∈ t i k ,t i k+1 , k ∈ N, i ∈ I M . ( 15 
)
2. There exist a differentiable positive define function V : R n → R and class K functions β 1 and β 2 verifying

β 1 (|X|) ≤ V (X) ≤ β 2 (|X|), ∀X ∈ R n . ( 16 
)
3. There exists a scalar α > 0 such that

V (X(t)) + αV (X(t)) ≤ M ∑ i=1 e -ατ i (t) S i (y i (t), e i (t)),
∀t ∈ [t s ,t s+1 ) , ∀s ∈ N, with τ i (t) = t -t i k i,s , where k i,s is defined in ( 13).

(

) 17 
Then the equilibrium point X=0 of the system (1),( 2),(3),( 4) is GUAS.

Proof. Consider s ∈ N and t ∈ [t s ,t s+1 ). From (17), we have

e αt V (X(t)) + αV (X(t) ≤ M ∑ i=1 e αt i k i,s S i (y i (t), e i (t)).
By integrating this equation on the interval [t s ,t], we get

e αt V (X(t)) -e αt s V (X(t s )) ≤ M ∑ i=1 e αt i k i,s t t s S i (y i (θ ), e i (θ ))dθ , which leads to V (X(t)) ≤ e -α(t-t s ) V (X(t s )) + e -αt M ∑ i=1 e αt i k i,s t t s S i (y i (θ ), e i (θ ))dθ . (18) 
Therefore, we can see that for any s ∈ N, we have 18) by its expression (19) leads to

V (X(t s+1 )) ≤ e -α(t s+1 -t s ) V (X(t s )) + e -αt s+1 M ∑ i=1 e αt i k i,s t s+1 t s S i (y i (θ ), e i (θ ))dθ . (19) Replacing V (X(t s )) in (
V (X(t)) ≤ e -α(t-t s ) e -α(t s -t s-1 ) V (X(t s-1 )) +e -αt s M ∑ i=1 e αt i k i,s-1 t s t s-1 S i (y i (θ ), e i (θ ))dθ +e -αt M ∑ i=1 e αt i k i,s t t s S i (y i (θ ), e i (θ ))dθ , and thus V (X(t)) ≤ e -α(t-t s-1 ) V (X(t s-1 )) + e -αt M ∑ i=1 e αt i k i,s-1 t s t s-1 S i (y i (θ ), e i (θ ))dθ +e αt i k i,s t t s S i (y i (θ ), e i (θ ))dθ .
(20) Then, by recursivity, replacing V (X(t s-1 )) in ( 20) by its expression ( 19) and so on, we can show that

V (X(t)) ≤ e -α(t-t 0 ) V (X(t 0 )) + e -αt M ∑ i=1 s ∑ j=1 e αt i k i, j-1 t j t j-1 S i (y i (θ ), e i (θ ))dθ +e αt i k i,s t t s S i (y i (θ ), e i (θ ))dθ .
(21) Let us now consider some k ∈ N and i ∈ I M . By construction, there exist positive integers s 1 and s 2 , with s 1 < s 2 , such that t i k = t s 1 and t i k+1 = t s 2 . From the definition of elements t s and k i,s in ( 12) and ( 13) respectively (see also Figure 3 and Table 1 for an example), one can see that for any s ∈ {s 1 ,

s 1 + 1, • • • , s 2 -1}, k i, s = k, and thus t i k i, s = t i k .
Therefore, using this property, we can rewrite (21) as

V (X(t)) ≤ e -α(t-t 0 ) V (X(t 0 )) + e -αt M ∑ i=1 k i,s -1 ∑ k=0 e αt i k t i k+1 t i k S i (y i (θ ), e i (θ ))dθ +e αt i k i,s t t i k i,s
S i (y i (θ ), e i (θ ))dθ .

(22) Then, using assumption (15), one can see that all the integral terms are negative, and thus one gets V (X(t)) ≤ e -α(t-t 0 ) V (X(t 0 )).

Finally, assumption (16) leads to

|X(t)| ≤ β -1 1 (V (X(t 0 ))e -α(t-t 0 ) ), ≤ β -1 1 (β 2 (|X(t 0 )|)e -α(t-t 0 ) ), := β (|X(t 0 )|,t -t 0 ), ∀t > t 0 , (24) 
which concludes the proof. ⊓ ⊔ Theorem 2 is based on the existence of M functions S i , i ∈ I M , satisfying assumption (15). In the following, we show that such functions exist. First we start by providing a technical lemma.

Lemma 2. Consider the set of operators ∆ i defined in (7) for any z i ∈ L n i 2e and t ∈ t i k ,t i k+1 , k ∈ N. We have the following inequality

t t i k (∆ i z i )(ρ) T (∆ i z i )(ρ) -h 2 i z T i (ρ)z i (ρ)dρ ≤ 0. ( 25 
)
It follows that the M functions S i such that S i (y i (θ ), e i (θ )) = e T i (θ )e i (θ )h 2 i y T i (θ )y i (θ ), with e i = ∆ i y i , as defined in (7), satisfy the assumption (15).

Proof. Using the same steps as in the proof of Lemma 1, we can show that

(∆ i z i ) T (ρ)(∆ i z i )(ρ) ≤ h i ρ t i k z T i (θ )z i (θ )dθ , ∀ρ ∈ [t i k ,t i k+1 ], k ∈ N.
Therefore we have, for all t ∈ [t i k ,t i k+1 ] and k ∈ N,

t t i k (∆ i z i ) T (ρ)(∆ i z i )(ρ)dρ ≤ t t i k h i ρ t i k z T i (θ )z i (θ )dθ dρ, ≤ h i t t i k t t i k z T i (θ )z i (θ )dθ dρ, = h i (t -t i k ) t t i k z T i (θ )z i (θ )dθ , ≤ h 2 i t t i k z T i (θ )z i (θ )dθ ,
which ends the proof. ⊓ ⊔ Lemma 2 proves the existence of functions S i satisfying condition (15) in Theorem 2. In the following, we show the existence of a more general, parameterdependent, class of functions S i satisfying that condition. The idea is to use a scaling matrix R i that gives an additionnal degree of liberty in the choice of the S i functions. This will be useful later to reduce the conservatism of the stability conditions.

Lemma 3. Consider the set of operators ∆ i in (7), ( 9). Then for any z i ∈ L n i 2e , 0 < R T i = R i ∈ R m×m we have the following inequality

N (t) = t t i k (∆ i z i ) T (ρ)R i (∆ i z i )(ρ) -h 2 i z T i (ρ)R i z i (ρ) dρ ≤ 0, ∀t ∈ [t i k ,t i k+1 ), k ∈ N. (26) It follows that the M functions S i such that S i (y i (θ ), e i (θ )) = e T i (θ )R i e i (θ ) -h 2 i y T i (θ )R i y i (θ ),
with e i = ∆ i y i , as defined in (7), satisfy the assumption (15).

Proof. First of all, we note that since R T i = R i > 0, then there exists

U i ∈ R n×n such that R i = U T i U i . Therefore, for any t ∈ [t i k ,t i k+1 ), k ∈ N we have N (t) = t t i k (U i (∆ i z i )(ρ)) T (U i (∆ i z i )(ρ)) -h 2 i (U i y i (ρ)) T (U i y i (ρ)) dρ.
From ( 7) we can see that

U i (∆ i z i ) = ∆ i (U i z i ).
Then

N (t) = t t i k (∆ i (U i z i )(ρ)) T (∆ i (U i z i )(ρ)) -h 2 i (U i y i (ρ)) T (U i y i (ρ)) dρ.
Therefore, we can write

N (t) = t t i k (∆ i ψ i (ρ)) T (∆ i ψ i (ρ)) -h 2 i ψ T i (ρ)ψ i (ρ) dρ,
with ψ i (ρ) = U i z i (ρ), which can be seen to be negative from Lemma 2. ⊓ ⊔

We have now shown that the S i functions satisfying the assumption (15) exist. The next step consists on showing that we can obtain a function V which satisfies conditions ( 16) and ( 17), based on the S i functions in Lemma 3. Remark 2. The S i functions presented in Lemmas 2 and 3 were inspired by the ones proposed in [START_REF] Omran | Stability analysis of bilinear systems under aperiodic sampled-data control[END_REF]], where it was studied the stability of bilinear systems with aperiodic sampling and a single sensor measuring the whole state.

Numerical criteria

The goal of this section is to provide tractable LMI conditions that guarantee the stability conditions of Theorem 2, using Lemma 3. The main result is as follows.

Theorem 3. If there exist symmetric positive definite matrices R i ∈ R n i ×n i (i ∈ I M ), P ∈ R n×n , and a scalar α > 0 such that the LMIs

A T cl P + PA cl + αP + A T cl L(λ )A cl PB cl + A T cl L(λ )B cl * -R(λ ) + B T cl L(λ )B cl ≤ 0 (27) are satisfied for all λ = λ 1 , • • • , λ M T ∈ {0, 1} M , with R(λ ) = diag(e -αh 1 λ 1 R 1 , • • • , e -αh M λ M R M ), and 
L(λ ) = diag(e -αh 1 λ 1 h 2 1 R 1 , • • • , e -αh M λ M h 2 M R M )
, then the equilibrium X=0 of system (1), ( 2), ( 3), ( 4) is GUAS.

Proof. The goal is to provide sufficient conditions for the existence of functions V and S i that satisfy the conditions of Theorem 2. Consider a quadratic function V (X(t)) = X T (t)PX(t) and the representation of the system in (8) where

Y (t) = A cl X(t) + B cl E(t).
Multiplying the LMIs ( 27) by X T (t), E T (t) on the left and by its transpose on the right implies that

2X T (t)P(A cl X(t) + B cl E(t)) + αX T (t)PX(t) ≤ E T (t) R(λ )E(t) -Y T (t) L(λ )Y (t), ∀λ ∈ {0, 1} M . (28) 
Let us now define

R(t) = diag(e -ατ 1 (t) R 1 , • • • , e -ατ M (t) R M ), and 
L(t) = diag(e -ατ 1 (t) h 2 1 R 1 , • • • , e -ατ M (t) h 2 M R M ). Taking into account the fact that for any t ∈ [t s ,t s+1 ), s ∈ N, one has τ i (t) = t -t i k i,s ∈ [0, h i ) for all i ∈ I M , it is clear that L(t) ∈ conv{ L(λ ) : λ ∈ {0, 1} M } and R(t) ∈ conv{ R(λ ) : λ ∈ {0, 1} M }. Then, since (28) is satisfied, by convexity we obtain 2X T (t)P(A cl X(t) + B cl E(t)) + αX T (t)PX(t) ≤ E T (t) R(t)E(t) -Y T (t) L(t)Y (t), ∀t ∈ [t s ,t s+1 ), s ∈ N. (29) 
This leads to

2X T (t)P(A cl X(t) + B cl E(t)) + αX T (t)PX(t) ≤ M ∑ i=1 e -ατ i (t) (e T i (t)R i e i (t) -h 2 i y T i (t)R i y i (t)), (30) 
which is equivalent to

V (X(t)) + αV (X(t)) ≤ M ∑ i=1 e -ατ i (t) S i (y i (t), e i (t)), ∀t ∈ [t s ,t s+1 ) , s ∈ N, (31) 
with the functions S i defined in Lemma 3 that satisfy (15). Therefore, assumption (17) in Theorem 2 is satisfied. Furthermore, we can show that using Lemma 4.3 in [START_REF] Khalil | Nonlinear systems, 3rd edition[END_REF]] for a quadratic function V (X(t)) = X T (t)PX(t), assumption ( 16) is satisfied with funtions β 1 and β 2 defined such that β 1 (|X|) = λ min (P)|X| 2 and β 2 (|X|) = λ max (P)|X| 2 .

Therefore, we can see that the quadratic function V , and the S i functions in Lemma 3 satisfy all the conditions of Theorem 2, if the LMIs in ( 27) are feasible, which ends the proof. ⊓ ⊔ Remark 3. Theorem 3 provides tractable LMI conditions for LTI systems with distributed, asynchronous sensors. Unlike the result obtained in the previous section, in Theorem 1, which depends on the overall upper-bound h max = max i∈I M {h i }, the conditions of Theorem depend explicitely on each sensor's sampling upper-bound h i , i ∈ I M .

Validation of the results on an inverted pendulum benchmark

In this section, we show some experimentations performed on an inverted pendulum benchmark, using the results from the previous sections. The system is obviously nonlinear, so we will use for analysis a linearisation of the model around its unstable equilibrium point (upper position).

Benchmark description

The inverted pendulum (see Figure 4), consists of a cart which is driven by a linear motor and a pendulum. The pendulum is fixed and left free on the cart. The system also consists of two sensors: the first one measures the linear position of the cart where the second one measures the angular position of the pendulum. An estimation of the linear and angular velocity is calculated using a filtered derivative. The communication between the system and the calculator (computer) is assured by a Dspace card. The control task is performed using SIMULINK and the ControlDesk software, which can allow us to see in real time the informations coming from the sensors and also to send commands to the linear motor. 

Dynamic model

The Lagrangian of the system is represented by the following equation

L = 1 2 Mv 2 1 + 1 2 mv 2 2 -mgl cosθ , (32) 
where θ stands for the angular displacement measured from the equilibrium position. M and m represent the mass of the cart and and the point mass respectively. v 1 and v 2 are respectively the velocity of the cart and the velocity of the point mass m. l is the length of the rod, and g is the gravitational constant. After replacing v 1 and v 2 by their expression, and simplifying the result, the Lagrangian is given by

L = 1 2 (M + m) ẋ2 -ml ẋ θ cos θ + 1 2 ml 2 θ 2 -mgl cosθ , (33) 
where x denotes the cart's position. Using the equation of Euler-Lagrange, one can easily calculate the equations of motion of the system (M + m) ẍml sin θ θ 2 + ml cosθ θ = N, ml 2 θ + ml cosθ ẍ -mgl sin θ = 0,

where N = αU is the force exercised on the cart. The matrix representation of these equations is

    ẋ ẍ θ θ     =         ẋ (-mgl cos θ + ml 2 θ 2 ) sin θ l(M + m sin 2 θ ) θ ((M + m)g -ml cosθ θ 2 ) sin θ l(M + m sin 2 θ )         +         0 l l(M + m sin 2 θ ) 0 -cos θ l(M + m sin 2 θ )         N. ( 35 
)
We will consider the linearisation of (35) at the upper position:

    ẋ ẍ θ θ     =       0 1 0 0 0 0 -mg M 0 0 0 0 1 0 0 (m + M)g Ml 0           x ẋ θ θ     +       0 α M 0 -α Ml       U. ( 36 
)
The parameters describing the linear model ( 36) are given in Table 2. 

Theoretical results

In the following, we consider a feedback control gain (4) F = 5.825 5.883 24.94 5.140 , which was obtained using a placement of the poles {-100, -2 + 2i, -2 -2i, -2}. We consider the case of M = 2 sensors, one measuring x 1 = x ẋ T , and one measuring x 2 = θ θ T . Using the result from the small gain approach (Theorem 1), we can show that the interconnected system (10) is L 2 -stable if h max = max i∈I M {h i } < 1 G ∞ = 1.3ms. Note that although this approach allows to design an admissible upper-bound h max for the sampling intervals, it does not make it possible to take into account the difference in the upper-bounds of the two sensors (h 1 and h 2 ) in the analysis.

Using the the LMI result from the dissipativity based approach (Theorem 3), it is possible to design admissible upper-bounds on the sampling intervals for each sensor. The obtained stability domain is shown in Figure 5.

On top of allowing the design of each sensor's admissible sampling interval upper-bound separately, this approach seems to be much less conservative than the previous one. 

Experimental results

In this section, we present the experimentations performed using our benchmark. The results have been obtained using randomly varying sampling intervals with upper-bounds h 1 = 7ms and h 2 = 5ms (see Figure 6 to see the profile of the sampling intervals). Note that these upper-bounds are within the stability domain obtained with the dissipativity approach, which is presented in Figure 5.

The evolution of the position x and angular position θ is presented in Figure 7, where large perturbations have been introduced at t = 3.1s, t = 16.4s, and t = 25.9s, by acting on the pendulum manually. One can see that the pendulum stabilizes even in the presence of sampling intervals variations and asynchronicity of both sensors. The absence of oscillating patterns can be explained by the presence of dry friction. This chapter was dedicated to the stability analysis of LTI sampled-data systems with asynchronous sensors and aperiodic sampling. The study is based on tools from the robust control theory, and on a modelling of the system as an input/output interconnection between an operator, representing the sampling error, and a continuoustime (i.e. sampling-free) closed-loop system. Two approaches have been presented. The first one is based on the small gain theorem, and provides a tractable estimation of the overall (with respect to all the sensors) maximum allowable sampling period. The second approach is based on the dissipativity theory. It provides simple numerical stability criterion using LMIs. An advantage of that approach compared to the previous one is that it allows for computing an estimation of the maximum allowable sampling for each and every sensor of the system. Experimentations have been performed on an inverted pendulum benchmark, and confirm the applicability of both approaches. The results seem to indicate that the dissipativity based approach is less conservative than small gain based one. In further studies, it would be interesting to consider additional phenomena in one study, such as delays or quantization.
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 7 Fig. 7 Evolution of the position x (top) and the angular position θ (bottom) of the inverted pendulum suject to perturbations for h 1 = 7ms and h 2 = 5ms

Table 2

 2 Inverted pendulum benchmark parameters

	Parameters Values	Characteristics
	M	3.9249 Kg	mass of the cart
	m	0.2047 Kg mass of the m point
	l	0.2302 m	length of the rod
	g	9.81 N/kg gravitational constant
	α	25.3 N/V	motor's gain