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Heterogeneous Vehicle Routing

Set I of n customers, each i ∈ I with demand d i .

Set U of vehicle types, each u ∈ U has a depot with K u vehicles of capacity Q u , with fixed cost f u and travel costs c u a for each edge a.

Objective: minimize the total fixed and travel cost. Set partitioning (master) formulation R u -set of q-routes feasible for a vehicle of type u a r i -number of times that customer i appears in route r . c r -cost of route r .

Binary variable λ r u = 1 if and only if a vehicle of type u uses route r

min u∈U r ∈Ru c r λ r u∈U r ∈Ru a r i λ r = 1, ∀i ∈ I, r ∈Ru λ r ≤ K u , ∀u ∈ U, λ r ∈ {0, 1}, ∀r ∈ R u , ∀u ∈ U.
Pricing subproblem for a vehicle type Arc memory [Pecin et al., 2017a] Subproblem dependent memory (this work) Extended Capacity Cuts Definition An Extended Capacity Cut (ECC) [START_REF] Pessoa | A robust branch-cut-and-price algorithm for the heterogeneous fleet vehicle routing problem[END_REF] over subset C of customers is any inequality valid for P(C), the polyhedron given by the convex hull of the 0 -1 solutions of Homogeneous Extended Capacity Cuts

u∈U   a∈δ - u (C) Q q=1 dx q a - a∈δ + u (C) Q-1 q=0 dx q a   = d(C)
y m,q = a q ∈δ - u (C)
x q a , z q = a q ∈δ + u (C)

x m,q a , (q = 0, . . . , Q).

Definition

A Homogeneous Extended Capacity Cut (HECC) over set C of customers is any inequality valid for the polyhedron given by the convex hull of the integral solutions of

u∈U   Q q=1 dy m,q - Q-1 q=0 dz m,q   = d(C). (1) 

Separation

Cuts obtained by applying integer rounding of (1).

Heuristic separation of [START_REF] Pessoa | A robust branch-cut-and-price algorithm for the heterogeneous fleet vehicle routing problem[END_REF] is used.

Lifting of cuts in enumerated state

Rank-1 cuts Limited memory is extended to full memory

Homogeneous Extended Capacity Cuts

Integer rounding of

u∈EU r ∈Ru d r (C)λ r + u∈U\EU   Q q=1 dy m,q - Q-1 q=0 dz m,q   = d(C).
For a particular rounding multiplier and EU = U (all subproblems are in the enumerated state), equivalent to Strong Capacity Cuts [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF].

Other enhancements

Heuristic pricing (keeping one label per bucket)

Automatic dual price smoothing stabilization [START_REF] Pessoa | Automation and combination of linear-programming based stabilization techniques in column generation[END_REF].

Rollback mechanism [START_REF] Pecin | Improved branch-cut-and-price for capacitated vehicle routing[END_REF] Pessoa, A., Sadykov, R., [START_REF] Pessoa | Automation and combination of linear-programming based stabilization techniques in column generation[END_REF].

Automation and combination of linear-programming based stabilization techniques in column generation.

INFORMS Journal on Computing, (Forthcoming).

Results for classic Heterogeneous VRP instances 40 instances with 50-100 customers by [START_REF] Taillard | A heuristic column generation method for the heterogeneous fleet vrp[END_REF] 10 instances with 100-200 customers [START_REF] Brandao | A tabu search algorithm for the heterogeneous fixed fleet vehicle routing problem[END_REF] Instances with 27-324 customers by [Cordeau and Laporte, 2001] 10s 1m 10m 1h 10h 36h 9/13 21/23 solved to optimality in at most X time (log scale) Number of instances Our algorithm [START_REF] Baldacci | A unified exact method for solving different classes of vehicle routing problems[END_REF] Largest solved instance has 216 customers [START_REF] Baldacci | A unified exact method for solving different classes of vehicle routing problems[END_REF] solved only 1 of 5 instances with 100 customers and more Results for standard Multi-Depot VRP instances Instances with 50-360 customers [Cordeau et al., 1997] 
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 : Figure: |I| = Q = 5, d 1 = d 3 = d 4 = 2, d 2 = d 5 = 3; routes 0-1-5-0, 0-2-0, 0-3-4-0 are shown
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  . and Mingozzi, A. (2009). A unified exact method for solving different classes of vehicle routing problems. Mathematical Programming, 120(2):347-380.
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Bucket Graph Based Labelling Algorithm for the RCSPP with Applications to Vehicle Routing

  

	Impact of Extended Capacity Cuts Improved Best Known Solutions
	10s solved to optimality in at most X time (log scale) 1m 10m 1h 10h 7/9 10/10 11/11 [Baldacci and Mingozzi, 2009] [Contardo and Martinelli, 2014] A new exact algorithm for the multi-depot vehicle routing problem under capacity Our algorithm 10 ECC and rank-1 cuts with arc memory Contardo, C. and Martinelli, R. (2014). R1C+ECC arc, sp.dep 0.105% 113 29.6 88/90 170 1 2 5 10 20 20 30 40 50 60 70 80 90 Rank-1 cuts only with arc memory ECC and rank-1 cuts with node memory Number of instances Number of instances Rank-1 cuts Root Root Nodes Total Cuts memory gap time num. Solved time R1C only arc, sp.dep 0.323% 93 67.8 87/90 181 R1C+ECC node, sp.dep 0.133% 106 38.7 86/90 178 Previous Improved Problem Instance Size BKS A
	and route length constraints.
	Discrete Optimization, 12:129 -146. for which variant is at most X times slower than the best
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The labeling algorithm

Arbitrary cuts of Rank 1 Rounding using a vector p instead of single value: u∈U r ∈Ru i∈C p i a r i λ r ≤ i∈C p i

All facet-defining vectors p for cuts up to 5 rows [START_REF] Pecin | Limited memory rank-1 cuts for vehicle routing problems[END_REF]:

Pecin, D., Pessoa, A., Poggi, M., Uchoa, E., and Santos, H. (2017).

Limited memory rank-1 cuts for vehicle routing problems.

Operations Research Letters, 45(3):206 -209.

Elementary routes enumeration

We try to enumerate all elementary routes whose reduced cost is smaller than the current gap [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF], possibly to a pool [Contardo and Martinelli, 2014].

This work contributions

Subproblem dependent enumeration

If succeeded, a subproblem passes to the enumerated state:

Pricing is performed by inspection Cut coefficients of columns in the master are lifted [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF].

An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts. Mathematical Programming, 115:351-385.

Branching

Strong branching [START_REF] Pecin | Improved branch-cut-and-price for capacitated vehicle routing[END_REF] Multi-strategy 

A glimpse of the results

Solved 5/9 open VRPTW instances of [START_REF] Gehring | Parallelization of a two-phase metaheuristic for routing problems with time windows[END_REF] with 200 customers Solved 6/7 distance-constrained CVRP instances of [START_REF] Ii Christofides | Combinatorial Optimization, chapter The vehicle routing problem[END_REF] (CMT) with up to 200 customers Solved all 22 distance-constrained MDVRP instances of [Cordeau et al., 1997] with up to 288 customers Solved 7/10 distance-constrained SDVRP instances of [Cordeau and Laporte, 2001] with up to 216 customers Solved 56/96 "nightmare" HFVRP instances of [START_REF] Duhamel | Efficient frameworks for greedy split and new depth first search split procedures for routing problems[END_REF] with up to 186 customers.