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MATHEMATICAL ANALYSIS OF CARDIAC ELECTROMECHANICS WITH
PHYSIOLOGICAL IONIC MODEL

MOSTAFA BENDAHMANE!, FATIMA MROUE?3, MAZEN SAAD2, AND RAAFAT TALHOUK3

ABSTRACT. This paper is concerned with the mathematical analysis of a coupled elliptic-parabolic
system modeling the interaction between the propagation of electric potential coupled with gen-
eral physiological ionic models and subsequent deformation of the cardiac tissue. A prototype
system belonging to this class is provided by the electromechanical bidomain model, which is
frequently used to study and simulate electrophysiological waves in cardiac tissue. The coupling
between muscle contraction, biochemical reactions and electric activity is introduced with a
so-called active strain decomposition framework, where the material gradient of deformation is
split into an active (electrophysiology-dependent) part and an elastic (passive) one. We prove
existence of weak solutions to the underlying coupled electromechanical bidomain model under
the assumption of linearized elastic behavior and a truncation of the updated nonlinear diffu-
sivities. The proof of the existence result, which constitutes the main thrust of this paper, is
proved by means of a non-degenerate approximation system, the Faedo-Galerkin method, and
the compactness method.

1. INTRODUCTION

The heart is the muscular organ that contracts to pump blood throughout the body. Failure
in its contraction leads to sudden cardiac death which is classified as the main cause of mortality
in the world. The contraction of the heart is initiated by an electrical signal called action poten-
tial starting in the sinoatrial node. The electrical signal then travels through the atria and the
ventricles. When the cardiac myocytes are electrically stimulated, the electrical potential inside
the cell changes: they depolarize. This fast depolarization allows the transmission of the electrical
signal through gap junctions and lateral junctions to the neighboring cells and their subsequent
contraction.

The goal of the present paper is to investigate the existence of solutions of a model describing
the interaction between the propagation of the action potential through the cardiac tissue and the
subsequent elastic mechanical response. The propagation of the electrical signal is described at
the macroscale by the bidomain model which is the most complete model used in numerical simu-
lations of the electrical activity of the heart [I]. It represents the averaged intra- and extracellular
potentials by a reaction-diffusion system of degenerate parabolic type. Its equations are derived
from the conservation of fluxes between the intra- and extracellular media separated by the cellular
membrane that acts as a capacitor. The conductivities in these two media reflect their anisotropic
properties. They are of different magnitude and they depend on the orientation of the cardiac
fibers. The equations of the bidomain model are coupled with phenomenological or physiological
ionic models. The bidomain system was proposed fourty years ago [I] and was extensively studied
from a well-posedness point of view in the last decade. A variational approach was first introduced
by Savaré and Franzone [2]. Later analyses took different directions: Bendahmane and Karlsen
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CARDIAC ELECTROMECHANICS WITH PHYSIOLOGICAL IONIC MODEL 2

used nondegenerate approximation systems to which they applied the Faedo-Galerkin scheme [3],
Bourgault et al. introduced a “Bidomain” operator and used a semigroup approach [4], Matano
and Mori derived global classical solutions [5] and Veneroni proved the existence and uniqueness
of a strong solution with more involved ionic models using a fixed point approach with strong
assumptions on the initial data [6].

Still at the macroscopic level, cardiac deformation can be modeled by the equations of motion
for a hyperelastic material, written in the reference configuration. However, like any living tissue,
there is a difficulty in applying the principles of force balance to cardiac tissue due to its ability to
actively deform. In other words, its contraction is influenced by intrinsic mechanisms taking place
at the microscopic level. This ability is taken into account in the literature following different
approaches. One common option is to assume that stresses are additively decomposed into active
and passive parts and it is called the active stress formulation (7, [8, @ [10, 11])). In this paper,
we follow the active strain formulation, [I2] [13], where the deformation gradient is factorized into
active and passive factors, and fiber contraction rewrites in the mechanical balance of forces as
a prescribed active deformation. Furthermore, this decomposition incorporates the micro-level
information on fiber contraction and fiber directions in the kinematics [I4]. These mechanisms
essentially translate into a dependence of the strain energy function on auxiliary internal state
variables, which represent the level of mechanical tissue activation passed across scales [15]. For
comparisons between the two approaches in terms of numerical implementation, constitutive is-
sues, and stability, we refer the reader to [16] [I7].

Mathematical analysis of general nonlinear elasticity can be found in [I8] [I9], whereas applica-
tions of those theories to the particular case of hyperelastic materials and cardiac mechanics are
available in [9] 20, 21], 17, 22], 23]. Despite the large availability of references related to numerical
methods and models for cardiac electromechanics (e.g [7, [8 10, 24] [TT]), there are open questions
in their mathematical validity. To our knowledge, some existence results have been established by
Pathmanatan et al. [25] 26] and Andreianov et al. [27]. Pathmanatan et al. analyzed a general
model involving the active stress formulation where the activation depends on local stretch rate
and derived constraints on the initial data. Andreianov et al. also assumed linearized elasticity
equations but they adopted the active strain formulation and employed the bidomain model cou-
pled with FitzHugh-Nagumo ionic model. This is the setting we employ in the present work, but
we use a general physiological ionic model which kinetics overlap with Beeler-Reuter model [28] or
Luo-Rudy model [29]. The electrical to mechanical coupling is obtained by considering that the
active part of deformation incorporates the effect of calcium dynamics. We also consider that the
evolution of electrical potential, governed by the bidomain equations, depends on the displacement
which enters into the equations upon a change of coordinates from Eulerian to Lagrangian.
Putting our contributions into perspective, we first note that up to the author’s knowledge, exis-
tence of solution of an electromechanical model coupled with physiological ionic model has never
been rigourously mathematically anaylzed. Moreover our paper admits a rigorous mathematical
treatment, yielding the existence of weak solutions of our model. We point out that our model is
degenerate, strongly nonlinear and so no maximum principle applies. We want to mention that
we have not been able to prove uniqueness of weak solutions because of the presence of nonlinear
lower-order terms in our model. Furthermore, comparing to the work [6] (where the author proves
the existence of strong solutions without mechanics), here we give a different and constructive
proof of the existence of weak solutions to the electromechanical bidomain model. Moreover, in
comparison to the phenomenological ionic model used in [27], the physiological model considered
herein contains a concentration variable z that appears as argument of a logarithm both in the
dynamics of the concentration and in the ionic currents, and therefore it is necessary to bound z
far from zero.

In the present work, we prove the existence of weak solutions to the coupled electromechanical
problem by introducing non-degenerate approximation systems including an “artificial compress-
ibility” condition. We prove existence of solutions to those approximation systems (for each fixed
e > 0) by applying the Faedo-Galerkin method, deriving a priori estimates, and then passing to
the limit in the approximate solutions using compactness arguments. Having proved existence for
the approximation systems, the goal is to send the regularization parameter ¢ to zero in sequences
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of such solutions to fabricate weak solutions of the original systems. Again convergence is achieved
by a priori estimates and compactness arguments. On the technical side, we point out that the
passage to the limit in the pressure term is not straightforward due to the artificial compressibility
assumption along with the use of “Navier-type” boundary conditions.

The contents of this paper are organized as follows. Section [2] describes the cardiac electrome-
chanical model we adopt, presenting the equations of passive nonlinear mechanics, the bidomain
system, and the active-strain-based coupling strategy. We also list the basic assumptions of the
model and provide a definition of weak solution. In Section [3| we state and prove the solvability
of the continuous problem employing Faedo-Galerkin approximations and compactness theory to
obtain the existence of solution of a regularized problem in the first place. Then the existence of
weak solutions for the original problem is given in Section [4] by using (one more time) a priori
estimates and compactness arguments. In Section [5] we close our contribution with some remarks
and discussion of future directions.

2. GOVERNING EQUATIONS FOR THE ELECTROMECHANICAL COUPLING

2.1. A general nonlinear elasticity problem. From the mechanical view point, we consider
the heart as a homogeneous continuous material occupying in the initial undeformed configuration
a bounded domain Qr C R? (d = 3) with Lipschitz continuous boundary 9Qz. Its deformation
is described by the equations of motion written in the reference configuration 2. The current
configuration is the deformed configuration denoted by 2. We look for the deformation field
¢ : Qr — R? that maps a material particle occupying initially the position X to its current
position € = ¢(X). We denote by F := Vx ¢, the deformation gradient tensor where Vi is the
gradient operator with respect to the material coordinates X, noting that det(F) > 0.

The cardiac tissue is also assumed to be a hyperelastic incompressible material. In other words,
there exists a strain stored energy function W = W(X, F), differentiable with respect to F, from
which constitutive relations between strain and stresses are obtained. In addition, the first Piola
stress tensor P, which represents force per unit undeformed surface is given by:

P= %—;‘V — pCof (F),
where Cof (-) is the cofactor matrix, and p is the Lagrange multiplier associated to the incompress-
ibility constraint: det(F) = 1 and interpreted as “ hydrostatic pressure”. The balance equations
in the reference configuration for deformations and pressure read as:

Find ¢, p such that
V-P(F,p)=g inQp,
det(F) =1 in Qg,
completed with the Robin boundary condition
Pn=—-a¢ on 0Qx. (2.2)

These are the steady state equations of motion to describe conservation of linear and angular
momentum where g is a prescribed body force, n stands for the unit outward normal vector to
00g, and a > 0 is a constant parameter. The choice of boundary conditions as is due to
the fact that they can be tuned to mimic the global motion of the cardiac muscle [I5], unlike the
unphysiological boundary treatment typically found in the literature, as using excessively rigid
boundary conditions, or fixing the atrioventricular plane, or leaving the tissue completely free to
move.

Clearly, in order to obtain a precise form of the first equation in , we need a particular
constitutive relation defining WW. We consider herein the case of Neo-Hookean materials, where
W is defined by:

(2.1)

1
W= 5utr[FTF —1,

0
with p being the shear modulus. Hence, 67)]/5‘\; = pF and P = uF — p Cof (F). Although simplified,

such a description of the passive response of the muscle features, so far, a nonlinear strain-stress
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relationship arising from the incompressibility constraint. The forthcoming discussion will also
reveal another form of strain-stress nonlinearity as a result of anisotropy inherited from the active
strain incorporation. More involved models can be found in e.g. Refs. [9] 17 [15].

2.2. The bidomain equations. The electrophysiological aspect of the heart is incorporated in
the model through the widely used bidomain equations [I]. The unknowns are the intracellular (i)
and extracellular (e) electric potentials v; = v;(t, ), ve = ve(t, ) respectively, the transmembrane
potential v = v(¢, &) := v; — v, the gating or recovery variables w = w(t,x) = (w1, -+ ,wy), and
the concentration variable z = z(t, ) = (21, -+, zm) at (t,x) € Qr := (0,T) x Q, where T is the
final time instant. Cardiac electrical conductivity is represented in the global coordinate system
by the orthotropic tensors

Ki(z) = oldy@d; +otd @ dy + ol'd,, @ d,,, k€ {e,i},

where 0§ = o (z) € C*(R®), k € {e,i}, s € {I,t,n}, are the intra- and extracellular conductivities
along, transversal, and normal to the fibers’ direction, respectively. The direction of the fibers
is a local quantity used to determine the principal directions of propagation, thus we have ds =
ds(x), s € {l,t,n}. The externally applied stimulation currents corresponding to the intra- and
extracellular spaces are represented by the functions I! and I¢, respectively.

The bidomain equations are given by:

XCmOv — V - (Kini) + Xfion(v,w, 2) = I’ in Qp,
XemOpv + V - (KeVe) + Xion (v, w, 2) = I in Qr (2.3)

Ow — R(v,w) = in Qr,

Oz — Gv,w,z) = in Qr,

where v = v; — v.. Here ¢, is the capacitance and y is the membrane surface area per unit
volume. For simplicity, we shall suppose that x = 1 and ¢, = 1. Problem is provided with
homogeneous Neumann boundary conditions on the intra- and extracellular potentials. In the
physiological membrane model, the ionic current Io, has the following general form

Tion (v, w, 2) Zd fi(v ] 1w (v—ri 1og<z—j)>.

Herein, d; is the maximal conductance associated with the i'h current, f; is a gating function
depending on the transmembrane potentiel v, n;; is positive integer and E := n; 1og<z—j) is

equilibrium (Nernst) potential (r; is a constant and z, is an extracellular concentration). Moreover,
the dynamics of the gating variable w is described in the Hodgkin-Huxley formalism by a system
of ODEs governed by the following equation

dyw; = a(v)(1 —w;) = B (v)w
for j =1,...,k. The functions o; and ; are positive with the following form

pl,nem’m(v_i) + P3,n(“ — 6)
1+ py perss(v=7)

)

where p1 x, P3.4; P4,1,0 > 0 and p2 x, p5.« > 0 are constants.

The choice of the membrane model to be used is reflected in the functions fjo, (v, w, 2), R(v, w) and
G(v,w, z). For a physiological description of the action potential, we will consider a fairly general
ionic model that corresponds for instance to the dynamics of Luo-Rudy model or Beeler-Reuter
model [29] 28], given as in assumption (A.6) below.

2.3. The active strain model for the coupling of elasticity and bidomain equations.
The electrical to mechanical coupling is done through the “active strain model” [I3] where the
deformation gradient F is factorized into a passive component F, and an active component F,,
F = F,F,. The tensor F,, acts at the tissue level and accounts for both deformation of the material
needed to insure compatibility and possible tension due to external loads. The tensor F, represents
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the distortion that dictates deformation at the fiber level and depends on the electrophysiology
through the relation, [14]:

F,=1+vd®d +vd; @ d; +vpd,, R d,

where 7, s € {l,t,n} are quantities that depend on the electrophysiology equations.

Such a factorization of the deformation tensor F assumes the existence of an intermediate con-
figuration between the reference and the current frames. In that configuration, the strain energy
function depends solely on the deformation at the macroscale F,, [30]:

- H H - -
W=W(F,)=W(EFF,') = 5t]r[Fng -1 = SulF, TFTFF;! 1],
and the Piola stress tensor is given by :
P = uFC, ' — pCof(F)

where C;1 := det(F,)F,;'F; T (see also Refs. [14, 30]).

Further examining the expression of F,, we notice that mechanical activation is mainly influenced
by intracellular calcium release [24] 26] 31], and in particular, the dynamics of local strain follow
closely those of calcium release rather than those from the transmembrane potential, as reported
in Ref. [32]. Using a physiological ionic model, the aforementioned fact suggests that, ideally the
recovery variables w and the concentration variable z approximate the spatio-temporal structure
of calcium. More physiologically-involved activation models require a dependence of 5 not only
on calcium, but also on local stretch, local stretch rate, sliding velocity of crossbridges, and on
other force-length experimental relations [26] 15, B3], but for the sake of simplicity we restrict
ourselves to a phenomenological description of local activation in terms of the gating variables.
The scalar fields ~;, 7+ and -, can be written as functions of a parameter -y:

Yit,n = r)/l,t,n(’y)v (24)

where ;. ¢ R +— [T n,0] are Lipschitz continuous monotone functions. The values I'; .,
should be small enough, in order to ensure that det(F,) stays uniformly far from zero, for v € R.
The scalar field + is the solution of the following ODE associated to the solution (v;, v, w) of the

bidomain system (2.3)):
8757—5(7,11)) =0 in QT,

where S(v,w) = B(E?Zl n;w; — no7y), for positive physiological parameters 3,7, j = 0,1,--- , k
(see Ref. [34]). Moreover, the functions 7, ¢, are assumed to be of the form:

2
Yiim = —L1n— arctan(y® /yg), where g is a reference value.
o

Further details can be found in e.g. Refs. [35] [33].

The mechanical-to-electrical coupling is achieved by a change of variables in the bidomain equations
from the current configuration (Eulerian coordinates) to the reference configuration (Lagrangian
coordinates), which leads to a conduction term depending on the deformation gradient F. Sum-

marizing, the active strain formulation for the electromechanical activity in the heart is written
as follows [30]:

~V- (a(®,7,F,p)) =g  inQg,

det(F) =1 in Qg for ae. t € (0,7),
v+ V- (Me(z,F)Vve) + Lion = IS inQr,
o=V - (M(z,F)Vv;) + Lion = I in Qr,
Vi — Ve =V in Qr,

dw — R(v,w) =0 in Qr,

Oz — Gv,w,2) =0 in Qr,

oy —S(v,w)=0 in Qr,
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where Qr := (0,T) x Qr. Here, according to the above discussion, we should take

a(z,v,F,p) := uFC;* (z,v) — p Cof (F), (2.6)
and
My, (z,F) := (F) 'Ky (z)(F)~7", ke {ie} (2.7)
The system of equations (2.5) has to be completed with suitable initial conditions for v, w,~, z
and with boundary conditions on v; . and on the elastic flux a(,-,-,-).

2.4. Linearizing the elasticity equations. For the sake of simplicity of the mathematical anal-
ysis of the problem, the incompressibility condition det(F) = 1 and the flux in the equilibrium
equation are linearized. To linearize the determinant, we use:

det(F) = det(T) + a(;;t) (D(F — 1) + o(F — I)

= 1+4+tr(F-I)4oF —1I).

But det(F) = 1, so one can use the approximation
tr(F —1I) ~0,

hence, V - ¢ = tr(F) ~ tr(I) = n.

Now, when u denotes the displacement i.e. u = ¢(X)— X, the above condition becomes V-u = 0,
which is the linearized incompressibility condition. We also linearize the flux in with respect
to F using Taylor series’ expansion of Cof(F) about I, given by:

Cof(F) = Cof(I) + aaCF"f(I)(F — 1)+ o(F — 1)

= I+tr(F-DI— (F-I)7 +0o(F —1).

and we obtain

a(z,v,F,p) = pFC; ' (x, ) — pL (2.8)
Introducing the notation o(x,~) for uC;'(x,7), and using the displacement gradient Vu we
rewrite the first equation of (2.5) as

-V (I+Vu)o(z,7)) +Vp =g,
then we reformulate the last equation to obtain a Stokes’ like equation of the form:
=V (Vuo(x,7)) + Vp = f(t,z,7)
where

ft,2,7) =V (o(z,7)) + & (2.9)

2.5. The problem to be solved and its weak formulation. For simplicity of notation, we
will use Q and Q7 to denote Qi and Q1 respectively in all what follows, unless otherwise specified.
Let us consider the following class of problems:

-V (Vu U(:c,'y)) +Vp=f(t,z,v), inQ,forae. te(0,7), (2.10)

V-u=0 in Q, for a.e. t € (0,7, (2.11)

O —V - (Ml(ac, Vu)Vvi) + Lion(v,w, 2) = T'(t, x) in Qr, (2.12)
O+ V- (M(z, Vu)Vue) + Jion (v, w, 2) = IS(t, ) in Qr, (2.13)
V=0 — Ve in Qp, (2.14)

ow =R(v,w,z) in Qrp, (2.15)

Oz = G(v,w,z) in Qr, (2.16)

Oy = S(v, w) in Qr. (2.17)

Equations ([2.10),(2.12)),(2.13) are complemented with the boundary data (including the lineariza-
tion of (2.2)):

Vuo(x,y)n —pn = —au on 09, for a.e. t € (0,T) (2.18)
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for some o > 0 and

(Mg (2, Vu)Vug) -n=0 on (0,T) x 00, k=1i,e (2.19)

(different boundary conditions can be imposed on v; ; the choice of Neumann conditions (2.19))
results in the compatibility constraint (2.31)) below). The initial data are:

U(O7 ) = o, ’U)(O, ) = Wy, ,Z(O, ) = 0, 7(05 ) =0 in Q. (220)

For simplicity we take m = 1 in the concentration variable z. The following properties of the
model (2.10)—(2.17) and (2.18))—(2.20) are instrumental for the subsequent analysis:

(A.1)

(a(az, 7)) - is a family of symmetric tensors, uniformly bounded and positive defi-
zeld,ye
nite:

1
Je>0: forae 1€Q VyeR VM € Mayxz —|M[? < (o(x,7)M) : M < c[M}?;
c

) the function o(-,-) is in C1(Q x R);

(Mm(a:, M)) is a family of symmetric matrices, uniformly bounded and pos-
zeQ,MeM;3x3

itive definite:

1
Je>0: forae z€Q, VM € Msyz V¢ € R E|§\2 < (M e(x, M)E) - € < cl¢]?;

) the maps M — M, (-, M) are uniformly Lipschitz continuous;

) the function S is given by S(y,w) = 5(2511 njw; — no7), for positive physiological pa-

rameters 8,n;, 7 =0,1,--- , k;

the functions R, G and Iio, are given by the kinetics of a general physiological ionic model
and it can be verified that the assumptions, stated below, are satisfied by several gating
and ionic concentration variables in Beeler-Reuter or Luo-Rudy ionic models. We assume
that the function R(v,w) = (Ry(v,w1), ..., Rg(v,wy)) where R; : R? — R are locally
Lipschitz continuous functions defined by

Rj(v,w) = aj(v)(1 = wj) = B(v)w;

where «; and 35, j = 1,--- ,k are positive rational functions of exponentials in v such
that:
0 < a;(v), B (v) < Cap(l+ |v]),
do dg; (2.21)
% and ﬁ are uniformly bounded,
dv dv

for some constant C, g > 0. The function oy : R x R* x (0,+00) — R has the general
form:

k
Lion(v,w, 2) = Zlﬂm(v, w;) + I, (v,w, z,1In 2) (2.22)
j=1
where I € C°(R x R¥) and satisfies the condition:
|1 (0,w5)] < Cur(1+ g | + [, (2.23)
and IZ  is such that:
Iz, € CY(R x R* x RT x R),
IE (v,w,z,Inz) < Cy(1+|v] +|w| +|2| +Inz), (2.24)
k
IZ (v,w,z,Inz) > Cs g Z(M +w; +w;Inz), (2.25)
j=1
o . -
0 < O(w) < 12, (0,0, ,C) < Ow), (2.26)

ac ion
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O fn(v0,2,.0 < D) (227)
0 .
8 1Ong6'41(1—|—|v|—l—\lmz\), Vi=1,---,k, (2.28)
8
0< - 92 10n = 05 I (229)

where ©, O, L belong to C°(R,R*) and Ch,1,...,Cs 1 are positive constants. Finally the
function G is given by:

Gv,w,z) = ai(ag — z) —azl (v, w, z,1n 2), (2.30)

where a1, as, az are positive physiological constants that vary from one ion to another. In
our case, we only consider z to correspond to the intracellular calcium concentration.

(A.7) The following condition holds

/ Il = / I? and / ve(x,t)de =0 for a.e. t € (0,T). (2.31)
Q Q Q

(A.8) The data vg,wo, Y0, 20 lie in H(Q) with 29 > ¢y > 0 (cg is a positive constant) whereas
g € L2(Q7)? (recall definition (2.9)), and I>¢ € L?(Qr).

Note that, in practice, one starts With an undeformed configuration, i.e., with v = 0. Observe also

that the above system (2.5), ([2.1]] Wlth a(-, -, ,') and M, (-, -) given by (2.8)), (2.7) falls within
the framework descrlbed by (2.10)—(2:20) and (A.1)—(A.8). Indeed, it is enough to check that
assumptions (A.1)—(A. are satlsﬁed assumptlons (A.5)—(A.8) are already enforced). Let us

stress that due to assertlon ), properties (A.1),(A.2) hold. Thanks to properties (A.1)—(A.8),
the following weak formulation makes sense.

Definition 2.1. A weak solution of problem (2.10)—(2.20) is U = ('u,p7 vi,ve,v,w,’y,z) such
that:
(i) we L*(0,T; H'(2)%), p € L*(Qr), ,v; € L2(0,T5 H' (Q));
ve € L*(0,T; HY°(Q)) where H'0(Q) := {v. € H'(Q) such that [, v.dx = 0};
ve E:=L%0,T; H(Q)) with v € E' := L?(0,T; (H*(Q))");
v,z € C([0,T); L*(Q)) and w € C([0,T); L2(Q)F);
z(t,z) >0 and 0 < w;(t,x) <1 for a.e. (t,x) € Qp and for j=1,...,k;
(i) For a.e. t € (0,T), for allv € H*(Q)3 there holds:

/(Vuo(:c,’y):Vv—pV~v)d:c:/f-vd:v—/ ou-vds (2.32)
Q Q a0

(in the last integral, w,v are shortcuts for the traces of w,v on 99).
For all g € L?*(Q)

/Qq(V- w)dz = 0. (2.33)

(iii) For a.e. t € (0,T), for all ¢ € HY(Q), p € HY(Q), there holds
(O, &) + /Q (M@, Vu) Vi - V€ + Tion (v, w, 2)€) = /Q Iie, (2.34)
@)~ [ (Mo, V)V Tyt ol 2)0) = [ T (2.35)

with v = v; — ve a.e. in Qp and v(0,) = vy a.e. in Q.
(iv) For a.e. t € (0,T) the equations (2.15),[2.17),(2.16) are fulfilled in L*(2), and w(0,-) =
wo, ¥(0,+) =70, 2(0,:) = 29 a.e. in Q.

Our main result in this paper is the following theorem:
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Theorem 2.1. Assume that conditions (A.1)-(A.8) hold. If vy € L*(), wy € HY(Q)*, 7o,
20 € HY(Q), with z9 > co > 0, g € L?>(Qr)3, I5¢ € L?(Q7) then there exists a weak solution

U = (u,p, vi,ve,v,'w,fy,z> to (2.10)—(2.17) with the boundary and initial data specified as in
E18)-E20).

Remark 2.1. In definition the integrals are well defined since the tensors o and M; . are
uniformly bounded and the functions u(t,-), v; o(t,-) are in H*(Q)? and H'(Q) respectively.

We also note that passage to the limit in the pressure term p is not straightforward because it is
not possible to establish an a priori uniform estimate in L?>(Qr) due to the use of the “artificial
compressibility” which utility becomes clearer in the following section.

3. EXISTENCE FOR A REGULARIZED PROBLEM

The proof of existence of solutions is introduced in this section using a Faedo-Galerkin method
in space. A parabolic regularization similar to the one in [3] is used to ensure existence of Faedo-
Galerkin solutions. A priori estimates are obtained on the Faedo-Galerkin solutions followed
by compactness results to secure their convergence towards a weak solution of the regularized
problem.

3.1. Faedo-Galerkin approximations for the regularized problem. We use classical Hilbert
bases orthonormal in L?(€2) and orthogonal in H'(Q2) , denoted by (1),);en and (w;);en such that
span (v, )ien is dense in L?(Q)% and H'(Q2)3, and span(w;)iey is dense in L2(Q) and H'(Q) (see
for example [36]).

In order to impose the compatibility condition , we let

W = wy w; dx, so that / wdx = 0.
Q

b
9] Jo

We observe that span{y}en is dense in the space HY(Q), given as in Definition Fur-
thermore, we orthonormalize the basis (p);en by the Gram-Schmidt process, and we denote the
new basis by (u)en that is orthonormal in L?(2). For m > 0, we introduce the finite di-
mensional spaces H,,, = span{t, - ,,,} € HY(Q)3, L,, = span(ug,-- , itm) C H*(Q) and
W, = span(wo, - - - ,wn) C HY(Q).

We are looking for a discrete solution w,, = (Ue m, Dems Vms Vioe,ms Ve,e,ms We,ms Ze,m» Ye,m) (for
fixed € > 0) of the system (3.2]) below with

m m m
Uy, = E LYy, Dm = g Di,mWi Vim = E Vi, 1,mWi,
=0 1=0 1=0

m m
Ve,m = § Ve, l,mHl, Um = Uim — Ve,my Tm — E Vi, mWi, (31)
=0 =0
m m
Wj,m = E Wiimw, Vi=1,...,k, Zm = E 21,mWl-
=0 =0

Upon discretization, we obtain a system of ODEs coupled to a system of algebraic equations to
be solved at every time t. Hence, the existence of the discrete solution is not obvious and only
the ODE part of the system satisfies the conditions of Cauchy-Lipschitz’ theorem. So we resort
to a time regularization of the Faedo-Galerkin discretization in the spirit of [3]. We obtain the
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1 following regularized system

d
dt ua m '(/"l /Q(vue,m)o'(xy Va,m) : Vll/’l - pE,mV : wl dx
—|—/ ozuam-l/ﬁlds:/ f-Yide,
o Q
d w +/wV Uem =0
dt pem l 0 l e;m — Uy

d d
%Aﬂs me e / Vi e.mWi +/Q(Mi(w,vus,m)vvi,s,m -V

+ Iion(vs,mv We m, Zs,m)wl) dx = / Igwl d:B,
Q
4 ] (3.2)

_2
dt Jo T S

d
Wj e, mWi = R 'Ue mywjam)wlv
dat Jq
d
- Ze,mWl = G(ve,m7 We,m, Ze,m)wlv
Q Q

/ Ve,e,mMl — / (Me(ma vua,m)vve,e,m -V
Q Q

+[ion(vs,m7ws,mvzs,m),ufl)dm:/[s,ul d:]?,
Q

dt
d
- Ye,mWi = S('Ys,fm ws,m)wh
2 for Il = 0,---,m. Having no initial conditions on the functions u, p, v; and v, in the original

3 problem, we need to supplement our system with initial conditions. We define the functions:

vo = e
v \m

Vo
v = —_ —_ d:&
e,0 + |Q|
4 so that vg = v; 0 — ve and fQ Ve,0dx = 0. We further select ug = 0 and an arbitrary pg. The
5 initial data of the ODE system are then given by

us,m(o) =0, ps,m(o) = Zpo,l,mwlv where Po,im = <p0,wl>L27
1=0
Vie,m(0) = Zvi,o,l,mwu where v; 0.1m = (vi,0,wr) L2,
Ve,em(0) =D V0 miit; where ve,0,1,m = (Ve,05 ) L2
(3.3)
wj757m(0) = ij'7ovl7mwl, where Wj,0,l,m = <U)j)0,wl>L2
Ze,m(0) = Zz()’l,mwl where 2o ;. m = (20, w1) 2
Ye,m(0) = Z%,l,mm where Y0,1,m = (Y0, wi) L2
for j =1,---, k. Using the orthonormality of the bases, we can write (3.2) as a system of ordinary

differential equations in the coefficients:

{{ttm H 0 {Prm Hos (st 20 {0t Hs {01 Hios {0 His {tm Yo }-
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1 To be concise, we detail in the following paragraph how the bidomain equations can be treated to
2 obtain the ODE system. We first note that using v, = v; m — Ve,m, we have:

d d d
% o Vi,e,mWi — % o Ve,e,mWi + 5% /Q Vie,mWi + A(Mz(my vus,m)vvi,e,m - Vw; (34)
+Iion(ve,m7 We m, Ze,m)wl) de = / I;wl dCL',
Q
d

d d
VieomMl — */ Ve,e,mMl — 5%/ Ve,e,mMl — / (Me($7 vua,m)vve,s7m -V (35)
Q Q Q

dt Jq dt

+Iion(va,mawa,myza,m)/fbl)dw:/I:Ml diL’,
Q

3 Replacing v; ¢, and ve o m by their expressions as in (3.1]), we obtain for [ =0,--- ,m:

m m
(1+4+¢) ngmm/ wrwy — Z”/em,m/ prwy + / (M (2, Ve i, ) VUi e m - Vi

r=0 Q r=0 Q Q

+Iion (’Qs,m; We,m, Zs,m)wl) dx = / I;'wl d337
Q

m m
Z’U;}r,m/ Wr by — (1 + 5) Zvé,r,m/ Hor by — / (Me(w7 vue,m)vve,s,m -V
r=0 Q r=0 Q2 2

+Iion(va,mawe,m7za,m)/fbl)dw:/I:Ml diL’,
Q

+ By the L2-orthonormality of the bases, the above equations can be rewritten in the form:
m
(1+ E)Ugmm N Z (/ :“Twl)v:z,r,m =F; <{ul,m}:~n:07 {Virmbreos {Ve,rm o, {Wrm Freoy {Zr,m}T:O)a
r=0 Q2
m
D DAY RUVE R A N (T LR RN LI CHN L (O K E
r=0 Q

where Fj, k = i,e assemble all the terms not containing time derivatives. The latter system is
equivalent to a system written as:
M( U;I;Jn > =)
Ue,m '

(1 +5)Im+1 -A
M = ’
—AT (1+e)Ln41

where

!

. . v,
and A = (a;,) with ;. = / wi . In order to write: ( U}’m ) = M™1b, we need to prove that
Q e,m
the matrix M is invertible. For this sake, we expand it as:

_ Im+1 —-A Im+1 0
M= { —AT I, te 0 ILpgyr |7

It is enough to prove that the matrix N := Im*% - is positive.
—-A Im+1
Let € = ( 2’ ), where & = (&0, ,&m)T € R™ T and & = (€e0, ¢, Eeom)T € R™FL. Then

EINE =616 — €T AL + 06 —ETATE
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So we have

INE = Z [fi,kfi,l/ﬂwkwl2§i,kakl£e,l+£e,k§e,ll)ﬂk#l:|

k,l

D (& kbiawnwr — 26 ke iwritk + Eo ke tititu]
Q%7

/Q(Z Gaw))® =2 G nbeqwipn + (O Cem)?
I ol P
2
/Q [Z §iwi — Zfe,luz] > 0.
1 1

Thus the matrix M is positive definite, hence invertible. Consequently, the whole system ((3.2)
can be written as a system of ordinary differential equations in the form y'(t) = f(¢,y(t)).

To prove existence of a local solution to the obtained ODE system, we note that by virtue of
assumptions (A.1)-(A.8), the functions on the right hand side of the system are Carathéodory
functions bounded by L' functions. According to classical ODE theory, the system admits a local in
time unique solution and the functions defined by are well-defined and constitute approximate
solutions to the regularized system . The global existence of the Faedo-Galerkin solutions is a
consequence of the m—independent a priori estimates on U m, De.m, Ve,m» Vi,e,m» Ve,e,m> We.m,» Ye,m
and 2, that are derived in the next section. For more details, consult [3].

3.2. A priori estimates. To prove global existence of the Faedo-Galerkin solutions we de-
rive m-independent a priori estimates bounding ve m, Viem, Veem, Uems Pe,ms Wjems Ze,m

and e, in various Banach spaces. Given some (absolutely continuous) coefficients a; (%),
clm(t); brim(t), k = i,e, and dff, (t) we form the functions ¥, (t,®) = >, arm ()3 (),

Pm(f, .’13) = Zln;l Cl,m(t)wl(x)a fm(tv ‘T) = Z£1 bi,l,m(t)wl(z)v /Lm(ta 517) = 2;21 be,l,m(t),ufl ('r)a
and wpy, (t,x) == >)%, dff,, (Hwi(x) for  := w,z,7. Tt follows that the Faedo-Galerkin solutions
satisfy the following weak formulations for each fixed t, which will be the starting point for deriving
a series of a priori estimates:

5/ Ote m - Y, +/ ((Vug,m)a(x, Yeom) : VU, — DemV - 1/;m> dx
Q Q
+/ oUg - P, ds = / f Y, de,
oN Q
5/ 8tps,mpm +/ pmV Ue,m = 0,
Q Q
[ vttt = [ Ovicmtn+ [ (Ml Vit Vot Vi
Q Q Q
+ Iion(vs,ma We,m, ZE,m)fm) de = / I;gm d(B,
Q
/ at'Us,m,u/m - 5/ atve,e,rn,ulm - / (Me(ili, vue,m)vve,s,m : v,U/m
Q Q Q
+ Iion(vs,mu We m, Ze,m)ﬂm) dx = / Iselffm dw»
Q
/ Dy wj e mWy, = / Rj(Ve,m, Wje,m ) Wi
Q Q
/atzs,mwfn = / G(Ue,m7ws,m7zs,m)wfna
Q Q

/atve,mwzq:/S(’Y&,mywa,m)wxm
Q Q
(3.6)
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for 5 = 1,--- ,k. To simplify the notation, we perform the derivations in the following three
Lemmata while omitting the subscript €, m. We start first by obtaining estimates on the gating
and concentration variables (we , and z. ) that are needed to prove the uniform bounds. In the
following Lemma, we show that the gating variables w;, j =1,...,k satisfy the universal bounds
0 S w; S 1.

Lemma 3.1. Let w; € C([0,T],L*(2)) and v € H'(0,T, L*(Q)) such that for all w¥, € H'(Q):

[ oyt = [ Rwaype. (3.7)

where R;(v,w;) satisfies assumption (A.6). Assume that 0 < w;o <1 for a.e. in Q, then
0<w,; <1, a.e. in Qr. (3.8)

Proof. We first extend the function R;(v,w;) by continuity (for j =1,...,k):

_ N —ijj if w; > 1,
Rj(v,w]) o { Oéj(l — wj) — ijj if wy S 1 (39)
We Substitute wy, = —w; in and we use (3.9) to deduce
d
%|wj_|2 <0, for j=1,...,k.
Using Gronwall’s inequality, we get w; = 0 and w; > 0, for j = 1,..., k. Similarly, substituting

w? = (w; —1)" in (3.7) and using (3.9), we obtain by using Gronwall’s inequality that w; < 1,

m
for a.e. (t,x) € Qr and for j =1,... k. O
Now we establish some estimates on the concentration variable z that will help us in getting
the uniform bound on v, ,, . The difficulty arises from the presence of a logarithmic term in the
definition of the function G and the ionic current Iiop - So we need to bound z far
from zero. We show in the followmg Lemma that if the concentration variable z is strictly positive
at the initial time ¢ = 0, then it is strictly positive on the interval [0, 7] and it cannot approach 0.

Lemma 3.2. Let z € C([0,T],L*(R2)), v € H'(0,T,L?(2)) and w € C([0,T], L2(Q)*) such that:
Oz = G(v,w, 2), (3.10)
where G(v,w, z) salisfies assumption (A.6) above. Let zy : Q — (0,400) such that:
Zp € LQ(SZ), zp > 0, for a.e. in .
Then for a.e. (t,x) € [0,T] x Q, z > 0.

Proof. For a.e. = € Q fixed, we have z(0,x) = zp > 0 and the map: t — z(¢,z) is in C[0,T].
Assume that at some time ¢, z(¢t, ) = 0 and let t; = inf{¢t € (0,T) : z(¢, ) = 0}. Using and
, we see that G(v,w, z) = 400 as t — t1. So, for a given A > 0 there exists § > 0 such that
G(v,w,z) > Afor all t; —§ < t < t;.Then using equation , one obtains d;z > 0. Hence, z is
strictly increasing over [t — §,t1]. Therefore z(t1,x) > z(t1 — 0, &) > 0 which is a contradiction.

Consequently by diagonalisation and compactness of [0,T], z > 0. O

Lemma 3.3. Under the same assumptions as Lemma[3.3, the concentration variable z satisfies
the following estimates for a.e. € € Q, t € (0,T):

2t @)] < O+ [2o(@)| + [o(@)i200). V€ 0,7, (3.11)

In=(t,2)] < O+ z0(@)] + (8, 2)] + [0(@)] 22(0.) (312
t

[ 10 < (15 ozl + fol? + o). (3.13)
0

t
[ s < o1+ ozl +laof? + ol (3.14)
0
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Proof. In our proof, we follow the idea in [6].

Proof of (B-11):

Fixing « € Q and multiplying equation (3.10]) by z, we get
20z = ay(ag — 2)z — azzIZ,
Next, we use (2.25)) to obtain

(v,w, z,1n z).

k k
1d
% 2(t,)? < ai(az + |2))|z] — &1 ij(zlnz) —c ZZ(M +w;),

Jj=1 J=1

for some constant ¢; > 0. Since —zlnz < 1 for all z>0and 0 <w; <1 ae. in Op, we find

1d k
S22 < anlan + [2Dle] + T+ kel
By Young’s inequality, we have
1d ke 3 kc kc
5o < T (@ + St 1)) + TSt )P+ Tt (e, ),
which can be rewritten as
d 2kc
Z12(t )7 < (Bar +ken)|z(t ) + = + 2103 + keafo(t, )
By the differential form of Gronwall’s inequality, we obtaln.
2kc
12(t,)|? < explkert3ant [|z ()2 + / 25 4 90102 + ket fu(s, )2 ds} vt € [0, 7).

Or equivalently, for positive constants cs, c3 and ¢y ,
t
|2(t, ) > < e [|zo(-)|* + cst + 04/ lu(s,-)[*ds] vt € [0,T].
0
We conclude that there exists a constant c¢5 > 0, dependent on 7" such that

2(t, )] < es(1+ |20()] + 0Ol 22 0.9)  VEE€[0,T]

Proof of (B-12):

In order to prove this estimate, we fix & € 2 and we use definition (2.30]) of the function G in

equation (3.10) to get

d
d—j =ay(ag — z) — a3zl (v,w, z,Inz).
Exploiting (2.24) and the uniform boundedness of w in Lemma we get
d
= > ¢ — crlz] = es(lo] + In2),
for some positive constants cg, c7,cs > 0. By (3.11)), we have
dz
E > ce — Cg(l + |Zo()‘ + ||U||L2(O,t)) — Cg|’U‘ —cglnz, (315)
for some constant cg > 0. After rearrangement of the inequality, we obtain:
dz
csInz > cg — co(1+ |20(-)| + ||V L2¢0,)) — eslv] — e (3.16)

Furthermore, since p is continuous over [0, 7], it is bounded below and there exists a constant

c10 such that:
Inz > cio(1 + |20(-)| + [v(2, )|+||UHL2 ©.)) (3.17)
On the other hand, knowing that In z < z, one has by .

Iz < C(1+ |20()] + ||wHLz<m ) <o+ \zo< )+ ot )] + lollzes)- (318)

Estimate ) follows easily from ) and ( -
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Proof of -
dz
We fix & € 0, we multiply equation (3.10) by — and we use ([2.30) to get
dz dz dz 112 (uw,z,ln z)—1I? (v,w,z,0) dz
dz\? _ 1 { ion ion } — sl 0.
(dt) arlaz = 2) 5 —aslnzgy In > aaLion (0,0, 2,0) 7
Letting
o) = IF (v,w,z,Inz) — IZ (v,w,z,0)
In 2
and observing that
ﬁlnz = i[zlnz -z
a7 dt '
The above equation simplifies to
dz\? d
(d—i) = {al(ag —z)— agflon(v,w,z,O)] d—j —azO(t ) (z Inz— 2).
Therefore
b1 rdzn2? ay(as — z) — a3zl (v, w,z,0)7dz
7d:[ 10“”’}d—1——1 :
/0 @(s)(ds) s /0 o0) IS s—ag(zlnz —z— zplnzp + zp)
Note that by (2:26), the mean value theorem and Lemma [.1} there exist 61, 62 > 0 such that
02 < O(t) < 0. (3.19)

Using zlnz — 2z > —1, (3.19) and (2.24)), we get:

bl 2 I d
/OG(dZ) dsgg/o (a1a2+a1|z|+a30(1+|v|+|z|))’d—z‘ds+a3(1+zolnzo—zo).

(s) \ds
By (3.19)), there holds
¢ t
dz\ 2 1
— piad <
0 (ds) ds < o /0 (alag +aylz] + azC(1 + |v| + |2]) )
Now, by estimate (3.11)) with C' denoted by C” , one gets

t

dz\?2 1 ,
(55) das = o (a1a2+a3c+(a1+a30)0(1+|z0\+||v(w)||m(0,5))
ds 92

‘d ’ds—l—ag(l—i—zolnzo—zo)

01
—|—ag,C’|v| )‘—‘ ds + asz(1+ z0lnzg — 2p).

10
Applying Cauchy’s inequality with ¢ = 59—2 on the integrand of the right hand side of this last

1
inequality, we obtain:

" rdzy\? 0 !
(52) as < 71)/ (12 + a5C + (a1 + a50YC (1 + J20] + [0(@) | 22(0.0)

971 ds 2(92 2
+agC’|v\) ds+E/ ‘d ) ds + az(1+ zpInzg — 2).
Consequently,
1 (" rdz\2 0, t /
. az R 2
291/0 (ds) ds = 2(92)2/0 (102 + a5C + (a1 +asC)C' (1 + |20] + [0(@) [ 12(0,))

2
+a30|v|> ds + a3z(1+ zpInzg — zp).

Finally, one can easily show that there exists ¢;; > 0 depending on 7" such that

tdz\2
/ (7) ds < 611(1 + 20 In 20 — 20| + |20 + ||v(w)||%2(0,t)), vt € (0,7), (3.20)
0

ds

for some constant c¢i17 > 0.
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Proof of (31):
We have by (2.16)) and (2.30)

dz
IZ (v,w,2,1 :7[ - ——]
Zav,w, z,Inz) o a1(ag — z) g
We rewrite it as:
V& 1 —I? 0 1 d
( 10n(v7w’z, nzizlz 10n(v7w’z, >) hlZ = 7&3 |:a1(a2 - Z) - dii| - [iim(U,’l.U,Z,O).

After squaring both sides, we obtain:
a?(ay — z)? n 1 (dz

2
5 7) + If)n(v,w,z,O)Q).

0%(nz)? <3 —
& (Inz2)” < ( a? ai \dt

Then we integrate over (0,t),to get:

t t 2 _ 2 1 2
/ ©%(In 2)2ds < 3/ (M + 7(%) + Ii)n(v,w,z,O)?)ds.
0 0 ¢

2
as as

Therefore, by (3.11)), (3.20) and (2.24) we find

t
/0 (1n 2())%ds < exa (14201020 — 20| + 20 + [0l320.)-

for some constant c19 > 0. O

Using the above estimates on z and w, we shall control the L? norm of Ij,, by the L? norm of
v and this result will be later used to reach a uniform in € and m estimate on v .

Lemma 3.4. Under the same conditions of Lemma there exists a constant C > 0 (dependent
on T') such that
Hion (v, w, 2,1n(2)) 1720,y < CL+ 0] 72(0r))- (3.21)

Proof. By definition (2.22) of Iion, by properties (2.23) and (2.24), and by the uniform bound
obtained on w; , there holds:

k
| Tion (v, w, z,1In(2))|* < C’< Z(l + [v]?) + 14 [v)* + |2]* + | In z|2> (C is a generic constant).
j=1
Using (3.11)) and (3.12)), one obtains
[ Tion (v, w, 2, In(2))* < C(1 + |20f* + [0 + [[v][Z20,4)) (3.22)

Finally, integrate (3.22]) over (0,¢) x Q and use (3.14) along with the condition that z is in L?(£2),
to get (3.21]). O

We recall that in order to establish the passage to the limit as m — oo, we need to bound the
solutions of the discrete regularized problem in various Banach spaces, making use of the preceding
estimates.

Lemma 3.5. There exist constants C1,Co and C3 > 0 independent of € and m such that

[, (Ilvm(t)lle(m + ]; ||ﬁvj,s7m(t)||m(m) <, (3.23)
(Z H'Uj,e,mHL2(O,T;H1(Q)) + HUE,mHLZ(O,T;Hl(Q))) S C2, (324)
Jj=i,e

10 (Ve,m + €Vie.m)ll L2 0,711 ())) + 108 (Ve — EVere.m) L2 (0,71 (2))) < Ca, (3.25)
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Proof.

Proofs of (3:23) and (B:23):

First, we make use of the relation ve , = Vi m — Vee,m. We take &, := U o a0d Ly, 1= —Ve e.m
as test functions in (3.6) to get

AW N R

/ Ui,s,’m,atve,m +e / 7/”/’,,6,771,0157)1',,54” +/ <M,(.’E, vus,m,)vvi,e,m : v”i,s,’m,
Q JQ Q

7
+Iion(vs,7na ws,ma Zs,m,)vi,s,m) d.’I} - / Is/Uv',,e.m, dwa (326)
J O

- / 'U(z,r;‘.fm,atve.m +5/ Uc.s,matve,e.m + / (Mc(wavus,m)vvc,e.m : vve,s,m
JQ JQ JQ
*Iion(va,m: ws.ma Za,m)/Ue,a,m) d:I? - - / I:/Uc,s.,m d:D (327)
JQ

5 Secondly, we add equations (3.26)) and ( - to obtain

/ (Ilon(bs moy wE mo ZE m)’ls m + Z M ’I‘ qu 771)V’U] £, ’rn V/U] £ m)
j=e : (3.28)
/ Ortem? +

Z / |\[8t0k6m = / (Iévi,s,m - IE/UE,E,TYL)'
k i€ Q
6 Then we integrate equation (3.28) on (0, s) for every s < T, to get:

// 1onvamaw5myzamvem+ZM (2, Ve ;) VUj e m - Vv]am)

o6+ L S [ ot

1
+§ "UE m k
s (3.29)

Z/‘\[WOEM //Ivmm Iive cm)

/| 05m|
k i,e
2 i i e
3 [ lnenl 43 [ Wotoen 4 [ [ (Hvem+ 0= 100cm).
k:i,e Q 0 Q

|'UO,57m| ‘f

2 |Q| Q 2
condition (A.3), Young’s and Holder’s inequalities, and in addition estimate on [io, in
Lemma and Poincaré’s inequality with compatibility condition (2.31]), we get

j = 1,e. Using this, the ellipticity

Note that, by construction, |[vjcm| <

1 1 1
- Z ||ij,s,m||iZ(Qs) + *||Us,m(5)|\2L2(Q) +t3 Z H\@vj,&mH%Z(Q)

Jj=ie _7 i,e

< (45 )||v05m||m(m+||f 2@ llvemlizon) + 3 15 le

j=t,e

+§ (| fion (Ve,m» We m, Zs,m)”%ﬁ(ﬂs) + b} ”’UE,mH%Z(QS)

1 .\ 1 ¢ . 1
< (e 3 ) ovemlitag) + I + Sheemlaay + 5 3 1y + 50 I VoeemlEaga)

J=e

C
+§ (1 + ”U&,m||2L2(Qs))+§HU€,WH%2(QS)

1 s s 1

< (e 3 )wol3ay + 5 (1 + TP+ 12 17) 45 Ve m o
C

C C

(5 + 1) [ve,mlI 220,y + 5
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where C' > 0 is the constant of estimate (3.21]). Or equivalently:

||Us7m(5)|\%2(9) + Z ||\@Uj7a,m(t)”%2(9) - Cl3||“s7m||%2(gs)
j=ie (3.30)
2 2 1 2
+E||sz‘,s,m||L2(Qs) + EHVUe,s,m”L?(QS) < cu4,

where c13 = (C + %) and ¢4 > 0 is obtained from the L?-norms of I7 . and vo. This implies

S
Joem(s) ey = 15 | o (®Eaaydt < e,
for some constans c;5,c16 > 0. An application of Gronwall’s inequality yields
HUE.,M(t)Hiz(Q) S 816(1 + Cl5tCClSt), VIL S (O T)

Hence, one obtains

’ 2 .
tlelf(%};] ”vs.,m(t)”L?(sz) < ar,

for some constant c¢;7 > 0. Using this and (3.30]), (3.23]) is proved. Again using (3.30]), we have
for all t € (0,T)

c1s Y IVVjemlliza) + lem®)I72(0) < c1a + crsllvemllF2(q,) = c1o, (3.31)

j=te
for some constants cig,c19 > 0. The last inequality implies the bound on v; ¢y, Ve,cm and ve

in L2(0, 75 H'(2)) (recall that ve ;m = Vi e m—"Ve,e,m). The proof of estimate (3.24) is thus achieved.

Proof of :

In order to prove , we introduce the sequences U; ¢y, = Ve,m + €Vie,m and Ue cm = Ve,m —
EVe.e.m. Indeed, O4U; ¢ m and 0;U, -, are bounded (independent of €) in L2(0,T; (H'(£2))’); this
is easily seen by the following argument:

We let ¢ € L?(0,T; H'()), we take &,, := ¢ in and we exploit assumption (A.3) to get
from and

T T
/ [(0eUs cm» 0) (rr1y a1 | dt =/ |(0tUs,em, ) 2| dt
0 0
T .
= / }7(1\/_[1(%, Vus,m)Vvi,sym, VQD)L2 —+ (*Iion + Iz, SO)L2| dt
0
T .
< / IMi(, Ve 1) Vi el 22|Vl 2 + | = Tion + Lol 2]l 22 | dt
0

< e (Vs e 2@y + Hionllzar) + Iz )12l 2go.rirms oy
< co ||90||L2(0,T;H1(Q)) ’

for some constants cag, 21 > 0. This implies that 0;U; ¢, is uniformly bounded in L2(0, T'; (H (2))’).
The bound of 8;U, . ., in L?*(0,T; (H(2))’) follows by a similar argument.

O

Regarding the gating, the activation and the concentration variables, we have the following
result.

Lemma 3.6. There exist constants C4 and Cs > 0 independent of € and m such that:

|we,mll2 0,111 (%) + 12emll 220,711 () + 17e,mll 20,7551 (@) < Ca, (3.32)
||6tw6,mHL2(QT)‘° =+ ”atze,mHH(QT) + Hat'ys,mHLz(QT) <Cs. (3.33)
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Proof.

Proof of (B:32):

We turn now to the gating variables wj . (recall that 0 < w;.,» < 1). Observe that by
differentiation of equation (2.15|) with respect to  and by the chain rule, one has

) do; dp;
VW o = T 7J Vem(l —wjem) — (o + B;)VWwj e m — d—JVUE_,,,,wjygﬁ,,,,‘.
dp;

dous
Multiplying this equation by Vw; ., and using the assumption (A.6) (recall that % and p
v v

are uniformly bounded in L), we get

1 dov; dgB;
§8t|ij,87m|2 | : VUE m VW m|+ | . VUE ;m VWje m|

dOé] d/BJ 2

| VUE ml N ‘ij,s,m|2 N |%(Ua,m)vve7m| N |ij,s,m|2
2 2 2 2

< 022(|vvs,m|2 + |ij,s,m|2)a

IN

for some positive constant caa. An application of Gronwall’s inequality and (3.24)) yield
||ij,a,m(t)||L2(Q) <C(T,9Q, ||ij70||L2(Q))7

for all ¢t € (0,T"). Estimate (3.32) for w; ., follows easily. Now to obtain the uniform bound on
the concentration variable ze ., we integrate (3.11]) to get

/Q |Z€’m(.’L'7t)|2 < co3 (1 + HZOH%Q(Q) + H’Ue,mH%Z(QT))7 Vit € [O,T]

Using (3.23) for ve m, this implies the uniform bound of z. ,, in L>(0,T; L?(£2)). Now we differ-
entiate both sides of equation (2.16]) with respect to  and then use (2.30)) to obtain

k
oI? 17 oI? or: 1
8tVz87m = —a1Vz5,m - ag( al;))n VUg7m + E: aiii)(jlijﬁ)m + alonv e,m + algn 7V257m)-

Multiplying this equation by Vz. ,,, using and ( -7 we get

1 oI? Iz
§8t|vze,m|2 :_a1|vzs,m|2_a3< algnvvsm vzsm“‘Z 8lonvw],€m stm
j=1
aIion 2 a‘[lzon 1
+W|v25,m| 3( ‘VZE m| )

Iz
< —as <8810n Vem - Vaem + Z 0 o ij em Ve m)

JE
< as (‘ aau,;n V'Uz-: m - VZe m‘

IZ
a 10nvw]€m vzsm‘>

oIz 2 g oIz > ka
5V Em' +§|st,m\2+?3z 6l°“v Js,m' +—3|v el
j=1

- 2
By assumptions (2.27) and (2.28)), we deduce

k
OulVzem|? < caa(1+ Vel + Vool + [veiml? + |10 2o + Y [Vejcm?).
j=1
for some constant coy > 0. Using Gronwall’s inequality, we get

t k
Ve OF < (1920 + car [ (Vo [+ [ e+ 3 [Vigeon 4 1) ds).
0 -
j=1
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for allt € (0,7'). Estimate (3.32) for z. ,, is a consequence of (3.14)), (3.24) and the uniform bound
of Wjem in L2(H') for j =1,... k.

Now, we substitute w), := 7., into the equation satisfied by v in (3.6) to deduce after an
integration in time ¢ and an application of Young’s inequality (recall the definition of the function

S in (A.5))
E 2 ) )12 2 dt
e (M ay + B0 [ e Ol
1 Dok s
= ST Oy + 835 [ [ ety do
= Jo Je
k
1 kBn [* B °
< 3em O + 5 [ em®lay dt+ S [ s Ol
j=1

for s € (0,T). , where n = max  1);. This implies
J=1,,

[vem (T2 < (kﬁn—%no)/o [e,m (D)2 () 4t + [72,m (0) [ F2(0)
k
+5n Z [wjeml 72

j=1

< eas / e ()220 dt + [71(0) 263 + Birkcas,

where co5 = —28n0 + kfn and ¢ > 0. Let C = H’y(0)||2L2(Q) + Bnkcas, by Gronwall’s lemma, we
obtain

e (Ol 72y < C(L+ easte™™™) < car,

for t € (0,T) and co7 a positive constant. This gives the L?(Qr) uniform bound of e .
Now, differentiating (2.17)) with respect to « and multiplying by V. ., we get

k
%at|v7€,m|2 < 5277j|v%,m : ij,s,m| + 5770|V’Ys,m|2

j=1

Bkn o, P
< | — \V4 J
_( 9 +B770>| P)/E,m| + 9

An application of Gronwall’s inequality, we deduce

|Vwe m|?.

t
‘V’Ys,m|2 < e(ﬁkn+2f3no)t|v,)/0|2 Jrﬂn/ |vw5,m|2 ds.
0

Upon integration of this inequality over Q7, we get the uniform bound of V~.,, in L?. This
concludes the proof of (3.32)

Proof of (F33):
To prove the L? uniform bound of Oyw;j e m we exploit 0 < wj.,m < 1 and Bj(v) > 0 in the
following equation

Hwjem = j(Ve,m) (1 — Wjem) — Bj(Ve,m)Wje,m
< a;(ve,m)
S C(]' + |U€,m|)7

where the last inequality follows from (2.21)). Squaring both sides, integrating over Q) and using
the uniform estimate on Hve’mHiz(QT), we obtain (for a positive constant cog dependent on T')

10swj.eml| T2 (g < c28(T).



® N o o

10

CARDIAC ELECTROMECHANICS WITH PHYSIOLOGICAL IONIC MODEL 21

Now the LQ(QT) uniform estimate on 8,525 m is a direct consequence of the structure of the gov-
erning equation along with -, and Lemmata and [3 . Actually, squaring both sides
of ( -7 and using the inequality (a — b) < 2a? 4 2b? twice, we have

|atz€ m| < 40‘1(0’2 + Zs m) + 20‘3(I1i)n)
and by (2.24) and Lemma [3.1] we can find a positive constant C' such that
Ohzeml* < C(1+ zeaml® + el + I 22m]? ).

Integrating the above inequality over €7 and exploiting the estimates of Lemma along with
estimate (3.23)), we obtain (3.33) for z. ,,,. Similarly, we get the L*(Qr) uniform bound of d;ve ..

O

Lemma 3.7. There exist constants Cg and C7 > 0 independent of ¢ and m such that:
tgfgg](llx/gus,mlliz@s + IVepemlliz(q)) + ltemllz2 a1 @3 < Ce, (3.34)
l€0pe,m || L2 0,751 (@))) + €0k ml L2 (0,521 (2)3)) < Cr- (3.35)

Proof. Proof of (3.34):

In this proof, we first substitute 1,,, := Ue m and pp, := pe p in the first two equations of system
(3.6) and we add them to obtain

2
2dt/|u€m| dw+/(Vu5m) (%, Yen) : Vtem dat

+§E/|psm| da:—l—a/ |u€m|2d3—/f usm

Next, we define the continuous bilinear form

a(u,v) = /Q(Vu)a(x,v) : Vvdw—l—/ au - vds.

oQ
Furthermore, we claim and we prove the following statement:
Claim: The bilinear form a is coercive on (H!(£2))3.
Proof of Claim
By the uniform ellipticity of o (A.1), we have:

alu,u) = /Q(Vu)a:Vud:chaHuH%Q(aQ)

1

IVl + allull72oq)

We want to show that there exists ¢ > 0 such that ¢(

Vu € (HY(Q))2. We proceed by contradiction.
Assume that

ZJz(Q)):sxzs. +aHuHiZ<dQ)) > ||u||(111(Q))3;

1 .
Vn > 0, 3 Un S (Hl (S)))g SuCh that ||vunH<2L2(Q))3><3 + a”unH%LZ(HQ))B S E”u”(zHl(“))g

and let v,, = Un so that ||v, ||z (q)s = 1 and

lwnl (a1 ()8

1
HVV’I’LH%L2<Q))3><3 + aan”%LZ(OQ))l" < =
which implies that
Vn =0 in (12(2))7, (3.36)
and
Va0 i (I2(00))° (3.37)

On the other hand, since v,, is bounded in (H!())? and Q is bounded and smooth, there exists
v € (HY(Q))? and a subsequence v,,, in (H'(Q2))? such that

Vo, — v in (L*(Q))?
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and
Vvn, — Vv in D’'(Q).

Now using (3.36)), we deduce that Vv = 0, hence v = C, since  is connected.
Also, using (3.36) and the convergence of v,,, to C in (L?*(£2))3, we obtain

Vi, — C in (H'(Q))?
which implies by the continuity of the trace map 7y that
YoVn, — C in (L%(09Q))3.

On the other hand, by (3.37), we have v, — 0in (L?(99))3. So C = 0, hence we obtain a
contradiction since ||v,,||(g1(q)s = 1. O
By the coercivity of the bilinear form a and Young’s inequality, we have

1d c 1
5%(”\/&"6,771”%2(0)3 + ||\@Ps,m|\%2(ﬂ))+§||us,m||?q1(ﬂ)3 < 2*C||f||%2(9)~ (3.38)

Integrating ‘ over (O’t) with 0 < ¢ < T, noting that us,m(o) = 0 and ||p0,5,mHL2(Q) <
lpollz2(q), we obtain

”\/gus,m(t)||2L2(Q)3 + ||\/gp5,m(t)“%2(m < CQS(H'fH%Z(Qt) +5||p0||2L2(Q))-
Hence,

2 2
tgg);](l\\@ua,ml\m(ms + [IVepemllizia)) < c20-

We also have upon integration of ([3.38)
T
C/O [2te (D11 )0 < e30(D)IF72(00) + €llPollL2(0r))- (3.39)
As a result, estimate (3.34]) follows.

In order to obtain estimate (3.35), we let ¢ € L2(0,T; H'(Q2)) and we take p,, = v in (3.6)
to get

T

T
/ |<58tpe,ma 7/}>(H1)’7H1 |2 dt = / |(8tps,m71/))L2‘2 dt
0 0
r 2
= / |(¥, V- e ) 2| dt
0

T
S/HM@W%@M%ﬁ
0

< e ml| 720,750 02 101720710 (02))
< Coll9llZ 2011 (02))-

Similarly, we get

T
2
A|@%%memm|ﬁS%Wﬁmmm@y

for some constant C§ > 0. Therefore, estimate (3.35]) follows directly.
O

Remark 3.1. We note that one can exploit the structure of the equations to obtain upper bounds
on ||e0ite ml| L1 (0, 13(H ())) and ||pemllLr0,1;2(0))- With a wise choice of a sequence of test
functions in H}(0,T) along with the Ladyzhenskaya-Babuska-Brezzi condition, we can bound pe
in LY(0,T; L*(Q)) and consequently editie .
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3.3. Compactness properties and Convergence. Having proved that the Faedo-Galerkin so-
lutions (3.1) are well defined, we are ready to prove existence of solutions to the regularized
system.

Theorem 3.1. Assume (A.1)-(A.8) hold. Then the regularized system possesses a weak solution
for each € > 0.

The remaining part of this subsection is devoted to proving Theorem [3.1]
In view of Lemma @ we can construct subsequences of Ve m, Viem, Vee,ms We,ms Ye,ms Ze,m;
Ue,m, Pe,m Which we do not bother to relabel, such that:
® v, — v, weakly in L2(0,T; HY(Q)),
We m — we weakly in L2(0,T; HY(Q)¥) and dyw. ,, — dyw. weakly in (L*(Qr))*,
Yeum — Ve weakly in L2(0,T; H*(Q)) and 9¥e 1 — O¢ye weakly in L2(Qr),
Ze.m — 2o weakly in L2(0,T; H'(Q)) and 0¢z¢ m — Oz weakly in L?(Qr),
Vie.m — ;e weakly in L2(0,T; H'(Q)) and Vv; ¢, — Vv; . weakly in L*(Qr),
Ve,e,m — Ve« weakly in L?(0,T; H*(Q)) and Ve em — Ve, weakly in L2(Qr),
Uy — U weakly in L2(0, T} H] (2)3) and Vu,, — Vu, weakly in L?(Qr)3%3,
and p ., — p. weak star in L>(0,T; L?(2)) and weakly in L?(Q7).
We also observe that from the sequences U, ,, and U,y introduced in the proof of Lemma
we can extract subsequences such that:
Uiem — Ve +ev; . in L2(0,T; HY(Q)),
Ueem — Ve — Ve e in L2(0,T; HY(Q)) .
Moreover, knowing that d,U; ., and ;U c ., are uniformly bounded in L?(0,T; (H*(Q))’), we
obtain, by compactness and uniqueness of the limit, the following strong convergence:
Uiem — Uie = ve +ev; in L?(Qr) and a.e. in Qr,

Ueeom = Uee i=v: — Ve e in L*(Qr) and ae. in Q.
Asaresult, Uy e +Ucemn = (1 4+ €)0em = Uic+Uee :=(14+¢)v: in L?(Qr) and a.e. in Q7.

Hence, ve ,, — ve in L2(Qr) and a.e. in Q.
Also from classical compactness results, (see [37] Theorem 5.1 p58), we have

e w.,, — w,. strongly in L?(Qr)* and a.e. in Qr,

® Yem — Y. strongly in L?(Qr) and a.e. in Qr,

® 2., — 2 strongly in L?(Qr) and a.e. in Qr,
where u. € L2(0,T; H'(Q)3),v. € L>(0,T; L?(Q))NL2(0,T; H (), w. € L=(Qr)*NL2(0,T; H'(Q)*),
Ve € LQ(O T;HY(Q)), z. € L?(0,T; H(Q)), and p., in L>(0,T;L?*(Q)). For I > 1 fixed,
j=1,--- kand ¢ € D(0,T), we naturally have

/ /8tu5m'¢l¢——5/ [ et %—a/ [
/ /3tpsm?/}l¢f*€/ /Pemwz¢ %*5/ /Pswz¢

As a consequence, we have in the space of distributions D’(0,T),

s/ Ortle,m %5/ Oru1p; and z—:/ ODe, mwi *)5/ Ospew.
Q Q Q Q

Since the electromechanical transmission is provided via variables ¥¢ m, We m and 2¢ ., we discuss
first the passage to the limit in the governing ODE system.

We have w, ,, = w. and V. ,n — 7. a.e. in Qp and S is continuous, so that S(Vem, We.m) —
S(Ye, we) a.e. in Qp; and S (Ve m, We 1) — S(7e, w.) weakly in L?(Qr) (being a linear continuous
form on L2(Qr) x L2(Q7)k).

Using a classical result, see [37] Lemma 1.3 p 12, the continuity of R(ve m,We ) and its bound
in L2(Q7) (which is a consequence of assumption (A.6)), and assertion (3.23)), yield the
weak convergence R(ve ym, we m) — R(ve, we,) in L2(Q7)*.

Similarly, by continuity of G(ve,m, We,m, Ze,m) and its boundedness in L?(Q7) (as a result of (3.14)),
and ([3:23)), we obtain the weak convergence G (Ve m, We m, Ze,m) — G(ve, we, 2.) in L?(Qr).
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The strong L?(Qr) and a.e. Qr convergence of Ye,m implies the strong and a.e. convergence of
the uniformly bounded family of tensors o (x, Ve m ), due to assumptions (A.1) and (A.2).
With this information, we can write for all ¢ € D(0,T):

T T
/<vua,mo'(w775,m)vV¢Z>L2(Q),L2(Q)§0dt = /<Vua,m(o'(wa7€,m)_0'<w,7£)),v'¢'l><pdt
0 0
T
+ / (Vtte (@7, ), Vi) dt
TO
_ / (Ve (0@, 4o ) — 0 (,792)), Vi) o it
0

T
+/ (Vug,m,a(m,’yg)qul}(pdt.
0

The weak L?(Qr)3*3 convergence of Vu, ,, directly implies the convergence of the last term on
the right hand side to (Vue,o(x,v.)VY,;) = (Vu.o(x,7:), Vip;). It remains to prove that the
first term converges to 0; we write

T
/0 (Vi (0(2, Y m) — 0(2,72)), Viby) || dt
T
< / 1Vt | 2210 (@, Yem) — 0 (@, 72)) Ve | 12 L] it

0
T
<¢ [ (0@ rm) = 0@ 1) Vel ol dr
0

Knowing that (o (x, yem)—0o(x,7:))Vip; = Oa.e. in Qand a.e. in (0,7) and that |(o(x, Ye,m) — o(x, 7)) V|
is (due to assumption (A.1)) bounded by a constant multiple of |Vp,| € L3() for a.e. t € (0,7,
we can apply Lebesgue’s dominated convergence theorem to obtain |[[o(-, Ve, m) — o (-, %)V, || L2(q) — 0
for a.e. t € (0,7). Similarly, one can apply Lebesgue’s dominated convergence theorem on (0,7)
to reach the required result.
The remaining term in the elasticity equation involves f(t,&,Vem), by and assumption
(A.2) we obtain the a.e. convergence of f(t,x,7. ) from the a.e. convergence of v, ,, in Qr.
Furthermore, by assumption (A.8) and estimate we get:

/OT/Qf(t,wﬁs,m) () — /OT/Qf(t?w7’75) p0(t), Vé e D,T).

In order to pass to the limit in the electrical part of the system, the strong L? convergence of the
gradients Vu, ,, is needed. Indeed, since the limit u solves the limit equation of , using the
Minty-Browder trick (see, e.g. [38] B7, [39]), we are able to assert that Vu,,, — Vu. strongly
in (L?(Q7))3*3. Indeed, one can also exploit the structure of the elasticity equations and the
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coercivity of the bilinear form a to obtain

1 ) T
; ||u6,m - uEHiZ(().T:Hl(SZ)B) S / a(ua,m = Ug, Ue,m — us) dt
— B O
T
= - A (€0 (Ue,m — Ue), Ue y — Ue) b — €|pe,m (T) — pS(T)HQLQ(QT)
+||(pe,m(0) — p0||2L2(QT)

— Vuelo(z,vem) — o(@,7:)] - V(Ue,m — ue) dedt
Qr

- / [f(mafys,m) - f(wa’YE” : (us,m - Us) dx dt
p S?,f
- / <€at(usmz, - us)-, ue,m - 'U,,;-> dt + €||p£.,'m(0) - pO”iZ(QT)

(
—/ Vuelo(z,vem) — o(@,7:)] : V(Ue,m — ue) dedt
Qr

- /(.l [f (@, Yem) — [, 7e)] - (Uem — ue) dae dt.

IN

Exploiting the convergence results obtained above along with the strong convergence of p ,,, (0) to
po and assumptions (A.1) and (A.2), one can show that the right hand side of the last inequality
goes to 0 as m — oo. Therefore, Vu, ,, — Vu, strongly in L?(Q7)3%3.

Due to assumptions (A.3)-(A.4), strong convergence of Vu, ,,, implies a.e. convergence of M; .(x, Ve 1)

to the limit M, .(z, Vu,); hence we can use again the dominated convergence argument to obtain
V¢ € D(0,T) and for k =i,e

T T
/ / My (@, Vit ) Ve - Vesr(t) — / / My (2, Vo) Ve - Verd(t).
0 Q 0 Q

Moreover, observe that Ii, is a continuous function of ve p,, We m, 2e,m, and that it is uniformly
bounded in L?(Q7), again by standard arguments we have

T T
/0 /QIion(Us,ma We m, Ze,m)wl¢(t) — /0 \/QIion(/Us’ We, Zs)wl¢(t)7 VQS S D(Oa T)

Gathering all these results, the functions u., pe, Ve, Vi e, Ve,es Ve, We, 2 Verify in the space of distri-
butions D’(0,T), for all functions ¥ € H*(Q)3,p € L?(Q),w € H'(Q),and u € H-O(Q):

o)+ [ (Vuo(): V=Y ot [ auvds= [ fopdo
<6p’s,p>+/QpV~us =0
@%+wwﬁm+/
(Orve — €0ve .2, 1) —/:(Me(&us)vve,s-W+Iion(v7ws,zs,m)u) dx =/Zliudw (3.40)
Vi=1,---,k, / Owj ew = / Rj(ve, we)w

Q
Orzew = Ua> We, Za
/ﬂat'YEW = ’Yea We, Zs

Finally, having u. € L2(0,T; HY(Q)3), Uj c.c, Ve, 2 € L2(0,T; HY(Q)) ,w. € L*(0,T; H'(2)*) and

p. € L>=(0,T;L?*(Q)), and their weak derivatives dyu. € L2(0 T, (Hl(Q) )2), 0tUi e, Orpe in

L2(0,T; (HY(2))),0pw. in L2(Qr)* and 0y7e, 0sz. in L2(Qr), it is deduced from a classical result,

that the functions wu. : t € [0,T] = uc(t) € HY(Q)?, Ujee : t € [0,T) = Ujee(t) € HY(Q), w. :
€ 10,7 — we(t) € L2(Q)F, v. 1t € [0,T] = e(t) € L*(Q), and 2. : t € [0,T] = 2:(t) € L*(Q)

are continuous. For p., it only proves that they are weakly continuous in H!().

Furthermore, since ©. ., (0) — uo, Pem(0) — Po, Ve,m(0) — Vo, Vkem(0) = vio,k = i,e,

(M1($, VUE)V’ULE -Vw + Iion(v7 We, ZE)LU) dx = / Ilsw dx
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wem(0) = wo, Yem(0) = Yo and z.,(0) — z in L%(Q), we easily prove that u.(0) = wo,
Pe(0) = po, v:(0) = vg, Vg (0) = vk 0, k =14,e, w(0) = wo, 7:(0) = 70 and z.(0) = zp. The proof
is by a standard argument given in [39] and one can refer to [3] for further details.

4. EXISTENCE OF SOLUTION TO THE ORIGINAL PROBLEM

From the previous section, we know there exist sequences {uc }e>0, {Pe te>0, {Ve }e>0, {Vie }e>05 {Ve,e }e>0,
{w.}es0, {7e}es0, and {z.}es0 of solutions of (3.40). Moreover, by the lower semicontinuity of
norms, the following a priori estimates are immediately obtained as in Lemmawith Ue.m, De,m)

Ve,ms Vie,ms Ve,e,ms We,ms Ve,my Ze,m replaced by e, pe, Ve, Vie, Ve, We, Ve, 2e, Tespectively.

Lemma 4.1. There exist constants Cy1,- - ,Cq independent of € such that

ax (IOl + D IWevselltam) <G Vee 7] (4.1)
’ j=i,.e

( > lvicllzaomsm ) + ||vs|\L2(o,T;Hl(m))§ Ca, (4.2)
j=i,e
10 (ve + €vie)ll L2 0,150y () + 10 (ve — €ve,e)l| L2 0,731y () < Cs, (
lwell 20,710 (k) + 2ell 20,1351 () + 1Vell2 (0,781 (@) < Cay (
[0cwe |l 22 (yr + 10e2el|L2(r) + [107e L2 (27) < Cs, (4.
(

s (VB 0y + IVEP- (@) + ez o) < Co
In view of Lemma[f.I] we can assume there exist limit functions u, p, v, v;, v, with v = v; — v,
w, v and z such that as e — 0, we can extract subsequences (which we do not bother to relabel)
with the following convergence properties:
ve — v strongly in L?(Q7) and a.e. in Q7 and weakly in L?(0,T; H(Q)),
vi e — v; weakly in L?(0,T; H'(2)),ve.c — ve weakly in L2(0,T; H(Q2)),
w. — w strongly in L?(Q7)" and a.e. in Qr,
Y. — 7 strongly in L?(Q7) and a.e. in Qr,
2. — z strongly in L?(Qr) and a.e. in Qr,
u. — u weakly in L2(0,7; H'(Q)?) and Vu. — Vu in L?(Qp)373.
We briefly note that in the distribution sense

5<atus7 ¢> — 0,

in D'(0,T). Similarly,
5<8tpaaw> — 07
in D/(0,T).

Remark 4.1. Recuperation of p

Due to the “artificial compressibility” used in the proof, we were not able to obtain a bound on
Oip- that is independent of ¢ except in L'(0,T; L?(QQ)), (see remark , which is not a reflezive
space. So in order to pass to the limit in the term involving the pressure, we made a detour by
exploiting the structure of the equation and making use of De Rham’s Lemma. It is important
to note that the boundary condition used herein determines p uniquely and not up to an
additive constant.

Now we recall the following standard lemma (see for instance Theorem IV.3.1 p 245 in [A0], see
also [411 [42]).

Lemma 4.2. Vq € L§(Q) := {q € L*(Q) : [,qdx = 0}, there exists v € (Hg(2))* such that
V.-v=gq.

This lemma will be used to prove the following result.
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Lemma 4.3. There exists p € L?>(Qr) such that for a.e. t € (0,T) and for all v € (H'(2))?

/pEV-v—>/pV-v.
Q Q

Proof. For all v € (D(2))? with V- v = 0 we have

(O, v) +/

(Vue)o(x,7.) : Vode = / fvde
Q Q

Passing to the limit in € we get

/(Vu)o'(x,'y) :Vode = / fvde

Q Q

Therefore, by de Rham’s Lemma (see Theorem IV.2.5 in [40], see also [43] 44l [45] [46] ), there exists,
up to an additive constant, p € D’(2) such that

in the distribution sense. Moreover, by Nec¢as inequality (see Theorem IV.1.1 in [0], see also
[47, 48, [6]), for a.e. t € (0,T), p € L*(Q2) since u € (H'(Q))?. Hence, p € L?(Q7).
Now we have, for all v € (H{(2))?,

/pEV-vdwzs/8tu5-v+/(Vu€)cr(x,'yE):Vvdw—/f~vdw
Q Q Q Q
and

/pV~vdm:/(V’u)a(x,7):Vvda:—/f~vda:

Q Q Q

Subtracting these two equations, we obtain
/(pE —p)V-vde=¢ | Qu.-v +/ ((Vug)a(x, ) — (Vu)o(x, 7)) : Vo de
Q Q Q
Consequently, we get, for all v € (H(9))?,

;lir(l) Q(p8 —p)V-vdx =0. (4.7)

Thus, Vp. — Vp in H=1(Q).
In order to complete the passage to the limit and obtain the original weak formulation, it remains
to get the following result:

lim [ (p- —p)V-vde =0 forall ve H(Q).
e—0 Jo

1
Let g € L?(2), set § = ¢ — C where C = @ qu dx, so g € LE(Q?). By Lemma there exists
v € (H}(Q))? such that V- v = q.
By Equation (4.7]), we have

lim [ (p- —p)gdx =0
e—=0 Jo

In other words,

/(Ps*p)qdﬂcfc/(ps—p)d:c%O as €—0
Q Q

So in order to obtain fQ (pe — p)gdx — 0, it is sufficient to show / (pe —p)dz — 0.
Q
In fact, by the first equation of (3.40) we have for all v € (H'((2))?,

e—0

lim p€V~vdw:/(Vu)a(x,'y):VU+/ au~vds—/f~vda:.
Q Q o0 Q
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In particular, we can consider the test function v; = (x1,0,0) which is in (H'(Q))? and verifies
V -v1 = 1. Thus we obtain

lim [ pedx=C:= /(Vu)o-(x, v) : Voy +/ au-vids— [ f-vide.
Q a0 Q

e—0 Q

Since by De Rham’s Lemma, p is found up to an additive constant, then we choose it so that
we have / pdx = C. Therefore, we have
Q

lim psdw:é:/pdax.
Q

e=0 Jq

Consequently, we have, for all ¢ € L?(f),

lim [ (p- —p)gdx =0.

e—=0 Jo

O

Therefore, according to all of the preceding convergence results, and repeating some of the
arguments of the previous section, we have for all 1p € H1 ()3, p in L2(Q2), p € H*9(Q) (given as
in Definition [2.1) and w in H(Q):

/ (Vu)or(@,7) : Vo — pV - b d + /
Q

o0

au-z/)ds:/f-'tpdw
Q
/ pV-u=0
Q
(Opv, w) + / (M, (2, Ve 1) VU; - Vw + Lign (v, w, 2)w) de = / Fwdz
(Opv, ) —f( M (x, Ve ) Ve - Vi + Lion (v, w, 2) 1) de —jls,udac (4.8)

Q
Vi = Orw; w —/ (v, w)w

jatzw G(v,w, z)w
. -

Repeating the argument of the previous section, the functions v € [0,T] — o(t) € HY(Q),
w:t€[0,T]— w(t) € L2(Q)*, v:te[0,T] — ~(t) € LA ),andz t €[0,T] — z(t) € L*(Q)
are continuous and satisfy the initial conditions v(0, z) = vo(x), w(0, x) = wo(x), v(0,x) = Yo (x)

and z(0) = zo(x).

5. CONCLUDING REMARKS

In summary, we consider that in our work, we have paved the way towards addressing the
solvability of cardiac electromechanics coupled with physiological ionic models. We used a mathe-
matical model (partially introduced in [27]) for the study of cardiac electromechanical interactions
written in fully Lagrangian form, with a linearized description of the passive elastic response of
cardiac tissue, a linearized incompressibility constraint, and a truncated approximation of the
nonlinear diffusivities appearing in the bidomain equations. The existence proof is done using
nondegenerate approximation systems, the Faedo-Galerkin method followed by a compactness
argument. The model simplifications are used herein for the sake of the mathematical analysis
but more realistic formulations have been addressed numerically. To conclude, deeper theoretical
insight is needed to mathematically analyze more realistic models.
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